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Sufficient conditions for boundary controllability of nonlinear fractional integrodifferential
systems in Banach space are established. The results are obtained by using fixed point theorems.
We also give an application for integropartial differential equations of fractional order.

1. Introduction

Let E and U be a pair of real Banach spaces with norms || - || and | - |, respectively. Let o be a
linear closed and densely defined operator with D(c) C E and let T C X be a linear operator
with D(o) and R(7) € X, a Banach space. In this paper we study the boundary controllability
of nonlinear fractional integrodifferential systems in the form

dex(t)
drex

ox(t) + f(t,x(t)) + f;ga, 5,x(s))ds, te]=[0,b],

Tx(t) = Biu(t), (1)

x(0) = xo,

where 0 < @ <1and B; : U — X is a linear continuous operator, and the control function u
is given in L!(J,U), a Banach space of admissible control functions. The nonlinear operators
f:JxE — Eandg: AxE — Earegivenand A : (¢,s); 0<s<t<b.

Let A: E — E be the linear operator defined by

D(A) = {x € D(0);Tx =0}, Ax = {ox, for x € D(A)}. (1.2)

The controllability of integrodifferential systems has been studied by many authors (see [1-
6]). This work may be regarded as a direct attempt to generalize the work in [7, 8].
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2. Main Result

Definition 2.1. System (1.1) is said to be controllable on the interval J if for every xo,x; € E
there exists a control u € L?(J,U) such that x(-) of (1.1) satisfies x(b) = x1.

To establish the result, we need the following hypotheses.

(H1) D(o) ¢ D(r) and the restriction of 7 to D(o) is continuous relative to the graph
norm of D(o).

(H2) The operator A is the infinitesimal generator of a compact semigroup T (t) and there
exists a constant M; > 0 such that ||T(f)|| < M;.

(H3) There exists a linear continuous operator B : U — E such that cB €
L(U,E), T(Bu) = Byu, for all u € U. Also Bu(t) is continuously differentiable and
||Bu|| < C||Byul| for all u € U, where C is a constant.

(H4) For all t € (0,b] and u € U, T(t)Bu € D(A). Moreover, there exists a positive
constant K > 0 such that || AT (t)]| < K.

(H5) The nonlinear operators f(t, x(t)) and g(t, s, x(s)), for t, s € J, satisfy
IfEx)<Li, gt s, x(s) < La, (2.1)

where L1 > 0and L, > 0.
(H6) The linear operator W from L?(J,U) into E defined by

b poo
Wu = af J. Ot — 5)* &, (0) [T((b - 5)*0) 0 — AT ((b - 5)*0)] Bu(s)do ds, (2.2)
0Jo

where ¢,(0) is a probability density function defined on (0,o0) (see [9, 10]) and
induces an invertible operator W~ defined on L%(J,U)/kerW, and there exists a
positive constant M, > 0 and M3 > 0 such that ||B|| < M, and W < Mj. Let
x(t) be the solution of (1.1). Then we define a function z(t) = x(t) — Bu(t) and from
our assumption we see that z(t) € D(A). Hence (1.1) can be written in terms of A
and B as

dx(t)

= Az(t) + oBu(t) + f(t,x(t)) + Itg(t, s,x(s))ds, te],
dte 0

(2.3)
x(t) = z(t) + Bu(t), x(0) = xo.

If u is continuously differentiable on [0, b], then z can be defined as a mild solution to be the
Cauchy problem

dez(t)
dt

d*u(t)
dt

= Az(t) + cBu(t) - B

+ f(t,x(t)) + f;g(t, s,x(s))ds, te], 2.4

z(0) = xo — Bu(0),
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and the solution of (1.1) is given by
x(t) = f & (0)T(t0) [xo — Bu(0)]d6 + Bu(t)
0

+ aJd F@(t - s)"’lg,,,(O)T((t -5)"0) f(s,x(s))d0 ds

0o 23

d*u(s)
ds*

+ af; f :G(t - 8)* & (O)T((t - 5)0) [O'Bu(s) -B ] deds

+ aJZJ?G(t - s)“_léu(G)T((t -5)70) UZg(s, T, x(T))dT] dods

(see [11-13]).

Since the differentiability of the control u represents an unrealistic and severe
requirement, it is necessary of the solution for the general inputs u € L!(J,U). Integrating
(2.5) by parts, we get

x(t) = jmga(G)T(t“G)xod6+ar IwG(t—s)“_lga(G) [T((t-5)"0)o—AT ((t—s)"0)] Bu(s)de ds
0 0Jo
t roo
+ ucf f B(t - 5)" 2. (B)T((¢ — 5)°6) f (5, x(s))dO ds
0Jo

+ aj;j:oe(t —8)* 1 (O)T((t - 5)"0) UZg(s, T, x(T))dT] de ds.
(2.6)

Thus (2.6) is well defined and it is called a mild solution of system (1.1).

Theorem 2.2. If hypotheses (H1)-(H6) are satisfied, then the boundary control fractional integrodif-
ferential system (1.1) is controllable on J.

Proof. Using assumption (H6), for an arbitrary function x(-) define the control
_ ® b o
u(ty=w {x1 - f ¢.(0)T (b"0)x0d0 — aJ I O(b—5)* & (O)T((b~5)0) f(s,x(s))dO ds
0 0Jo

b o0 s
_ afofo 0(b- S)u—léu(Q)T((b -5)"0) [Iog(s, T,x(T))dT] 4o ds} (t).
2.7)
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We shall now show that, when using this control, the operator defined by

(@x)(1) = f jgaw)T(t“e)xode

’[t’[ 9([’ - S)u—létx(e) [] ((t - S)ue)o- — AT ((t S)“Q)]Bu(s)de ds
070
(2.8)
ft_[ (t S)ail‘ga(eﬂ ((t S)ae)f(S,x(S))dQ ds
070

+ aJZJ?G(t - s)“_lga(G)T((t -5)70) UZg(s, T, x(T))dT] deds

has a fixed point. This fixed point is then a solution of (1.1). Clearly, (®x)(b) = x1, which
means that the control u steers the nonlinear fractional integrodifferential system from the

initial state xj to x; in time T, provided we can obtain a fixed point of the nonlinear operator
.

LetY =C(J,X)and Yp = {x € Y : ||x(t)|| < r, for t € J}, where the positive constant r
is given by

r = Mi||xo|| + b*[Mi][o]|| + Ki]JMaMs|||x1]| + My ||lxo|| + M1L1b" + Mleb{”l] 29)
29
+ M1Lb* + M, Lob™*,

Then Yj is clearly a bounded, closed, and convex subset of Y. We define a mapping®: Y —
Yo by

9] t A0
(@x)(t) = IO £ (O)T (£96) x,d6 + aJJO 0(t - 5)" "2, (0) [T ((¢ - 5)°0)0 — AT ((t - 5)*0)] BW !
) b poo
x {x1 - f 2 (0)T(b%6)x0d6 — a f f (b - 5)* &, (O)T((b - 5)°0) f (s, x(s))dO ds
0 0o
b pco s
- 0(b-s)""¢, —s)* T,
afofo (b-3)""¢(0)T((b-15)"0) Uog(s T x(T))dT] d@ds}(s)d@ds
t poo
+ aJ I Ot — 5)* & (O)T ((t - 5)*0) f (s, x(s))dO ds
0Jo

+ aJZJ?G(t - s)“‘lga(G)T((t -5)70) UZg(s, T,x(T))dT] dods.
(2.10)
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Consider

1(@x) ()l

<

f T (O)T(t°0)x0d0
0

t
va
0

x ||W-1||{ ] - |U:°ga<e>T<b“e>xode|| |

fj@(t—s)“_lga(e) [T((t-5)*"0)o—AT((t-5)"6)] dGH IBIl

b
0

f:oe(b —8) & (O)T ((b - s)”‘@)d@”

Z fje(b —8) & (O)T((b - s)”@)dGH

x || f(s,x(s))||ds - zxf

X

U(jg(s, T,x(T))dT]

ds} (s)ds

t
|
0
t
|
0

< Millxol| + b*[M ||| + Kl]MzMs[Hle + M| xol| + M1L1b" + M1Lzb“+1]

fo o(t - s)“_lga(G)T((t - s)“Q)dGH IIf (s, x(s))||ds

Ije(t —s)* & (O)T((t- s)“@)d@” “ U:g(s, 7, x(r))dr| ||ds

+ M1L1bu + A]\/IlebmJr1 <r.
2.11)

Since f and g are continuous and ||(®Dx)(t)|| < 7, it follows that @ is also continuous and maps
Y) into itself. Moreover, ® maps Y; into precompact subset of Yj. To prove this, we first show
that, for every fixed t € J, the set Yy(t) = {(®Px)(t) : x € Yy} is precompact in X. This is clear
fort =0, since Yy(0) = {xo}. Let t > 0 be fixed and for 0 < € < t define

s t—e poo N
(Dex)(t) = fo ga(Q)T(t“Q)xon+aIO ’[0 G(t—s)“_léa(e) [T((t—S)’XQ)O'—AT((t—S)’XQ)]BW_l
) b poo
< {xl_j gu(e)T(bae)xode—aff (b - )" &, (O)T((b - 5)*0) f (s, x(5))d6 ds
0 0Jo
~ b Ao e o s
afojo O(b—5)""¢.(0)T((b—-15)"0) [J‘Og(S,T,x(T))dT] dOds t(s)dOds
t—e poo
+af f 0t - )&, (O)T((t - 5)6) f (s, x(5))d0 ds
0o Jo

+ aJ‘;_SJ‘:G(t - s)“‘lga(G)T((t -5)70) [J‘Zg(s, T,x(T))dT] dods.
2.12)
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Since T (t) is compact for every t > 0, the set Y (f) = {(Dcx)(f) : x € Yy} is precompact
in X for every ¢, 0 < € < t. Furthermore, for x € Yj;, we have

[[(D2x) () = (Pex) (B)]

< aft Iwe(t —5)* &, (0) [T ((t - 5)"0)0 — AT((t - 5)“0)] BW ™
t-e/ 0

0 b poo
y {xl - JO £ (0)T (b%0) x,d6 — “J‘ofo O(b - 5)" "2, (O)T (b - 5)°0) f (s, x(5))d0 ds

—aJﬁJjQ(b - s)“*léa(O)T((b -5)"0) U:g(s, 7,x(7))dT

ae ds} (s)do ds

aJt jwe(t —8)“ & (O)T((t-5)"0) f (s, x(s))dO ds
t-e/ 0

+

+

a’[i_SJ.:oG(t ~5)" &, (O)T((t-5)"0) U:g(s, T,x(T))dT] dods

< e [Milo]| + K] M2 M3 [||x1|| + Mi||xo|| + MiL1b” + Mleb“H] + MiLie" + MLye"b,
(2.13)

which implies that Yy (f) is totally bounded, that is, precompact in X. We want to show that
@D(Y)) = {Dx : x € Yp} is an equicontinuous family of functions. For that, let t, > t; > 0. Then
we have

[(@x) (1) = (Dx) (£2)]|

<

ty poo
af f 02, (0) [(t1 — )" [T((t1 - 5)*0) 0 — AT((t1 - 5)*6)]
070

~ (ta— )" [T ((t2 - 5)°0) 0 — AT ((t, — 5)°0)]

© b a0
XBW‘l{xl—f éaw)T(b“e)xod@-“f I (b~ )" &(OT((b ~5)"0) f(s,x(5))d0 ds
0 070

b poo s
—sz‘ f B(b - 5)" & (O)T((b - 5)"0) U g(S,T,x(T))dT] d@ds}(s)d@ds
0Jo 0

+

afszega(e)(tz —5)" [T ((t, — 5)*0) 0 — AT ((t, — 5)*0) | BW

1/ 0
0 b oo

X {x1 - f & ()T (b%0)xodO — af ’[ B(b —5)" " (O)T((b—5)"0) f(s,x(s))dO ds
0 0/ o

b poo s
‘“LIO B8(b—s)""¢.(0)T ((b—5)"0) Uog(s, T,X(T))dT] de ds} (s)d6 ds
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+

tl jee)
af [ ot~ (- 970) - (2= 9" T((12 - 9)°0) | (5, x(s)) o s
070

+

“f of :O 85(O)[(1=5)"" T((11-5)"6) ~ (2=5)""'T((12-5)"0)] U Zg(s, r,xm)dT]

x dBds

+

i‘z jee)
af [ 0@t - 9 T((12 - 9)%€) £ (s, x(9) d0 s
t1/ 0

+

aﬁjﬁega(e)(tz -8)*" T((t2-5)"0) [ f O g(s, T,x(T))dT] do ds

(2.14)
By using conditions (H2)-(H6), we get
[[(@x)(t1) = (Dx) () |

t
< ajo (t1 = )" [T((t1 - 5)*0)0 — AT((t1 - 5)*0)]

— (ta— s)* [T ((t2 - 5)°0) 0 — AT((t2 - 5)°0)] ||
x [MaMa{ Il + Mullxoll + Mi (Lib® + Lob™1) || s

+ (b= 1) [Mi My Ms|o | + Ky Mo Ms]{ x| + Mallxol| + My (Lib® + Lob™1) |

5]
+aj
0

X [Ll + Lzb“]ds + (tz — tl)aMl [Ll + Lzbu].

[(t1 — )T ((ty - 5)°0) = (t2 — ) ' T((t2 - s)“e)] ||

(2.15)

The compactness of T(t),t > 0, implies that T(t) is continuous in the uniform operator
topology for ¢ > 0. Thus, the right hand side of (2.15) tends to zero as t, — t;. So, ®(Yp)
is an equicontinuous family of functions. Also, ®(Y)) is bounded in Y, and so by the Arzela-
Ascoli theorem, @(Y)) is precompact. Hence, from the Schauder fixed point in Yy, any fixed
point of @ is a mild solution of (1.1) on J satisfying

(Dx) (1) = x(t) € X. (2.16)

Thus, system (1.1) is controllable on J. O
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3. Application

Let Q C R" be bounded with smooth boundary T'.
Consider the boundary control fractional integropartial differential system

Ty (t, t
1o} ya_i"‘ x) - Ay(t,x) = F(t,y(t,x)) + IOG(t, s,y(s,x))ds, inY =(0,b)xQ,

y(£,0) =u(t,00 onX=(0,b)xI, te[0,b], (3.1)

y(0,x) = yo(x), for x € Q.

The above problem can be formulated as a boundary control problem of the form of (1.1) by
suitably taking the spaces E, X, U and the operators B;, 0, and 7 as follows.

Let E = L?(Q), X = H™Y2(T'), U = L*(T"), B = I, the identity operator and D(c) = {y €
L*(Q) : Ay € L*(Q)}, 0 = A. The operator T is the trace operator such that Ty = y|r is well
defined and belongs to H™!/2(T') for each y € D(o) and the operator A is given by A = A,
D(A) = H}(Q) U H?*(Q2) where H*(Q), H?(Q), and H| (<) are usual Sobolev spaces on Q, T.
We define the linear operator B : L?(I') — L?(Q) by Bu = w, where w, is the unique solution
to the Dirichlet boundary value problem

Aw, =0 in Q,
(3.2)
wy,=u inT.
We also introduce the nonlinear operator defined by
Fx(®) = F(tyt,x),  glts,x(s)) = G(t,s,y(s,x)). (33)

Choose b and other constants such that conditions (H1)—-(H6) are satisfied. Consequently
Theorem 2.2 can be applied for (3.1), so (3.1) is controllable on [0, b].
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