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We offer conditions on semipositone function f(t, 1o, u1,...,u,—2) such that the boundary value
problem, u®" () + f(t,u(c™(t)), u® (" 2(t)),...,ud" " (c(t))) = 0,t € (0,1) N'T, n > 2, u™(0) = 0,
i=0,1,...,n-3, au®(0) - ﬂuAH 0) =0, YuAH (o(1)) + 6ut"" (6(1)) = 0, has at least one positive
solution, where T is a time scale and f (¢, ug, u1,...,us—) € C([0,1] x ]R[O,oo)"_l,R(—oo,oo)) is
continuous with f(t, 1o, u1,...,u,—2) > —M for some positive constant M.

1. Introduction

Throughout this paper, let T be a time scale, for any a,b € R = (-o0,+00)(b > a), the interval
[a,b] defined as [a,b] = {t € T | a < t < b}. Analogous notations for open and half-open
intervals will also be used in the paper. We also use the notation R[c, d] to denote the real
interval {t € R | ¢ <t < d}. To understand further knowledge about dynamic equations on
time scales, the reader may refer to [1-3] for an introduction to the subject.

In this paper, we present results governing the existence of positive solutions to the
differential equation on time scales of the form

WA () + f<t,u<o”’1(t)>,uA (oﬂfz(t)), .. .,uAH(o(t))> =0, te(0,1), n>2 (1.1)
subject to the two-point boundary conditions

ut(0)=0, i=0,1,...,n-3,
aut"” (0) - put" (0) = 0, (1.2)
yut" (o (1) + 6ut" (0(1)) =0,
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where a,y,5,6 >0,d :=ab + yp + ayo(1) > 0and
6+Y<0'(1) —02(1)) > 0. (1.3)

Throughout, we assume that f(t,up, u1,...,u,—2) € C([0,1] x R[O, )", R(-00, 0)) is
continuous with f(t, up, u1,...,u,—») > —M for some positive constant M.
Let C,[0,1] denote the space of functions

cm[0,1] = {u cueC[0,6"(M)],...,ud"" e C[0,0(1)],u" € Ca[0,1] } (1.4)

We say that u(t) is a positive solution of BVP (1.1) and (1.2), if u(t) € C7,[0,1] is a solution of
BVP (1.1) and (1.2) and ud (t) >0,t € (0,06™(1)),i=0,1,...,n-2.

Various cases of BVP (1.1) and (1.2) have attracted a lot of attention in the literature.
When n = 2, BVP (1.1) and (1.2) has been studied by many specialists. For example,
Agarwal et al. [4] have established the existence of positive solutions for continuous case
of the semipositone Sturm-Liouville BVPs. Erbe and Peterson [5] andHao et al. [6] dealt
with Sturm-Liouville BVPs on time scale of positone nonlinear term. In addition, Agarwal
and O’Regan [7] obtained positive solution of second-order right focal BVPs on time scale
by using nonlinear alternative of Leray-Schauder type. In 2005, Chyan and Wong [8]
obtained triple solutions of the same BVPs with [7]. Recently,Sun and Li [9, 10] investigated
semipositone Dirichlet BVPs on time scale. For higher-order BVPs, continuous case of BVP
(1.1) and (1.2) have been investigated by Agarwal and Wong [11], Wong and Agarwal [12]
and Wong [13]. The discrete positone case of BVP (1.1) and (1.2) has been tackled by using a
fixed point theorem for mappings that are decreasing with respect to a cone in [14]. Especially,
time-scale case of (1.1) with four-point boundary condition has been studied by Liu and
Sang [15]. Besides, BVP (1.1) and (1.2) of nonlinear positone term f (¢, u(t),u'(t),..., u™ D (t))
which satisfied Nagumo-type conditions have been dealt with in [16]. Motivated by the
works mentioned above, the purpose of this paper is to tackle semipositone BVP (1.1) and
(1.2). In fact, BVPs appeared in [7-14] can be looked at as special case of BVP (1.1) and (1.2)
in this paper. For other related works, we also refer to [17-19].

The paper is outlined as follows. In Section 2, we will present some notations and
lemmas which will be used later. In Section 3, by using Krasnoselskii’s fixed point theorem in
a cone, we offer criteria for the existence of positive solution of BVP (1.1) and (1.2).

2. Preliminary

In this section, we offer some notations and lemmas, which will be used in main results.
Throughout this paper, we always use the following notations:

(C1) K(t,s) is the Green’s function of the differential equation —u*"(t) = 0, t € (0,1)
subject to the boundary conditions (1.2);

(Cy) k(t,s) is the Green’s function of the differential equation —u*2(t) = 0, t € (0,1)

subject to the boundary conditions

au(0) - put(0) =0,  yu(o(1)) +6u(c(1)) = 0; (2.1)
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(C3) Define T; : [0,1] - R,i=0,1,...,n—2as
t
To(t) =q(t), Ti(t) = I Tia(r)AT, i=1,2,...,n-2,
0

where

_ . at+p y(oc(1)-t)+6
q(t) = te[f)’fhlzrh)]{ ac?(1) +p yo()+6 }

Lemma 2.1. For the Green’s function k(t, s) the following hold:

0< q(k(a(s),s) <k(t,s) < k(o(s),s), (t5)€ [o, 02(1)] % [0,1].

Proof. It is clear that

k(t,s) = K47 (t,s) =

Ul =

From the expression of k(t, s), we can easily obtain

0<gt)k(o(s),s) < k(t,s) <k(o(s),s), (ts)€ [O,oz(l)] x [0,1].

Lemma 2.2. Let w(t) be the solution of BVP
-ut" )y =M, te[0,1],
u2(0)=0, i=01,...,n-3,
au®"(0) - put" (0) =0,

yut" (o(1)) + 64" (0(1)) = 0.

Then

0<w () < cMT,0i(t), te [0, o"*"(1)], i=0,1,...,n-2,

where

GRS ICJORT AN

and M € R(0, o) is a positive constant.

{at +p}{y(c(1) - o(s)) +6},  t<s,

{ao(s) +B}{y(c(1) -t) +6}, o(s) <t

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Proof. Fort <s,

kam)=é{M+ﬁHwaJ—o@»+6}sg{M+ﬁHrwﬂJ—w+6}

_at+p y(e(l)-H+6 (yo(l)+6) (a?0(1) +p)
~ac?(1) + ‘ yo(1)+6 ‘ d

< ea®)
“o(l)’

For o(s) <,

k(t,s) = %{ao(s) +pHy(o(1) —t) + 6} < %{at +BHy(c(1) - t) + 6}

_ y(o(l)-t)+6 o at+ p (yo(1) + 6) (ac?(1) + )

yo(1) +6 ac?(1) +p ‘ d
< ea®)
T o)’
So
0<k cq(t) 2
<k(ts)s oy, (69 €[00 M) < [01]
By defining w(t) as w(t) = fg(l) K(t,s)Mds,t € [0,0™(1)], it is clear that
. o(1)
w7 (1) = f k(t,s)Mds, te [0,02(1)].
0
Then

cq(t) (@

0<w™(h) < o) Jo

MAs =cMg(t), te [0,0'2(1)].

Further, since wAi(t) =0,i=0,1,...,n-3, we get

0<w () < cMT,oi(t), te [o, o"-i(1)], i=0,1,...,n-2.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
O

Lemma 2.3 (see [20]). Let E be a Banach space, and let C C E be a cone in E. Assume that Qq,Qy
are open subsets of E with 0 € Q1 C Q1 C Qp, and let T : C N (Qy \ Q1) — C be a completely

continuous operator such that either
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() IITull < [lull, u € CNOQy; I Tull > [[ull,u € CNOQ, or
(ii) [ITull > flull,u € CNOu; || Tull < [lull,u € CNOQ,.

Then, T has a fixed point in C N (ﬁz \ Q7).

3. Main Results

In this section, by using Lemma 2.3, we offer criteria for the existence of positive solution of
BVP (1.1) and (1.2).
Let E denote the space of functions

E= {u cueCl0,6"M)],...,ut" € C[0,03(1)],uAH € C[O,oz(l)] } (3.1)

Let B = {u € E: ut(0) = 0,i =0,1,...,n - 3} be a Banach space with the norm ||u| =
n-2
SUP;e0,02(1)] [ud""(t)], and let

C-= {u €B:ut (1) > q(t)||ull,t € [o, 02(1)] } (3.2)

It is obvious that C is a cone in B. From 1%’ (0) =0,i =0,1,...,n -3, it follows that for all
uecC,

Tn—z—i(t)””” < uAi(t) < OOHu”/ te [O/ O.nii(l)]l i= Or 1/ e - 2/ (33)

where
oo := [0"(1)]"> (3.4)

Throughout the rest of the section, we assume that the set [0, 0(1)] is such that

§:min{T€T:T2$}, §:min{T€T:TS?%(1)} (3.5)
exist and satisfy
o(1) 30(1)
— < < . 3.6
4 S6<6s— (3.6)
In addition, we denote that
i = min T, (), i=0,1,...,n-2. (3.7)

te [g, on-i-1 (g)]
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In order to obtain positive solutions of BVP (1.1) and (1.2), we need to consider the
following boundary value problem:

u" () + f* (t,v(o"‘l(t)>,vA (o"-z(t)),...,vA”’z(o(t))> =0, te(0,1),
u¥(0)=0, i=0,1,...,n-3, (3.8)

au®(0) - put (0) =0,  yut"(0(1) +6u" (0(1)) =0,

where

v(t) =u(t) —w(t), (w(t)isasin Lemma 2.2),

(3.9)
f*(t/u0/u1/~ . -/un—2) = f(t/PO/Plr- . -rpn—Z) +M
and foralli=0,1,...,n-2,
uj, u; >0,
pi = (3.10)
0, u; < 0.

Let the operator S : C — B be defined by

o(1)

(Su)(t) = O K(t,s)f*<s,v(o"-1(s)>,vA(a"-2(s)),...,vA"’ (o(s)))As, te[0,0m(1)],

(Sw)2 (1) = J‘O(l) k(t,s)f* <S,U<o"_1(s)>,UA (G"‘Z(s)>, oA (o(s)))As, te [o, 02(1)].
0

(3.11)
Lemma 3.1. The operator S maps C into C.
Proof. From Lemma 2.1, we know that for t € [0,02(1)],
n-2 U(l) n-2
(5w () = j k(t,5)f* (s,0(0"7(5)), 0% (0" 2(9)), ..., 0¥ (0(5)) ) As
’ (3.12)

o(1) n-2
< fo k(0(s),9)f*(5,0(0"()), 0% ("%(5) ), v*" " (0(5)) ) As.
So for t € [0,0%(1)],

1Sull < f:(l) k(a(s),s)f* <s,v<0"’1(s)>,vA (oH(s)),. N ,UAH(G(S))>AS. (3.13)
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From Lemma 2.1 again, it follows that for t € [0,02(1)],

(Sw)2 (1) = IU(D k(t,s)f* (s, v(a’H (s)), oA <a"-2(s)), oA (o(s))> As
0

o() . ) w2 (3.14)
k , * , n-1 , A n-2 e, A A
> fo q(tH)k(o(s),s)f <s v(o (s)) v (o (s)> v (0(5))) S
> q(B)]|Sul-
Hence, S maps C into C. O

Lemma 3.2. The operator S : C — C is completely continuous.

Proof. First we shall prove that the operator S is continuous. Let u,, u € C be such that
lim,,, _, oo ||ty — 1|| = 0. From u®'(0) =0, i =0,1,...,n -3, we have

sup |ud'(t)-u® ()| —0, i=01,...,n-2 (3.15)
te[0,0m(1)]

Then, it is easy to see thatas m — oo

pu = sup | £ (5,1 (0" (5)) = w0(0"(9)),.-.. by (0()) - A" (0(5)))

selonl (3.16)
—f* <s,u<0'"‘1(s)> - w(o"‘l(s)>, o, uAH(o(s)) - wAH(o(s))> | — 0.
Hence, we get from Lemma 2.1 that for t € [0, o%(1)],
|(Sun) " (5 = (5> ()]
o(1) n-2 n-2
= fo k(t,s) [f <s, Up <0 1(s)) - w(o 1(s)),. L ub " (o(s) —w? (o(s))>
(3.17)

—f* (s,u(o"‘l(s)> - w(o""l(s)>, ..., uAH(o(s)) — " (O‘(S)))] As

o(1) o(1)
< pmf k(t,s)As < pmf k(o(s),s)As — 0, as m — co.
0 0

This shows that S : C — C is continuous.
Next, to show complete continuity, we will apply Arzela-Ascoli theorem. Let Q be a
bounded subset of C. Then there exists L > 0 such that forall u € Q,

supluM_z' <L, sup|uAi| <opl, i=0,1,...,n-3, (3.18)
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where o) is given in (3.4). Let

M= sup f(s,p0prs- - pu2) + M. (3.19)
(5,00,01,-pn-2)E[0,1]xR[0,00 L] >xR[0,L]

Clearly, we have for t € [0,0%(1)],

- __ o) __ o)
|(5u)A (t)| < Mf k(t,s)As < Mf k(o(s),s)As (3.20)
0 0

and for t,t' € [0,0%(1)],
> o __ (o
(Su)®" (t) - (Sw)® (t’)| < Mf |k(t,s) - k(t,s)|As. (3.21)
0

The Arzela-Ascoli theorem guarantees that SC is relatively compact, so S : C — C is
completely continuous. O

Theorem 3.3. Assume that the following conditions hold:

(i) there exist r € R(cM,o0) such that for any (ug,uy, ..., uy—2) € I'y := R[O, oor]"‘2 x
R[O,7],

o(1)
Alug,uy, ..., Uy 2) = f k(o(s),s)[f(s, uo,u1,..., un2) + M]As <, (3.22)
0

(ii) there exist R € R(cM,o0) with R#r such that for any (uo,uy,..., uy2) € I'r =
R[enoR, ooR] x R[emi R, opR] x - - - x R[en,—2R, R],

¢
B(uOI Uy, enny, un—Z) = Hn-2 J‘ k(O'(S), S) [f(S, Uo, Uty - - - run—Z) + M] As 2 RI (323)
4

where oy is given in (3.4), ¢, are given in (3.5), 3, 1 =0,1,...,n—2 are given in (3.7),
and

e=1-—"-. (3.24)

Then BVP (1.1) and (1.2) has a positive solution.

Proof. Without loss of generality, we assume that r < R. Now we seek positive solutions of
BVP (3.8). Let

Qi ={ueB:|ul<r). (3.25)
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For u € 01 N C, it follows from (3.3) that
0<ud () <opr, te [o, o"-i(l)], i=0,1,...,n-3. (3.26)

From (i), we obtain that for u € 0Q2; N C,

(Su)AH (t) = f:(l) k(t,s)f* <s, v(o"“1 (s)), o <0'"*2(s)>, ey A" (o(s))) As

o) (3.27)
k , * : n—-1 , A n-2 L., A A
< 4[0 (o(s),s)f (s v(o (s)) v <O' (s)) v (0(5))) s
<r.
So
[|Sul| < |lul, ue€onC. (3.28)
Let
Qo ={ueB:|ul <R} (3.29)
For u € 0Q, N C, it follows from Lemma 2.2 and (3.3) that for s € [0, 0(1)],
o <O.n—i—1(s)> — <O.n—i—1(s)> ' (O.n—i—l(s)>
> u? <o-”‘i‘1(s)> —cMT, o (a""i‘l(s)>
. MTn_ i n—i-1
= u® (0" (s)) - (GR )l (3.30)
> uAi <O.n7171( )> _ CMuAt (;):_i_l (S))
= eu® (o”f’;l(s)> > eRTn_z_i<0"*i*1(s)>, i=0,1,...,n-2.
So
v¥ (0" N(s)) 2 eniR, s€[gel i=01,...,n-2, (3.31)

where 7; is given in (3.7) and € is given in (3.24).
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Combining Lemma 2.1, (3.3), and (ii) with (3.31), we obtain that for u € 0, N C,

o(1)

(s () = [

0

k(t,s)f* (s,za(t;”‘l(s)),vA (o”‘z(s)>, I (o(s))) As

> f: k(t,5)f* (s,0(0"()),0* (6"%(5)) -, 0> (0(s))) As (3.32)

> T E k(o(s),5)f* (s, 0(0"(9)), 0% (0"(s) )., 0" (0(5)) ) As

> R.
So
Sull > |lull, w©e€onC. (3.33)

Therefore, it follows from Lemma 2.3 that BVP (3.8) has a solution #; € C such thatr < ||us|| <
R.

Finally, we will prove that u; () — w(t) is a positive solution of BVP (1.1) and (1.2). Let
u(t) = ui(t) — w(t), then we have from Lemma 2.2 and (3.3) that fori=0,1,...,n -2,

u® (1) = ub (t) — w? (t) > ud' () = cMT,oi(t)

r

M (1) (3.34)

> up (t) -
> ub'(t) -

- (1 - #)ﬁ"(t) > (r — cM)Ty0i(t) >0, te <o, o"-i(l)).

In addition,

ut' () =ud' () + M
. *(t, " <o"—1(t)) - w<o"-1(t)),...,uf"’z(o(t)) - wAH(O'(t))> +M
. f(t, uw <0”_1 (t)> - w(o"-l (t)), Y (o) - (0(t))>
- —f<t,u<o"*1(t)>,. ut (o(t))).

(3.35)

So, u(t) = ui(t) — w(t) is a positive solution of BVP (1.1) and (1.2). This completes the proof.
O



Advances in Difference Equations 11

Corollary 3.4. Assume that

(a) fOT any (t/ Uy, ulr---run—Z) € [0/1] X R[O/ Oo)nilr

f(t/ Uo, U, -, un—Z) +M < /’l(t)g(u()r Ui,..., un—Z)l (336)

where g : R[0,0)" " — R[0, 00) is a continuous function which is nondecreasing in u;
for each fixed (u, ..., uj1,Ujs1,- .., Un2) and u(t) is a continuous nonnegative function
on [0,1],

(b) for any (t,up, uy, ..., u,2) € [¢,¢] x R[0,00)" ",

f(t/ uO/ ul/ M4 un—Z) + M Z v(t)h(u()/ ul/ cecy un—z)/ (337)

where h : R[0,00)"" — R[0,0) is a continuous function which is nondecreasing in U;
for each fixed (uo, ..., uj-1,ujs1, ..., Up2) and v(t) is a continuous nonnegative function
on [0,1],

(c) there exists r € R(cM, o0) such that

o(1)
g(oor, ..., 001, 1) fo k(o(s),s)u(s)As <r, (3.38)

(d) there exists R € R(cM, oo) with R#r such that
/S
h(enoR, emiR, .. .,eqn_zR)qn_zj k(o(s),s)v(s)As > R. (3.39)
3

Then BVP (1.1) and (1.2) has a positive solution.

Proof. From (a) and (c), we obtain that for (up, ui, ..., u,—) €Iy,
o(1)
Alug,uy, ..., Uy o) = I k(o(s),s)[f(s,uo,u1,..., un2) + M]As
0

o(1)
< f k(o(s),s)u(s)g(uo, u1, ..., up—)As (3.40)
0

a(1)
< g(oot, ..., o0t, r)j k(o(s),s)u(s)As <r.
0
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So, condition (i) of Theorem 3.3 is satisfied. From (b) and (d), we obtain that for (ug, uy, ...,
up2) €IR,

14
B(ug,u1,. .., uy2) = qn_2f k(o(s),s)[f(s,uo,u1,..., Un2) + M| As
14
14
N L C O T R (3.41)
14
4
> h(enoR, emR, ... ,€71n—2R)71n—2f k(o(s),s)v(s)As > R.
4
So, condition (ii) of Theorem 3.3 is satisfied.

Therefore, from Theorem 3.3, BVP(1.1) and (1.2) has a positive solution. O

Corollary 3.5. Assume that conditions (a) and (c) of Corollary 3.4 and the following condition hold:

t,ug,ui,..., Upp) + M D
lim min £ 1011 n-2) eR L), (3.42)
up U+t — 00 te[E (] Ug+ U+ + U € ZI”:‘O i

where Dy = [ fg k(o(s), S)AS]_l. Then BVP (1.1) and (1.2) has one positive solution.

Proof. We only need to prove that (3.42) implies condition (ii) of Theorem 3.3. From (3.42),
we know that there exists R (R may be chosen arbitrary large) such that for (ug, u1, ..., u,—) €
RlenoR, o0) x -+ x R[eny-2R, o),

mlnf(t/uOIul/”-/un—Z)"-M> Dl

> - (3.43)
te[é,é] Ug +u+---+ Uy_2 € Z?:O rli
Hence, for (t,up, u1,...,uy,2) € [¢,¢] x TR,
n-— n-2
f(t,uo,u, ..., Uup2) +M> Z equR DiR. (3.44)
i= 0 i=0 62 Hi i=0
Thus, it follows that
8
B(uo, u1,..., Uy ) = 'ln—ZI k(o(s),s)[f(s,uo, u1, ..., un2) + M] As
¢
. (3.45)
> 11"_2_[ k(o(s),s)D1RAs =R
¢
So, condition (ii) of Theorem 3.3 is satisfied. O

Finally we present an example to illustrate our result.
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Example 3.6. Consider the following boundary value problem:

5 ) 2(t Ao (1)) /5
ud (t)+sm[uﬁ(o(t))]+eXp((”$5(+)l:GZ(t§;’)( D) o e @nT,

uw©0)=0, ub0)-ud0)=0, ub(c(1)) =0,

(3.46)

where T = QU {t/8 : t € N}, f(t,up,u1) = sinug + exp((up + u1)/5)/5(5 + up), M =1,
a=p=056=1,and y = 0. Obviously,

d=ab+yp+ayo()=1,  6+y(c()-0*(1)) =120, g:%, =2 (347)

Let u(t) = »(t) = 1,g(mo,u1) = 2 + exp((uo + u1)/5)/5(5 + up), and h(ug,u1) =
exp((up + u1)/5)/5(5 + up). So conditions (a) and (b) in Corollary 3.4 are satisfied. By
direct calculation, we obtain that ¢ = 81/32,00 = 11/8,To(t) = q(t) = (4/9)(t + 1),t €
[0,10/8],and Ti(t) = fé g(T)AT = 3 1cpop [0(T)—7]q(7). Since Ti(t), i = 0,1 are nondecreasing,
1o = mingez/g1T1(t) = T1(3/8) = 3/16, 11 = mingejz/s,7/819(t) = q(3/8) = 11/18. In addition,
Jo k(o(s),5)As =117/64, [} k(0(s),5)As = 39/64. Take r = 5, R = 63. So

o(1)
g(oor, 1) fo k(o(s),s)u(s)As

_ (2 exp([op +1]r/5)

o(1)
5(5 + oor) ) .[o k(o(s),s)As =399 <5=r,

: (3.48)
h(enoR, e R)m L k(o(s),s)v(s)As

~ exp((R-cM)(no+m)/5)
5[5+ (R-cM)ny]

¢
m f k(o(s),s)As =71.25> 60 = R.
¢

Hence, conditions (c) and (d) in Corollary 3.4 are satisfied. Therefore from Corollary 3.4,
(3.46) has at least one positive solution.

Remark 3.7. In Example 3.6, because nonlinear term f may attain negative value, the result in
[15] is not applicable.
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