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We establish some new oscillation criteria for the second-order quasilinear neutral delay dynamic
equations [r(H(z2 1)) + G1()x*(11(t)) + ga(t)xP(72(t)) = 0 on a time scale T, where z(t) = x(F) +
p(t)x(1o(t)), 0 < @ <y < P. Our results generalize and improve some known results for oscillation
of second-order nonlinear delay dynamic equations on time scales. Some examples are considered
to illustrate our main results.

1. Introduction

In this paper, we are concerned with oscillation behavior of the second order quasilinear
neutral delay dynamic equations

[0 (z2®)] + 0 Ox @ ®) + g2 (ma(8)) =0, (1.1)

on an arbitrary time scale T, where z(t) = x(t) + p(t)x(7o(t)), y,a, and p are quotient of odd
positive integers such that 0 < a < y < B, 7, p, g1, and g are rd-continuous functions on
T, and 7, g1, and g, are positive, =1 < —pg < p(t) < 1, po > 0; the so-called delay functions
7+ T — T satisfy that 7;(t) < tfort € T and 7;(t) — w0 ast — oo, fori =0,1,2, and there
exists a function 7 : T — T which satisfies that 7(t) < 71(t), 7(t) < ™»(t), and T(t) — oo as
t — oo.

Since we are interested in the oscillatory and asymptotic behavior of solutions near
infinity, we assume that sup T = oo and define the time scale interval [to, oo)1 by [to, 00)1 =
[to,0) N'T.
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We will also consider the two cases

* At
LO —Tl/Y(t) = oo, (1.2)
FVL < . (1.3)
to r Y(t)

Recently, there has been a large number of papers devoted to the delay dynamic
equations on time scales, and we refer the reader to the papers in [1-17].

Agarwal et al. [1], Sahiner [10], Saker [11], Saker et al. [12], and Wu et al. [15] studied
the second-order nonlinear neutral delay dynamic equations on time scales

(r (0 +pyEm)®) ) + f(Ly6En) =0, teT, (1.4

where 0 < p(t) <1, and (1.2) holds. By means of Riccati transformation technique, the authors
established some sufficient conditions for oscillation of (1.4).

Sun et al. [14] considered (1.1), where () > 0, =1 < —py < p(t) <0, and (1.2) holds.
The authors established some oscillation results of (1.1). To the best of our knowledge, there
are no results regarding the oscillation of the solutions of (1.1) when (1.3) holds.

We note that if T = R, (1.1) becomes the second-order Emden-Fowler neutral delay
differential equation

[FOE®)] + @ Ox (1) + 0)x  (1a(t) =0, > to, (1.5)

Chen and Xu [18] as well as Xu and Liu [19] considered (1.5) and obtained some oscillation
criteria for (1.5) when r(t) = 1. Qin et al. [20] found that some results under the case when
-1 < po < p(t) <01in [18, 19] are incorrect.

The paper is organized as follows. In the next section, by developing a Riccati
transformation technique some sufficient conditions for oscillation of all solutions of (1.1)
on time scales are established. In Section 3, we give some examples to illustrate our main
results.

2. Main Results

In this section, by employing the Riccati transformation technique, we establish some new
oscillation criteria for (1.1). In order to prove our main results, we will use the formula

(T (8)" = Yfl [hx? () + (1 = B)x ()] x* () dh, (2.1)
0

which is a simple consequence of Keller’s chain rule [21, Theorem 1.90]. Also, we need the
following lemmas.
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It will be convenient to make the following notations:

[2As/TV7(s)

d,(t) := max{0,d(t)}, O(a,b;u) =
f As/rl/Y(s)

a(t,u) =0(r(t),0();u),  pltu) =0 o(t);u), vi= mi“{g Y’ [; }

2.2
> (y-a)/ (p-a) 22)

Qi) = v(@ O (1 -p@Em)) T (g0 (1 - pna(1)) (a(t, T))",

Qs(t) = V(lh (t))(ﬂ—Y)/(ﬂ—a) (qz(t))()’—a)/(ﬂ—“) (a(t, T))",

Qut) = Qi) —n*(t),  Qal(t) = Qa(t) — (1)
Lemma 2.1 (see [3, Lemma 2.4]). Assume that there exists T > to, sufficiently large, such that
x(t)>0, x>0, (r() (xA(t)>Y>A <0, t>T. (2.3)
Then
x(T(t) > a(t, T)x°(),  x(t) 2 B, T)x°(t), for t>Ty >T. (2.4)

Lemma 2.2. Assume that (1.2) holds; 0 < p(t) < 1. Furthermore, x is an eventually positive solution
of (1.1). Then there exists t| > to such that

2(H>0, (t)>0, (r(t) <zA(t)>Y>A <0, fort>t. (2.5)

Proof. Let x be an eventually positive solution of (1.1). Then there exists t; > t, such that
x(t) >0,and x(7;(t)) >0 fort > t,i=0,1,2. From (1.1), we have

[0 (z®)"] = a2 ®) - g0 (ra(t)) <0 (2.6)

forallt > t;, and so r(t)(z*(t))" is an eventually decreasing function.

We first show that r(t)(z*(t))" is eventually positive. Otherwise, there exists t, > t;
such that 7(f,) (z%(t,))" = ¢ < 0; then from (2.6) we have r(t)(z*(t))" < r(t2)(z%(t))" = ¢ for
t > t;,and so

1\""
24 1/ 2.7
B <e Y( (t)) , 2.7)
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which implies by (1.2) that

¢ 1/
z(t) < z(t) + Cl/yL (%) YAS — -0 ast— oo, (2.8)

and this contradicts the fact that z(t) > x(t) > 0 for all ¢ > t;. Hence, we have that (2.5) holds
and completes the proof. O

Lemma 2.3. Assume that (1.2) holds, -1 < —pg < p(t) <0, and lim;_, ,p(t) = p > —1. Furthermore,
assume that there exists {c }yso such that limy_, ,cx = oo and 1o(ck+1) = ck. Then an eventually
positive solution x of (1.1) satisfies eventually (2.5) or lim;_, ,x(t) = 0.

Proof. Suppose that x is an eventually positive solution of (1.1). Then there exists t; > ¢y such
that x(¢t) > 0, and x(7;(t)) > 0 for t > t1,i =0,1,2. From (1.1), we have that (2.6) holds for all
t > t;, and so r(t)(z*(t))" is an eventually decreasing function.

We first show that r(t)(z*(t))" is eventually positive. Otherwise, there exists t, > t;
such that 7(f,)(z% (t,))" = ¢ < 0; then from (2.6) we have r(t)(z*(t))" < r(t,)(z%(t,))" = ¢ for
t > t,, and so

sy <o L) 29
< — .
2o (5) 29)
which implies by (1.2) that
t 1 1/}’
z(t) < z(tp) + Cl/yf (—) As — -0 ast— oo. (2.10)
tr r(S)

Therefore, there exist d > 0 and t3 > t, such that

x(t) < —=d-pH)x(1o(t)) < —d + pox(1o(t)), t2=ts. (2.11)
Thus, we can choose some positive integer kg such that cx > t3 for k > ko, and

x(ck) < —d + pox(to(ck)) = —d + pox(ck-1) < —d — pod + pgx(To(ck-1))

= —d - pod + pix(cka) <+ < —d —pod — - = py 7 d + p Ox(no(ckp1))  (212)

=—d—pod =+ —py " d+pg P x(ex,).

The above inequality implies that x(cx) < 0 for sufficiently large k, which contradicts the fact
that x(t) is eventually positive. Hence z2 (t) is eventually positive. Consequently, there are
two possible cases:

(i) z(t) is eventually positive, or

(ii) z(t) is eventually negative.
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If there exists a t;y > t; such that case (ii) holds, then lim;_, z(t) exists, and
lim;, ,z(t) =1 < 0; we claim that lim;_, ,,z(t) = 0. Otherwise, lim;_, ,,z(t) < 0. We can choose
some positive integer ko such that ci > t4 for k > ko, and we obtain

x(ck) < pox(to(ck)) = pox(ck-1) < pgx(To(ck-1))
(2.13)

= pex(cka) < -+ < ph x(To(cren)) = pE o x (),

which implies that limg_x(ck) = 0, and so limg_.z(ck) = 0, which contradicts
lim;, ,z(t) = I < 0. Now, we assert that x() is bounded. If it is not true, then there exists
{tx} with tx — oo as k — oo such that

x(ty) = é?;ag’ka(s)’ ,}ijIQOX(tk) = oo. (2.14)
From 7y(t) < t, we obtain
z(tx) = x(te) + p(te)x(to(t)) > (1 - po)x(tx), (2.15)

which implies that limy _, . z(tx) = oo; it contradicts lim;_, ,,z(t) = 0. Therefore, we can assume
that

limsup x(t) = x3, litm inf x(t) = x». (2.16)
t— o0 —®
By -1 <p <0, we get
x1+px1 <0< x +pxy, (2.17)
which implies that x; < x3, s0 x1 = x. Hence, lim;_, ,,x(t) = 0. The proof is complete. O

Theorem 2.4. Assume that (1.2) holds, 0 < p(t) < 1, and y > 1. Furthermore, assume that there
exist positive rd-continuous A-differentiable functions 6 and 1 such that, for all sufficiently large T,
forTy >T

t

lim sup [6"(5)Q1*(s) - 8%(s)n(s) -

t— o0 Th

rs)  ((5*s),)"
(y+1)" (@)

(B(s, T))’Yzl As = co. (2.18)

Then every solution of (1.1) is oscillatory.

Proof. Suppose that (1.1) has a nonoscillatory solution x. We may assume without loss of
generality that x(7;(t)) >0,i=0,1,2, for all t > t;. By Lemma 2.2, there exists T > t; such that
(2.5) holds. Define the function w by

r(t)(z2())"

w(t) = 6(t)[ 270

+ n(t)], t>T. (2.19)
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Then w(t) > 0. By the product rule and the quotient rule, noteing (2.19), we have

A Y A
(rin(z2m)") CrmE®) @)
(z2(t)" 2V (t)(z0(1)"

Wi (t) = 5(5)) () +6°(t) |, @20

By (1.1) and (2.5), we obtain

(r0(z2®))" <001 - pE©)=(r ()" - 2201 - plra(t))z(ma(8)))” <0.

(2.21)
In view of y > 1, from (2.1), we have (z”(t))A > Y(z(t))Y_le(t). By (2.20), we obtain
6(t) o «(z(T1(1))"
A(t) < 5(t) (A](t) - 6 (t)ql(t) (]‘ - p(Tl(t))) (Zo-(t)))’
(1))’ CICKON o
_ g0 _ pz(1T2 _ o r Z o A
6% () (1~ plrlt)) <2 i 5 (O + 67 ).
By Young’s inequality
lab| < }19|a|’” + %|b|’7, abeR, p>1,g9>1, % + % =1, (2.23)
we have
By o o (2(r (1)) s (2(ma(0))
§— e O = pmO) T+ (1= pr) 2
NEGI0) M K pmm)’ ]
> (1= ptm )" T 2 (1-pm®) TS
F-1)/ (p-a)
- @O0-pr®))* " (00 -pre)’) " (ERDE)
» <<z<rz<t>>>”>”'“”“ -
(z0(1)"
> (@)@ -pm )9 (0 (1 pr)’) " (Y

(2.24)
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By Lemma 2.1, we have

z(z(t) o
zo(t)

z(t)
z9(t)

a(t,T),

> p(t,T).

Hence, by (2.19) and (2.22), we obtain

6%(t)
(t)

% (20 (1= p(r2()

W () < - w(t) = v6° () (g1 () (1~ p(na (1)) ) B0/ (-2)

)(Y—a)/(ﬂ—a) (a(t, T))"

(r+1)/y " A
1O (T (G a0) e en o
Thus
W) <570 [Qu(t) 1 (0] + 5O + (5°0) |5 -0
B . w_ (r+1)/y
1870 s (0D (G 1)
Set
_r+l _ /1 g0 1/ 2/gep |w(t)
=T A=y ) s (0 D) | e,
- A vy \! ()" 0+ 1 Y’/ (y+1)
- <<6 (t)>+> <Y+1> sz/(y+1)(6c(t))Yz/(Y+1)<[5(t,T)> ’
Using the inequality
MBI - A< (A -1)B}, 1>1, A>0, B>0,
we obtain

rty  ((621),)""

@0 <= O[u) - o] + 6 0mt) +

(B(t, 7)™

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Integrating the last inequality from T; > T to t > T;, we obtain

—w(Th) <w(t) - w(Th)

ris)  ((64()),)""
G+ (6°G)T

s—ft [6"(5)(Ql(s)—nA(S))—6A(S)11(S)—

Ty

(B(s, T))72:| As,

(2.31)

which yields

rs) (64 )"
(y+1)™ (69(s))

Ty

t 2
f [6%) (Qu(s) - 74(5)) = 6% (s)(s) - (B(s, 1)) ] As <w(Ty),

(2.32)

which leads to a contradiction to (2.18). The proof is complete. O

Theorem 2.5. Assume that (1.2) holds, 0 < p(t) < 1, and y < 1. Furthermore, assume that there
exist positive rd-continuous A-differentiable functions 6 and 1 such that, for all sufficiently large T,
forTy >T

t

lim sup [6U(S)Q1*(S) - 6A(s)7l(s) -

t— o0 Ty

ris)  ((6°(s) )™
(y+ 1) (@)

(B(s,T)) " | As = co.

(2.33)

Then every solution of (1.1) is oscillatory.

Proof. Suppose that (1.1) has a nonoscillatory solution x. We may assume without loss of
generality that x(7;(t)) >0,i=0,1,2, for all t > t.

By Lemma 2.2, there exists T > tj such that (2.5) holds. Defining the function w as
(2.19), we proceed as in the proof of Theorem 2.4, and we get (2.20). In view of y < 1, using
(2.1), we have (z¥ (t))* > y(z"(t‘))y_lzA (t). From (2.20) we obtain

S (2T (B))°
W (1) < T ) = 67O (1~ p(n ()
ﬁ g (2.34)
~ 50 - pra)) EEO oy TOEO) oy 0

(z0(1)" 2V (£)z7 ()

The remainder of the proof is similar to that of Theorem 2.4, and hence it is omitted. O
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Theorem 2.6. Assume that (1.3) holds, 0 < p(t) < 1,lim;_,,p(t) = p1 < 1,and y > 1. Furthermore,
assume that there exist positive rd-continuous A-differentiable functions 6,1, and ¢ such that $* (t) >
0, then for all sufficiently large T, for Ty > T, one has that (2.18) holds, and

1/y
[ee] 1 S
Ito <¢(s)r(s) t0¢0(T) [‘11(7') + qz(T)]AT> As = oo. (2.35)

Then every solution of (1.1) is either oscillatory or converges to zero.

Proof. We proceed as in Theorem 2.4, and we assume that x(7;(t)) > 0,i=0,1,2, for all t > t,.
From the proof of Lemma 2.2, we see that there exist two possible cases for the sign of z2(t).

If z2(t) is eventually positive, we are then back to the proof of Theorem 2.4 and we
obtain a contradiction with (2.18).

If z2(t) < 0,t > t; > to, then there exist constants ¢ > 0, a > 0 such that z(t) < ¢,
x(t) < z(t) <c t>t,and lim;_,,z(t) = a > 0. Since x isbounded, we let limsup, , _x(t) = x,
liminf, , ,x(t) = x,. From definition of z(t), noting 0 < p; < 1, we have x; + p1x; < a <
X + p1x1; hence, we have x; < x,.

On the other hand, x; > x,; hence, lim;_, ,x(t) = a/(1 + p1). Assume that a > 0. Then
there exist a constant b > 0 and t, > t; such that x*(7y(t)) > b, xP(12(t)) > b for t > t,. Define
the function

u(t) = p(t)r(t) <zA(t)>y. (2.36)

Then u(t) <0 for t > t,. From (1.1) we have

w20 = Oro (22 0) + oo (z20)'] <o ofo0)]
= () Ox* (i (0) + @O (7a(8)] < b7 (B [2(8) + ().

(2.37)

Integrating the above inequality from t, to t, we obtain
t t
u(t) <u(ty) - bf P7(s)[q1(s) + g2(s)] As < —bf P7(s)[q1(s) + g2(s)] As, (2.38)
tz t2

that is,

1 t 1/y
$°(s) [q1(5) + g2(5)] As> . (2.39)

zA(t) < —b”r((i)(t)r(t) )
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Integrating the last inequality from t, to t, we get

t 1 s 1/y
z(t) < z(ta) — bl/yf <¢(— (1) [q1(T) + g2 (T)] AT> As. (2.40)

L\ P()r(s) ),

We can easily obtain a contradiction with (2.35). Hence, lim;_, ., x(t) = 0. This completes the
proof. O

From Theorem 2.6, we have the following result.

Theorem 2.7. Assume that (1.3) holds, 0 < p(t) <1, lim;_, ,p(t) = p1 <1, and y < 1. Furthermore,
assume that there exist positive rd-continuous A-differentiable functions 6,1, and ¢ such that, for all
sufficiently large T, for Ty > T, one has that (2.33) and (2.35) hold. Then every solution of (1.1) is
either oscillatory or converges to zero.

The proof is similar to that of the proof of Theorem 2.6; hence, we omit the details.
In the following, we give some new oscillation results of (1.1) when p(t) < 0.

Theorem 2.8. Assume that (1.2) holds, =1 < —pg < p(t) <0, imy,p(t) =p» > -1, and y > 1.
Furthermore, there exists {cCx } o such that limy ., cx = oo and Ty(ck41) = ck. If there exist positive
rd-continuous A-differentiable functions & and 1 such that, for all sufficiently large T, for Ty > T,

t

lim sup [5"(5)(22*(5) = 6%(s)n(s) -

t— oo Tl

ris)  ((6%()),)"™"
(y+1)™ (6°(s))

(B(s, T))_Y2:| As = oo,

(2.41)

then every solution of (1.1) is oscillatory or tends to zero.

Proof. Suppose that (1.1) has a nonoscillatory solution x. We may assume without loss of
generality that x(7;(t)) > 0,i=0,1,2, for all t > t;. By Lemma 2.3, there exists T > t; such that
(2.5) holds, or lim;_, ,x(t) = 0. Assume that (2.5) holds. Define the function w as (2.19), and
then we get (2.20). By (1.1), we obtain

(r0(220))" < -aOEnO)" - g0 ) <o. (242)

In view of y > 1, from (2.1), we have (zY(t))A > y(z(t))Y_le(t). By (2.20), we obtain

A 641 - (z(t1())* o (z(m2(1)))P
w(t) < 0] w(t) -6 (t)fh(t)W -6 (t)qz(f)W
- (2.43)
yeo T DEO) L soys .

z(t)(z7(1)"
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By Young’s inequality (2.23), we have

B-v (z(Ti (1)))" Y- (z(ma(t)))P
a0 o e oy
(Z(T1(t)))a (ﬂ—}’)/(ﬂ—a)[ (2(12 (t)))ﬂ:I(Y—a)/(ﬁ—a)
) sy 2O 5y

= (@ 0) 5 (o) 07 (CEODTY i < (z(n2()" > H

(z7 () (zo(1)

Y
. (q1 (t))(ﬂ_y)/(p—a) (qz(t)>(Y—a)/([5—a) (Zi:g))) ) .

By Lemma 2.1, we have

2(z(®) z(t)
o0 2 a(t,T), zU(t)Zﬁ(t’T)'

Hence, by (2.19) and (2.43), we obtain

w? (1) < 5 Doty w67 (1 (an 1) (g2 1) 0 (et Ty

a0
oo y w_ (r+1)/y o A
O ())W(ﬂ( ) (5 -nm) e oo,
Thus
W () <=67(1) [Qa(H) — ()] + 6* ()m(H) + (6° 1)) ‘g((tt)) q(t)‘
s0 w(t) (r+D)/y
1070 o D) (g )
Set
_r+1 _ A go AL 2/(r+1) | w(£)
= A=rEe) (r(t))l/m(ﬂ &) %_”(”L

U GOV 1\
B=((6°0),) (YL) YYZ/(Y+r1)(6U(t))Y2/(Y+1><ﬂ(t,T)> '

11

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



12 Advances in Difference Equations

Using the inequality (2.29), we obtain

rty  ((620),)"

(249
(Y+ 1)Y+1 (6g(t)))’ (ﬁ(t/ T)) ( )

W () <=67() [Qa(H) — n* ()] + 6° (yn(t) +

Integrating the last inequality from Ty > T to t > T, we obtain
—w(Th) <w(t) - w(Th)

ris)  ((64(),)""
(y+1)T (@)

T

t 2
S_J‘ [60(8) <Q2(s)—11A(S)>—5A(S)7Z(S)_ (ﬂ(S, T))’Y ] As,

(2.50)

which yields

rs) ((54) )"
(y+1) (69(s))

[ [6“(s) (Qa(6) - 1*(9) - 6> (s)(s) -

T

(B(s, T))_Yzl As < w(Th),

(2.51)

which leads to a contradiction with (2.41). The proof is complete. O

Theorem 2.9. Assume that (1.2) holds, =1 < —pg < p(t) <0, imy,p(t) =p» > -1, and y < 1.
Furthermore, there exists {cCx } ko such that limy ., .cx = oo and To(ck41) = ck. If there exist positive
rd-continuous A-differentiable functions 6 and 1 such that, for all sufficiently large T, for Ty > T,

t

lim sup [6“(5)(22*(5) - 5(s)11(s) -

t— oo T;

rs) (54"
(y+1)™ (69(s))

(B(s, T))_Y] As = oo,

(2.52)

then every solution of (1.1) is oscillatory or tends to zero.

Proof. Suppose that (1.1) has a nonoscillatory solution x. We may assume without loss of
generality that x(7;(t)) > 0,i =0, 1, 2, for all t > t5. By Lemma 2.3, there exists T > ty such
that (2.5) holds, or lim;_, ,,x(t) = 0. Assume that (2.5) holds.

Define the function w as (2.19), and then we get (2.20). In view of y < 1, using (2.1),
we have (27 (£))% > Y(z"(t))y_le(t). From (2.20) we obtain

A L B8 o z(m®)* (z(ma(t)))P
w (t) S W{U(t) — 6 (t)bh(t)W — 6 (t)qz(t)W
e (2.53)
t t
oo OO e

The remainder of the proof is similar to that of Theorem 2.8, and hence it is omitted. O
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Remark 2.10. One can easily see that the results obtained in [1, 10-12, 15] cannot be applied
in (1.1), so our results are new.

3. Examples
In this section, we will give some examples to illustrate our main results.

Example 3.1. Consider the second-order quasilinear neutral delay dynamic equations on time
scales

AN\ A
<to<t> (x(t)+ 3xm®) > + B+ L) =0, G

where t € [f(, o0), and we assume that foAt/to(t) = oo.

Letr(t) = to(t), p(t) = 1/2, qui(t) = q2(t) = c(t)/7(t),y =1, a =1/3, p = 5/3, and
T1(t) = m(t) = T(t). Take 6(t) = n(t) = $(t) = 1. It is easy to show that (2.18) and (2.35) hold.
Hence, by Theorem 2.6, every solution of (3.1) oscillates or tends to zero.

Example 3.2. Consider the second-order quasilinear neutral delay dynamic equations on time
scales

AN\ A
<(x<t> - X)) > ¢ PR+ SERR ) =0, 62)

where t € [ty, o0)r, and we assume there exists {ck } ;5 such that limy _, ,.cx = 0o and To(ck11) =
Ck.

Letr(t) = 1, p(t) = =1/2, qu(t) = q2(t) = o(t)/tr(t), y =1, a =1/3,p =5/3,n(t) =
To(t) = 7(t). Take 6(t) = (t) = 1. It is easy to show that (2.41) holds. Hence, by Theorem 2.8,
every solution of (3.2) oscillates or tends to zero.
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