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The structure of eigenvalues of —y'+q(x)y = Ay, ¥(0) = 0,and y(1) = 31*, axy (1x), will be studied,
where g € LY([0,1],R), a = (ax) € R™, and 0 < 1 < -+ <, < 1. Due to the nonsymmetry of the
problem, this equation may admit complex eigenvalues. In this paper, a complete structure of all
complex eigenvalues of this equation will be obtained. In particular, it is proved that this equation
has always a sequence of real eigenvalues tending to +co. Moreover, there exists some constant
Ay > 0 depending on g, such that when a satisfies ||a|| < A, all eigenvalues of this equation are
necessarily real.

1. Introduction

In the recent years, multi-point boundary value problems of ordinary differential equations
have received much attention. Some remarkable results have been obtained, especially for
the existence and multiplicity of (positive) solutions for nonlinear second-order ordinary
differential equations [1-10]. However, as noted in [5, 6], although it is important in many
nonlinear problems, the corresponding eigenvalue theory for linear problems is incomplete.
The main reason is that the linear operators are no longer symmetric with respect to multi-
point boundary conditions.

In this paper, we will establish some fundamental results for eigenvalue theory of
multi-point boundary value problems. Precisely, for a real potential g € L}, := L'([0,1],R),
we consider the eigenvalue problem

-y +q(x)y =1y, x€[0,1], (1.1)
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associated with the (m + 2)-point boundary condition
y(0) =0, y1)->ay(m) =0. (1.2)
k=1

Here m € N and the boundary data are « = (ay, ..., a,,) € R™ and
n=0n,. Mm) €A™ ={(n1,...,m) ER™:0 <1 <1p <+ <1 < 1}. (1.3)

Asusual, A € Cis called an eigenvalue of (1.1) and (1.2) if (1.1) has a nonzero complex solution
y = y(x) satisfying conditions of (1.2). The set of all eigenvalues of problem (1.1) and (1.2) is
denoted by ng C C, called the spectrum.

When a = (ax) = 0, boundary condition (1.2) is reduced to the Dirichlet boundary
condition

y(0) = y(1) =0. (14)

Problem (1.1)—(1.4) is symmetric and has only real eigenvalues [11, 12]. However, in case
a#0, problem (1.1) and (1.2) is not symmetric, thus ZZ” may contain nonreal eigenvalues. A
simple example is given by Example 2.1.

When g(x) =0, (1.1) is

-y' =1y, x€[0,1]. (1.5)

Eigenvalues of problem (1.5)-(1.2) can be analyzed using elementary method, because all
solutions of (1.5) can be found explicitly. However, as far as the authors know, even for this
simple eigenvalue problem, the spectrum theory is incomplete in the literature. In [5, 6], Ma
and O’Regan have constructed all real eigenvalues of problem (1.5)—(1.2) when all 7, are
rational, and a = (ay) satisfies certain nondegeneracy condition. In [8, 9], Rynne has obtained
all real eigenvalues for general 77 € A™. See [13] for further extension.

The main topic of this paper is the structure of 7 ,. Much attention will be paid to the
real eigenvalues due to important applications in nonlinear problems.

Theorem 1.1. Given q € Ly, and (a,17) € R™ x A™, then ZZ,,Y is composed of a sequence {1, =
Mna(q) Y nen € C which satisfies

Relj<Re b < <Red, <+, lim Re A, = +c0. (1.6)

n—+oo

Theorem 1.2. Given g € L%{ and (a, 1) € R™ x A™, then ZZ,H NR={A, = Mo (q) } pen, where

Xl<X2<"'<J\n<"‘, hmx,,:m. (1.7)
n—+oo
For a € R™, the norm is ||a|| = |||l := 3}%, |ak|. For g € Ly, the L' norm is denoted by
llgll == llgllz1jo,17- With some restrictions on &, we are able to prove that ZZ,,T contains only real

eigenvalues.
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Theorem 1.3. If a € R™ satisfies ||a|| < 1/2, then the spectrum 3, contains at most finitely many
nonreal eigenvalues.

Theorem 1.4. Given q € L]ﬁ, there exists some constant A(||ql|) > O, depending on the norm ||q||
only, such that if « € R™ satisfies ||a|| < A(l|ql|), then one has ZZ,,Y cR.

To sketch our proofs, let us denote

(M;) =Problem (1.1) (1.2),
(Mj) = Problem (1.4) (1.2), (1.8)
(Dg) = Problem (1.4) (1.3).

Basically, eigenvalues of (M,) are zeros of some entire functions. See (2.24) and (3.3). In order
to study the distributions of eigenvalues, we will consider (M) as a perturbation of (M) or
of (Dy). To obtain the existence of infinitely many real eigenvalues as in Theorem 1.2, some
properties of almost periodic functions [14, 15] will be used. See Lemmas 2.3 and 3.2. In
order to pass the results of Zg/n to general potentials g, many techniques like implicit function
theorem and the Rouché theorem will be exploited. Moreover, some basic estimates in [11] for
fundamental solutions of (1.1) play an important role, especially in the proofs of Theorems
1.3 and 1.4. Due to the non-symmetry of problem (M,), the proofs are complicated than that
in [11] where the Dirichlet problem is considered.

The paper is organized as follows. In Section 2, we will give some detailed analysis on
problem (Mj). In Section 3, after developing some basic estimates, we will prove Theorems
1.1 and 1.2. In Section 4, we will develop some techniques to exclude nonreal eigenvalues and
complete the proofs of Theorems 1.3 and 1.4. Some open problem on the spectrum of (M,)
will be mentioned.

2. Structure of Eigenvalues of the Zero Potential

In order to motivate our consideration for ZZ,,Y with non-zero potentials g, in this section we
consider the spectrum Zg/n with the zero potential.

2.1. An Example of Nonreal Eigenvalues

Let m = 1. Boundary condition (1.2) is the following three-point boundary condition:
y(0)=0, y(1)-ay(n) =0, (2.1)

where a« € Rand 77 € A! = (0,1). We consider the eigenvalue problems (1.5)—(2.1).
Let A € C. Complex solutions y(x) of (1.5) satisfying y(0) = 0 are y(x) = c¢Sy(x),c € C,
where

sin VAx B

Si(x) = i

i D' A2 x e 10,1] (2.2)
& (2k +1)! ’ o ‘
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Notice that S, (x) is an entire function of A € C. Define

sin v/A B asinnvA

. 2.3
i T LecC (2.3)

To(A) == S1(1) —aSy(n) =

Obviously, Ty(1) depends on the boundary data (a,77) as well. Then A € Zg,q if and only if A
satisfies

To(A) = 0. (2.4)

Example 2.1. Letn7=1/3. By (2.3) and (24), A = w? € 22,1/3 if and only if w satisfies

sin(w/3 Cow B-a

To(A) = —4% (st3 - (4—)> =0. (2.5)

That is, either
sin(w/3) _ (2.6)

w
or

i -3¢ 2.7
sin 3 = 4 ( . )

Equation (2.6) shows that 22,1 /3 always contains positive eigenvalues (3nr)?, neN.
Equation (2.7) has real solutions w if and only if a € [1,3]. In this case, =0 | /3 consists

of non-negative eigenvalues. More precisely,

ae[-1,3) =X, C(0,0),
(2.8)
a=3=3 ,C[0,0), 0€Z), ..

Equation (2.7) has nonreal solutions w if and only if a € (—o0, —1) U (3, o0). In this case,
we have

a€(-00,-1)U(3,00) =3, 5 \R#0. (2.9)

For example, one has

€ z32,1/3/ (2.10)

2
a€ (~o0,~1) = A = <3§ +3ilog YL7OF ”3_“>

2
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ex?

wl/3 (2.11)

\/a—3+\/a+1>2
2

a€ 3,+0) = A= <3Jr+3ilog

Notice that all eigenvalues obtained from (2.7) can be constructed explicitly as (2.10)

and (2.11). For example, X0 /3 contains negative eigenvalues if and only if @ € (3,0).

Moreover, in this case, one has the unique negative eigenvalue given by

2
1=-9 <log va-Stvatl "‘+1> . 2.12)

2

For more details, see [5, 6, 8].

Results (2.10) and (2.11) show that to guarantee that zg,,l contains only real
eigenvalues, some restrictions on parameters («, 77) are necessary.

2.2. Real Eigenvalues with General Parameters

In the following we consider general & € R™, based on properties of almost periodic functions
[14, 15].

Definition 2.2. Suppose that f : R — R is a bounded continuous function. One calls that f
is almost periodic, if for any € > 0, there exists I, > 0 such that for any a € R, there exists
b="b,. € [a,a+].] such that

1fC+b) = fFOl e = Slelﬂlg|f(” +b) = fw)| <e. (2.13)
Any almost periodic function f admits a well-defined mean value
— 1
f = lim T fu)du e R. (2.14)
0

To study (My) and (M), let us prove some properties on almost periodic functions.

Lemma 2.3. Let f : R — R be an almost periodic function.

(i) Forany A € R, one has

uei[r;fw)f () = inf f(u), (2.15)
ues[lii ) fw) = sup fu) (2.16)
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(ii) Assume that f is non-zero and f = 0. Then f(u) is oscillatory as u — +oo, that is,
VAeR3u;, u,>A s.t f(ul)f(uz) <0. (217)

In particular, f(u) has a sequence of positive zeros tending to +oo.

Proof. (i) Let us only prove (2.15) because (2.16) is similar. For any ¢ > 0, choose ay € R such
that

fosflao) <fo+e,  fo:=inf f(u) €R. (2.18)

By (2.13), there exists by € [ao, ag + I.] such that || f(- + bg) — f(*)||= < &. For any A € R, let us
take

a = max(ag, A) + L. (2.19)
By (2.13) again, there exists b € [a, a + I.] such that || f(- + b) — f(-)||= < . Hence
[|fC+b) = f(-+bo)||}or < 2e. (2.20)
In particular,
| f((ao —bo) +b) — f((ao —bo) +bo)| < || f(-+b) = f(- + bo) ||, < 2e. (2.21)
By the choice of a, one has ug := ap—by+b >a -1, > A. Hence

fo < uei[rgfm)f(u) < f(ug) < f(ap) +2¢e < fo + 3e. (2.22)

This proves (2.15).
(ii) If f #0 and f has mean value 0, it is easy to see that

1nff(u) <0< sugf(u) (2.23)
ue
Now result (2.17) can be deduced simply from (2.15) and (2.16). O

Like (2.3) and (2.4), all eigenvalues A € C of problem (Mj) are determined by the
following equation:

Mo(A) =0, (2.24)

where

m L & aesin \f
Amm:am—Zw&W)sm -3 nk
k=1 k=1

LeC. (2.25)
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Notice that My() is an entire function of A € C. Hence (2.24) has only isolated zeros in C.
For u, v € R, we have the following elementary equalities:

sin(u + iv) = sin u cosh v +1i cos usinh v, |sin(u + iv)|* = sinu + sinh’v. (2.26)

For real eigenvalues of problem (M), we have the following result.

Lemma 2.4. Given (a,1) € R™ x A™, then Zg,,l NR = {Xn = Xn,,,,,,l Y nen, Where

L<--~<)Ln<--~, nmxn:m. (2.27)

n—oo

Proof. Let us first consider possible positive eigenvalues A = u? of (M), where u > 0. By the
first equality of (2.26), equation (2.24) is the same as

m
F(u) = Fyyy(u) :=sinu — Zak sinrxu = 0. (2.28)
k=1

The function F,,(u) is a non-zero, almost periodic function and has mean value 0. In fact,
F,,(u) is quasiperiodic. By Lemma 2.3(ii), F,, has infinitely many positive zeros tending to
+o0. See Figure 1. Hence Zg,,l contains a sequence of positive eigenvalues tending to +oo.

Next we consider possible negative eigenvalues A = —u? of (M), where u > 0. In this
case, (2.24) is the same as

F(u) = I?M(u) :=sinh u - szk sinh 7xu = 0. (2.29)
k=1

See the first equality of (2.26). Notice that F(u) is analytic in u. As 75 € (0,1), one has

lim £ _q (2.30)
u—+oo sinh u

Thus (2.29) has at most finitely many positive solutions. Hence zg,,l contains at most finitely
many negative eigenvalues.

As both (2.28) and (2.29) have only isolated solutions, the above two cases show that
all real eigenvalues of (My) can be listed as in (2.27). O

The quasi-periodic function F, ,(u) is as in Figure 1.

2.3. Nonexistence of Nonreal Eigenvalues

To study real eigenvalues of problem (M), the authors of [5, 6, 8] have imposed some
restrictions on & = (ax) € R™. The typical conditions are

>0, Vke{l,2,...,m}, |all<L1. (2.31)
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With some restrictions on a = (ay), we will prove that Zg/n consists of only real eigenvalues.

Lemma 2.5. Suppose that a = (ax) € R™ satisfies

m 1/2
|| = <Zai> <
k=1

Then zg,,l contains only real eigenvalues. Moreover, one has Zgln C ((/2)%, +»).

(2.32)

-

Proof. When a = 0, problem (1.5)—(1.2) is the Dirichlet problem and Zg,,l ={(n7)*:neN}.In
the following, assume that a # 0.

Suppose that A = w” € X} ,, where w = u + iv, u,v € R. We assert that v = 0 under
assumption (2.32). Otherwise, assume that v #0. By (2.26), equation (2.24) is the following
system for (u,v) € R?:

m
sinh v cos u = szk sinh ;v cos 7k, cosh v sin u = Z(xk cosh 7o sin mru.  (2.33)
k=1 k=1

It follows from the Holder inequality that
1 = cos’u + sin*u

" . 2 " 2
3 Z ay sinh 70 cosm ) + Z ay cosh v sin
- sinh v 1l coshv G

k=1 k=1

m : h2 m h
(B ) G (B ) (o) e
k=1 k=1

m m
< ||0c||122 . Zcosznku + ||0£||122 -Zsinzqku
k=1 k=1

2
= m|la[z,

which is impossible under assumption (2.32). Thus v = 0 and therefore A = u* > 0.
Next, by (2.2), (2.25), and the Holder inequality, we have

Mo(0) =1 = agrge > 1= |||z ||7]| . > O, (2.35)
k=1

because ||a||z < 1/+/m and ||5]|p < +/m. By (2.24), 0 gEZg,,l. Hence we have 22,,1 C (0, o0).
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Fa,rl (u)
o

0 50 100 150 200

u

Figure 1: Function F, (1) and its positive zeros, where m = 1,a =4 and = 1/(27).

Finally, by the Holder inequality, assumption (2.32) implies that |a|| < v/m - ||a||z < 1.
For any u € (0, /2], the function F,,(u) of (2.28) satisfies

m
Fo (1) > sin u — lexk| sin 7, u

k=1
i 2.36
> sin u — <Z|ak|> sin u (2.36)
k=1
> 0.
Hence (2.28) shows that 3, C ((o/2) 2 ). O

Remark 2.6. Condition (2.32) is sharp. For example, let m = 1 and 7 = 1/3. Example 2.1 shows
that Zgn contains nonreal eigenvalues if & < —1. Similarly, by letting m = 1 and 1 = 1/5, one
can verify that Zg/q contains nonreal eigenvalues when a > 1.

3. Structure of Eigenvalues of Non-Zero Potentials

Given q € L} and complex parameter A € C, the fundamental solutions of (1.1) are denoted
by yk(x, A, q), k =1,2. That is, they are solutions of (1.1) satisfying the initial values

(049) =, (0,4,9) =1, ¥(0,4,9) =y2(0,4,9) =0. (3.1)

Notice that yx(x, A, q) are entire functions of A € C. See [11]. To study (M,;), let us introduce

m
Mq ()‘) = ]/2(1, -)L/ CI) - ZakyZ(rlk/ -)t/ q)/ Ae (C/ (32)
k=1
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which is an entire function of A € C. See (2.25) for the case q = 0. Notice that M, (1) is real for
A eR. Then A € sz if and only if

My(A) =0. (3.3)
3.1. Basic Estimates
Lemma 3.1. Given ff € (0,1), one has
. [sin(u+iv)| _ 1 _|sinpu+iv)|
o R, P o] 2’ o2 exp|v| B (3.4)
V| — +co v| — +o0

uniformly in u € R.

Proof. Suppose that u, v € R. We have from (2.26)

[sin(u + iv)| = \/sin®u + sinh?v € [sinh |v], coshv],

|sin f(u +iv)| = \/sinzﬁu +sinh?fov < cosh v < exp(B|v]).

(3.5)

The uniform limits in (3.4) are evident. O
For the function F(u) = F,,(u) of (2.28), one has the following result on its amplitude.

Lemma 3.2. Given (a,1) € R™ x A™, there exist a constant c,, > 0 and a sequence {an} ey of
increasing positive numbers such that a, 1 +oo and

(-1)"F(an) > Cayy YneN. (3.6)

Proof. Recall that F(u) is quasi-periodic and has the mean value 0. Denote that

Cap = % max <sup F(u), —Lilrelﬂg F(u)> . (3.7)

ueR

Then ¢, > 0. The construction for {a,},cy is as follows. By (2.15), one has some a; € (0, o)
such that F(a;) < —cay. By letting A = a; + 1 in (2.16), we have some a; € [a; + 1, 00) such
that F>(az) > cay. Then, by letting A = a, + 1 in (2.15), we have some a3 € [a; + 1, 00) such
that F(a3) < —ca,- Inductively, we can use (2.15) and (2.16) to find a sequence {a, } .y such
that a, > a; + n—1, and (3.6) is satisfied for all n € N. O
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Lemma 3.3 (basic estimates, [11, page 13, Theorem 3]). Let g € L}, and \ € C. There hold the
following estimates for all x € [0,1]

ly1(x,4,q) - Ca(®)| < |\;X| exp ([t VA|x + [1qll 10 )- (3.8)
ly2(x,4,q) = Sa(x)] < ﬁexp<|1m \/X‘x+ ||q||L1[0/x]>, (3.9)
|1.(x,4,9) = C, ()] < [lqll exp([im VA + 1]l 110, (3.10)
lva(x, 4, q) = Sy (x)| < |”j£| exp<|1m \/X|x+ 1911110, (3.11)

Remark 3.4. For their purpose, the authors of [11] have proved (3.8)-(3.11) for complex
potentials g € L2 := L?([0,1],C). For example, in (3.8)—(3.11), the terms ||g|| and [|ql|1:[0,q]
are replaced by |[|qll2j01) and [Iqllz2j01] - VX, respectively in [11]. Inspecting their proofs,
especially the proof of [11, pages 7-9, Theorem 1], one can find that estimates (3.8)—(3.11)
are also true for L! potentials 4. Moreover, these estimates can be established even for linear
measure differential equations with general measures [16]. By the Holder inequality, one has

llqll = ”‘7”L1[0,1] S ”q”LZ[O,l]’ ”q”Ll[o,x] S ”q”LZ[o,l] Vx. (3.12)

This is why the authors of [11] have used these terms in (3.8)—(3.11).

Lemma 3.5. There holds the following estimate for M,(\):

| Mg(L) = Mo(A)] < w, w=VAeC, (3.13)
w
where
B=B(a,q) := (1+|al)exp(]|q]|) € [1, o). (3.14)

Proof. Define ¢(x) := y2(x, A, q) — Si(x). From (3.9), we have

lo(x)| < exp(||g]])lw| > exp(Imw]) Vx € [0,1]. (3.15)
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By (2.25) and (3.2), we have

| My(L) = Mo(L)| = "P(l) - > (k)
k=1

< o] + Sarllp(1c)] (310

k=1

< (1 + [|all) exp(||g]]) lew] > exp(|Im w]).

This gives (3.13). O
Lemma 3.6. One has My(A) 0 on R. Consequently, there exists Ao € R such that Ay ¢ ZZ,,I.

Proof. Otherwise, we have M, (1) =0 on R. Notice that
M, <u2> ) (3.17)

Let A = a2 in (3.13), where {a,},cy is as in Lemma 3.2. We have

F(an)| _ 2 B
‘ b |M0<an> <z Vnel. (3.18)
Hence lim,, _, . |F(a,)| < B/a, — 0, a contradiction with (3.6). O

3.2, Eigenvalues with General Parameters

The most general results on spectrum ZZ,,Z of (M,) are stated as in Theorem 1.1.

Proof of Theorem 1.1. We argue as in general spectrum theory [12]. By Lemma 3.6, there exists
Ao € R such that Ay ¢ ZZ,,Z. That is, the following equation:

-y +q9(x)y - Loy =0 (3.19)

has only the trivial solution y = 0 satisfying boundary condition (1.2). Let Go(x,u) be the
Green function associated with problem (3.19)-(1.2). Then A € ZZ,,I if and only if A # 19 and

~y"+(q(x) = Lo)y = (A= Aoy (3.20)

has nontrivial solution y(x) satisfying (1.2). In other words, A € ZZ,H if and only if the
following equation:

y={L-1)Lgy (3.21)
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has non-trivial solution y, where

1
Lyy(x) = Io Go(x, u) (q(u) — Xo)y(u)du. (3.22)

Since L, is a compact linear operator, one sees that this happens when and only when 1/ (A -
Xo) € o(Ly) C C, where o(L;) is the spectrum of L;. Hence ngz consists of a sequence of
eigenvalues which can accumulate only at infinity of C.

For A € C, denote that

A =w?, w=VA=u+iv, u,veR. (3.23)

Suppose that A € ng and A #0. Then M, ()) = 0 and (3.13) implies that

BTZ?'”' > | My(4) = Mo(4)] = IMo(D)

sinw — YL, a sin few

= (3.24)
w
N sin(u + iv)| - 3, lak||sin e (u + iv) | '
- |ew]
We conclude that all non-zero eigenvalues A € ZZ,U satisfy
] |sin(u + iv)| - 31 a||sin gk (u + iv) | <B. (3.25)
exp|v|
Let us derive some consequences from estimate (3.25) for A € ng.
(i) Since |w| > |v|, it follows from the uniform limits in (3.4) that
wl. sin(u + iv)| - 3, |ak||sin i (u + iv) | e (3.26)
[o|=Tm w|— +co exp|v|
Thus there exists some h = hy ;4 > 0 such that
rezl, = w=VAeH; = {weC:|Imw|<h). (3.27)

The horizontal strip Hj, of (3.27) in the w-plane is transformed by (3.23) to the following
half-plane P, in the A-plane:

ZZ,HC P,:={AL€C:Re A>r}, wherer:=-h> (3.28)
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(i) Let 7 > —h?. We assert that
SIyn{heC:Red<7) =3, n{1eC:-h? <Red<7) (3.29)
contains at most finitely many eigenvalues. Otherwise, suppose that
zz,nm{Aec:-hz <ReA§?} (3.30)

contains infinitely many 1,, n € N. Since (3.3) has only isolated solutions, we have
necessarily |Im A,| — +oo. By denoting \/\,, = u, + iv,, one has

W <ud-v:<7, 2ty ||| — +oo. (3.31)
In particular, [v,| — +oco. Now estimate (3.25) reads as

|sin(u, +iv,)| Z;cn:1|ak||5in ﬂk(”n + ivn)l
exp|vy| - exp|vy,|

+0(1) asn — oo. (3.32)

This is impossible because we have the uniform limits (3.4).
Combining (i) and (ii), we know that ZZ,,Z can be listed as in (1.6). O

Though problem (M,) is not symmetric, ZZ/,I always contains infinitely many real
eigenvalues, as stated in Theorem 1.2.

Proof of Theorem 1.2. We need to only consider positive eigenvalues of (M,). Let A = a2 in
(3.13), where {ay,},cy is as in Lemma 3.2. By using (3.17), we have

F(ay)| . B
'M,,(a,%) _Han | — VneN. (3.33)

an

a

Since a,, T +o0, w.l.o.g., we can assume that a, > 2B/c,,, for all n € N. Thus

B C
2\ _ b an
aan<an> Flan)|< - <% vneN. (3.34)
By using (3.6), we conclude that
(—1)"Mq<aﬁ) >0 VneNl. (3.35)

2
n+1

with Theorem 1.1, ng N R consists of a sequence of real eigenvalues tending to +oo. Hence
ZZ,,I NR can be listed as in (1.7). O

Hence (3.3) has at least one positive solution In in each interval (a?,a2 ), n € N. Combining
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4. Nonexistence of Nonreal Eigenvalues for Small «

We will apply the Rouché theorem to give further results on ZZW when ||« is small, following
the approach in [11] for the Dirichlet problem (1.1)-(1.4), which corresponds to (M,) with
a = 0. Let us recall the Rouché theorem.

Lemma 4.1 (Rouché theorem). Suppose that f(z), g(z) are entire functions of z € C. If |g(z)] <
|f(2)| on a Jordan curve C, then f(z) and f(z)+g(z) have the same number of zeros inside C, counted
multiplicities.

For later use, let us introduce the following elementary function:

) L 12

\/ sin“u + sinh“v >

G(w) := < >= 1—<ﬂ>, w=u+iv eC. 1)
coshv cosh v

Then G(w) = G(w + ). Obviously, G(w) = 0if and only if w = nar, n € Z. Define

G(r) == min G(w) €[0,1], € [0,00), (4.2)

where C, is the circle in the w-plane
Cr={w=u+iveC:|w|=r}. (4.3)

Then G(nor) =0, n e Z* :={0,1,...,n,...},and 0 < G(r) < 1 forall r € [0,00) \ 7Z*.
Let rg be the unique solution of the following equation:

tanh r =sinr, re (0,x). (4.4)

Numerically, rp = 1.8751 = 0.5968r. The following facts can be verified by elementary
arguments.

Lemma 4.2. One has

Gr) = {tanhr forr € [0, 1],

sinr  forr € [ry, ], (4.5)
. 1
lim G<<n+ —>7r> =1.
n— +00 2

For the graph of G(r), see Figure 2.
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Figure 2: The function G(r), where r € [0, 7or].

hg

nir (n+1)a

Figure 3: Finding zeros of M,(w?) in the w-plane.

4.1. Large Eigenvalues

In the following we apply the Rouché theorem to study the spectrum sz, that is, the zeros of
the function M, (1) in the A-plane. To this end, we consider problem (M,) as a perturbation
of the Dirichlet problem (D), whose eigenvalues are zeros of the function

sin VA

Do(A) := Vil

LeC. (4.6)

Let A = w?. Equation (3.3) is the same as

Dy (w2> + (Mq <w2> ~ Dy <w2>> -0, weC, (4.7)
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which is considered as a perturbation of the following equation:

Do <w2> - Siz)“’ -0, weC. (4.8)

Due to the form of (4.7) and (4.8), one needs to only consider solutions in the right half-plane
C, of w. Notice that all solutions of (4.8) are nor, n € N, which are simple zeros of Dy(w?). For
any a #0, we do not know whether all zeros of (4.7) are real. In order to overcome this, the
proof is complicated than that in [11].

Let us derive another consequence from estimate (3.25) with some restriction on a =
(ax). Suppose that a € R™ satisfies ||a|| < 1. Define the positive function

B ) def Bexph
W) =W (ha,q) = Sinh i~ af cosh 7 h € (arctan b ||a||, o), (4.9)

where B = B(a, q) is as in (3.14). Then W (h) is decreasing in h € (arctanh ||«||, o0).

Lemma 4.3. Suppose that

lla|l < 1, h > arctanh]|«||. (4.10)

Then for any \ = w? € ZZ,q/ where 11 € A™, one has

either Im w| < h, or |w|<W(h). (4.11)

Proof. We keep the notations in (3.23) Let A = w? € ZZ,,Y. If || = |Im w| > h, it follows from
(2.26) and (3.25) that

Bexp|v|
|ew]

m
> [sin(u +iv)| = > |ag||sin 7 (u +iv)|
k=1
m
= \/sin’u + sinh?v — Z|ak|\/sin21]ku + sinhzqu
k=1
m
> sinh|v| — Z|ak| V1+ sinh*v
k=1

= sinh|v| — ||&|| cosh v.

(4.12)

Using the function W () in (4.9), we obtain |w| < W(|v|) < W (h). This proves (4.11). O

Consider the following circles of the w-plane:

Copr={weC:|lw-nx|=r}=nr+C,, neZ, re(0,0)\xrN. (4.13)
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Lemma 4.4. Let (n,r) be as in (4.13). one has

My(3) - Do) i
Do) ' g (o4 1) Ve=VAeCu &

Proof. Let w = nor + u+iv € Cp,,, where u + iv € C,. Then sinw #0. By (2.26) we have

\/sinzrlk(mr +u) + sinh®n0
Vsinu + sinh®v
V14 sinh?v (4.15)
~ Vsin?u + sinh’o
1 1
= — S .
G(u+iv) ~ G(r)

sin 1w

sin w

See (4.1) and (4.2). Notice that

ML) — Dy(A - M,(L) — Mp(r
9 = Do) | _ [Mo() = DoW)| | [Mg(h) = MoV| _ (416)
Do(1) IDo (V)] IDo (V)]
By (2.25) and (4.15), we have
sin sin 775w ||a||
<
h Zl sin w G(r) (4.17)
Since
exp([Im w|)  exp|ov| coshv _exp|v|/ cosho 2 (4.18)
|sin w| coshv /5020 + sinh?o Gu+iv) ~ G)’ '
Compared with (4.1) and (4.2), it follows from (3.13) that
exp(Im w|) B 2B
< — < . 4.1
sinal el = Gl 19
Thus one has (4.14). O
Proof of Theorem 1.3. Let
defy [0 (TN 420
hy &'/ - (5) = 1.0240, (4.20)
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where the constant ry € (or/2,r) is as in Lemma 4.2. One has sinry = 0.9541 and tanh hy =

0.7714. Denote by D, , the disc enclosed by the circle C,,,, that is,

Dy i={weC:lw—-nx|<r}, neZ.

Since 1y > or/2, D, x, intersects Dy,,1 1,. See Figure 3.
In the following, we always assume that a € R satisfies

1
[le|| < 5 < min(sin ry, tanh hy).

Suggested by (3.14), (4.9), and (4.11), we denote

def (1+1/2)exphy B 3exphy
~ sinhhg - (1/2) coshhy  2sinhhg - cosh hy

Then, for all « as in (4.22), by (4.9) one has

(1 + [lall) exp ho

W(ho,‘ a/q) = Sinhho _ ”a“ COSth exp(”q”) S o exp(”q”)

Suppose that

Ao =w) €35, lewol 2 11 exp(||q]|)-

=9.7873.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Let us show that 1yp must be positive. In fact, (4.25) implies that |wo| > 1lexp(|lg|l) >
W (hg; a, q). By result (4.11), we have |Im wy| < hy. Hence wy is a zero of Mq(wz) inside

some disc Dy, ,. See Figure 3. W.L.o.g., let us assume that n > 0. Then n satisfies

nar > |wo| - lwy — nar| > 11exp(||q]|) — xo.

For any w € C,, y,, one has

lw| > nr — |w —na| > nx - g > 11exp(||q]|) - 2ro.

(4.26)

(4.27)
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It follows from (4.5) that G(rp) = sinhry = sinry. By (4.14), we have the estimate

M, (w?) = Do(w?)
Dy (w?)

<
~ G(xo) ||

v (1, sexp(llal)
sinhrg \ 2 11exp(||q]|) - 2ro (4.28)

1 /1 3
< - - 0.9578
= Sinhr <2 1 —2r0>

1 <”a” L2+ ||a||)exp(||q||)>

<1.

Since (4.8) has the unique, simple zero w = nur in Dy, by the Rouché theorem, we conclude
from estimate (4.28) that (4.7) has the unique, simple zero w = w, in D, . Furthermore,
denote that

My ((nzr £10)*) = Do((nr £10)°)

+ 1= € (-11). (4.29)
‘ D0<(mr + r0)2> ( )
See (4.28). We have
M, <(nyz' + ro)2> = (1+&)Dp <(nyz' + r0)2> - i(_l)nrg;‘iz) sinto. (4.30)

Thus

_(1+e)(1+¢)sin’ny

(nr)? - I

Mq((nyr - r0)2> : Mq((n:lz- + r0)2> = <0. (4.31)

Hence (4.7) has at least one real solution in the interval (nor — ro, nor + rg) C Dy, 5. Due to the
uniqueness, all eigenvalues A as in (4.25) must be positive.

Finally, it follows from Theorem 1.1 that ng contains at most finitely many A which
do not satisfy (4.25). Thus the proof of Theorem 1.3 is completed. O

4.2, Small Eigenvalues

In order to prove Theorem 1.4, we need to show that all “small eigenvalues” are also real
provided that ||« is small. The proof below is a modification of the proof of Theorem 1.3.
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Proof of Theorem 1.4. By (4.4), we can fix some n = nj5 € N such that

ns el 1 (4.32)
ar 2
1 1 3exp([lq])
G((n+1/2)7) <§ NCESVArY (433)
Denote that
1 2
r:quH = <<n+ E)Jl‘) , ]D)Z]D”q” = {)LE(C: |./\| <I‘}. (4.34)

In the following we assume that a € R™ satisfies (4.22), that is, ||a|| < 1/2. From the
proof of Theorem 1.3, 22,11 N(C\D) consists of positive eigenvalues. See conditions (4.25) and
(4.32). Moreover, for A € 3D, that is, [v/A| = (n + 1/2)sr, we obtain from estimate (4.14) and
condition (4.33) that

Mq()u)—Do()»)‘ . 1 <”a”+ 2(1+||a||)exp(llq||)>

Dy(A) G((n+1/2)x) (n+1/2)a
(4.35)
¢ s (3 22 Ly
G(n+1/2)r)\2 (m+1/2)x
Notice that equation
Do(\) = Sim/x:o, LeD, 436
o(1) i € (4.36)

has (simple) solutions A = (n,n')z, n =1,...,n. By the Rouché theorem, we conclude that, if
llal < 1/2, the following problem:

M,(L,a)=0, AeD, (4.37)

has precisely n solutions, counted multiplicity. Here M,(1) has been written as M, (A, a) to
emphasize the dependence on a.

Suppose that & = 0. Equation (4.37) corresponds to the Dirichlet eigenvalue problem
(1.1)-(1.4), which has only real eigenvalues. Moreover, all solutions of (4.37) are simple in
this case [11]. Hence solutions of problem (4.37) can be denoted by A = y,,, 1 <1 < n, where

“Ir<p; < <Yy <r (4.38)

They are the first n eigenvalues of problem (1.1)—(1.4).
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In the following, we apply the implicit function theorem to prove that solutions of
(4.37) inside D are actually real when ||| is small. Notice that M,(\, a) is a smooth real-

valued function of (A, a) € R%. By [11, page 21, Theorem 6], the derivative of M,(\, @) w.r.t. A
is

1
My (1,) = [ 1a(t2,9) (1 (11,9t 4,9) =1L L @) (1 1, ))l

m Hk
- D fo y2(t: 4, 9) (v1 (e, L, @) y2 (8 4, q) = y2 (i, A, @)y (84, ) ) dt.
k=1

(4.39)
In particular,
1 1
Mg (X, @) (1a)=(u,,0) = An Io Y3 (t, pin, q)dt — by, Io yi(t pn, q)y2 (b i, q)dt, (4.40)
where
an=y1(Lpn,q),  bu=y2(1, pn, q)- (441)

Since p, is a Dirichlet eigenvalue of problem (1.1), we have b, = 0. Moreover, the Liouville
theorem for (1.1) implies that

Lpn,q) y2(1, 4, q) y1(1, pn, q) 0
1=det<y,1( Hn ) Y: = det( ! . 4.42
Yo (L q) vy (L s 9) Yi(Lpnq) vy (L pn,q) (142

In particular, a, #0. Hence

1
OAMg (L, ) (1,09=(u,,0) = f Y3 (t, i, )t #0. (4.43)
0

Now the implicit function theorem is applicable to (4.37). In conclusion, there exist some
constant A = A, > 0 and a continuously differentiable real-valued functions A, (a) of a such
that

An(0) = pn, My(Ap(a),a) =0, lall < Agy, 1<n<n. (4.44)
Due to (4.38)—(4.44) and the continuity of A, («), one can assume that

—r<li(a) < o+ <Agla) <t VY laf| < Ay (4.45)

Thus {4, () }1<,<, are different eigenvalues of (M) located in the interval (-r, r). Since (4.37)
has precisely n solutions inside D, we conclude that all solutions of (4.37) inside D are
necessarily real. Now we have proved that ZZ,H CRforall ||l < Ay
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Notice that the constant A,, in (4.44) is constructed from the implicit function
theorem. Generally speaking, A;, depends on 7 € (0,1) and all information of the potential
g € L. However, during the application of the implicit function theorem to (4.37), the
derivatives of 0,1, (a) can be well controlled using estimates in [11], like (3.8)—(3.11). It is
possible to choose some A, such that it depends on the norm ||g| only. We will not give
the detailed construction. Note that this has been already observed for large eigenvalues. For
example, n and r depend only on the norm ||g|| of g. O

We end the paper with an open problem. Given (a, 1) € R™ x A™, for any g € L, due
to Theorem 1.2, problem (M,) has always a sequence of real eigenvalues () = Xn,ulq(q)
which tends to +co. In applications of eigenvalues to nonlinear problems, the smallest (real)
eigenvalues A, (g) are of great importance. The main reason is that solutions of problem (1.1)—
(1.2) are oscillatory only when A > Xl(q). As for the smallest eigenvalue of the Dirichlet
problem (1.1)—(1.4), denoted by 1;(g), one has the following variational characterization:

1 12 2 d
W fo (v + a0)y?) x

(4.46)
yeH; (01), y #0 f; y*dx

An open problem is what is the characterization like (4.46) for the smallest eigenvalue A (q9)
of (M,). Once this is clear, some results on nonlinear problems in [5, 6, 8] can be extended by
using eigenvalues of (M,).

Finally, let us remark that the approaches in this paper also can be applied to other
multi-point boundary conditions like

v(0)=0, y(1)-Dary(m) =0 (4.47)
k=1

or to more general Stieltjes boundary conditions [17]. In this sense, eigenvalue theory can be
established for these nonsymmetric problems.
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