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We consider coupled boundary value problems for second-order symmetric equations on time
scales. Existence of eigenvalues of this boundary value problem is proved, numbers of their
eigenvalues are calculated, and their relationships are obtained. These results not only unify

the existing ones of coupled boundary value problems for second-order symmetric differential
equations but also contain more complicated time scales.

1. Introduction

In this paper we consider the following second-order symmetric equation:

—<p(t)yA(t)>A + By () = Ar()y°(t), te [p(0),p(1)]NT, and 0,1€T  (L.1)
with the coupled boundary conditions:
( y(1) ) _ o ( VPO) 12)
y M vA(p(0) /) '

where T is a time scale; p®, g, and r are real and continuous functions in [p(0), p(1)]NT, p > 0
over [p(0),1]N'T, r > 0 over [p(0),p(1)] N T, and p(p(0)) = p(1) = 1; o(t) and p(t) are the
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forward and backward jump operators in T, y2 is the delta derivative, and y°(t) := y(c(t));
0#0, —or < 0 <, is a constant parameter; i = V-1,

K = (k“ k“), ki €R, 1i,j=1,2, with detK =1. (1.3)
k21 k22

The boundary condition (1.2) contains the two special cases: the periodic and
antiperiodic conditions. In fact, (1.2) is the periodic boundary condition in the case where
0 = 0 and K = I, the identity matrix, and (1.2) is the antiperiodic condition in the case where
0 = o and K = I. Equation (1.1) with (1.2) is called a coupled boundary value problem.

Hence, according to [1, Theorem 3.1], the periodic and antiperiodic boundary value
problems have N, + 1 real eigenvalues and they satisfy the following inequality:

—o0 < Xo(I) < Xo(=I) <AD < M(=I) < (1) AP < (D) < o (-I) <A <As(-D) < AP <o
(1.4)

where Ny := [[0,1] N T| — def(u(p(0))) — 1, AL denote the nth Dirichlet eigenvalues. Denote
the number of point of a set S C R by |S| and introduce the following notation for & € R:

0, if a#0,
defa = (1.5)
1, ifa=0.

Furthermore, if N < oo, then

Ao(I) <Xo(=I) S M (=I) < M(I) S A(D) < Aa(=I) £ A3(=I) < A3(D)
<-- < )LNd,l(—I) < )LNdfl(I) < )LNd(I) < )LNd(—I), if Ng+1is Odd,

Xo(I) < Xo(—1) < M (=I) <M (D) < Aao(I) < Xa(=1) < A3(=1) < A5(T) o
<< Ang () < Angoi(-I) < AN, (FI) < An, (), if Ng+1 is even.
In [2], Eastham et al. considered the second-order differential equation:
~(p(HX' (1) +q(t)x(t) = hw()x(t), t€[a,b], (17)
with the coupled boundary condition:
() =< Gegim) (9
wherei=+v-1,-r<a<x,-co<a<b<oo, K= <g gi), kij€R, i,j=1,2, detK =1, and

1/p,qwe L'([a,b],R), p >0, w>0a.e.on [a, b]. Here R denote the set of real number, and
L'([a,b],R) the space of real valued Lebesgue integrable functions on [a, b]. They obtained
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the following results: the coupled boundary value problem (1.7) with (1.8) has an infinite but
countable number of only real eigenvalues which can be ordered to form a nondecreasing
sequence:

ﬁn<AdK)<A0@MK)<AM-K)SAN-K)<A¢}MK)<AKK)
(1.9)
SM@Q<M@%Q<MemgMeKyJ%wad4mgu-

In the present paper, we try to extend these results on time scales. We shall remark
that Eastham et al. employed continuous eigenvalue branch which studied in [2], in their
proof. Instead, we will make use of some oscillation results that are extended from the results
obtained by Agarwal et al. [4] to prove the existence of eigenvalues of (1.1) with (1.2) and
compare the eigenvalues as 0 varies.

This paper is organized as follows. Section 2 introduces some basic concepts and
fundamental theory about time scales and gives some properties of eigenvalues of a kind
of separated boundary value problem for (1.1) which will be used in Section 4. Our main
result has been introduced in Section 3. Section 4 pays attention to prove some propositions,
by which one can easily obtain the existence and the comparison result of eigenvalues of the
coupled boundary value problems (1.1) with (1.2). By using these propositions, we give the
proof of our main result in Section 5.

2. Preliminaries

In this section, some basic concepts and some fundamental results on time scales are
introduced. Next, the eigenvalues of the kind of separated boundary value problem for (1.1)
and the oscillation of their eigenfunction are studied. Finally, the reality of the eigenvalues of
the coupled boundary value problems for (1.1) is shown.

Let T C R be a nonempty closed subset. Define the forward and backward jump
operators 0,p: T — T by

o(t) =inf{s € T:s>t}, p(t) =sup{seT:s<t}, (2.1)

where inf() = sup T, sup@ = infT. A point t € T is called right-scattered, right-dense, left-
scattered, and left-dense if o(t) > t, o(t) =t, p(t) <t, and p(t) = ¢, respectively.

We assume throughout the paper that if 0 is right-scattered, then it is also left-scattered,
and if 1 is left-scattered, then it is also right-scattered.

Since T is a nonempty bounded closed subset of R, we put TX = T'\ (p(max T), max T].
The graininess pt : T — [0, o) is defined by

u(t) = ot) - t. (2.2)
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Let f be a function defined on T. f is said to be (delta) differentiable at t € T* provided
there exists a constant a such that for any € > 0, there is a neighborhood U of ¢ (i.e, U =
(t-06,t+6) N T for some 6 > 0) with

|f(o(t) - f(s)—a(o(t)—s)| <e|o(t)-s|, Vsel. (2.3)

In this case, denote f2(t) := a. If f is (delta) differentiable for every t € T¥, then f is said to
be (delta) differentiable on T. If f is differentiable at t € T¥, then

1@% if p(t) =0
A =14° (2.4)
—f(o(zzt)— f(t), if u(t) > 0.

If FA(t) = f(t) for all t € T¥, then F(t) is called an antiderivative of f on T. In this case, define
the delta integral by

ft f(T)AT = F(t) - F(s) Vs,teT. (2.5)

Moreover, a function f defined on T is said to be rd-continuous if it is continuous at every
right-dense point in T and its left-sided limit exists at every left-dense point in T.

For convenience, we introduce the following results ([5, Chapter 1], [6, Chapter 1],
and [7, Lemma 1]), which are useful in the paper.

Lemma2.1. Let f,g: T — Randt e Tk

(i) If f is differentiable at t, then f is continuous at t.
(ii) If f and g are differentiable at t, then f g is differentiable at t and

(F8)" (1) = £ (D" () + FA(g(1) = FA (D7 (B) + F (™ (D). (2:6)
(iii) If f and g are differentiable at t, and f(t) f°(t) #0, then f~'g is differentiable at t and

(s57) 0 = (s* 00 - s O) (F D 0) ™ 27)

(iv) If f is rd-continuous on T, then it has an antiderivative on T.

Now, we turn to discuss some properties of solutions of (1.1) and eigenvalues of its
boundary value problems.
Define the Wronskian by

W(x,y) := xyA - yxA, X,y € Crzd (T), (2.8)



Advances in Difference Equations 5

where Cf 4(T) is the set of twice differentiable functions with rd-continuous second derivative.
The following result can be derived from the Lagrange Identity [5, Theorem 4.30].

Lemma 2.2. For any two solutions x and y of (1.1), p(t)W (x,y)(t) is a constant on [p(0),1] N'T.

In [4], Agarwal et al. studied the following second-order symmetric linear equation:
y*4 +qt)y’ =-1y°, tep(a),p®)]NT, and a,beT (2.9)
with the boundary conditions:
Ra(y) = ay(p(@) + py* (p(@) =0, Ru(y) = yy(b) +6y*(b) = 0, (2.10)

where g : [p(a),p(b)] N T — R is continuous; (a® + f*)(y> + 6%) #0; a < b satisfy that
if a is right-scattered, then it is also left-scattered; and if b is left-scattered, then it is also
right-scattered. A solution y of (2.9) is said to have a node at (t + o(t))/2 if y(t)y(c(t)) < 0.
A generalized zero of y is defined as its zero or its node. Without loss of generality, they
assumed that a and f in (2.10) satisfy

(H) p> ap(p(a)) if p#£au(p(a)) and a = -1 if = au(p(a))

and obtained the following oscillation result.

Lemma 2.3 (see [4, Theorem 1]). The eigenvalues of (2.9) with (2.10) may be arranged as —oo <
Ao <M <Ay < --- and an eigenfunction corresponding to A has exactly k-generalized zeros in the
open interval (a, b).

In order to study the kind of separated boundary value problem for (1.1), we now
extend the above oscillation theorem to the more general equation (1.1) with

Ro(y) = Ri(y) =0. (2.11)

By n() denote the number of generalized zeros of the solution y(t, A) of (1.1) with the initial
conditions

y(p0), ) =B, y*(p(0),A) = —a (2.12)

in the open interval (0,1), where a and p satisfy (H) with a and b replaced by 0 and 1,
respectively. It can be easily verified that

either 1(0,1) > 0 or y(0,1) = 0 and y*(0,\) =1, (2.13)

which is independent of \.

Lemma 2.4 (see [1, Lemma 2.5]). Let y(t,A) be the solution of (1.1) with (2.12). Then
y2(t,N)/y(t,\) is strictly decreasing in \ € R for each t € (0,1] N T whenever y(t, \) #0.
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Lemma 2.5 (see [1, Lemma 2.6]). If there exists Ay € R such that n(Ag) = 0, then n(A) = 0 for all
A< )L().

With a similar argument to that used in the proof of [4, Theorem 1], one can show the
following result.

Theorem 2.6. All the eigenvalues of (1.1) with (2.11) are simple and can be arranged as —oco < Ao <
M < Ay <---, and an eigenfunction corresponding to i has exactly k-generalized zeros in the open
interval (0,1), where 0,1 € T satisfy that if 0 is right-scattered, then it is also left-scattered; if 1 is
left-scattered, then it is also right-scattered. Furthermore, the number of its eigenvalues is equal to
[[0,1] N'T| - def(p — au(p(0))) — def &.

Setting p = 0, y = kp, and 6 = —ky2 in (2.11), where ki, ko, are elements of K in (1.2),
we get the following separated boundary conditions:

y(p(0) =0, kny(1) - kiy®(1) =0. (2.14)

The following result is a direct consequence of Theorem 2.6.

Theorem 2.7. All the eigenvalues of (1.1) with (2.14) are simple and can be arranged as
—O < U< U1 < HPp <o, (2.15)

and an eigenfunction corresponding to py has exactly k-generalized zeros in (0,1). Furthermore, the
number of its eigenvalues is equal to N4 := |[0,1] N'T| — def(u(p(0))) — def ki.
For convenience, we shall write py,1 = o0 if Ny = k < 0.
Lemma 2.8. For each A € (pg, ps1], n(A) =k +1, k>0.
Proof. The proof is similar to that of [4, Theorem 6]. So the details are omitted. O

Lemma 2.9. All the eigenvalues of the coupled boundary value problem (1.1) with (1.2) are real.

Proof. The proof is similar to that of [1, Lemma 2.8]. So the details are omitted. O

3. Main Result

In this section we state our main results: general inequalities among eigenvalues of coupled
boundary value problem of (1.1) with (1.2).

Theorem 3.1. If ki1 > 0and ki < 0or ki1 > 0and kip < 0, then, for every fixed 0 #0, - < 0 <,
coupled boundary value problem (1.1) with (1.2) has N4 + 1 eigenvalues and these eigenvalues satisfy
the following inequalities:

Ao(K) < Ao (ei91<) < Ao(=K) < L (=K) < A4 (e*’K) < 1 (K)
(3.1)
< Ao(K) < Ay <ei91<> < Ma(=K) < 43(=K) < A3 (ei9K> <MK <o,
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where Ng := |[0,1] N'T| — def(u(p(0))) — def k1. Furthermore, if Ng < oo then

Lo(K) < Ao <ei91<) < Ao(=K) < M (-K) < 44 (ef91<> < Mi(K)
< (K) < Ay (ei"K) < Ma(=K) € A43(=K) < A (ei9K> < A5(K)
<o < ANyt (=K) < Anpt <ei6K> < An,-1(K) < Ay, (K)
< Ang (€7K) < An,(=K), if N is odd,
(3.2)
Lo(K) < /\0<ei6K> < Mo(=K) € Li(=K) < 14 (ei9K> < M (K)
< (K) < Ao <ei9K> < 1 (=K) < A3(=K) < A3 (ef91<> < 13(K)
<< Anm1(K) < Ao <€i9K> < Ang-1(=K) < AN, (-K)
< AN, <eieK> < An,(K), if N is even.
Remark 3.2. If k17 < 0 and kip > 0 or ki1 < 0 and ki > 0, a similar result can be
obtained by applying Theorem 3.1 to —K. In fact, e?K = €™ (-K) for 0 € (-ur,0) and
K = ™0 (-K) for & € (0,or). Hence, the boundary condition (1.2) in the cases of
ki1 €0, kip >0o0rky; <0, kip > 0and 840, —or < 6 < o, can be written as condition

(1.2), where 0 is replaced by o + 6 for 6 € (-ar,0) and —or + 0 for 8 € (0,r), and K is replaced
by -K.

4. The Characteristic Function D(\)

Before showing Theorem 3.1, we need to prove the following six propositions.
Let ¢(t,A) and ¢(t,1) be the solutions of (1.1) satisfying the following initial
conditions:

p(p(0),1) =1, ¢*(p(0), 1) =0;  ¢(p(0),1) =0, ¢*(p(0),1)=1,  (41)

respectively. Obviously, ¢(t, 1) and ¢ (¢, 1) are two linearly independent solutions of (1.1). By
Lemma 2.2 we have

pO[pt Vet 1) - £ Ve, )] =1, te[p©),1]NT, (4.2)
which, together with the assumption of p(1) = 1, implies

P(L )y (L,4) — (L, )g(1,4) = 1. (4.3)
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For any fixed K € SL(2,R), detK =1, and all A € C, we define

D(\) = ki1 (1,0) = koagr(1,4) + kapop(1,0) — ki (1, 1), (4.4)
A = kng®(1,4) - knp(1, 1), (4.5)
B(\) = kg™ (1, A) + kiog® (1, 1) = kaop(1, 1) — korgp(1, ), (4.6)
Bi(A) = kig® (1, 4) — kg (1, 1), (4.7)
By(A) = kaoop(1, 1) — kipgp® (1, 1), (4.8)
C(\) = kapgs(1,4) — kiag® (1, ). (4.9)
Note that
D(A) = Bi(\) + B2(A),  B(X) = Bi(A) - B2(A). (4.10)
Let
PED = g ) poygse ) FEPOANT (.11)
Hence, we have
=l _ (B2(})) C(V)
o.0= (50 5w (412
and by Lemma 2.2, we get
A _
¢t ) = ( _Prfz;’fp A((t;,);)) q‘)”g;?) te [p(0),1] NT. (4.13)

Proposition 4.1. For A € C, A is an eigenvalue of (1.1) with (1.2) if and only if

D()X) =2cos®f. (4.14)

Moreover, A is a multiple eigenvalue of (1.1) with (1.2) if and only if
$(1,1) = K. (4.15)

Proof. Since ¢(t,A) and ¢ (t,\) are linearly independent solutions of (1.1), then 1 is an
eigenvalue of the problem (1.1) with (1.2) if and only if there exist two constants C; and
C,, not both zero, such that C1¢(t, L) + Coyp(t, A) satisfies (1.2), which yields

(1, A) - ek g(1,1) - ek \ /C1\ _
<(PA(1/)L)—€i6k21 ¢ (1,1) — eky ) \Cy =0. (4.16)
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It is evident that (4.15) has a nontrivial solution (Cy, C;) if and only if

1,4) - ek 1,4) - ek
et<(P( )—ePkn ¢(l,1) e 12>:0, 4.17)

(pA(l, )L) - ei6k21 qu(l,/\) - eiekzz
which together with (4.3), (4.4) and det K = kj1kp — kiokz; = 1 implies that
1+¢e% - D)) = 0. (4.18)

It follows from the above relation and the fact that e + ¢ =

of (1.1) with (1.2) if and only if \ satisfies

2 cos 0 that A is an eigenvalue

D(A) =2cos 0. (4.19)

On the other hand, (1.1) has two linearly independent solutions satisfying (1.2) if and only if
all the entries of the coefficient matrix of (4.16) are zero. Hence, 1 is a multiple eigenvalue of
(1.1) with (1.2) if and only if (4.15) holds. This completes the proof. O

The following result is a direct consequence of the first result of Proposition 4.1.

Corollary 4.2. Forany 0 € (-, ],
A (e"91<) =1, <e-i91<), n>0. (4.20)

For K € SL(2,R) and detK = 1, we consider the separated boundary problem (1.1)
with (2.14). Let pu,, 0 < n < Ny — 1, be all the eigenvalues of (1.1) with (2.14) and ordered
as that in Theorem 2.7. Since ¢(t,A) and ¢ (t, 1) are all entire functions in A € C for each
te [p(0),c(1)]N'T, D(A) is an entire functions in C. Denote

2

d ) d oy
TP =D,  —5DW):=D"(). (4.21)

Proposition 4.3. Assume that ki1 > 0 and k1o < 0 or k13 > 0 and kyp < 0. For each n, n > 0,
D(pn) > 2 if nis odd, and D(u,) < -2 if n is even.

Proof. Itis noted that \ is eigenvalue of (1.1) with (2.14) if and only if ka¢s (1, L) —kipg® (1, 1) =
0. Hence, ¢s(t, u,) is an eigenfunction with respect to p,. By Theorem 2.7 and the last two
relations in (4.1), we have that (¢, j1,,) has exactly n generalized zeros in (0,1) and

sgng (1, pn) = (-1)". (4.22)

(i) If k12 < 0, then it follows from ko (1, pr,) — klzqu(l,/ln) = 0 that

g (L) _ ¢ (1 pin)

, kitkaog (1, pn) = knnknog™ (1, pn). (4.23)
k1o kx




10 Advances in Difference Equations

By (4.3) and the first relation in (4.23) we have

1= pa) ¢ (1 ) = 9° (L ) 6 (1, i)
k
= (L p) 1o (L) = 9 (1, p ) (1, ) (4.24)

¢ (1, pn)
= (kzz#’(l/#n) - k12<PA(1r#n)) Tk

By the definition of D (), the second relation in (4.23), and det K = 1, we get

k12D (pn) = kirkiog® (1, ) = kiokargs (1, ) + kiokaoto(1, pn) = k2,00 (1, pin)
= kikog (1, pn) — kinko1g (1, pn) + kiokoop (1, pn) — k0™ (1, ) (4.25)

= ¢ (1, pn) + kiokoop (1, ) = k0" (1, pn).

Hence,

D(pn) = (kzzw(lr#n) - k1z(,0A(1,/4n)> + M (4.26)
12

Noting (koxp(1, ptn) — ku(pA(1,yn))(¢r(1,‘un)/k12) =1, ki» <0, and (4.22), we have that if n is

odd, then
JoCom) 2
1/ n
D(pn) = < ’ klf - \/kzth(l,#n) — kipgp? (1,/1n)> +2>2, (4.27)

and if n is even, then

D(pn) = - < \ —(F(,lc'lf") A~ (kaap (L, o) - k12<PA(1,#n))> —2<-2, (4.28)

(ii) If k1o = 0, then it is noted that A is eigenvalue of (1.1) with (2.14) if and only if
¢(1,1) = 0. Hence, ¢s(t, py,) is an eigenfunction with respect to p,,. By Theorem 2.7, ¢ (¢, p)
has exactly n generalized zeros in (0,1) and

‘P(P(O)r ;un) = (,U(lr#n) =0, ()UA (p(o)r#n) =1, nx>0. (429)

Hence ¢ (t, o) > O forall t € (0,1) NT.



Advances in Difference Equations 11

Next we will show ¢2(1,49) < 0. In the case that p(1) < 1, ¢(p(1), o) > 0 and
@2 (p(1), po) < 0. It follows from (1.1) and (2.4) that

D™ (1, ug) - 1)) g2 (p(1),
(P(o)g (1) ) = PP (1. o) 1?;‘7((1)))"; (M) o (a30)

which implies
¢ (1, po) = p(p(1) g (p(1), po) < 0. (4.31)
In the other case that p(1) =1, then

A o w(bpe) —g(Lpo) gt o) 430
¢ (1 o) = Jlim === = = - lim S <0, 558

Further, by the existence and uniqueness theorem of solutions of initial value problems for
(1.1) [5, Theorem 4.5], we obtain that ¢* (1, o) < 0.

With a similar argument from above, we get sgn ¢ (1, ) = (=1)",n > 0.

By referring to ¢s(1, u,,) = 0 and from (4.3), it follows that

(L pn) g (L ) = 1. (4.33)

Hence, noting det K = ki1ky; = 1 and ky > 0, if n is odd, then

D(py) = ﬁ + kg (1, pn) 22, (4.34)

and if n is even, then
D(p,) < -2. (4.35)
This completes the proof. O

Proposition 4.4. Assume that ki1 > 0 and kip <0 or ki1 > 0 and kip < 0. There exists a constant vy
such that vy < po and D(vg) > 2.

Proof. Since ¢(t,A) and ¢ (t, 1) are solutions of (1.1), we have

(9" £, 1)" + a7 (1,2) = Ar(Dg°(t, ),
(4.36)

(p(g 1, 1) + (09 (1, 0) = Lr(g (1),
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By integration, it follows from (4.1) and (4.36) that

1
o (1,1) = f (q(s) - Ar(s))p(0(s), 1) As,
p(0)

) (4.37)
(pA(l,)L) =1+ J‘ (g(s) = Ar(s))w(o(s),A)As,
p(0)
where p(p(0)) = p(1) = 1is used. In addition, from (4.36), we obtain
(060 (p9* 1)) = PO (9 D)+ (40) = 1r ) ("¢ 1)),
(4.38)
(#e D (pOw€,1)) " =p0) (5 € D) "+ (a0 - 1) (9° ¢, 1),
which, similarly together with (4.1) and by integration, imply that
1
(1, V) (1,4) = L((» (p(s) <(pA(s,)L))2 +(q(s) - Ar(s)) 9 (0 (s), A)> As
1
> f (q(s) = Ar(s))¢*(o(s),\)As,
p(0)
(4.39)

1
#1002 00) = [ (pe) (2 60) + 6) - 1r(s)o(),1) ) As

p(0)

1
> f (q(5) = Ar()) ¢ (0(s), ) As.
p(0)

On the other hand, it follows from Lemma 2.5 and (4.1) that for all sufficiently large —\,
@°(t) >0, ¢go(t) >0, forallt € (p(0),1) N T, where a and p in (2.11) are takenasa =0, p=1,
and a = -1, p =0, respectively, which satisfy (H). So, from (4.37) and (4.39), we obtain that

: A 1 A _1: A 13 A _
Jm g2 (10 = lim ¢ (LA)—Alg{lm(qf(Li)w (LM) —Alir{lm(w(l/i)w (H)) =0,
(4.40)

and by Lemma 2.4, it implies

lim D) = lim (kop(1,4) + kg (1, 1) = kagr(1, 1) = kiog® (1,1))

. g (LA)  ka 92 (LA) _ kn 441
‘Alirf‘w<k“"’(1’)‘)< w1, 1) _k_n>_k12"’(1’)‘)< o(1,1) _k_lz>> a4y

= o0.
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By Proposition 4.3, D(ug) < —2. Therefore, there exists a vy < po such that D(vy) > 2. This
completes the proof. O

Lemma 4.5. For any \ € C one has

1
D'() = f (A0, 1) = B (o), p(o(9), 1) - CO(0(),))r(5)2s,
P

(4.42)
1
4CHD() = - f (2CWp(o(s), 1) + By (0(s), 1)) 2r(s) As
7o : (4.43)
~(4-D2(1)) f ¢2(0(s), )r(s)As,
p(0)
1
SAD/ () =f AW g(0(s), 1)~ Bg(o(s), 1)*r(s)As
PO (4.44)

+(4-D?(1)) Jl(o) ¢*(0(s), \)r(s)As.
P

Proof. Since ¢(t,\) and ¢(t,A) are solutions of (1.1) with (4.1), then they satisfy (4.36).
Differentiating (4.36) with respect to A, we have

(P92 D))" + (g(®) + r®) gt 1) = (g ¢, )

91(p(0),4) = 3 (p(0),4) =0,

(4.45)
(P(t)qff(t,i))A +(q(t) + Ar(1)) g0 (t,4) = —r(H)g° (¢, )
g1(p(0),4) = g7 (p(0), 1) =0.
By the variation of constants formula [5, Theorem 4.24], we get
t
| o, O @EE) D) - po(s), Dyt D)p(o(s), As,

P

(4.46)

t
gt A) = f o r(s) (g (0(s), V(L 1) - p(o(s), Dy (t, 1)) g (o(s), 1) As.
P
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Further, it follows from [5, Theorem 1.117] that

t
gt ) = f RO ((0(5), D (1, 1) = p(0(5), Dgr (£, 1)) p((5), ) As,
P
(4.47)

t
gt ) = f RO (9(0(5), D9p* (1, 1) = (0(5), Vg (1, 1) ) r(0(5), ) As.
P

From (4.46), (4.47), and (4.11), we have

oY) ) t Au(s,bA) AnstA)
t,A) = = As, 4.48
P <p<t><pf(m> P(t)tpf(t,f\)> L<0>T(S)<A21<s,t,x> A22<s,t,A>> v 08

where

An(s, t,0) = (¢7 (s, Dt A) = 97 (s, Vg (£, 1)) 9 (s, ),
Ana(s,t,4) = (¢ (s, D)ep(t, ) — 9% (5, Vg (£, 1)) 67 (s, 1),

4.49
Ani(s,t,0) = p(t) (97 (5, D)9 (8,2) = 97 (5, g (1) ) 97 (s, ), )
An(s,t,2) = p(t) (97 (s, Vg™ (£,2) = 97 (s, Ngr® (1,1) ) 7 (s, ).
It follows from (4.11) and (4.13) that
A11(S, t, )L) A12(S, t, )L)
-1 _
Pt )P (0(s), VR()P(0(5), 1) = ( o) Ano A)>, (4:50)
where R() = (,§)§), t€ [p(0),p(1)]NT.
Hence,
1
da(t, L) = —f o P(t, V)p " (0(s), \)R(s)p(c(s),\)As. (4.51)
P

By (4.10) and (4.12), we have

D(A) = By(A) + Ba()) = trace K1¢p(1, ). (4.52)
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Differentiating above relation with respect to A, and with (4.12), we have

D'(v)

= trace K‘1¢A(1, A)

=—traceJ‘1 K*1¢(1,J\)gb*1(a(s),J\)R(s)d)(o(s),A)As
p(0)
- —trace | <Bzu> C(A))(w%@w —qr(o(s>,A>>
P NAW) Bi(V)/ \~¢*(c(s),A) ¢(a(s),\)
X( 0 o><<p(0(s),i) ¢(o(sM)>AS
r(s) 0/ \p*(a(s),0) g(a(s),d)

1
- f o (ADFEE, D) = (B1) - Ba(4)g(0(5), 1p(o(5), 1) = CO* (0 (), 1) Jr(s) s,
P

(4.53)
which together with (4.10) confirm (4.42).
To establish (4.43), from (4.12) and (4.10), we obtain
Bi()Bo(A) — AW)C(A) = det<1<-1¢(1, )L)) =1,
4-D2(\) =4- (Bi(\) + By(\))2 =4 - (By(A) - Bo(A))* — 4B, (1) By () (4.54)

= 4(1 - By(\)Ba())) — B2 (1) = —(4A(L)C (L) + B2(1)).

Thus

4C(M)D'(A)

= jl <4A()L)C()L)qr"2(s,1) —4B(L)C (M) g (s, V)9 (s, L) — 4C? (A)(p“z(s, A))r(s)As
p(0)

= r (~(2CM)97(s,1) + B (s,0))* + (4ANCA) + BA1) )¢ (5,4) ) (5) As
p(0)

1 1
- f (2C()Y7(s,0) + By (s, 1))*r(s)As = (4-D* W) | ¢ (s, )r(s)As.
p(0) p(0)
(4.55)

That is, (4.43) holds. The identity (4.44) can be verified similarly. This completes the
proof. O

Corollary 4.6. If A € R satisfies |D(A)| < 2, then A(L) #0, C(X) #0, and D' (1) #0.

Proof. These are direct consequences of (4.43) and (4.44). O
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Lemma 4.7. C(A) = 0 if and only if A = p, for some n € {0,1,...,Ng — 1} and (-, u,) is an
eigenfunction of p,.

Proof. 1t is directly follows from the definition of C() and the initial conditions (4.1). O

Lemma 4.8. Assum that 8 = 0 or 0 = or and \ is a multiple eigenvalue of (1.1) with (1.2) if and
only if D'(A) = 0.

Proof. Assume that 6 = 0. By (4.15) A is a multiple eigenvalue if and only if

¢(LA) =K; (4.56)
hence, it follows from (4.12) that
By(A) C)\ _ _xly -
(A(J\) B1()L)> =K7¢(1,0) =K 'K=1 (4.57)

Therefore A(A) = C(A) =0and B;(\) = Bo(A) = 1.

(i) Suppose that A is a multiple eigenvalue of (1.1) with (1.2). Then A(A) = C(1) =0
and B(A) = B1(A) — By(A) = 0. By (4.42), D'(4) = 0.

(ii) Suppose that A is an eigenvalue of (1.1) with (1.2) and D'(A) = 0. Then by (4.14),
D(A) = 0. From (4.43) and (4.44) we get

2C(Mg(a(s), 1) + B)g(a(s), 1) =0,

(4.58)
24N (0(s),4) - B)g(a(s), 1) = 0.
Since ¢(t, 1) and ¢ (t, A) are linearly independence solutions of (1.1), we have
A(\) =B(A)=C(A) =0. (4.59)

It follows from B(A) = B1(A) — Bo(A) = 0 and D(A) = B1(A) + Bp(A) =2 that Bi(A) = Bo(A) = 1.
Thus, A is a multiple eigenvalue of (1.1) with (1.2).

The case 8 = o can be established by replacing K by —K in the above argument. This
completes the proof. O

Lemma 4.9. Assume 0 = 0 or 0 = or. If A is a multiple eigenvalue of (1.1) with (1.2), then there
existsn € {0,1,..., Ny — 1} such that A = p,,.

Proof. Assume that A is a multiple eigenvalue of (1.1) with (1.2). From the proof of Lemma 4.8
we see that C(\) = 0. From (4.9) we have

knogp(1,4) — kg (1,1) = 0. (4.60)

This means that A = p,, for some n € {0,1,..., Ny — 1}. This completes the proof. O
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Proposition 4.10. Assume that ki1 > 0 and ki <0 or ki3 > 0and kip < 0.
(i) Equations D'(1) = 0 and D(A) = 2 or =2 hold if and only if A is a multiple eigenvalue of
(1.1) with (1.2) with @ =0 or 6 = 7.

(ii) If D(X) = 2 or =2 and X is a multiple eigenvalue of (1.1) with (1.2), then A = p,, n €
{0,1,...,Ng-1}.

(iii) If D(X) = 2 or =2 for some L # pn, n € {0,1,..., Ny — 1}, then X is a simple eigenvalue of
(1.1) with (1.2) with © =0 o0r 6 = 7.

(iv) Moreover, for every A # pu,, n € {0,1,..., Ny — 1}, with -2 < D(X) < 2 one has

D'(}) <0, vy <A< p;

(-1)"D'(A) >0, pu <A< pims1, 120, (4.61)
and in the case of Ny < oo,
DNID'(A) >0, A > g (4.62)

Proof. Parts (i), (ii), and (iii) follow from Lemmas 4.8 and 4.9. It follows from Propositions
4.3 and 4.4 and Corollary 4.6 that D(uo) < -2, D(vp) > 2 with vy < pp and D’(1) #0 when
[D(A)| < 2. Hence, D'(1) < 0 with vy < A < po, =2 < D(A) < 2. Similarly, by Proposition 4.3
and Corollary 4.6, we have
D(pn)D(pins1) <-4, D'(\)#0 when [D(V)| <2, (4.63)

which implies

(-1)"D'(A\) >0 with gy, <A< py1, -2<DA) <2 (4.64)
If N4 < oo, then all the points of [0,1] NT are isolated. In this case, (1.1) can be rewritten as

p®)y(*(H) = (a(t) + )y (@) + cOy(®), te [pO,pM]NT,  (465)

where

u(o(t))
p(t)

a(t) =p(a(t)) +p(t) —qOutpu(o(t)),

(4.66)
po(t)

b(t) = —-r(uB)u(o(t)),  c(t) =-p(t) 0]

By Theorem 2.7, (1.1) with (2.14) has N, eigenvalues:

Ho < p1 <" <UNy-1- (467)
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It follows from (4.65) that g2 (1,1) = (¢(c(1),4) — ¢s(1,1))/pu(1) and ¢*(1, 1) = (p(c(1), L) -
¢©(1,1))/pu(1) are two polynomials of degree Ny + 1 in A and ¢ (1,1) and ¢(1,1) are two
polynomials of degree N in A. Then D (1) can be written as

D(A) = kg™ (1,4) = kangs(1, 1) + kaagp(1, 1) = kiogp® (1, 1) = (=1 An AN + (),
(4.68)

where An,+1 > 0 and k() is a polynomial in A whose order is not larger than N,. By
Proposition 4.3, if Ng +11is odd, then D(un,-1) > 2, and if Ny +1is even, then D(pn;,-1) < 2.
It follows that if Nj + 1 is odd, then D(1) — —-o0 as A — oo, and if N + 1 is even, then
D) — ooas A — oo. Hence, if Ny + 1 is odd, then there exists a constant & > pin,-1
such that D(¢p) < —2. Similarly, in the other case that N, + 1 is even, there exists a constant
Mo > Un,-1 such that D(rp) > 2, and by using Corollary 4.6, we have

-D'(A) >0 with pn,.1 <A< ¢ if Ny+1is odd,

(4.69)
D'(1) >0 with pn,-1 <A< if Ng+1is even.
Hence,
DNTID' () >0, A > pn,a (4.70)
This completes the proof. O

Proposition 4.11. For any fixed 6 #0, —or < 0 < o, each eigenvalue of (1.1) with (1.2) is simple.
Proof. 1t follows from (4.46) and (4.47) that

1

D) = kng® (1,0) - knga (1, 4) + kaogpa (1, 1) — kizgp? (1, 1) = f

r(s)6(s)As, (4.71)
p(0)

where

6(s) = (kg™ (1, 4) = karop(1, 1)) g (0 (), L)
+(kpp(1, ) = kng® (1, 4) + kag(1,4) — kg (1, 1)) (o (s), Mg (a(s), A)
—(ka2gr(1, 1) — kiog® (1, 1)) (0 (s), L)

¢(0<s),A)>

- ), ,))H(A
(p(o(s),1),9(a(s), 1)) ()<(P(O(S),J\)

(4.72)
1
ki1 (1, 1) = ka1gp(1, 1) > (kaop(1, 1) — kg™ (1, 1)

H(\) := +ho1g(1,4) — kg™ (1, 1))

1
E(kZZ(P(l/)L) - kll(PA(lr)L)
+k21(/f(1, )L) — klztpA(l, .)L)) klgqu(l, .)L) — kzz([f(l,)t)
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Then from (4.1), det K = 1, and the definition of D(\), we have
det H(V) = (ki (1,4) — kaip(1,)) (Kiagr (1,4) = kaogp(1,1) )

~ (ka2p(1,A) = knigp® (1, ) + ko (1,0) — klz(PA(L)t))z
4

= (ki (1,0) = kaigp(1,)) (kiogr® (1, 1) = kaogs(1, 1)) (4.73)

- }IDZ W) + (kaagp(1, ) = knp® (1, 1)) (ki gp (1,4) = ange(1,4) )

= —}LDZ(A) +1.

Thus, if [D(1)| < 2, then detH(A) > 0. H(\) is always positive semidefinite or negative
semidefinite. Consequently, 6(s) is not change sign in [p(0), 1] N T. In this case, D'(1) cannot
vanish unless 6(s) = 0. Because ¢(t,A) and ¢(t, A) are linearly independent, 6(s) = 0 if and
only if all the entries of the matrix H (A) vanish, namely,

ki19® (1,1) = kargp(1,1) =0,
kg (1,1) = kg (1,1) =0, (4.74)

kaop(1, 1) = king® (1, 4) + karge(1, 1) — kaa™ (1, 1) = 0.

Suppose that A is an eigenvalue of the problem (1.1) with (1.2) and fix 6, - < 6 < o with
0 #0. By Proposition 4.1, we have D?(1) = 4cos’0 < 4, then det H(A) > 0, and the matrix
H (1) is positive definite or negative definite. Hence, 6(s) > 0 or 6(s) < 0 for s € [p(0),1]NT,
since ¢(t, 1) and ¢ (t, A) are linearly independent.

If A is a multiple eigenvalue of problem (1.1) with (1.2), then (4.15) holds by
Proposition 4.1. By using (4.15), it can be easily verified that (4.74) holds; that is, all the entries
of the matrix H (1) are zeros. Then 6(s) = 0, which is contrary to 6(s) #0. Hence, \ is a simple
eigenvalue of (1.1) and (1.2). This completes the proof. O

Proposition 4.12. If n is odd, D(p,) = 2, and D'(u,) = 0, then D" (u,,) < 0; if n is even, D(u,) =
-2, and D'(py,) = 0, then D" (u,,) > 0.

Proof. Assume D(p,) = 2 and D'(u,) = 0 with n being odd. It follows from Proposition 4.1
that

¢(1, ) = K. (4.75)
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As in the proof of Lemma 4.5 and by (4.11) and (4.13),

1
D'(\) = —tracef K'¢(1,0)¢p7 (0(s), \)R(s)p(c(s),\)As
p(0)

—p(s)p(c(s),A) (o(s), 1)
x( 0 0> p(o(s), ) glo(s) )\ .
r(s) 0/ \p(s)p®(0(s),1) p(s)g’(o(s), 1)

p(o(9), Ve, ) gR(o(s), )
"trace<¢ (L 4n)9 L ”I < —p(0(s), ) —qr<o<s>,x><p(o<s>,A>>r(s)“>‘

1 A )
= —tracej o ¢ (1, ) (1, 1) ( p(s)p=(o(s), 1) (P(O'(S),J\)>
P

(4.76)
Hence,
D"(\)
- tm<¢_1<1'”">¢*(1'“ J :w) <q’(o(—25()2£(;,7$)'i) —qy(oi)(,j(;iﬁs),A))r(S)AS>

o(9), Vp(9), 1) ¢2(0(s), )
”ra“’<‘i’ (L) p(1, 1) aAf < P (o(s), ) —tP(G(S),1)4.0(0(3)/1)>T(S)AS>

2

2
_ (s, A) (s, 1) ¢ (s, 1) >
= trace< L, ) (1, /\)J‘ ( P ) (s ) (s A)) r (S)As>

. o (1 [¢7(s,Ng(s,1) g7 (s, )
1 )‘ .
+trace<¢ (i b-D; L«»( 60 ) )

(4.77)
where (4.51) is used and
2
D" (pn) = trace JJ (q}(O(S)’zﬂn)(P(O(S)’#n) ¢ (0(5). pn) > r*(s)As
p(0) —¢p~(0(s), pn) —¢(0(s), ) (0o (8), pin)
1 2
= 2<L(0> (p(o(s),yn)tp(o(s),‘un)r(s)As> (4.78)

1 1
- Zf wz(o(S)fﬂn)r(s)Asf 9> (0(S), )7 (s)As
p(0) p(0)

<0
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D)
\ 2
- 2cos O
: : )LU(—K) /40 )L1(—K) : Az(—K)
v Mo(K) Lo¥eK) : : M (e®K)  p1, (Mip(K))  Aa(eK) A
/2
Figure 1: The graph of D(\).
D)
2
2cos 6
Ang-1(=K) : : : : : o
: Ang1(€K) An,-1(K) HN-1 AN, (K) Ay, (e A
-2

Figure 2: The graph of D(\) in the case that Ny + 1 is odd.

by the Holder inequality [8, Lemma 2.2(iv)]. Therefore D" (y,) < 0. Since ¢(t,A) and ¢ (¢, 1)
are linearly independent, which proves the first conclusion, the second conclusion can be
shown similarly. This completes the proof. O

5. Proofs of the Main Results

Proof of Theorem 3.1. By Propositions 4.1-4.12 and the intermediate value theorem, the
inequalities in (3.1)—(3.2) can been illustrated with the graph of D(1) (see Figures 1-3). We
now give the detail proof of Theorem 3.1.

By Lemma 2.9, all the eigenvalues of the coupled boundary value problem (1.1) with
(1.2) are real. By Propositions 4.3-4.10, D(p9) < -2, D'(A) < 0 for all X < pp with -2 < D(A) <
2, and there exists vy < po such that D(vy) > 2. Therefore, by the continuity of D(1) and the
intermediate value theorem, (1.1) and (1.2) with 8 = 0 have only one eigenvalue A¢(K) < po,
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D)

2cos b

Ang-1(=K) HUN-1 An, (=K)

Ang-1(K) A1 (e DA (E9K) AN(K) 1o A

Figure 3: The graph of D(\) in the case that N + 1 is even.

(1.1) and (1.2) with 8 = o hve only one eigenvalue Ao(—K) < po, and (1.1) and (1.2) with
0+#0, —or < 6 < r have only one eigenvalue 1o(K) < 1o(e?K) < 1o(~K), and they satisfy

vy < Ao(K) < )L0<ei91<> < Xo(=K) < po. (5.1)

Similarly, by Propositions 4.1, 4.3, and 4.10, the continuity of D(1), and the intermediate value
theorem, D () reaches —2,2 cos 0 (8 #0, —or < 0 < or), and 2 exactly one time between any two
consecutive eigenvalues of the separated boundary value problem (1.1) with (2.14). Hence,
(1.1) and (1.2) with 0 = 0,0 £0, —or < 0 < o, and 0 = o have only one eigenvalue between any
two consecutive eigenvalues of (1.1) with (2.14), respectively. In addition, by Propositions
4.10 and 4.12, if D(p,) = 2 or -2 and D'(y,) = 0, then p, is not only an eigenvalue of (1.1)
with (2.14) but also a multiple eigenvalue of (1.1) and (1.2) with 6 =0 and 0 = .

If N4 = oo, then it follows from the above discussion that (1.1) and (1.2) with 6 #0,
- < 0 < have infinitely many eigenvalues, and they are real and satisfy (3.1).

If Ny < oo, then all points of [0,1] N T are isolated. In this case (1.1) and D(\) can be
rewritten as (4.65) and (4.68). By the same method in the proof of Proposition 4.10, that if
Ng + 1 is even, then there exists a constant & > pn,-1 such that D(¢y) < -2, which together
with (4.62), implies that (1.1) and (1.2) with 8 = 0, 0#0, - < 8 <, and 0 = o have only
one eigenvalue Ay, (K), An, (eK), and Ay, (-K), satisfying

inet S Ang (K) < A (€9K) < A, (-K) < &o (5.2)

(see Figure 2). Similarly, in the other case that N;+1 is even, there exists a constant 19 > pn,-1
such that D(79) > 2, which, together with (4.62) implies that (1.1) and (1.2) with 6 = 0, 6 #0,
- < 0 <ur,and 6 = o have only one eigenvalue Ay, (K), An, (e?K), and Ay, (-K), satisfying

ping—1 < Ay, (-K) < Ay, (ef9K> < An, (K) <10 (5.3)
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(see Figure 3). Therefore, we get that (1.1) and (1.2) with 6#0, —or < 8 < o have Ny + 1
eigenvalues and they are real and satisfy

o < Ao(K) < Ao (ei9K> < Xo(=K) < po < M (-K) < Ay <ei91<) < M(K) < p1 < M(K)

<o <A (K) € v €A (K) < A, (69K) < An, (-K) <& o
if Ny +11is odd; and
v < Ao(K) < do (€K ) < Xo(=K) < pro < 11 (=K) < 4 (€7K) < 1i(K) < pr < Ao (K)
5.5
<o < AN (-K) € vt S Ang (K) <A, (67K) < A (K) < 10 o
if Ng + 11is even. This completes the proof. O

Remark 5.1. In the continuous case: p(t) = 0, Ng = oo, by Theorem 3.1, the coupled boundary
value problems (1.1) and (1.2) have infinitely many eigenvalues: {1, (e K)}%, for 0#0, —or <
0 < a; {An(K) ) for 6 = 0; {1, (—K)}oe for 6 = ur, and they satisfy inequality (3.1). This
result is the same as that obtained by Eastham et al. for second-order differential equations
[2, Theorem 3.2].

Example 5.2. Consider the following three specific cases:

[p(0),1] NT = [o, %] U [él]
3

1 1
[P} 0T = [O’E] U{Z(N—l)’(N—l)’Z(N—l)""’

1}, N >2; (5.6)

[p(0),1] NT = {qk | kzO,keZ}u{O}, where 0 < g <1.

It is evident that |[p(0), 1] N T| = oo and then N4 = oo in these three cases. By Theorem 3.1, the
coupled boundary value problems (1.1) and (1.2) have infinitely many real eigenvalues and
they satisfy the inequality (3.1). Obviously, the above three cases are not continuous and not
discrete. So the existing results are not available now.

By Remark 5.1 and Example 5.2, our result in Theorem 3.1 not only extends the results
in the discrete cases but also contains more complicated time scales.
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