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The aim of this paper is to obtain new necessary and sufficient conditions for the uniform
exponential stability of variational difference equations with applications to robustness problems.
We prove characterizations for exponential stability of variational difference equations using
translation invariant sequence spaces and emphasize the importance of each hypothesis. We
introduce a new concept of stability radius 7sp(A; B,C) for a variational system of difference
equations (A) with respect to a perturbation structure (B, C) and deduce a very general estimate
for the lower bound of 74t (A; B, C). All the results are obtained without any restriction concerning
the coefficients, being applicable for any system of variational difference equations.

1. Introduction

In the last decades an increasing interest was focused on the asymptotic properties of the
most general class of evolution equations—the variational systems and a number of open
questions were answered, increasing the applicability area not only to partial differential
equations but also to systems arising from the linearization of nonlinear equations (see [1-10]
and the references therein). In this context a special attention was devoted to the general case
of variational systems of difference equations of the form:

x(@)(n+1) = A0(8,n)x(0)(n), Y(6,n) € OxN, (A)

where {A(0)}yeo is a family of bounded linear operators on a Banach space X and o is a
flow on a metric space ©. The interest is motivated by several notable advantages related
with the system (A): the obtained results are applicable to a large class of systems; since
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no measurability or continuity conditions are needed, this system often models the families
of equations proceeding from the linearization of nonlinear equations and also extends
the nonautonomous case in infinite-dimensional spaces (see [1, 2, 4-10] and the references
therein).

In recent years a notable progress was made in the study of the qualitative properties
of various classes of difference equations (see [4-8, 11-32]). The input-output methods or
the so-called “theorems of Perron type” have proved to be important tools in the study of
the asymptotic behavior of difference equations like stability (see [27, 29, 30]), expansiveness
(see [6]), dichotomy (see [1, 5, 8, 15,17, 19, 20, 32]), and trichotomy as well (see [7, 18, 20]).
A distinct method for the study of exponential stability relies on the convergence of some
associated series and this was used in [28] for difference equations and in [4] for variational
difference equations. The exponential stability of difference equations with several variable
delays and variable coefficients was studied in [16], where the authors obtained interesting
conditions for global exponential stability using new computational formulas with respect to
the coefficients. The uniform asymptotic stability of positive Volterra difference equations
was recently studied in [25], the authors proving the equivalence between the uniform
asymptotic stability of the zero solution, the summability of the fundamental solution, and
the invertibility of an associated operator outside the unit disk. A very efficient method in
the study of the stability of difference equations is represented by the so-called “freezing
technique,” which was used in [22] for the study of absolute stability of discrete-time
systems with delay and also in [23] in order to deduce explicit conditions for global feedback
exponential stabilizability of discrete-time control systems with multiple state delays. In the
study of the asymptotic behavior of discrete-time systems, there is an increasing interest in
finding methods arising from control theory (see [5-8, 2127, 29-32]). This is motivated by
the fact that besides their large applicability area, the control-type techniques can be also
applied to the analysis of the robustness of diverse properties in the presence of perturbations
(see [5, 25, 26, 30, 32, 33]). In this context it is natural to extend the study to the variational
case. Thus, two main questions arise: which is the most general framework for the study
of the stability of variational difference equations using control type methods and how one
may apply the new techniques in order to determine the behavior of the initial system in
the presence of perturbations. In what follows, our attention will focus in order to provide
complete answers to these open questions.

In this paper we propose a new study concerning the stability of variational difference
equations and the robustness of this property. We associate with the system (A) a family
of control systems (Sa) = {S¢}gco and we attack the subject from the perspective of
the solvability of (Sa) between two Banach sequence spaces invariant under translations.
We split the class of Banach sequence spaces which are invariant under translations into
two central subclasses and deduce necessary and sufficient conditions for uniform and
exponential stability with respect to the solvability of the control system (S4) when the
input sequences belong to a space from a subclass or the solution lies in a space from the
other subclass (see Theorem 3.8). By an example we show that the stability result is the most
general in the topic and that the assumptions on the underlying sequence spaces cannot be
removed. As particular cases of the stability results we deduce many interesting situations;
among them we mention some direct generalizations at the variational case of the theorems
from [27, 29, 30]. We also mention that the associated control system is distinct compared
with those considered in the study of dichotomy and trichotomy (see [7, 8, 32, 34]), the
input-output conditions are different, the Banach sequence norm is more flexible, and the
underlying classes of sequence spaces are the largest and with more permissive properties.
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Next, we apply the stability results and we propose a new approach for stability
robustness of variational difference equations. We study the stable behavior of the system
(A) in the presence of a general perturbation structure (B,C) with B € ¢*(0, £(U, X)),
C € ¢*(0,£(X,Y)), by means of the stability radius 7., (A;B,C) (see Definition 4.3).
Our target is to obtain a lower bound for the stability radius of variational systems of
difference equations as well as to determine the largest class of Banach sequence spaces
within the robustness properties hold. With this purpose we associate with the system
(A) an input-output control system (S4) = {Splgeo and consider W (N) the general
class of all Banach sequence spaces W with the property that if there is M > 0 such
that [s - xjo..njlw < M, for all n € N, then s € W and [slw < M. For every
Banach sequence space W € JW(N), we introduce the index Aw (A;B,C) := supaeeHAgVH,
where {AY}gco is the family of input-output operators associated with the system (Sx)
and we obtain a lower bound for 7., (A; B,C) in terms of Aw(A; B, C). Thus, we point
out an interesting connection between the family of input-output operators and the size
of the smallest perturbation in the presence of which the perturbed system loses its
exponential stability. The variational case requires a special analysis and the methods are
substantially more complicated compared to those used in the nonautonomous case (see
[30, 33]). We note that the study is done without any restriction or assumption on the
coefficients, the obtained results being applicable for any system of variational difference
equations.

2. Banach Sequence Spaces

In this section, for the sake of clarity, we will recall some basic definitions and properties
of Banach sequences spaces. Let Z denote the set of the integers, let N denote the set of all
non negative integers, let R denote the set of all real numbers, and let S(N, R) be the linear
space of all sequences s : N — R. Let N* = N\ {0}. For every set A C N we denote by
Xa the characteristic function of the set A. For every s € S(N,R) we consider the sequence
s+ : N — R defined by 5,.(0) =0 and s, (n) = s(n—1), forall n € N*.

Definition 2.1. A linear space B C S(N, R) is called a normed sequence space if there is a mapping
|-|g: B — R, such that

(i) |s|p = 0if and only if 5 = 0;
(ii) |as|g = |a||s|B, for all (a,s) € R x B;
(iii) |s + y|p < |s|g + |y|s, for all s,y € B;

(iv) if 5,y € S(N,R) have the property that |s(j)| < |y(j)|, for all j € N and y € B, then
s € Band |s|p < |ylB.

If, moreover, (B, | - |g) is complete, then B is called Banach sequence space.

Definition 2.2. A Banach sequence space (B, | - |p) is called invariant under translations if for
every s € B the sequence s,belongs to B and [s.|p = |s|s.

Notation. We denote by Q(N) the class of all Banach sequence spaces B which are invariant
under translations and yo) € B.
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Example 2.3 (Orlicz sequence spaces). Let ¢ : R, — [0, oo] be a nondecreasing left continuous
function which is not identically 0 or oo on (0, o). The Young function associated with ¢ is
Y,(t) = fg(p(s) ds, for all t > 0. For every s € S(N,R), let My, (s) := 312, Y,(|s(k)|). Then
Z,(N,R) := {s € S(N,R) : 3c > 0 such that M,(cs) < oo} is a Banach space with respect to
the norm [s|, := inf{c > 0 : M,(s/c) < 1}. The space £,(N, R) is called the Orlicz sequence space
associated to ¢. It is easy to see that

(i) the space ,(N, R) belongs to the class Q(N);

(ii) if p € [1, o0), then £P(N,R) with respect to the norm |[|s]|, = (22, ||s(k)||”)1/’” is an
Orlicz space, obtained for ¢(t) = ptF~!;

(iii) €*(N,R), with respect to the norm |[s||,, = sup,y|s(n)], is also an Orlicz space
corresponding to the function ¢(t) = 0, for t € [0,1] and ¢(t) = oo, for ¢ > 1.

Example 2.4. The space co(N,R) := {s € S(N,R) : lim,_,,,s(n) = 0} with respect to the norm
lIsllee = sup,,cyIs(n)| belongs to the class Q(N).

Remark 2.5. 1If B € Q(N), then the following properties hold:

(i) forevery ACN, ya € B;

(ii) for every s € B and every j € N the sequence

si:N—R, sj(n):{s(n_])’ "2 @2.1)

0, n<j

belongs to B and |sj|s = |s|s,
(iii) (N, R) C B C £*(N,R) (see, e.g., [30, Lemma 2.1]);
(iv) if s € B, then the sequence |s| : N — R,, [s|(k) = |s(k)| also belongs to B and

lIsllp = Isls-

Definition 2.6. If (B,|-|g) is a Banach sequence space with B € Q(N) then Fgp : N* —

,,,,,

Lemma 2.7. If B€ Q(N) and s,, — s in B, then s, — s pointwise.

Proof. Let j € N. From |[s,(j) — s(j)|x(j) (k) < Isn(k) —s(k)|, for all k € Nand all n € N we
deduce that |s,(j) — s(j)|Fp(1) <|s, — s|p, for all n € N and the proof is complete. O

Notations. We denote by U(N) the class of all Banach sequence spaces B € Q(N) with the
property that sup, Fp(n) = oo and by #(N) the class of all Banach sequence spaces B € Q(N)
with the property that ¢'(N,R) & B.

Lemma 2.8. If B € Q(N), then B € Q(N) \ U(N) if and only if co(N,R) C B.

Proof. Necessity. If B € Q(N) \ U(N), then Ap := sup, Fs(n) < co. Let s € ¢o(N, R). Then there
is a strictly increasing sequence (k,) such that |s(j)| < 1/(n+1), forall j > k, and all n € N.
Setting s, = sy{o,..k,) we deduce that [s,,, — su|p < Ap/(n+1), forall n € Nand all p € N*.
It follows that (s,) is a Cauchy sequence in B; so this is convergent. Let u € B be such that
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sp — uin B. According to Lemma 2.7 we deduce that u = s, and so s € B. This implies that
co(N,R) C B.

Sufficiency. If ¢o(N, R) C B, then there is ¢ > 0 such that |s|p < ¢||s]|c, for all s € ¢(N, R).
Then, we obtain that Fp(n) = |x{0,.n-1}8 < cllX{0,..n-1}|lc = ¢, for all n € N*, and so Ap < o0. It
follows that B € Q(N) \ U(N). O

Remark 2.9. From Remark 2.5 and Lemma 2.8 we have that B € Q(N) \ U(N) if and only if
co(N,R) ¢ BC ¢*(N,R).

Another interesting property of the class U(N) is the following.

Lemma 2.10. Let €,(N,R) be an Orlicz space. Then either €,(N,R) € U(N) or £,(N,R) =
(N, R).

Proof. Suppose that €,(N,R) ¢ U(N); so A, := sup, yFe,(n) < co. Then (n + 1)Y,(1/4,) =
u = s/’[iq,(l + [Islle)]. Then |u(k)| < 1/1,, for every k € N. Since Y,, is nondecreasing, this
yields Y, (lu(k)|) = 0, for every k € N, so M,(u) = 0. It follows that u € £,(N,R); so s €
Z,(N,R). Hence £~ (N, R) C €,(N, R) and using Remark 2.5(iii) we obtain the conclusion. [

Lemma 2.11. Let B € Q(N) and let v > 0. Then, for every s € B the sequence

n
Ze’”(”’k)s(k -1), neN,
k=1

as:N—R, asn)= (2.2)

0, n=0
belongs to B. Moreover

las|p < |s|lg, Vs eB. (2.3)

T 1l-ev

Proof. Let s € B. Then the sequence s.. belongs to B and |s.|g = |s|g. Using the notations from
Remark 2.5(ii) we deduce that

las(m)| = | D e " P (k)| < D" Psi (k)| = Die™ [sjia(m)]
k=0 k=0 j=0
(2.4)
< >espa(n)|, VneN.
j=0
From Remark 2.5(ii) we obtain that a; € B and that relation (2.3) holds. O

Notation. We denote by J0(N) the class of all Banach sequence spaces B € Q(N) with the
property that if s € S(N,R) and there is M > 0 such that [s - o, n}|p < M, for all n € N, then
s € Band |s|p < M.

Example 2.12. Any Orlicz sequence space O, belongs to the class H(N). Consequently,
P (N,R) € W(N), for every p € [1, oo].
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Remark 2.13. The class 10(N) will play a fundamental role for a new study of the robustness
of uniform exponential stability presented in Section 4.

Notation. Let (X, || - ||) be a real or complex Banach space. For every Banach sequence space
B € Q(N) we denote by B(N, X) the space of all sequences s : N — X with the property that
the mapping N; : N — R, Ny(m) = ||s(m)| belongs to B. B(N, X) is a Banach space with
respect to the norm ||s||pa,x) = |Ns|B.

3. Stability of Variational Difference Equations

Let X be a real or complex Banach space and let £(X) be the Banach algebra of all bounded
linear operators on X. Throughout this paper the norm on X will be denoted by || - ||. For
every T € £(X), the norm of T is defined by

IT| = inf{M >0 [[T(x)[| < Mllx||, Vx € X} = sup|[T(x)]| (3.1)

llxfl<1

We denote by A(N, X) the linear space of all sequences s : N — X with the property that the
set {j € N:5(j) #0} is finite and by I, the identity operator on X.

Let (©,d) be a metric space and let £ = X x©. Let 0 : © x Z — O be a discrete flow on
O, that is, 0(0,0) = 0 and o(8, m + n) = o(c(6,m),n), for all (8, m, n) € © x Z.

Let {A(0)}geo C £(X). We consider the variational system of variational difference
equations (A). We note that in the particular case when © = N and ¢(0,n) = 0 + n we
obtain the case of difference equations. There are several distinct directions of generalizing
the case of difference equations. One of the most interesting methods is to consider them
in the general framework of dynamic equations on time scales (see [35, 36]), having a
wide potential for applications in the study of population dynamics. Another method
is to consider them as particular cases of variational difference equations, which often
proceed from the linearization of nonlinear equations (see [2, 10] and the references therein).
It is also interesting to note that the exponential stability of a variational equation is
equivalent with the exponential stability of the variational difference equation associated
with it. Therefore, concerning the stability of variational equations it is recommended
to study the discrete-time case, because no measurability or continuity conditions are
required.

The discrete cocycle associated with the system (A) is

{A(G(G,n ~-1))---A(0), neN,
®:0xN— £(X), ®O,n) = (3.2)
Id, n=0.

Remark 3.1. The discrete cocycle satisfies D (0, m +n) = ®(c(6,n), m)D(6, n), for all (6, m, n) €
© x N? (the evolution property).
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Definition 3.2. The system (A) is said to be

(i) uniformly stable if there is K > 0 such that |®(6, n)|| < K, for all (6,n) e © x N;

(ii) uniformly exponentially stable if there are K, v > 0 such that ||®(6, n)|| < Ke™", for all
(6,n) e ©xN.

We associate with the system (A) the input-output system (Sa) = {Sp}gco, Wwhere for
every 0 € ©,

xg(n+1) = A(c(8,n))xe(n) +s(n), neN,

(Se)
x(0) = 0.
Remark 3.3. For every (0,s) € © x A(N, X), the solution of (2.1) has the form:
xg,s(n) = Z(D(O'(Q, k),n—k)s(k-1), VneN". (3.3)

k=1

Definition 3.4. Let U, V be two Banach sequence spaces with U, V € Q(N). The system (54) is
said to be (U(N, X), V(N, X))- stable if the following assertions hold:

(i) for every s € A(N, X) and 0 € O the solution xg sbelongs to V (N, X);
(ii) there is L > 0 such that ||xgs||va,x) < L|lsllum,x), for all (6,s) € © x A(N, X).

U (N, X) is called the input space and V (N, X) is called the output space.

Our first result provides a sufficient condition for uniform stability and is given by the
following.

Theorem 3.5. Let U,V € Q(N). If the system (Sa) is (U(N, X), V(N, X))-stable, then the system
(A) is uniformly stable.

Proof. Let L > 0 be given by Definition 3.4. Let 0 € © and let x € X. We consider the sequence
s:N— X, s(n)=y(n)x. (3.4)

Then, s € A(N, X) and ||s|luw,x) = Fu(1)||x||. We observe that xgs(n) = ®(c(6,1),n - 1)x, for
all n € N*. Let p € N. Then from

[@(c(6, 1), p)x||xips1) (k) < llxos(K)ll, VK €N, (3.5)

we obtain that

||CD(0(9/1)/P)3‘”FV(1) < ||x0,s||v(N,X) < L||S||U(N,X) = LFy(1)]|x|l. (3.6)
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Setting K = (LFy(1))/Fv (1) it follows that

|[D(c(6,1),n)x|| < Klx||, VneN. (3.7)

Taking into account that K does not depend on 0 or x, from (3.7) we have that

|[®(c(0,1),n)]| <K, VneN, VOeO. (3.8)
Let 6 € O. By applying relation (3.8) for 8 = 6(6,-1), we deduce that |®(6,n)|| < K, for all
n € N and thus the proof is complete. O

Corollary 3.6. The system (A) is uniformly stable if and only if the system (Sa) is (€% (N, X),
21 (N, X))-stable.

Proof. Necessity is immediate via Definition 3.4 and sufficiency follows from Theorem 3.5.
O

The first main result of this section is the following.

Theorem 3.7. Let U,V € Q(N) be such that either U € U(N) or V € U(N). If the system (S ) is
(U(N, X), V(N, X))-stable, then the system (A) is uniformly exponentially stable.

Proof. Let L > 0 be given by Definition 3.4. From Theorem 3.5 it follows that there is M > 0
such that

|P(0,n)x| < M|x|, V(O,n)eOxN, Vx e X. (3.9)

Case 1. If U € U(N) then, according to Remark 2.5(iv) we deduce that there is a sequence
6:N — R, withs e U\ ¢'(N,R). Let h € N* be such that

LMI5
26( ) > eF (|1)|”. (3.10)

Let 6 € © and let x € X. We consider the sequence

s:N— X, s(n)=yy,.nm)6mndO,n+1)x. (3.11)

,,,,,

We have that s € A(N, X) and using (3.9) we obtain that ||s(n)|| < M||x||6(n), for alln € N,
which implies that

lIsllu,x) < Mllx[[|6]y- (3.12)

According to our hypothesis we deduce that

[%esllveyx) < Lllsllua,x) < LM{Ix[[[6]y- (3.13)
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We observe that

h
xos(h+1) = <Z6(j)>d)(9,h+ 1)x. (3.14)
j=0
Then from
lIxe,s(h + Dl x(ne1y(n) < llxgs(m)l, VneN (3.15)

and using relations (3.13) and (3.14) we obtain that
h
22600 JIP®, h+1)xl|Fy (1) < o]l x) < LMc][6]y- (3.16)
=0

From relations (3.10) and (3.16) it follows that ||®(6,h + 1)x|| < (1/e)||x||. Setting p = h + 1
and taking into account that p does not depend on 6 or x we have that

|26, p)x|| < <é>|IXII, YO e®, Vx e X. (3.17)

Letv =1/pandlet K = Me.Let0 € © and letn € N. Then thereare k € Nand j € {0,...,p—-1}
such that n = kp + j. Using relations (3.9) and (3.17) we have that

DO, n)|| < M||D(6,kp)|| < Me™ < Ke™. (3.18)
Case 2. If V € U(N) then there is p € N* such that
Fy(p) > eLM*Fy(1). (3.19)
Let 0 € © and let x € X. We consider the sequence
u:N— X, u(n) =y (n)®@O,1)x. (3.20)
Then u € A(N, X) and according to relation (3.9) we have that
[l x) < MFu(1)]|x]]. (3.21)

It is easy to see that xg,(n) = ®(0,n)x, for all n € N*. Then, using relation (3.9) we deduce
that

|6, p) x| x(1,..p) (1) < Ml|x0u(n)||, VneN (3.22)
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which implies that

D6, p)x||Fv () < MlIxaully gy x) < LMl x) < LM?Fu(1)|x]. (3.23)

From relations (3.19) and (3.23) it follows that |®(0,p)x|| < (1/e)||x||. Taking into account
that p does not depend on 6 or x we obtain that |® (6, p)x|| < (1/e)||x]|, for all 6 € © and all
x € X. Using similar arguments with those from Case 1, we deduce that the system (A) is
uniformly exponentially stable. O

The second main result of this section is the following.
Theorem 3.8. Let U, V € Q(N) be such that either U € U(N) or V € U(N). The following assertions
hold:
(i) if the system (Sa) is (U(N,X),V(N,X))-stable, then the system (A) is uniformly
exponentially stable;

(ii) if U C V, then the system (A) is uniformly exponentially stable if and only if the system
(54)is (U(N, X), V(N, X))-stable.

Proof. (i) This follows from Theorem 3.7.
(ii) Necessity. Let K,v > 0 be such that ||®(0,n)|| < Ke™", for all (6,n) € © x N. Let
0 €e®andlets € AN, X). Then

Ixos(m)[| < KD e " Ps(k -1)||, VneN". (3.24)
k=1

Since s € A(N, X), in particular s € V(N, X), so ||s(-)|| € V(N,R). According to Lemma 2.11,
the sequence

n
e Plls(k-1)[, neN,
k=1

as:R—R, ag(n)= (3.25)
0, n=>0
belongs to V(N,R) and
L 3.26
las|y < m”SHV(N,X)' (3.26)
From relations (3.24) and (3.26) it follows that xg s € V(N, X) and
(3.27)

||x6,s||v(N,X) < 1_—6_1,”S”V(N,X)’

Since U C V there is A > 0 such that |u|y < Mu|y, for all u € U. Setting L = AK/(1 - e™”) from
relation (3.27) we deduce that ||xgs|lvav,x) < Lls|luam,x). Taking into account that L does not
depend on 0 or s, it follows that the system (S 4) is (U (N, X), V(N, X))-stable.

Sufficiency. This follows from (i). O
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In what follows, we prove that the result obtained in Theorem 3.8 is the most general in
this topic. Precisely, we will show that if U ¢ U(N) and V ¢ U(N), then the (U (N, X), V(N, X))-
stability of the system (Sa) does not assure the uniform exponential stability of the system
(A).

Example 3.9. Let© = Randletc: © xZ — ©, 0(8,m) = 0 + m. Then o is a discrete flow on
©. We consider the function

t+1, t>0,

p:R—(0,00), o(t)= { , (3.28)
e, t <0.

It is easy to see that ¢ is nondecreasing with lim;_, ,¢(t) = oo
Let X be a Banach space. For every 0 € O, let

: A
AB): X —X, AO)x= o07 1)x. (3.29)
The discrete cocycle associated with the system(A) is
o@,mx=—29 + vrex vemeoxn (3.30)
4 (P(G + n) 7 4 4 . .
We associate with the system (A) then input-output system (Sa) = {Se}geo-
Using (3.30) it follows that
pO+k) *
xg,6(n) = Z o@ ) s(k—-1), VneN*, ¥(6,s) €O x AN, X). (3.31)

Let U,V € Q(N) with U ¢ U(N) and V ¢ U(N). Then, from Remark 2.5 we have that U =
2'(N,R) and from Remark 2.9 we obtain that co(N,R) C V. Then, there is L > 0 such that

lwly < Lllwll,, Yw € co(N,R). (3.32)

We prove that the system (S4) is (U(N, X), V(N, X))-stable. Indeed, let 0 € © and let s €
A(N, X). Then, there is h € N* such that s(j) = 0, for j > h. From (3.31) we have that

h+1

xgs(n) = n Zq)(9+k)s(k 1), Vn>h+1. (3.33)

(p(G +
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Since ¢(t) — oo ast — oo, we obtain that xgs(n) — 0asn — oo. This shows that x5 €
(N, X), so xgs € V(N, X). Moreover, from

n
Ixo,s ()l < D llstk =D < [Isllgiyx)y, YmEN, (3.34)
k=1
we have that
%0, llco v, x) < ISller 0, x)- (3.35)

From relations (3.32) and (3.35) it follows that

”xG,SHV(N,X) <Llls|lp (N,X)* (3.36)

Taking into account that L does not depend on 8 or s it follows that the system (S,) is
(¢Y(N, X), V(N, X))-stable. But, for all that, it is easy to verify that there are not K,v > 0 such
that ||®@(0,n)|| < Ke™", for all (6, n) € ©xN, so the system (A) is not uniformly exponentially
stable.

Corollary 3.10. Let p,q € [1, oo] with (p,q) # (1, o0). The following assertions hold:

(i) if the system (S4) is (€P(N,X),¢9(N, X))-stable, then the system (A) is uniformly
exponentially stable;

(ii) if p < q, then the system (A) is uniformly exponentially stable if and only if the system
(Sa)is (€P(N, X), €9(N, X))-stable.

Corollary 3.11. Let W € Q(N). The system (A) is uniformly exponentially stable if and only if the
system (S4) is (W (N, X), W(N, X))-stable.

Proof. This follows from Theorem 3.8 observing that if W ¢ #(N), then W = ¢'(N,R), and so
W € U(N). O

Definition 3.12. Let U,V € Q(N). The system (S 4) is said to be completely (U(N, X), V(N, X))-
stable if the following properties hold:

(i) for every s € U(N, X) and every 0 € O the solution xg sbelongs to V (N, X);

(ii) there is L > 0 such that ||xgs|lvayx) < Llls|lum,x), for all (6,s) € © x U(N, X).

As consequences of Theorem 3.8 we obtain the following.
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Theorem 3.13. Let U,V € Q(N) with U € U(N) or V € U(N). The following assertions hold:

(i) if the system (Sy4) is completely (U(N,X),V (N, X))-stable, then the system (A) is
uniformly exponentially stable;

(ii) if U C V, then the system (A) is uniformly exponentially stable if and only if the system
(Sa) is completely (U(N, X), V(N, X))-stable.

Corollary 3.14. Let p,q € [1, oo] with (p,q) # (1, o). The following assertions hold:

(i) if the system (Sa) is completely (€F(N,X),£€9(N,X))-stable, then the system (A) is
uniformly exponentially stable;

(ii) if p < g, then the system (A) is uniformly exponentially stable if and only if the system
(Sa) is completely (¢P (N, X), €7(N, X))-stable.

Corollary 3.15. Let W € Q(N). The system (A) is uniformly exponentially stable if and only if the
system (S a) is completely (W (N, X), W (N, X))-stable.

Remark 3.16. Let W € Q(N). If the system (A) is uniformly exponentially stable, then
according to Corollary 3.15, for every 6 € O, the operator

To: W(N,X) — W(N,X), Te(s) = x5 (3.37)

is correctly defined and this is a bounded linear operator. Moreover, if L > 0 is given by
Definition 3.12, then we have that sup, o |[To|| < L.

Remark 3.17. From the above results it follows that in the study of exponential stability of
variational difference equations using input-output techniques one may work with Banach
sequence spaces which are invariant under translations, such that either the input space
contains at least a sequence whose series is divergent or the output space has unbounded
fundamental function. Moreover, according to Corollary 3.11 we deduce that when the input
space and the output space coincide, then there is no other requirement on the underlying
sequence spaces and it is sufficient to consider any Banach sequence space which is invariant
under translations and contains at least a characteristic function of a singleton.

4. Applications to Robustness of Exponential Stability

In this section, by applying our main results we will study the persistence of the exponential
stability in the presence of variational structured perturbations.

Notations. If Y, Z are two Banach spaces, we denote by £(Y,Z) the Banach space of all
bounded linear operators T : ¥ — Z.If Y = Z, we denote 2(Y,Y) = L(Y). If (©,d) is
a metric space, we consider ¢*(0, £(Y,Z)) := {R: © — L(Y,Z) | supylR(O)|| < oo},
which is a Banach space with respect to the norm

R[] := supl|R(6)]|- (4.1)
CE6C)
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Let (©,d) be a metric space and let 0 : © x Z — O be a discrete flow on ©. Let X
be a Banach space and let {A(0)}gco C £(X). We consider the linear system of variational
difference equations (A). For every D € ¢*(0, £(X)) we consider the perturbed system

x(0)(n+1) = [A(c(6,n)) + D(c(8,n))]x(6)(n), (6,n) €O xN. (A+D)

Remark 4.1. If @4 is the discrete cocycle associated to the system (A) and @ .p is the discrete
cocycle associated to the system (4.2), then the following perturbation formulas are satisfied:

Dpp(0,n) =Da(0,n) + i‘I’A(G(QIk),n -k)D(c(0,k-1))Da:p(0,k-1),

kj (4.2)
©arn(0,1) = ©A©0,1) + Y Dacp(0(6,K), 1 - K)D(G(6, k - 1))Da 0, k 1)

k=1

forall (8,n) € © x N*.

In what follows we suppose that the system (A) is uniformly exponentially stable.
The main question is how large may be the norm of the perturbation D € ¢*(0, £(X)) such
that the perturbed system (4.2) remains uniformly exponentially stable. With this purpose
we introduce in the following.

Definition 4.2. The number

Tstab(A) :=sup{r >0: VD € £*(0, £(X))
(4.3)
with [||D||| < r = (A + D) is uniformly exponentially stable}

is called the stability radius of the system (A).

We note that in the existent literature there is not an explicit computational formula
for the stability radius of systems, only in some sporadic special cases. For linear retarded
systems of differential equations on R”, some interesting formulas were obtained by Ngoc
and Son in [26, Theorems 3.5 and 3.10], but the estimates are still complicated. For the case
of positive linear retarded systems which are Hurwitz stable, the authors succeeded to
deduce a formula for the stability radius corresponding to multiaffine perturbations (see
Theorem 4.7 and the following example). In [25] Murakami and Nagabuchi obtained an
explicit formula for the stability radius of uniformly asymptotically stable positive Volterra
difference equations on Banach lattices (see [25], Theorem 4.3). Generally, in order to analyze
the persistence of the exponential stability in the presence of perturbations, it is interesting
to find a lower bound for the stability radius of systems (see [3, 25, 26, 30, 33]) because
in this manner we estimate the possible size of the disturbance operator under which the
(additively) perturbed system remains exponentially stable.

In what follows, using the results obtained in the previous section we will estimate
a lower bound for the stability radius of the system (A). We will provide a detailed study,
when the system (A) is subject to a very general perturbation structure.

Let U, Y be two Banach spaces. Let B € ¢°(0, £(U, X)), C € £*(0, £(X,Y)).
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Definition 4.3. The number

Tstab(A; B,C) == sup{r > 0: VP € ¢* (0, £(Y,U))

with [||P||| < ¥ = (A + BPC) is uniformly exponentially stable}

(4.4)
is called the stability radius of the system (A) subject to the perturbation structure (B, C).
Remark 4.4. In particular, if U =Y = X and B;(0) = C;(0) = 14, for all 0 € O, then
Tstab (A; Br, C1) = Tstab (A). (4.5)

Up to now, there is not an explicit formula for the computation of the stability radius
of variational systems. Based on our stability results, we will deduce a lower bound for
Tstab (A; B, C). With this purpose we associate with the system (A) the input-output control
system (S4) = {Sg}geo, Where for every 6 € O,

xo(n+1) = A(c(6,n))xa(n) + B(o(6,m)u(n), neN
*(0) =0 (S0)
yo(n) = C(0(6,n))xe(n), neN

Let W € 70(N). Since the system (A) is uniformly exponentially stable, according to
Corollary 3.15 there is L > 0 such that for every (8,5) € © x W(N, X) the corresponding
solution

xp,s(n) = iCDA(O'(Q, k),n-k)s(k-1), neN* (4.6)
k=1

has the property
lIx6,sllw v x) < Lllsllw,x)- (4.7)
Let 8 € © and let u € W(N, U). Then, the sequence
sy :N— X, s,(n)=B(c(0,n))u(n) (4.8)
has the property

Isu(m)|l < [[IBll u(m)ll, V¥neN. (4.9)
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This implies that s, € W(N, X). According to (4.7) we have that xg,, € W(N, X) and from
(4.7) and (4.9) it follows that

I%6,5. lw v, x) < LHIBII el vy - (4.10)
Observing that the solution v, of the system (2.2) has the property
You(n) = C(o(0,n))xes,(n), VYneN (4.11)
and since
Yol <IICI Ix05,(m)ll, ¥n €N, (4.12)
we deduce that yg,, € W(N,Y) and from (4.10) and (4.12) we have that
llveullwey) < Mulwaw, (4.13)
where A = |||C|||L|||B[||. Taking into account that A does not depend on 6 or u it follows that
||y9,u||W(le) < Mullway, Y(O0,u) € ©@x W(N,U). (4.14)
In this context, for every 8 € ©, it makes sense to consider the operator
A W, U) — WEN,Y), A w) = you (4.15)

We have that Agv is a correctly defined and bounded linear operator. Moreover, from (4.14)
we have that

Aw(A; B,C) :=sup
0eoO

Ay [| < oo (4.16)

Remark 4.5. The family {A9 }o.q is called the family of input-output operators associated to the
system (S4).

Remark 4.6. For every (8,u) € © x W(N, U) we have that
lvoullw oy < Aw(A; B, C)llullyy v u- (4.17)

In what follows we suppose that there is 6 > 0 such that ||C(0)x|| > 6]/x||, for all
(8,x) e@xX.

Theorem 4.7. If P € ¢*(©, B(Y,U)) has the property that

1

1Pl < g e

(4.18)
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then for every (0, x) € © x X, the sequence

Yox : N— X, 7yox(n)=Daippc(0,n)x (4.19)

belongs to W (N, X). Moreover, there is M > 0 such that

1Yol w.x) < Mllxll,  V(6,x) €@ xX. (4.20)
Proof. Let K, v > 0 be such that

|DA(6,n)|| < Ke™, V(O,n)eOxN. (4.21)
Let P € ¢*(©,B(Y,U)) be such that |||P|||Aw (A; B,C) < 1. We set a := |||P||[Aw (A; B,C). Let

(0,x) € © x X. For every n € N* we denote by

gn:N—Y, gu(k)=C(c(6,k))ya(k), (4.22)
Uy :N— U, uy(k) = P(c(6,k)gn (k).

Let n € N*. We have that u,, € A(N,U), so u, € W(N,U). Since

llun ()| < IP(a (6, k) | gn (K[| < 1P| (K)

, VkeN, (4.23)

we deduce that ||u,|lwwu) < I|PIHIGnllw,y). From u, € W(N, U), using Remark 4.6 we have
that

”]/9,14,, W(N,Y) < )LW(A/ B, C)”un“W(N,LI) < )‘W(A/Br C)|||P|”||qn||w(N/y) = a”qnnw(N/y)' (424)

From Remark 4.1 we obtain that
gn(k) = C(0(0,k))DA(0,k)x + you,(k), VYkell,...,n}, (4.25)
which via (4.21) implies that
()| < NCHIKe™ [lxl| + |yo, ()|, ¥ € N*. (4.26)
Since ||g,(0)|| = |IC(0)x]|| < |lIC]||||Ix]|, using (4.26) we deduce that

lg.(K) || < NICIIKxllev(k) + ||yo., (k)||, VK €N, (4.27)
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where e, : N — R, e, (k) = ek Since e, € ¢'(N,R), we have that e, € W. Then, setting
m = |||C|||K]|ey|w from (4.27) and (4.24) it follows that

gnllw oy < mlIxl+ (Yo ey < mllxl+ allgn ey (4.28)

which implies that

m
”q””W(N,Y) S m”x”- (4.29)

According to our hypothesis we have that 6||y, (k)| < ||g.(k)]|, for all k € N, so 6||yxllwm,x) <
lgnllw,y)- Setting M = m/ (6 — ab), from (4.29) we deduce that ||y,|lww,x) < M|x||. Since M
does not depend on 1, 0, or x, we have that

lyo,xX10,..n) ||W(N,X) <M|x||, VneN, V(O,x)eOxX. (4.30)

Taking into account that W € J0(N) from (4.30) it follows that yg» € W(N, X), for all (6, x) €
O x X and |lygxllwm,x) £ Mlx||, for all (6, x) € © x X. O

The main result of this section is the following.

Theorem 4.8. The following estimate holds:

1

rStﬂb(Ar BI C) - .A,W(A,' B, C)

(4.31)

Proof. Since (A) is uniformly exponentially stable, according to Corollary 3.11 we have that
the associated system (Sa) = {S¢}geo (see p. 7) is (W (N, X), W(N, X))-stable. So there is
L > 0 such that

lIxo,sllwx) < Lallslwexy, V(6,5) € ©x AN, X). (4.32)

Let P € ¢°(0,B(Y,U)) with |||P|||[Aw(A; B,C) < 1. Denote by a := |||P|||Aw(A;B,C). Let
M > 0 be given by Theorem 4.7.
We consider the system (Sa+ppc) = {Sg }oco, Where

zg(n+1) =[A(c(0,n)) + (BPC)(c(0,n))]ze(n) +s(n), neN,

(S9)
20(0) =0

associated with the perturbed system (A + BPC). In what follows we shall prove that the
system (Sa+ppc) is (W (N, X), W(N, X))-stable.
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Let s € A(N, X) and let 6 € ©. Since s € A(N, X), there is h > 2 such that s(j) = 0, for

all j > h. Then we observe that

h
2o5(n) = > D asppc(0(6,k),n—k)s(k - 1)
k=1

n
= ®appc(0(6,h),n—h) Y ®appc(0(6,k), h—k)s(k - 1)
k=1

=D aippc(0(0,h),n—h)zes(h), Vn>h.
According to Theorem 4.7 the sequence
y:N— X, y(n)=Dappc(c(0,h),n)zes(h)
belongs to W (N, X) and
Yl < Milzes ()l

Since W is invariant under translations, we have that

y(n—-h), n>h,

1h:N—X, yu(n) =
0, nef{0,...,h—-1}

belongs to W (N, X) and

”YhHW(N,X) = "YHW(N,X)'
Then, from

1zo.s (M < X(0,..-1y (W Zos (M| + [[yu(m)||, VneN,

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

we deduce that zgs € W(N, X). In what follows, we prove that the second condition from

Definition 3.4 is fulfilled.
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Forn € {2,...,h} using Remark 4.1 we successively obtain that

205(1) = 3 ®appc(0(6,K), n - K)s(k— 1)

k=1
n-1n-k
= xgs(n) + >, D @a(0(6,k+j),n—k-j)(BPC)(c(8,k+j-1))
k=1 j=1
D a,ppc(0(0,k),j—1)s(k - 1) = xg,4(n)
n-1 n-1

+3 S ®a(0(6,i+1),n—i—1)(BPC)(0(6,i)Pasprc(0(6,k),i - k)s(k — 1)

1i=

=~
Il

= xg,5 (1) + Zl zi:(DA(o(G,i +1),n—i-1)(BPC)(a(8,1))

i1 k=1
*®pppc(0(0,k),i—k)s(k —1) = xg,5(n)

n-1
+ > D(0(6,i+1),n—i—-1)(BPC)(0(6,i))z0,s(i)-

i=1

(4.39)
Since zgs(0) = 0, from the above estimate we have that
n-1
Ze,s(n) = x(-),s(n) + Z(DA(O(Gli + 1)/ n—i- 1)(BPC) (G(Gr i))ze,s(i)
= (4.40)
= x0,5(n) + D, @a(0(6,8),n— &) (BPC)(a(6,¢ ~1))za(¢ —1).
=1
Denoting by
u:N—U, u(n)=P(0(0,n)C(c(8,n))zes(n) (441)

and taking into account that ||u(n)|| < |||P|| ||C||| ||ze,s(n)]|, for all n € N, we have that u €
W (N, U). Then, using (4.40) we deduce that

C(o(8,n))zes(n) = C(o(8,n))xes(n) + <A€vu> (n), Vne{2,...,h}, (4.42)
which implies that

IC(0(8,m)zas(m)ll < NICII e (m)l] + || Ay || 1IPIIC(0(6,m)zes (m)]
(4.43)

<IICII lxe,s ()| + Aw (A; B, O)I[P[H|C(0(6, 1)) zg,s ().
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From (4.43) we obtain that

IC(©,m) 05l < N g ). (4.44)

Since ||C(0(0,n))zg,s(n)|| > 6||ze,s(n)]], using (4.44) it follows that

IETl

2o < 577 oy

Ixes(m)ll, Vme{(2,... h). (4.45)

We note that zgs(0) = xg,(0) = 0and zgs(1) = x¢,5(1) = 5(0). Then, setting g = max{|||C|||/(6-
ab),1} from relation (4.45) we have that

lIze,s (M)l < qlixes(m)ll, Vn € {0,..., h}. (4.46)

Then, from relations (4.38) and (4.46) we deduce that

Izos (Ml < gllxes (M) + [[yu(m)||,  ¥neN. (4.47)
This implies that

Izosllwenx) < qllXeslwa s + 1 llwex- (4.48)
From relations (4.35), (4.37), and (4.46) we obtain that

¥l ) < Mllzes (W)l < Mgllxe,s ()]l (4.49)
From

%0, (Rl x(n) () < llxes(m)ll, VmeN (4.50)

using the translation invariance of W we have that

llx0,s (M) [ Fw (1) < x5 ]Iy, x)- (4.51)

ZG/S W(N,X <— q <1 > :(95 W(N,X)* (1‘lE 2)
( ” ) FW( ) 4 ( z )

Finally, setting L = qL4[1 + (M/Fw(1))], from relations (4.32) and (4.52) we deduce that

||Ze,s||W(N,X) < L”S”W(N,X)' (4.53)
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Taking into account that L does not depend on 6 or s it follows that the system (Sa.gpc) is
(W(N, X), W(N, X))-stable. By applying Theorem 3.8 we deduce that the system (A + BPC)
is uniformly exponentially stable and the proof is complete. O

Remark 4.9. From Theorem 4.8 we deduce that the property of uniform exponential stability
of a system of variational difference equations is preserved in the presence of structured
perturbations, provided that the norm of the perturbation factor is less than 1/Aw (A; B, C)
and this estimate holds for any sequence space W in the general class J(N). The study points
out an interesting connection between the family of the input-output operators associated
with the control system (S4) and the size of the “largest” perturbation in the presence of
which the perturbed system still remains uniformly exponentially stable.

The central result of this section is the following.

Theorem 4.10. The following estimate holds:

1
Tstab(A; B,C) > sup

Iw(A:B.C) 4.54
wewm) Aw (A; B,C) (4.54)

As a consequence, we deduce the following.

Corollary 4.11. Setting A, (A; B,C) = Aervr) (A; B, C) one has that

Tsap(A; B,C) > sup

1
T A e 4.55
pe[l,00] )‘P (A, B, C) ( )
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