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We consider the Bernstein polynomials on Z, and investigate some interesting properties of
Bernstein polynomials related to Stirling numbers and Bernoulli numbers.

1. Introduction

Let C[0,1] denote the set of continuous function on [0, 1]. Then, Bernstein operator for f €
C[0,1] is defined as

B,(f)(x) = Z f<§> <Z>xk(1 -x)" k= kzzéf(S)Bk,n(x), (1.1)

k=0

for k,n € Z, where By ,,(x) = (})x*(1- x)"_k is called Bernstein polynomial of degree n. Some
researchers have studied the Bernstein polynomials in the area of approximation theory (see
[1-6]).

Let p be a fixed prime number. Throughout this paper Z,, Q,, C, and C, will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers,
the complex number field, and the completion of algebraic closure of Q,. Let UD(Z),) be the
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set of uniformly differentiable function on Z,. For f € UD(Z,), the p-adic g-integral on Z, is
defined by

N_q
fzp f(xdpu(x) = Nh;nwpiN p;ﬂ £) (12)

(see [4, 7-15]).
In the special case, if we set f(x) = x" in (1.2), we have

B, = I x"du(x). (1.3)

Zp

In this paper, we consider Bernstein polynomials on Z, and we investigate some
interesting properties of Bernstein polynomials related to Stirling numbers and Bernoulli
numbers.

2. Bernstein Polynomials Related to Stirling Numbers and
Bernoulli Numbers

In this section, for f € UD(Z,), we consider Bernstein type operator on Z, as follows:
S AYZAW® nek _ k
Bu(f)(x) =3 f( ) ()" @=x)"" =3 f(~)Bk(x), (2.1)
k=0 N\ k=0 N\

for n € Z,, where By ,(x) = (})x*(1 - x)"_k is called Bernstein polynomial of degree n. We
consider Newton’s forward difference operator as follows:

Af(x) = f(x+1) - f(x),

n n 2.2)
A f(x) = S () D) —kfx+ k) = S () (1) ~ k).
7= () —kfee k) = S () D Feen k)
For x =0,
250 = 3 (MY -1 = 3 (7)1 £ k). 23
50 = 3} )V rn—r = S ()0t 23)

Then, we have

£ = @+ 210 = 35(7) a'f o) (.4

1=0
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From (2.4), we note that

— S x n
f(x) = nZ:O <n> A"£(0), (2.5)
where
210 = 3 (1) 0 fon- . 26)

The Stirling number of the first kind is defined by
n n
[T +kz) =D Si(n, k)2, (2.7)
k=1 k=0

and the Stirling number of the second kind is also defined by

n

H(l " kz) Z S,(n, k)z~. (2.8)
By (2.5), (2.6), (2.7), and (2.8), we see that
1< (k 1
Salm k) = 7 33 1) (5) =, 29)

where A"0™ = Zzzo(z)(—l)k(n —k)™. Note that, for k € Z, and x € [0,1],

tke(l x)t k n+k thrk
(k) et k n
Fo(x) = Z( ) D R

(2.10)

— < ([ k(1 _ . \nk t" _ < t
_nz:,:(<k)x (1-x) O _nZ=oBk (x)

Thus, we note that t*e(!™)!x* / k! is the generating function of Bernstein polynomial. It is easy
to show that

& [ B =5 (" F) e v, i) = 5 (") 0B e

1=0 1=0

By (2.11), we obtain the following theorem.
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Theorem 2.1. For n, k € Z, with n > k, one has

o n-k
(1% J;p By n (x)dﬂ(x) = Z Z <7’l ; k> (_1)1Bn+k/

m=0 [=0

where By, are the nth Bernoulli numbers.

n [12], it is known that

X" = Z (’;) k1S, (n, k),

k=0

n k
Z (n)Bkn(x)
e (1)

fori € N. By (1.1) and (2.14), we see that

© N :
Z( n—i+m-— 1>(_1)mxn—i—m(1_x)m > (;in,n(x)

m= k=i-1

i zn: ?( —z:—nm 1)( >( _q)mnimek (] _ ymmek

m=0k=i-1 ‘1 )

I W (R TC A (4

« (_1)l+mxl+n—i—m+k

[}

M

7

for i € N. By (2.15), we obtain the following theorem.

Theorem 2.2. Forn,k € Z,,and i € N, one has

w n mtn-k _ _1 —k -
DI T (s [ G [ () [

m=0 k=i =0

From (2.13) and (2.14), we note that

n k i
D E,};Bkn(x) Z(i)k!sz(i, k).

k=i-1 k=0

n [16], it is known that

fz (Dd”(x) - n}rl‘

'p

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



Advances in Difference Equations 5

By (2.17), (2.18), and Theorem 2.2, we have

&K r
B, = k% 1 (-1)%Sy(k,n - k). (2.19)

From the definition of the Stirling numbers of the first kind, we drive that
X n k
n'=(x), = Si1(n, k)x*. 2.20
(5=, 3810m (220)

By (2.17), (2.19), and (2.20), we obtain the following theorem.

Theorem 2.3. For k,n € Z. and i € N, one has

n k i k
> %Bk,n (x) = S1(n,1)S, (i, k). (2.21)
k= ! k=0 1=0

By Theorems 2.2 and 2.3, we obtain the following corollary.

Corollary 2.4. For k € N, one has

ik
Bi(x) = S1(n,1)S2(i, k) By, (2.22)
k=0 120

where B; are the ith Bernoulli numbers.
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