Hindawi Publishing Corporation
Advances in Difference Equations
Volume 2011, Article ID 237219, 14 pages
doi:10.1155/2011 /237219

Research Article

Asymptotic Behavior of Solutions of Higher-Order
Dynamic Equations on Time Scales

Taixiang Sun,” Hongjian Xi,? and Xiaofeng Peng’

I College of Mathematics and Information Science, Guangxi University, Nanning, Guangxi 530004, China
2 Department of Mathematics, Guangxi College of Finance and Economics, Nanning,
Guangxi 530003, China

Correspondence should be addressed to Taixiang Sun, stx1963@163.com
Received 18 November 2010; Accepted 23 February 2011
Academic Editor: Abdelkader Boucherif

Copyright © 2011 Taixiang Sun et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We investigate the asymptotic behavior of solutions of the following higher-order dynamic
equation x2"(t) + f(t,x(t),xA(t),...,xA'H(t)) = 0, on an arbitrary time scale T, where the
function f is defined on T x R". We give sufficient conditions under which every solution x of
this equation satisfies one of the following conditions: (1) limy_, oo 2" (t) = 0; (2) there exist
constants a; (0 < i < n— 1) with ag#0, such that limtﬂ,ox(t‘)/Zf’;o1 aih,_i-1(t,ty) = 1, where
hi(t,tp) (0 <i<mn-1)areasin Main Results.

1. Introduction

In this paper, we investigate the asymptotic behavior of solutions of the following higher-
order dynamic equation

XA (1) +f<t,x(t),xA(t),...,xNH (t)> =0, (1.1)

on an arbitrary time scale T, where the function f is defined on T x R".

Since we are interested in the asymptotic and oscillatory behavior of solutions near
infinity, we assume that supT = oo, and define the time scale interval [tp,00)r = {t € T :
t > to}, where ty € T. By a solution of (1.1), we mean a nontrivial real-valued function
x € Cu([Tx, )1, R), Ty > ty, which has the property that x"(t) € Cuq([Ty, 0)1,R) and
satisfies (1.1) on [Ty, o0)p, where C,q is the space of rd-continuous functions. The solutions
vanishing in some neighborhood of infinity will be excluded from our consideration.
A solution x of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is called nonoscillatory.
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The theory of time scales, which has recently received a lot of attention, was introduced
by Hilger’s landmark paper [1] in order to create a theory that can unify continuous
and discrete analysis. The cases when a time scale is equal to the real numbers or to the
integers represent the classical theories of differential and of difference equations. Many other
interesting time scales exist, and they give rise to many applications (see [2]). Not only the
new theory of the so-called “dynamic equations” unifies the theories of differential equations
and difference equations but also extends these classical cases to cases “in between,” for
example, to the so-called g-difference equations when T = g™, which has important
applications in quantum theory (see [3]).

On a time scale T, the forward jump operator, the backward jump operator, and the
graininess function are defined as

o(t) =inf{seT:s>t}, p(t) =sup{seT:s<t}, u(t) =o(t) - t, (1.2)

respectively. We refer the reader to [2, 4] for further results on time scale calculus. Let p €
Cra(T,R) with 1 + pu(t)p(t) #0, for all t € T, then the delta exponential function e, (t,to) is
defined as the unique solution of the initial value problem

vt =p(t)y,

(1.3)
y(t) = 1.

In recent years, there has been much research activity concerning the oscillation and
nonoscillation of solutions of various equations on time scales, and we refer the reader to
[5-18].

Recently, Erbe et al. [19-21] considered the asymptotic behavior of solutions of the
third-order dynamic equations

(awfr=]")” oy =0,

X888y 4 p(B)x(t) = 0, (1.4)
(a(t){ [r(t)xA(t)]A }Y>A T x(b) =0,

respectively, and established some sufficient conditions for oscillation.
Karpuz [22] studied the asymptotic nature of all bounded solutions of the following
higher-order nonlinear forced neutral dynamic equation

[x(t) + A)x(a(t)]*" + f(tx(B(1)), x(y(1)) = o(b). (1.5)

Chen [23] derived some sufficient conditions for the oscillation and asymptotic
behavior of the nth-order nonlinear neutral delay dynamic equations

n-1 &= w1V A
{atyeeo) ||eo «poreo)® 7 w0 spoxeon |} < irex6on o
(1.6)
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on an arbitrary time scale T. Motivated by the above studies, in this paper, we study (1.1) and
give sufficient conditions under which every solution x of (1.1) satisfies one of the following
conditions: (1) lim;_, ox2"" (t) = 0; (2) there exist constants a; (0 <i < n— 1) with ag#0, such
that lim; _, o x(t)/ Z?:Bl aihy_i-1(t, tg) =1, where h;(t,tp) (0 <i<mn-1) are as in Section 2.

2. Main Results

Let k be a nonnegative integer and s, t € T, then we define a sequence of functions hi(t, s) as
follows:

1 if k=0,

hi(t,s) = t (2.1)
f hi-1(T,s)Ar if k> 1.

S

To obtain our main results, we need the following lemmas.

Lemma 2.1. Let n be a positive integer, then there exists T,, > to, such that

M (b t) — hi(tto) > 1 for t>T,, 0<k<n-—1. (2.2)

Proof. We will prove the above by induction. First, if k = 0, then we take T} > fo + 2. Thus,

hl(t,to)—ho(t,to) Zt—to—l Zl for tZTl. (23)

Next, we assume that there exists T,, > t, such that hy,1(t,to) — hi(t,tp) > 1 for t > T,, and
0<k<mwith0<m<mn-1,then

t
By (t to) = hm(t to) = | (hm(7,t0) = him-1 (7, t0)) AT

to

T,

= m(hm(T, to) = hm-1(7, t0)) AT + fT (hp (1, t0) — A1 (T, t0)) AT
to m
(2.4)

T t
> | (7, to) = et (7, t0) ) AT + f AT
to m

Tlﬂ
= (hm (7, t0) — hypor (T, 40)) AT + £ =Ty,

to

from which it follows that there exists T,,,;1 > T}, such that hy,1 (¢, tg) —hi (¢, t9) > 1 fort > Ty
and 0 < k < m + 1. The proof is completed. O
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Lemma 2.2 (see [24]). Let p € Ca(T, [0, 20)), then

t t
1+ | p(s)As < ey(t to) < ehaPe, (2.5)
to

Lemma 2.3 (see [2]). Let y,p € Crq(T, [0, 00)) and A € [0, o0), then

t
y(t) <A+ | y(r)p(r)AT, VteT (2.6)
to

implies
y(t) < Aey(t, ty), VteT. (2.7)

Lemma 2.4 (see [2]). Let n be a positive integer. Suppose that x is n times differentiable on T. Let
a T andteT, then

n—1 (t)

x(t) = nz_lhk(t, a)xAk () +I Hu1(t,0(T))x2" (T)AT. (2.8)
k=0 a

Lemma 2.5 (see [2]). Assume that f and g are differentiable on T with limy;_, ,g(t) = co. If there
exists T > tg, such that

g(t)>0, gt >0, Vt>T, (2.9)
then
. fA o J()
tli%gA(t) =71 (or oo) implies }H{L@ =7 (or o). (2.10)

Lemma 2.6 (see [23]). Let x be defined on [ty, o), and x(t) > 0 with x*"(t) < 0 for t > to and not
eventually zero. If x is bounded, then

(1) limy L ox2' () =0for1<i<n-1,

2) (-1)™"'x2(t) > 0 forall t > tgand 1 <i<n—1.
Now, one states and proves the main results.

Theorem 2.7. Assume that there exists t; > to, such that the function f(t,uy,...,u,-1) satisfies

n-1
|f(tuo, ... una)| < D pi@®wil, Yt uo,..., unq) € [t,00)7 xR”, (2.11)
i=0
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where p;(t) (0 <i < n—1) are nonnegative functions on [t1, oo)y and

Jimey(t 1) < oo, (2.12)

with q(t) = Y15 p,(t)hn_i_l (t,to) (t > t1), then every solution x of (1.1) satisfies one of the following
conditions:

(1) limy o x®"' (£) = 0,

(2) there exist constants a; (0 <i<mn—1) with ag#0, such that

)
t—>ooZ =0 az n—i— 1(t tO)

(2.13)
Proof. Let x be a solution of (1.1), then it follows from Lemma 2.4 that for0 <m <n -1,
n-m-1

n—1m 1(t)
A=Y hie(t, 1) x> (1) +f Myt (t,0(T))x2" (T)AT  for t > ty. (2.14)
k=0 t

By (2.11) and Lemma 2.1, we see that there exists T > t;, such thatfort >Tand 0 <m <n-1,

n-m-1 t n-1
| )] < B, to)[ 3 | ]+ j Spi(r)|x >|Ar]. (2.15)
k=0 t1 =0
Then we obtain
|xAm(t)| < Hymer (L 10)F(t) for t>T, 0<m<n-1, (2.16)
where
t n-1
F(t) = A+I Zpl(T)|x (T)|AT, (2.17)
with
n-m-1 Ak T n-1
_0522(1{ é |x (tl)'} J‘t1 lz(;pl(i' X (T)|AT. (2.18)

Using (2.16) and (2.17), it follows that

t n-1

Fi) <A+ f > pi(T) i1 (z,t0) F(T) AT for t > T. (2.19)
T i=0
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By Lemma 2.3, we have

F(t) < Aey(t,T) Vi>T, (2.20)

with g(t) = Z?:_ol pi(t)hn-i—1(t, to). Hence from (2.12), there exists a finite constant ¢ > 0, such
that F(t) < c for t > T. Thus, inequality (2.20) implies that

|xAm (t)| <hpma(ttg)e fort>T, 0<m<n-1. (2.21)

By (1.1), we see that if > T, then

t

A = X8 (T - J

f<T, x(1), x2 (1), ..., x" (T)) AT. (2.22)
T

Since condition (2.12) and Lemma 2.2 implies that

t n—1
lim f > pi(T) i1 (T, 1) AT < o0, (2.23)
—eJT 20

we find from (2.11) and (2.21) that the sum in (2.22) converges as t — oo. Therefore,
limtqwaH (t) exists and is a finite number. Let limt_woxA"_l (t) = ap. If ap #0, then it follows
from Lemma 2.5 that

x(t) . An—l
AN | = 24
t—>oohn_1 (t, to) th;x (t) o (2 2 )

and x has the desired asymptotic property. The proof is completed. O

Theorem 2.8. Assume that there exist functions p; : [ty,o0)r — (0,00) (0 < i < n), and

nondecreasing continuous functions g; : (0,00) — (0,00) (0<i<n—-1),and t; > ty such that

|ui]

m) +pa(t) fortt, (2.25)

n-1
|f(t,u0, .. .,un_1)| < Zp,(t)g,<
i=0

with

pi(t)At=P;<oo for 0<i<m,
t
' (2.26)
@ ds
f g =% foranye>0,
e Xico &i(S)
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then every solution x of (1.1) satisfies one of the following conditions:

(1) lirnl‘—moxAm1 (t) = 0/

(2) there exist constants a; (0 <i<n—1) with ag+#0 such that

im x(t) =1.
t=oo S @il i (1, to)

(2.27)
Proof. Let x be a solution of (1.1), then it follows from Lemma 2.4 that for0 <m <n -1,
n-m-1

1= 1(t)
A= ) et 1)x2 " (1) +J Hyemi1(t,0(T))x2" (T)AT for t > t. (2.28)
=0 t

By Lemma 2.1 and (2.25), we see that there exists T > t;, such thatfort >Tand 0 <m <n-1,

|xA"’(t)| <h 1(t, to) [n_zm_1|xAk+m(t )| f [Zp T)g< * (T)' >+p (T)] AT]
Comm paurd w77\ B (T, fo) " '

(2.29)
Then, we obtain
|xA"’(t)| < My (b 1)F(t), fort>T, 0<m<n—1, (2.30)
where
f |fo (T)'
F(t)=A+ f ZOPI(T) Qi <m> AT, (2.31)
with

hn—i—l (T/ tO)

U Te Ry s
‘0323%1{ > [« (f1>|}+f drimgi| ———~ AT +P. (2.32)

k=0 ti =0

Using (2.30) and (2.31), it follows that

t n-1

FiH) <A+ f Zpl(T)gi(F(T))AT fort>T. (2.33)
i=0
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Write
t n-1
u(t)=A+ f Zp,-(T)gi(F(T))AT fort>T, (2.34)
T i=0
v ds
G = —, 2.35
) fA S (o) (239
then

1
[G(u(t)]* = ub(t) f G'(hu(t) + (1 - h)u°(t))dh
0

n-1 1
- <Zpi<t>gi<F<t>>> f dh
=0

0 Sy gi(hu(t) + (1 - h)ue(t))

. (2.36)
< Dito pi(t)gi(u(t))
T3 &iu()
n-1
< D.pilt),
i=0
from which it follows that
n- n-1
Glu(t)) < G + | Spi(r)ar < Gu(m) + SP. (2:37)
T i=0 i=0

Since lim,, -, ,G(y) = oo and G(y) is strictly increasing, there exists a constant ¢ > 0, such that
u(t) <cfort>T. By (2.30), (2.33), and (2.34), we have

|xAm (t)| <hpma(tty)e fort>T, 0<m<n-1. (2.38)

It follows from (1.1) that if ¢t > T, then

t

xAn—l (t) _ xAn—l (T) _f

f<T, x(1), x2(1), ..., x" (T)) Ar. (2.39)
T
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Since (2.38) and condition (2.25) implies that

I;|f<T,x(T),XA(T),. LA (T)) |AT

t [n1 |xAi(T)|
SL ;;ﬂi(f)gi Tty ) PP | AT .40,

< Pigi(c)+Pn

we see that the sum in (2.39) converges as t — oo. Therefore, limy_, oo™ (t) exists and is a
finite number. Let liquooxm_1 (t) = ag. If ap #0, then it follows from Lemma 2.5 that

. x(t) . An—l
AN A = 2.41
M ho ~ Y W= (240

and x has the desired asymptotic property. The proof is completed. O

Theorem 2.9. Assume that there exist positive functions p : [tg, o) — (0, 00), and nondecreasing
continuous functions g; : (0,00) — (0,00) (0<i<n—-1),andt; > ty, such that

n-1
i >
R - i| ———— > .
£ PO T8 (o) ot 2he 242)
with
p(t)At = P < oo,
5]
- g (2.43)
I %:oo, for any € >0,
e ITizo i)

then every solution x of (1.1) satisfies one of the following conditions:

(1) limy_ o2 (#) = 0,

(2) there exist constants a; (0 <i<n—1) with ag#0, such that

x(t)

im
t=oo S aih, i1 (E to)

=1. (2.44)
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Proof. Arguing as in the proof of Theorem 2.8, we see that there exists T > t;, such that for
t>Tand0<m<n-1,

1

2" ()] < s (1 10) [i [ (k)| + J‘t ﬁp(f)g< sl >AT] (2.45)
o py b =0 "\ i1 (7, t0) ’

from which we obtain

|xAm(t)| <M1 (b t)F(t) fort>T, 0<m<n-1, (2.46)
where
ton-1 x2 (T)|
F(t) = A+ L [1ros( 5 ) (247)
= max ni1|xAk+m(t )| JT ﬁp(‘l‘)g * (T)| (2.48)
0<m<n 1 pary f =0 ' n i- 1(7-/ tO)
Using (2.46) and (2.47), it follows that
t n-1
Fit) <A+ f [Ip()si(F(r))Ar fort>T. (2.49)
T =0
Write
t n-1
u(t) = A+f Hp(T)g,-(F(T))AT for t>T, (2.50)
i=0
G 2,51
(y) = f ,ogl(s) (2.51)
then

1
[Gu(t)]® = u®(t) f G'(hu(t) + (1 - h)u°(t))dh
0

dh
t) g (F(t
<Hp( )&i( ())>f T g (hu(t) + (1 - hyuo (t)) (2.52)
< [T p(t)gi(u(t))
B § Y E105))

=p(b),
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from which it follows that

G(u(t)) < G(u(T)) + f;p(T)AT < Gu(T)) +P. (2.53)

The rest of the proof is similar to that of Theorem 2.8, and the details are omitted. The proof
is completed. O

Theorem 2.10. Assume that the function f(t,uy, ..., un—1) satisfies

(1) f(t,u(),. . */un—l) = p(t)F(u()r . ‘/un—l)for all (tluOI‘ . '/un—l) € [t()r OO)T X Rn/
(2) p(t) 2 0 for t > to and [;” hy-1 (7, to)p(T) AT = o0,

(3) ugF(uo, ..., up-1) > 0 for ug#0 and F(uy, ..., u,—1) is continuous at (u,0,...,0) with
uy #0,

then (1) if n is even, then every bounded solution of (1.1) is oscillatory; (2) if n is odd, then every
bounded solution x(t) of (1.1) is either oscillatory or tends monotonically to zero together with
xA() (1<i<n-1).

Proof. Assume that (1.1) has a nonoscillatory solution x on [ty, o0), then, without loss of
generality, there is a t; > to, sufficiently large, such that x(t) > 0 for t > #;. It follows from
(1.1) that x2"(t) < 0 for t > t; and not eventually zero. By Lemma 2.6, we have

tlimxAi(t) =0, forl1<i<n-1,

_ (2.54)
()" () >0 Vi>Hh, 1<i<n-1,

and x(t) is eventually monotone. Also x2(t) > 0 for t > t; if n is even and x(t) < 0 for t > t;
if n is odd. Since x(t) is bounded, we find lim; _, ,,x(t) = ¢ > 0. Furthermore, if n is even, then
c>0.

We claim that ¢ = 0. If not, then there exists t, > t;, such that

F(c,0,...,0)

5 >0 fort>t, (2.55)

F<x(t),xA(t), XA (t)) >

since F is continuous at (c, 0, ...,0) by the condition (3). From (1.1) and (2.55), we have

F(c,0,...,0)

5 <0, fort>t,. (2.56)

x¥ (B +p(h)

Multiplying the above inequality by h,_1 (¢, tp), and integrating from f, to t, we obtain

t F(c,0,...,0)

5 AT <0, fort>t. (2.57)

t
s (7, )22 (T) AT + f s (7, ) (7)
ty

ty
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Since
t ) .
f By (7, 00)x () AT > 3 (1) (7, 00) x> (7)
tz . ; (2.58)
- 2(_1)%"-1“2' )x" (1) + (<1)" (1),
we get

A+ (D)™ x(b) + f e (r, to)p(r) &0 0) 0'2‘ --.0)

t

AT <0, fort>t, (2.59)

where A = 37 (=1)'hy_i(ty, to)x*" (t2). Thus, [y Hn-1 (7, t0)p(T) AT < o0 since x(t) is bounded,
which gives a contradiction to the condition (2). The proof is completed. O

3. Examples

Example 3.1. Consider the following higher-order dynamic equation:

" a3 I (1)
xA —_— =
(t) " Z tﬁi hnfi—l (t, to) O, (31)

i=0

wheret >t >ty>0and f; >1 (0<i<n-1).Letp;(t) = 1/[tPih,_i-1(t, )] (0<i<n-1)and

n-1
1 Uu;
t,up,..., Up-1) = E——, 3.2
flt.uo 2 S thi hy-i-1(t, o) (52

then we have

n-1
|f(t, up,. .. ,un_1)| < Zpi(t)|ui|, V(t, Uup,. .. ,un_1) € [tl, OO)T X Rn,
=0 (3.3)

Y S VLT
esd piys (1) = ey (th) < ERTA <o,

by Example 5.60 in [4]. Thus, it follows from Theorem 2.7 that if x is a solution of (3.1)

with lim;_ 2" (£) #0, then there exist constants a; (0 < i < n — 1) with ag#0, such that
limy oo x(t) /305y aihica (t,£0) = 1.

Example 3.2. Consider the following higher-order dynamic equation:

n-1 1 xAi(t) a; 1
O 2g e ) e 34
<0 g(;tﬁ" <hni1(t, to) tBn (3.4)
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wheret >ty >0,a; € (0,1) (0<i<n-1),andpi>1 (0<i<m). Letg(u)=u* (0<i<n-1),
pi(t) =1/t (0<i<mn) and

ftu u )—nz_11< ti )ai+1 (3-)
JUG e Up1) = S thi \ hpioa (¢, to) th .

Itis easy to verify that f (¢, uo, ..., u,-1) satisfies the conditions of Theorem 2.8. Thus, it follows
that if x is a solution of (3.4) with limexAm1 (t) #0, then there exist constants a; (0 < i <
n —1) with ag #0, such that lim;_, x(£) /3%y aihni1(t,to) = 1.

Example 3.3. Consider the following higher-order dynamic equation:

] 1L/ X8 \©
2 (1) + 7;H< PRTS t0)> =0, (3.6)

wheret>t; >0, a; € (0,1) (0<i<n- 1)w1th0<Z,Oal<1andﬂ>1.Letg,~(u)=u“i (0<
i<n-1), p(t) =1/, and

n-1 1 u; a;
ftuo, ..., up1) = E)[t_ﬁ<m> . (3.7)

Itis easy to verify that f (¢, uo, ..., u,-1) satisfies the conditions of Theorem 2.9. Thus, it follows
that if x is a solution of (3.6) with lim;_ ,x2"" (£) #0, then there exist constants a; (0 < i <
n—1) with ag #0, such that im; _, o, x(£) /X150 @ibn-io1(t, o) = 1.
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