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We investigate the global existence and uniqueness of solutions for some classes of partial
hyperbolic differential equations involving the Caputo fractional derivative with finite and infinite
delays. The existence results are obtained by applying some suitable fixed point theorems.

1. Introduction

In this paper, we provide sufficient conditions for the global existence and uniqueness of
some classes of fractional order partial hyperbolic differential equations. As a first problem,
we discuss the global existence and uniqueness of solutions for an initial value problem (IVP
for short) of a system of fractional order partial differential equations given by

(‘Dou) (x,y) = f(x,y,uwy);  if (x,y) €, (1.1)
u(x,y) =9(xy); if (xy) €], (1.2)
u(x,0) =¢(x), u(0,y)=¢(y); xyel0,00), (1.3)

where J = [0,00) x [0,00), ] := [, 0) x [-f,0) \ (0,00) x (0,0); &, f > 0, ¢ € C(J,R"), °Dj
is the Caputo’s fractional derivative of order r = (r1,12) € (0,1] x (0,1], f: JxC — R",isa
given function ¢ : [0,00) — R”, ¢ : [0,00) — R”" are given absolutely continuous functions
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with ¢(x) = ¢(x,0), ¢(y) = $(0,y) for each x,y € [0, ), and C := C([-a,0] x [-f,0],R") is

the space of continuous functions on [-a, 0] x [-$,0].
If u € C([~a, ) x [-f, ), R"), then for any (x,y) € ] define u( ) by

Uy (s, 1) =u(x+s,y+t), for (s,t) € [-a,0] x [-4,0]. (1.4)

Next we consider the following initial value problem for partial neutral functional differential
equations with finite delay of the form

‘Dy(u(x,y) -g(x, v, uwy)) = f(x,y,unwy); if(xy) €], (1.5)
u(x,y) = ¢(x,y); if(x,y) €7, (1.6)
u(x,0) =¢(x), u(0y)=9(y); xyel0,0), (17)

where f, ¢, ¢, ¢ are as in problem (1.1)-(1.3), and g : ] x C — R" is a given function.
The third result deals with the existence of solutions to fractional order partial
hyperbolic functional differential equations with infinite delay of the form

(‘Do) (x,y) = f(x,y uiy); i (x,y) €], (1.8)
u(x,y) =¢(xy); if (xy)eT, (1.9)
u(x,0) =¢(x), u(0,y)=¢(y); xyel0,00), (1.10)

where ¢, ¢ are as in problem (1.1)—(1.3) and ]~’ = R?2\ (0,00) x (0,0), f : ] x B — R",
¢ € C(J',R"), and B is called a phase space that will be specified in Section 4.
We denote by 1, the element of B defined by

Uy (s, t) =u(x+s,y+t); (s,t) € (-o0,0] x (-o0,0]. (1.11)

Finally we consider the following initial value problem for partial neutral functional
differential equations with infinite delay

‘Dy(u(x,y) - g(x,y,uwy)) = f(x, v uwy); if (xy) €], (1.12)
u(x,y) =d(xy); if (xy) €], (1.13)
u(x,0) =¢(x), u(0,y)=¢(y); xyel0,00), (1.14)

where f, ¢, ¢, ¢ are as in problem (1.8)—(1.10) and g : ] x B — R" is a given continuous
function.

In this paper, we present global existence and uniqueness results for the above-cited
problems. We make use of the nonlinear alternative of Leray-Schauder type for contraction
maps on Fréchet spaces.

The problem of existence of solutions of Cauchy-type problems for ordinary
differential equations of fractional order without delay in spaces of integrable functions was
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studied in numerous works (see [1, 2]), a similar problem in spaces of continuous functions
was studied in [3]. We can find numerous applications of differential equations of fractional
order in viscoelasticity, electrochemistry, control, porous media, electromagnetic, theory of
neolithic transition, and so forth, (see [4-11]). There has been a significant development in
ordinary and partial fractional differential equations in recent years; see the monographs of
Kilbas et al. [12], Lakshmikantham et al. [13], Miller and Ross [14], Samko et al. [15], the
papers of Abbas and Benchohra [16-18], Agarwal et al. [19, 20], Ahmad and Nieto [21-23],
Belarbi et al. [24], Benchohra et al. [25-27], Chang and Nieto [28], Diethelm et al. [4, 29],
Heinsalu et al. [30], Jumarie [31], Kilbas and Marzan [32], Luchko et al. [33], Magdziarz et
al. [34], Mainardi [9], Rossikhin and Shitikova [35], Vityuk and Golushkov [36], Yu and Gao
[37], and Zhang [38] and the references therein.

For integer order derivative, various classes of hyperbolic differential equations were
considered on bounded domain; see, for instance, the book by Kamont [39], the papers
by Czlapinski [40], Dawidowski and Kubiaczyk [41], Kamont, and Kropielnicka [42],
Lakshmikantham and Pandit [43], and Pandit [44].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used
throughout this paper. Let p € N and ]y := [0, p] x [0, p]. Let C(Jo, R") be the Banach space of
all continuous functions from Jy into R" with the norm

I12lles = sup [|2(x,y)

(xy)elo

, (2.1)

where || - || denotes a suitable complete norm on R”. As usual, by AC(Jo, R") we denote
the space of absolutely continuous functions from Jy into R” and L!(Jo, R") is the space of
Lebegue-integrable functions w : Jo — R" with the norm

P (P
lw|l, = fo J;) ||w(x, y)||dy dx. (2.2)
Letr, 7 > 0and r = (ry, 12). For z € L'(Jy, R"), the expression
(Ibz) (x,y) = _ Ix fy (x-s)""(y - t)rz*lz(s,t)dt ds, (2.3)
L(r)l(r2) Jo Jo

where I'(-) is the Euler gamma function, is called the left-sided mixed Riemann-Liouville
integral of order r.
Denote by D3, := 8%/0xdy, the mixed second-order partial derivative.

Definition 2.1 (see [36]). For z € L'(Jy,R"), the Caputo fractional-order derivative of order
r € (0,1] x (0,1] of z is defined by the expression ( “Djz)(x,y) = (Ié’rDiyz)(x, y).

In the definition above by 1 —» we mean (1 - 1,1 -1) € (0,1] x (0,1].
If z is an absolutely continuous function, then its Caputo fractional derivative
(°Dz)(x,y) exists for each (x,y) € Jo.
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Let X be a Fréchet space with a family of seminorms {|| - ||} ,er- We assume that the
family of seminorms {|| - ||} verifies:

lxlh < llxll, < llxlly < -+ for every x € X. (2.4)

Let Y C X, we say that Y is bounded if for every n € N, there exists ‘M,, > 0 such that
lyvll, <M, VyeY. (2.5)

To X we associate a sequence of Banach spaces {(X", | - |l»)} as follows. For every n € N, we
consider the equivalence relation ~,, defined by: x~,y if and only if ||x — y||, = 0 for x, y € X.
We denote X" = (X|-, || - |l») the quotient space, the completion of X" with respect to || - ||,,. To
every Y C X, we associate a sequence {Y"} of subsets Y” C X" as follows. For every x € X,
we denote [x], the equivalence class of x of subset X" and we defined Y" = {[x], : x € Y}.
We denote Y™, int, (Y") and 0, Y", respectively, the closure, the interior and the boundary of
Y with respect to || - ||, in X". For more information about this subject see [45].

Definition 2.2. Let X be a Fréchet space. A function N : X — X is said to be a contraction if
for each n € N there exists k, € (0,1) such that

IN() = N@)ll,, < knllu = 2ll,,, Vu,veX. (2.6)
Theorem 2.3 (see [45]). Let X be a Fréchet space and Y C X a closed subset in X. Let N : Y — X
be a contraction such that N (Y') is bounded. Then one of the following statements holds:

(a) the operator N has a unique fixed point;
(b) there exists L € [0,1), n € N and u € 0,,Y" such that ||lu — AN (u)||,, = 0.

In the sequel we will make use of the following generalization of Gronwall’s lemma
for two independent variables and singular kernel.

Lemma 2.4 (see [46]). Let v : Jo — [0, o0) be a real function and w(-,-) be a nonnegative, locally
integrable function on J. If there are constants ¢ > 0 and 0 < Iy, I < 1 such that

vis,t) dtds (2.7)

X ry
v(x,y) <w(x,y) +Cf0 Jo m '

then there exists a constant k = k(ly, 1) such that

w(s,1) dtds (2.8)

Xy
v(x,y) <w(x,y) +kcf0 Jo m ,

for every (x,y) € Jo.
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3. Global Result for Finite Delay

Let us start by defining what we mean by a global solution of the problem (1.1)—(1.3).

Definition 3.1. A function u € Cy := C([-a, o) x [-ff, 00),R") such that its mixed derivative
D?cy exists and is integrable on ] is said to be a global solution of (1.1)—(1.3) if u satisfies (1.1)

and (1.3) on J and the condition (1.2) on T.

Let h € L'(Jy, R") and consider the following problem

(‘Dguw)(x,y) =h(x,y); (xy) €,
u(x,0) =), u(Oy)=¢y); xyel0p], (3.1)
#(0) = ¢:(0).

For the existence of global solutions for the problem (1.1)—(1.3), we need the following known
lemma.

Lemma 3.2 (see [16, 17]). A function u € AC(Jo,R") is a global solution of problem (3.1) if and
only if u(x,y) satisfies

u(x,y) = u(x,y) + (Lh)(x,y), (xy) € Jo, (32)
where
u(x,y) = o(x) +¢(y) - 90). (3.3)

As a consequence of Lemma 3.2, we have the following result.

Lemma 3.3. A function u € AC(Jo,R") is a global solution of problem (1.1)—-(1.3) if and only if
u(x,y) =d(x,y), (x,y) € J and u(x,y) satisfies

u(x,y) = p(xy) + () (xy), (xy) €l (3.4)
where
n(x,y) = p(x) +¢(y) - 9(0). (3.5)
For each p € N, we consider following set:
Cp = C([-a,p] x [-f,p]. R"), (3.6)
and we define in Cy the seminorms by
lull, = sup{|[u(x, y)|| : —a<x<p, -p<y <p}. (3.7)

Then Cy is a Fréchet space with the family of seminorms {||u||,}.
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Further, we present conditions for the existence and uniqueness of a global solution of
problem (1.1)—(1.3).

Theorem 3.4. Assume that

(H1) the function f : J x C — R™ is continuous,
(H2) for each p € N, there exists I, € C(Jo, R") such that for each (x,y) € Jo

|f (x,y,u) = f(x,y,0)|| <L (x,y)llu-20lle, foreach u,veC. (3.8)
If
l*pr1+1‘2
4 3.9
TSI CE R (39)
where
I, = sup L(x,v), (3.10)

(xy)€]o

then, there exists a unique solution for IVP (1.1)—(1.3) on [-a, o0) x [-f, 00).

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider the operator
N :Cy — Cg defined by,

¢(x,y), (xy) €T,

Nu)(x,y) = 1 (Y - -
uly)+ mfofo (x =)™ 1(y—t) 1f(srtr”(s,t))dtd5r (x,y) €]
3.11)

Clearly, from Lemma 3.3, the fixed points of N are solutions of (1.1)—(1.3). Let u be a possible
solution of the problem u = AN (u) for some 0 < A < 1. This implies that for each (x,y) € Jo,
we have

u(x,y) = Au(x )+;J‘xj‘y(x—s)”_l( ~ )7 f(s,t,up )dt ds (3.12)
VAT Jo g Y e

Introducing f (s, t,0) — f(s,t,0), it follows by (H2) that

f*Pr1+r2
G < Ik + 5 rm D

;J‘ f.’/ ( )7-1_1 (y t)rz_llp(sl t)”u(s t)" dt dS,
( 1) ( 2) 070 A1l
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where

*= su x,1y,0
f (xyghllf( v, 0. (3.14)

We consider the function 7 defined by
7(x,y) =sup{llu(s,t)| : —a<s<x, -p<t<y; x,y€[0,p]} (3.15)

Let (x*,y*) € [-a,x] x [-p,y] be such that 7(x,y) = |lu(x*, y*)|. If (x*,y*) € Jo, then by the
previous inequality, we have for (x,y) € Jo,

f*pr1+rz
<
el <o)l + il B
y (3.16)
1 * r-1 -1
+ x—5)" —t L,(s,t)T(s,t)dtds.
FrGa Jo Jy 9 =0 s rter
If (x*,y*) € T, then 7(x, y) = ||¢llc and the previous inequality holds.
By (3.16) we obtain that
f*pr1+r2
<
T(X,y) — ||‘u(x, y)” + r(rl + 1)1"(T2 + 1)
o\l -1
F(rl)r(rz j j (x=9)""(y—t)" L(s,t)r(s, t)dtds
(3.17)
f*pr1+r2
<
D+ Fe e
o\l -1
T(rl)r(rz) j j (x—=s)""(y—t)* 7(s,t)dtds,
and Lemma 2.4 implies that there exists a constant k = k(ry, r2) such that
fr 1+ KLy M 3.18
< = . .
T(xy) < (”””P T+ )T(r + 1)> Fon DI+ D) ’ (3.18)
Then from (3.16), we have
frpe Myl - M, (3.19)
< = * .
lelly < el * Dy 5 D) * T s DG+ D)
Since for every (x,y) € Jo, [[u@y)llc < 7(x,y), we have
[ max<||¢ o M) =Ry, (3.20)
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Set

u-= {ueC0:||u||p§Rp+1VpeN}. (3.21)

We will show that N : U — Cp is a contraction map. Indeed, consider v, w € U. Then for
each x, y € [0, p], we have

IN@)(x,y) = N@) (= )]

< ooros ) 1= 1007 1t oten) = £t ) e s

< Tt o |, 9 =0 g 5] |t d o
x—s)" -t)" s, )|V — Wis s
_F(Tl)r(Tz) 0 Jo y (p.9) (s,t) sHlle
l*pﬁ+1’z
< P _ .
ST+ DI+ 1) Il =l
Thus,
N(v)- N L b (3.23)
IN@ - N@)l, < gy 1o~ @l -

Hence by (3.9), N : U — C, is a contraction. By our choice of U, there is no u € 3,U" such
that u = AN (u), for X € (0,1). As a consequence of Theorem 2.3, we deduce that N has a
unique fixed point u in U which is a solution to problem (1.1)—(1.3). O

Now we present a global existence and uniqueness result for the problem (1.5)-(1.7).

Definition 3.5. A function u € Cj such that the mixed derivative D,z(y(u(x, y) — 8(x, ¥, Ux,y)))
exists and is integrable on J is said to be a global solution of (1.5)—(1.7) if u satisfies equations
(1.5) and (1.7) on J and the condition (1.6) on J.

Let f € L'(Jo,R™), g € AC(Jo, R") and consider the following linear problem

‘Dy(u(x,y) -g(xy)) = f(xy); (xy)€ o,

(3.24)
u(x,0)=¢(x), u(0,y)=¢(y); xyel0p],

with ¢(0) = ¢ (0).
For the existence of solutions for the problem (1.5)-(1.7), we need the following
lemma.

Lemma 3.6. A function u € AC(Jo, R") is a global solution of problem (3.24) if and only if u(x, y)
satisfies

u(x,y) =p(xy) +g(xy) - g(x,0) - g(0,y) +g(0,0) + I (f) (x,y); (x,y) € Jo. (3.25)
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Proof. Let u(x,y) be a solution of problem (3.24). Then, taking into account the definition of
the fractional Caputo derivative, we have

177D, (u(x,y) - 8 (x,y)) = f(x,y). (3.26)
Hence, we obtain
1y "D%, (u(x,y) - 8(x,y)) = (Iof) (2, ), (3.27)
then,
I,D3, (u(x,y) - g(x,y)) = (It f) (x, ). (3.28)
Since
LD%y (u(x,y) - g(x,y)) = (u(x,y) - g(x,y)) - (u(x,0) - g(x,0)) 529
- (u(0,y) - 8(0,y)) + (1(0,0) - (0,0)),
we have
u(x,y) = pu(x,y) +g(x,y) - g(x,0) - g(0,y) +g(0,0) + I (f) (x, ) (330)
Now, let u(x, ) satisfy (3.25). It is clear that u(x, y) satisfies (3.24). O

As a consequence of Lemma 3.6 we have the following result.

Lemma 3.7. The function u € AC(Jo, R") is a global solution of problem (1.5)—(1.7) if and only if u
satisfies the equation

_ 1 (Y ri-1 _p\n2-1
u(x,y) = ToT (™) J;) fo (x=8)""(y—1)"" f(s,t,usy)dsdt

3.31
u(y) + g0 Y gy — 8(3,0, o)) (3.31)

- 8(0,y,u@y) +8(0,0,10,0)),

forall (x,y) € Jo and the condition (1.6) on T.
Theorem 3.8. Assume that (H1), (H2), and the following condition holds

(H3) For each p = 1,2,..., there exists a constant ¢, with 0 < ¢, < 1/4 such that for each
(x,y) € Jo, one has

llg(x,v,u) = g(x,y,0)|| <cpllu—vlc, foreach u,veC. (3.32)



10 Advances in Difference Equations
If

l;Pﬁ +12

4 1
P T+ D+ D)

(3.33)

then there exists a unigue solution for IVP (1.5)—(1.7) on [-a, o0) x [-f, o).
Proof. Transform the problem (1.5)-(1.7) into a fixed point problem. Consider the operator
N; : Cp — C defined by,
$(x,y), (xy) €],
p(x,y) +8(x Y tiy) = 8(x,0, 1)
-8(0,y,u0y) +8(0,0,u00))

1 (Y -l _ rn-1
+WLL (x—=s)""(y—t)"" f(s,tusy)dtds, (x,y)e€].
(3.34)

Ni(u)(x,y) = 3

From Lemma 3.7, the fixed points of N are solutions to problem (1.5)—(1.7). In order to use

the nonlinear alternative, we will obtain a priori estimates for the solutions of the integral
equation

u(x,y) = Au(x,y) + g(x, Y, uey) — 8(x,0,ux0)) = (0, Y, 10,y)) +£(0,0,10,)))

1 N S (3.35)
+WL J;) (x=8)""(y—1t)"" f(s,t,usy)dtds,

for some A € (0,1). Then, using (H1)-(H3) and (3.16) we get for each (x,y) € Jo,

f*prl+r2
F(r1 + 1)F(r2 + 1)

luCx, ) || < [|p(ey) || +
+ 1| g (e, vty || + 118 (0, ue0) || + |8 €0, v, o) | + 180, 0, u0.0)) ||

1 * Y 71—1 Tz—l
5o o Jo =9 =0 s Drts pars
(3.36)

then, we obtain

f*pr1+r2
I‘(rl + 1)I‘(r2 + 1)

luCx, ) || < luxv)|| +
+4cpT(x, ) + [|g (%, v, 0)|| +[|g(x,0,0)|| +[[g(0,,0) || + [|g(0,0,0)||  (3.37)

ri-1 -1
F(rl)r(rz)f f (x=5)""(y-1)" (s t)dtds.
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Replacing (3.37) in the definition of 7(x, y) we get

r(y) < G+ L g
'V—1_4c,, Y T s )T+ 1) T8

(3.38)
r-1 -1
F(rl)r(r2 f f (x=9)""(y-1)""1(s,t)dt ds,

where I =7 /(1 - 4¢,) and g; = sup(x,y)eh“g(x, v, 0)].
By Lemma 2.4, there exists a constant 6 = 6(r1, r2) such that

1 f*pT1+T2
< — 4o
Il < T2, [”””v T+ )+ 1) gP]

(3.39)
6T
X[ F(r1+l)F(r2+1)] = Dp:

Then, from (3.37) and (3.39), we get

. f*pr1+rz 4 "
”u”p = ”nu”p + 1"(1-1 + 1)F(1"2 + 1) " &

D, l*
=D’.
F(Tl + 1)F(T2 + 1) P

(3.40)

+ 4ch +

Since for every (x,y) € Jo, U@y llc < 7(x,y), we have

lull, < max(ligllc, D; ) := K. (3.41)

Set

u = {ueCO lull, <R;+1vp=1,2,...}. (3.42)

Clearly, U is a closed subset of Cy. As in Theorem 3.4, we can show that Ny : U; — Cpisa
contraction operator. Indeed

ppr1+r2
IN1(@) = N1 @), < <4C” * [+ DI +1) > o=l (3:49)

for each v,w € U; and (x,y) € Jo. From the choice of U, there is no u € 9,U7 such that
u = AN (u), for some A € (0,1). As a consequence of Theorem 2.3, we deduce that N; has a
unique fixed point u in U; which is a solution to problem (1.5)—(1.7). O
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4. The Phase Space B

The notation of the phase space B plays an important role in the study of both qualitative
and quantitative theory for functional differential equations. A usual choice is a seminormed
space satisfying suitable axioms, which was introduced by Hale and Kato (see [47]). For
further applications see, for instance, the books [48-50] and their references.

Inspired by [47], Cztapiniski [40] introduced the following construction of the phase
space. For any (x,y) € Jo denote E(y ) := [0, x]x{0}U{0}x[0,y], furthermoreincasex =y = p
we write simply E. Consider the space (B, ||(:,-)||g) is a seminormed linear space of functions
mapping (-oo,0] x (—oo,0] into R”, and satisfying the following fundamental axioms which
were adapted from those introduced by Hale and Kato for ordinary differential functional
equations.

(A1) If z : (=o0,p] x (-o0,p] — R" continuous on Jp and z(,) € B, for all (x,y) € E,
then there are constants H, K, M > 0 such that for any (x,y) € Jo the following
conditions hold:

(i) Z(xy) 18 in B;
@ii) lz(x, Yl € H|z(xy)llB, and
(iii) |z ylls < KSUP(s,t)e[o,x]x[o,y] llz(s, I + Msup(s,t)eE(x,y) 1z(sn|lB-

(A2) For the function z(-, ) in (A1), z(x,y) is a B-valued continuous function on Jp.
(A3z) The space B is complete.

Now, we present some examples of phase spaces (see [40]).

Example 4.1. Let B be the set of all functions ¢ : (—oo0,0] x (—00,0] — R" which are continuous
on [-a,0] x [-p,0], &, p > 0, with the seminorm

I¢lls = sup ]||¢(S/t)||- (4.1)

(s,t)e[-a,0]x[-p,0

Then, we have H = K = M = 1. The quotient space B = B/|| - || is isometric to the space
C([-a,0] x [-p,0],R™) of all continuous functions from [-a,0] x [-f,0] into R" with the
supremum norm, this means that partial differential functional equations with finite delay
are included in our axiomatic model.

Example 4.2. Let C, be the set of all continuous functions ¢ : (-o0,0] x (-o0,0] — R" for
which a limit limyjs 1) - cc€” " P (s, t) exists, with the norm

¢, = sup  e"Ig(s, b)) (4.2)

(s,t)€(~00,0]x(—0,0]

Thenwehave H=K =M = 1.

Example 4.3. Leta, ,y > 0 and let

0
1#ler, = sup g+ [ e gt nlaras 43
( 0] -

s,t)e[-a,0]x[-B,
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be the seminorm for the space CL, of all functions ¢ : (-o0,0] x (-o0,0] — R™ which are

continuous on [-a,0] x [-f,0] measurable on (—oo, —a] x (—o0,0] U (-o0,0] x (-o0,—f], and
such that [|¢[|c, < oo. Then,

0 0
H=1, K= f f e"edtds,  M=2. (4.4)
—aJ-p

5. Global Result for Infinite Delay

In this section we present a global existence and uniqueness result for the problems (1.8)—
(1.10) and (1.12)—(1.14). Let us define the space

Q= {u :R* — R" : Uy, € B for (x,y) € Eo, ul, € C(],R")}, (5.1)

where Ej := [0,00) x {0} U {0} x [0, c0).
Definition 5.1. A function u € Q such that its mixed derivative Diy exists and is integrable on

] is said to be a global solutionis of (1.8)—(1.10) if u satisfies equations (1.8) and (1.10) on |
and the condition (1.9) on J'.

For each p € N, we consider following set,
C, ={u: (~oo,p] x (~o0,p] — R":u € BNC(Jo,R"), tu(xy) =0 for (x,y) €E}, (5.2)
and we define in

Cpi={u: R —R":ue BAC([0,00) x [0,00),R"), txy) =0 for (x,y) €Eo}  (53)
the seminorms by

lully = sup [Jucey|ls+ sup [lu(x,y)|
(x,y)eE (x.y)€lo

(5.4)

= sup |lu(x, )| uGC;,.

(xy)€]o

Then, C, is a Fréchet space with the family of seminorms {||u||, }.
Theorem 5.2. Assume that

(H'1) the function f : ] x B — R" is continuous and
(H'2) for each p € N, there exists l;, € C(Jo, R™) such that for and (x,y) € Jo

| f e, y,u) = f(x,y,0)|| <L, (x,y)|lu—-0l, for each u,v € B. (5.5)
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If
Kll* r1+1rp
pP <1, (5.6)
1—'(7‘1 + 1)F(1’2 + 1)
where
Iy = sup I (x,y),
P (o) P (5.7)

then, there exists a unique solution for IVP (1.8)—(1.10) on R2.

Proof. Transform the problem (1.8)—(1.10) into a fixed point problem. Consider the operator
N': Q — Q defined by

( (i)(x’y)’ (x/y) € 7,/
N'(u)(x,y) = 1 x L .
u(x,y) + WLJ‘O (x—s)" 1(y —t) 1f(s, tuey)dtds; (x,y) €.
(5.8)

Let v(-,-) : R? — R" be a function defined by

(5.9)

o(,7) = {q‘b(x,y)f (xy)eT,
T kew), @y el

Then, v(y) = ¢ for all (x,y) € Eo. For each w € C(J,R") with w(x,y) = 0; for all (x,y) € Eo,
we denote by w the function defined by

w(x,y) = " (y)er, (5.10)
7wy, el |

If u(-,-) satisfies the integral equation,

u(x,y) = p(x )+;fxfy(x—s)“( — )7 f (s, t,up )dt ds (5.11)
Y) = XY F(Tl)r(7’2) 0 Jo y b U(sh) 4 :

we can decompose u(-,-) as u(x,y) = w(x,y) + v(x,y); x,y > 0, which implies that u,,) =
W(x,y) + V(x,y), for every x,y > 0, and the function w(-, -) satisfies

w(x,y) = ;J'x fy (x-s)"7Y( _t)rz—lf(s L W(s g + V(s )dt ds (5.12)
)= r(rl)r(rZ) 0J0 y 7 W(s,h) (s,t) . .
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Let the operator P' : C;; — C; be defined by

1 x (v .
(P)9) = g J, -9 =07

x f(s,t, Wy +viy)dtds;, (x,y) €.

(5.13)

Obviously, the operator N’ has a fixed point is equivalent to P' having a fixed point, and so
we turn to prove that P’ has a fixed point. We will use the alternative to prove that P' has a
fixed point. Let w be a possible solution of the problem w = P'(w) for some 0 < A < 1. This
implies that for each (x,y) € Jo, we have

A x oy . . _
wxy) = T(r)T(r2) Jo .[0 (x= )" (y = )" f (5,5, W(sp) + V(o) dt ds. (5.14)

This implies by (H'1) that

leoGewll < 1, {pf;r(rz )
. (5.15)
T o |, G = 6 Dl + v e
where
fy =sup{[lf(x, v, 0)|| : (x,¥) € Jo}- (5.16)
But

@) +vsnlls < @enlls + lvenlls
<K sup{u(g,?) : (gi) € [0,s] x [0, t]} (5.17)
+ M|[§||5 + K[| $(0,0)]|-

If we name z(s, t) the right-hand side of (5.17), then we have

@ +vsnllp < 2(s,b). (5.18)
Therefore, from (5.15) and (5.18) we get

f;pr]+rz
el < G Drm 1

, (5.19)
; ) _ o\l \ly
+ r(Tl)r(Tz) J;) J‘O (x S) (y t) lp(S, t)Z(S, i’)dt ds.
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Replacing (5.19) in the definition of w, we have that

Gl < TP g
! - F(Tl + 1)F(1’2 + 1) B

: (5.20)
Kl

+ o xfy(x—s)“‘l( — 1) 2(s, t)dt ds
T(r)(r2) Jo Jo v / :

By Lemma 2.4, there exists a constant 6 = 6(r1, 12) such that

Kf;prl +12
et < (e iy * M

. 6Ky (5.21)
T Dm0

= M.

Then, from (5.19), we have

Pk T+ * 1T
lppl 2 fppl 2

M+ DN+ ) T DT e D)~ (5.22)

leoll,, < M

Since for every (x,y) € Jo, l|wylls < z(x,y), we have
lzoll, < max( |||l M*) = R (5.23)
Set
u' = {wecg):nwnp, gﬁ*+1vpeN}. (5.24)

We will show that P’ : U’ — C;, is a contraction operator. Indeed, consider w, w* € U'. Then
for each (x,y) € Jo, we have

| P'(w) (x, y) = P'(w") (x, y) ||

1 Y o\l _p\-1
S ST fo fo sy =t)

f(S, LWy + U(s,t)) - f<S, t, E(s,t) + U(s,t)) ”dt ds

X

(5.25)
<L fx fy (x—5)"(y )" (s, 1) ||w(s b= W s ” dt ds
L(r)I(r2) Jo Jo : ' ~liB

l/*pr1+rz
<K—>
F(Tl + 1)T(r2 + 1)

[w —w||,,.
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Thus,

o~ | (5.26)

Kll* r1+1r2
1P (w) - P'(w")]|, < pP

P = T(r+1DI(rn+1) P

Hence by (5.6), P' : U' — C,, is a contraction. By our choice of U’, there is no w € o0, ("
such that w = AP'(w), for A € (0,1). As a consequence of Theorem 2.3, we deduce that N’ has
a unique fixed point which is a solution to problem (1.8)—(1.10). O

Now, we present an existence result for the problem (1.12)—(1.14).

Definition 5.3. A function u € Q such that the mixed derivative D,zcy(u(x, y) = 8(x, Y, txy)))
exists and is integrable on J is said to be a global solutionis of (1.12)—(1.14) if u satisfies
equations (1.12) and (1.14) on J and the condition (1.13) on J'.

Theorem 5.4. Let f,g: ] x B — R" be continuous functions. Assume that (H'1), (H'2), and the
following condition hold.

(H'3) For each p = 1,2,..., there exists a constant ¢, with 0 < Kc,, < 1/4 such that for any
(x,y) € Jo, one has

lg(x,y,u) - g(x,y,0)|| < c,llu~vl, forany u,v € B. (5.27)

If

4CI Kl;kprl +12

528
”+F(r1+1)F(r2+1)<1' for each p €N, (5.28)

then, there exists a unique solution for IVP (1.12)—(1.14) on R,

Proof. Consider the operator Nj : Q — Q defined by

r(l)(x,y), (x,y) € T,
u(,y) + (%, ¥, Uey)) = 8(x,0,ux0)
Niw) (x,y) =14 -8y, u0y)+8(0,0,u00) (5.29)

1 Y o\l o\l
om0 w9
xf(s,t,ugsy)dtds, (x,y) €]
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In analogy to Theorem 5.2, we consider the operator P : C; — Cj defined by

P{(w)(x,y) = §(%, Y, W(xy) + Vixy)) = &(%,0,W(x0) + V(x0))

-8(0,y, Wy +v0y) +8(0,0,W (00 +v00)

1 Y _ -l _p\2-1
* Frr () fo fo =)y =)

X f(s, twsy + U(S,t))dt ds, (x, y) eJ.

(5.30)

In order to use the nonlinear alternative, we will obtain a priori estimates for the solutions of
the integral equation

w(xy) = Mg(X Y, Wy) + V) = (%0, W) +0(x0))
=8(0,y, W,y +v0y) +8(0,0,W00 +200)) (531)

J— )L Y -1 -1 J—
+ x=8)" Ny =) f(s,t,Wsp) +Visp )dtds,
rm)r(rz)fofo( Y =D (58 Wen +06n)

for some A € (0,1). Then from (Hj)—(Hj), (5.15), and (5.18) we get for each (x,y) € Jo,

f;pr1+rz )
”w(x’y)” S F(Tl +1)1"(1,2 + 1) +4cpz(x,y)
+ll8(xy, 0)[ + llg(x,0,0)|| + |8 (0, y,0) || + [ (0. 0,0)] (5.32)

1 * (Y =l an-ly
+WL jo (x=8)""(y—t)" L(s,t)z(s,t)dt ds.

Replacing (5.32) in the definition of z(x, y), we get

1
£(59) < 1y [ M9l + KO0 +45]5 00,400

(5.33)

+4K g, +

Kf;Prl+r2
F(Tl + 1)T(r2 + 1)

ll* r—1 -1
m_[ f (x=s)""(y—t)" z(s t)dtds,

where I (x, ) = I/ (1 - 4K¢,) and g; = sup{llg(x,y,0)] : (x,y) € Jo).
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By (5.32) and Lemma 2.4, there exists a constant 6 = 6(ry, r2) such that

1
(o9 S ik [ansnB + 4K [$(0,0)] +4K]15(0,0,$(0,0)

Kf;ph +1 ]

MR r T T T D) (5.34)
Iy ,
* [1 T+ DI +1)] =D
Then, from (5.32) and (5.34), we get
Ieolly < E?l 1),;(),0 1) +4e, D' +4g; = D" (539
Since for every (x,y) € Jo, |weylls < z(x,y), we have
l[wl|,, < max(||¢]|z, D) = R™. (5.36)
Set
u, = {w €Cy: flwll, < R*+ 1}. (5.37)

Clearly, U] is a closed subset of C;. As in Theorem 5.2, we can show that P| : U]} — Cjisa
contraction operator. Indeed

Kll*pr1+1’2
- ! < ! P - / .
IN: (@) - Ni (@)l < <4c,,+ o +1)F(r2+1)>||v wll, (538)

for each v,w € U}, and(x,y) € Jo. From the choice of U], there is no w € 0,(U})" such that
w = AP} (w), for some A € (0,1). As a consequence of Theorem 2.3, we deduce that N} has a
unique fixed point which is a solution to problem (1.12)—(1.14). O
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6. Examples

Example 6.1. As an application of our results we consider the following partial hyperbolic
functional differential equations with finite delay of the form

Dhu(x,y) i if (x, 1) € [0, 00) x [0, o0)
7 = ; 1 7 4 4 7
) (1 [u(x -1,y -2)|) Y7 Bree) e
u(x,00=x, u(0,y)=v% x,y€l[0,0), (6.1)
u(x,y) =x+y%  (xy) € [-1,0) x [-2,0) \ (0,00) x (0, 00),
where
Cp = au +plr)11:r(2r2 - 1); peN. (6.2)
Set
p
1Y, X, = ; 7 0/ O/ . .
f(x]/u( :}/)) ex+y+2(1+|u(x—1,y—2)|) (x y)E[ o) x [0, ) (6.3)
For each p € N* and (x,y) € [0,p] x [0, p], we have
_ ¢ _
|f Cey ) = f (0 y T | < =Tl (64)

Hence conditions (H1) and (H2) are satistied with I = ¢,/ e?. We will show that condition
(3.9) holds for all p € N*. Indeed

l;pﬁ +12 1

T+ OT(nsD) & (6.5)

which is satisfied for each (ri,72) € (0,1] x (0,1]. Consequently Theorem 3.4 implies that
problem (6.1) has a unique global solution defined on [-1, o0) x [-2, o).

Example 6.2. We consider now the following partial hyperbolic functional differential
equations with infinite delay of the form

4ex+y
Cpm2(e*tY + ™)
J“x J“y e’y (x + 6,y +n)dndo
X
~o0 J ~o0 (1 +(x+ 9)2> (1 +(y+ q)2>
u(x,y) =x+y%  (x,y) €R*\ (0,00) x (0,0),
u(x,0)=x, u(0,y)= yz; x,y € [0,0),

(“Dgu)(x,y) =

;if (x,y) € [0,00) x [0, 00),

(6.6)

where ¢, = 3p"*"2 /T'(r1 + 1)['(r2 + 1), p € N* and y a positive real constant.
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Let

B, = {u € C((~o0,0] x (=c0,0],R) : “(911)1”11 e"@u(0,7)| exists in R} (6.7)
rl — 00

The norm of By is given by

lully = sup e’ u(6,1)|. 6.8)

—00<6, <0
Let u : R? — R such that U(xy) € By, (x,y) € E:=[0,p] x {0} U {0} x [0,p], then

lim ey, (0,17) = lim /@1y (0,7)

1@l =0 1@,m]— o0
(6.9)
=e 7 im @y (0,7) < co.
1@l — oo
Hence, u(y,) € B,. Finally we prove that
lucyll, =K sup  |u(s,t)|+M sup
v (s,t)€[0,x]x[0,y] (st)€E(xy) (610)
where K =M =1and H = 1.
Ifx+0<0, y+1€<0weget
”u(x,y) ”Y = Sup{ |u(S, t)| : (S, t) € (_OO/ 0] X (_OO, 0] }/ (611)
andif x+60 >0, y+ 7 >0 then we have
[uceyll, = sup{lu(s, £)] : (s,#) € [0,x] x [0, y]}. (6.12)
Thus, forall x + 6,y + 1 € [0, p], we get
e, = sup lu(s,t)| + sup  |u(s, )|
4 (s,t)€(—00,0]%x(—00,0] (s,)€[0,x]x[0,y] (613)
Then,
Ux, = sup |[ueyl|, + su |u(s,t)].
lucenll, (S,t)IZEll soll, e (6.14)

(By, Il - IIy) is a Banach space. We conclude that B, is a phase space.
Let

f(x,y,u) =

4ty J“x J“y e’ My (x+6,y+1n)
dn do; (6.15)

cpr?(e™V + ™) © <1 + (x+ 9)2> (1 +(y+ 11)2>
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for each (x,y,u) € | x By. Then for each p € N*, (x,y) € [0,p] x [0,p] and u,v € By, we have

|f Cey,u) - f(x,y,0)]

_ 4eXHY J‘x J‘y eY(Q”l)u(x + G,y + 7]) dn do
prr2(ex+y +e V) ) o) o <1 +(x+ 9)2> (1 + (y . 11)2>
4y x v Oy (x4 60,y + 1) o
e, (e + e~ ) J, J‘, 2 2
p o J -0 1+(x+9) 1+(y+7’l)
- 4ex+Y J‘X le gY(9+ﬂ)|u(x+9,y+71) _v(x+9’y+11)|d11d9 (616)
< cp7r2(ex+y +e ™) ) o) o <1 +(x+ 9)2> <1 i (y + 11)2>
T | e TG R CA TP
T opm(et +e* ) ) ) 1+6%)(1+7%%)
4e*tY *® 1
< dn dollu —
T cpm?(eXY + 77 Y) JJO 1+6%)(1+71?) ndblju ol
ex+y
< geremy ity
Hence, condition (H'2) is satisfied with I,(x, y) = e*™V/c,(e*™¥ + e7*7Y). Since
I e € [0,00) x [0,00) b < (6.17)
= _— X —_— .
p sup cp (ex+y + e—x—y) (x’ y) [ , 0 [ , 0 = cp
and K =1, we have
Kl/* r1+12
dd LY (6.18)

T(rn+D)I(n+1) 3

Hence, condition (5.6) holds for each (r;,72) € (0,1] x (0,1] and all p € N*. Consequently
Theorem 5.2 implies that problem (6.6) has a unique global solution defined on R?.
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