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The purpose of this article is to investigate the existence of almost periodic solutions of a
system of almost periodic Lotka-Volterra difference equations which are a prey-predator system
x1(n+1) = x1(n) exp{by (n) a1 (n)x1 (n)—ca(n) oo, Ka(n=s)x2(s)}, x2(n+1) = x2(n) exp{-by(n)-
ar(n)x2(n) + c1(n) i, Ki(n — s)x1(s)} and a competitive system x;(n + 1) = x;(n) exp{b;(n) —

a;ixi(n) — Z;&l,j#i >, Kij(n—s)x;(s)}, by using certain stability properties, which are referred
to as (K, p)-weakly uniformly asymptotic stable in hull and (K, p)-totally stable.
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1. Introduction and Preliminary

For ordinary differential equations and functional differential equations, the existence of
almost periodic solutions of almost periodic systems has been studied by many authors. One
of the most popular methods is to assume the certain stability properties [1-4]. Recently, Song
and Tian [5] have shown the existence of periodic and almost periodic solutions for nonlinear
Volterra difference equations by means of (K, p)-stability conditions. Their results are to
extend results in Hamaya [2] to discrete Volterra equations. To the best of our knowledge,
there are no relevant results on almost periodic solutions for discrete Lotka-Volterra models
by means of our approach, except for Xia and Cheng’s special paper [6]. However, they
treated only nondelay case in [6]. We emphasize that our results extend [3, 6, 7] as a discret
delay case.

In this paper, we will discuss the existence of almost periodic solutions for discrete
Lotka-Volterra difference equations with time delay.

In what follows, we denote by R™ real Euclidean m-space, Z is the set of integers, Z* is
the set of nonnegative integers, and |- | will denote the Euclidean norm in R™. For any interval
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I € Z := (-0, 0), we denote by BS(I) the set of all bounded functions mapping I into R",
and set |¢|; = sup{|Pp(s)| : s € I}.

Now, for any function x : (-o,a) — R™ and n < a, define a function x,, : Z~ =
(=0,0] — R™ Dby x,(s) = x(n+s) for s € Z. Let BS be a real linear space of functions
mapping Z~ into R with sup-norm:

BS = {¢|¢:Z—>R’" with |¢| = sup|p(s)| <oo} . (1.1)
se€Z-

We introduce an almost periodic function f(n,x) : Zx D — R™, where D is an open set in
R™.

Definition 1.1. It holds that f(n, x) is said to be almost periodic in n uniformly for x € D, if for
any € > 0 and any compact set K in D, there exists a positive integer L* (e, K) such that any
interval of length L* (e, K) contains an integer 7 for which

|f(n+7,x)- f(n,x)| <e (1.2)

for alln € Z and all x € K. Such a number 7 in the above inquality is called an e-translation
number of f(n, x).

In order to formulate a property of almost periodic functions, which is equivalent to
the above difinition, we discuss the concept of the normality of almost periodic functions.
Namely, let f(n,x) be almost periodic in n uniformly for x € D. Then, for any sequence
{h}.} C Z, there exist a subsequence {hy} of {h } and function g(n, x) such that

f(n+hg,x) — g(n,x) (1.3)

uniformly on Z x K as k — oo, where K is a compact set in D. There are many properties
of the discrete almost periodic functions [5, 8], which are corresponding properties of the
continuous almost periodic functions f(¢,x) € C(R x D, R™) [4]. We will denote by T(f) the
function space consisting of all translates of f, thatis, f; € T(f), where

fr(n,x)=f(n+1,x), TELZ (1.4)

Let H(f) denote the uniform closure of T(f) in the sense of (1.4). H(f) is called the hull of
f. In particular, we denote by €(f) the set of all limit functions g € H(f) such that for some
sequence {ni}, nx — owask — ooand f(n+ng,x) — g(n, x) uniformly on Z x S for any
compact subset S in R™. By (1.3), if f : Zx D — R™ is almost periodic in n uniformly for
x € D, sois a function in Q(f). The following concept of asymptotic almost periodicity was
introduced by Frechet in the case of continuous function (cf. [4]).

Definition 1.2. It holds that u(n) is said to be asymptotically almost periodic if it is a sum of
an almost periodic function p(n) and a function g(n) defined on I* = [a, ) C Z* = [0, 00)
which tends to zero as n — oo, that s,

u(n) = p(n) +q(n). (1.5)
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However, u(n) is asymptotically almost periodic if and only if for any sequence {n} such
that ny. — oo as k — oo, there exists a subsequence {ni} for which u(n + ny) converges
uniformly onn;a < n < co.

2. Prey-Predator Model

We will consider the existence of a strictly positive component-wise almost periodic solution
of a system of Volterra difference equations:

x1(n+1) =x1(n) exp{bl(n) —ai1(n)xi1(n) — c(n) i Ky (n—s)xa(s) },

" (F)
xo(n+1) =x(n) exp{—bz(n) —ay(n)xz(n) + c1(n) Z Ki(n—-s)xi(s) },

S=—00

which describes a model of the dynamics of a prey-predator discrete system in mathematical
ecology. In (F), setting a;(n), bj(n), and c;(n) R-valued bounded almost periodic in Z:

a; = r1lr€1£ai (n), A= Snlelzpai (n), b; = irelgbi(n)/ o
B; = supb;(n), ¢; = infc;(n) Ci=supci(n) (i=1,2), )
nezZ nez nezZ

and K; : Z* = [0,00) — R* (i = 1,2) denote delay kernels such that
Ki(s) 20, D Ki(s)=1, D'sKi(s)<oo, (i=1,2). (2.2)
5=0 5=0

Under the above assumptions, it follows that for any (rno, ¢;) € Z* x BS, (i = 1,2), there is a
unique solution u(n) = (u1(n), u(n)) of (F) through (ny, ¢;), (i = 1,2), if it remains bounded.

We set
a1 = ex {Bl—l} o = ex {—b2+C1a1—1}
1 P a1 ’ 2 P —az
. {b1 — A1a1 — Cran } (b1 — Coarz)  {b1 — Caraz}
ﬂl = mln{exp A , A }, (2.3)
. {-Bo— Acz + 11} (B2 + c1p1) {-B2+c1p}
P = mm{exp A, , A

(cf. [6, Application 4.1]).
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We now make the following assumptions:
(1) a; >0, bi>0 (i=1,2), c1>0,¢02>0,
(ii) by > Coan, By < cif,

(iii) there exists a positive constant m such that
a; >Ci+m (121,2) (24)

Then, we have 0 < f; < a; for each i =1, 2.
We can show the following lemmas.

Lemma 2.1. If x(n) = (x1(n),x2(n)) is a solution of (F) through (no, ¢:), (i = 1,2) such that
Bi < ¢i(s) <ai (i=1,2) forall s <0, then one has f; < xij(n) < a; (i =1,2) forall n > ny.

Proof. First, we claim that

limsup x;1(n) < a;. (2.5)

n— oo

To do this, we first assume that there exists an [y > ny such that x1(ly + 1) > x1(lp). Then, it
follows from the first equation of (F) that

Iy
bi(lo) — a1 (lo)x1(lo) — c2(lo) D’ Ka(lo — )xa(s) > 0. (2.6)
Hence,
Iy
1 < bi(lo) —Cz(lo)zsz_ooKz(lo = 8)x2(s) c bill) _ By 2.7)
*1(lo) < a1 (h) *al) S
It follows that

Iy
x1(lo + 1) = x1(lo) exp{bl (Io) = a1(lo)x1(lo) = ca(lo) D, Ka(lo - S)xz(S)}

§=-00 (2.8)
exp{B; -1
< x1(lp) exp{B1 — a1x1(lp) } < % =,
where we use the fact that
-1
ngX{xexp (p-ax)}= %, for p,q>0. (2.9)

Now we claim that

x1(n) <ay, formn>l. (2.5%)
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By way of contradiction, we assume that there exists a py > Iy such that x;(po) > a;. Then,
po > lp + 2. Let pg > Iy + 2 be the smallest integer such that x;(pg) > aj. Then, x;1(pp — 1) <
x1(po). The above argument shows that x; (py) < a1, which is a contradiction. This proves our
assertion. We now assume that x;(n + 1) < x1(n) for all n > ny. Then lim, _, ,x1(n) exists,
which is denoted by x;. We claim that X; < exp(Bi — 1)/a;1. Suppose to the contrary that
X1 > exp(By — 1)/ ay. Taking limits in the first equation in System (F), we set that

S=—00

0= lim <b1(n) — a1(n)x1(n) - c2(n) z”: Ky(n— S)x2(5)>
n— oo (2.10)

< lim (by(n) — a1(n)x1(n)) < By —aijx; <0,

which is a contradiction. It follows that (2.5) holds, and then we have x;(n) < a; for all n > ny
from (2.5). Next, we prove that

lim sup x;(n) < a. (2.11)

n—oo

We first assume that there exists an ky > ng such that ko > [y and x3 (ko + 1) > x2(ko). Then

ko
—bz(ko) - az(ko)xz(ko) +C1 (ko) Z K1 (ko - s)x1 (S) > 0. (2.12)
Hence,
ko
x2(k0) < _b2(k0) + Cl(kO)‘j_;(sl_c;;oKl(kO - S)xl (S) < -by -;2(:10{1 ' (213)

It follows that

ko
x2(ko + 1) = x2(ko) exp{—bz(ko) — ay(ko)xz (ko) + c1(ko) Z K (ko - S)xl(s)}
< x5(ko) exp{-b, — arxa (ko) + Cia1} (2.14)
< exp(=by + Crag — 1) _

= - a2/
a

where we also use the two facts which are used to prove (2.5). Now we claim that

XQ(TI) <ay Vn > k(). (211*)

Suppose to the contrary that there exists a qo > ko such that x,(go) > a». Then gqo > ko + 2. Let
Go > ko + 2 be the smallest integer such that x2(go) > a2. Then x2(go — 1) < x2(go). Then the
above argument shows that x,(gp) < ap, which is a contradiction. This prove our claim from
(2.11) and (2.11%).
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Now, we assume that x;(n + 1) < x3(n) for all n > ny. Then lim,, _, ,x2(n) exists, which

is denoted by X,. We claim that X, < exp(=b, + Cia1 — 1)/ a,. Suppose to the contrary that
X > exp(=by + Ciaq — 1)/ ay. Taking limits in the first equation in System (F), we set that

0= lim <—b2(") — ax(n)xz(n) + c1(n) i Ki(n- S)x1(5)>

=00 (2.15)
< —b2 —arxy + Ciaq <0,
which is a contradiction. It follows that (2.11) holds.
We show that
liminf x;(n) > pi. (2.16)

According to the above assertion, there exists a k* > ng such that x1(n) < a3 + € and x,(n) <
ap + €, for all n > k*. We assume that there exists an [y > k* such that x; (I + 1) < x1(lp). Note
that for n > Iy,

x1(n+1) =x1(n) exp{bl(n) —a1(n)xi1(n) — c2(n) i Ky(n - s)xz(s)}

s (2.17)
> x1(n) exp{b; — Coap — A1x1(n)}.
In particular, with n = Iy, we have
by — A1x1(lp) — Coap <0, (2.18)
which implies that
x> o (219)
Then,
x1(lp+1) > bl—A—leXz exp(by — Coax — A (g + €)) = Xye. (2.20)
We assert that
x1(n) > x1., VYn>ly. (2.16%)

By way of contradiction, we assume that there exists a pg > Iy such that x;(pg) < x1.. Then
po > lp + 2. Let py + 2 be the smallest integer such that x1(po) < x1..Then x1(po) < x1(po — 1).
The above argument yields x1(po) > x1¢, which is a contradiction. This proves our claim. We
now assume that x1(n + 1) < x1(n) for all n > ny. Then lim,, _, ,x1(n) exists, which is denoted
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by x,. We claim that x, > (b; — C2a2)/A;. Suppose to the contrary that x;, < (b; — Coa2)/A;.
Taking the limits in the first equation in System (F), we set that

0= lim <b1<n) — @y (m) - ca(m) Y Kaln— s>x2<s)>

S§=—00

(2.21)
> b - Alll - Coay >0,

which is a contradiction. It follows that (2.16) holds, and then f; < xi(n) for all n > ny
from (2.16) and (2.16"). Finally, by using the inequality B, < ¢, similar arguments lead to
lim inf, _, X2 > P2, and then x,(n) > f, for all n > k¢. This proof is complete. O

Lemma 2.2. Let K be the closed bounded set in R? such that

K = {(xl,xz) € R%B; < xi < a; for each i = 1,2}. (2.22)

Then K is invariant for System (F), that is, one can see that for any ny € Z and any ¢; such that
pi(s) € K, s <0 (i =1,2), every solution of (F) through (ny, ;) remains in K for all n > ny and
i=1,2

Proof. From Lemma 2.1, it is sufficient to prove that this K # ¢.

To do this, by assumption of almost periodic functions, there exists a sequence
{ng},nk — oo as k — oo, such that b;j(n + nx) — b;(n),a;(n + nx) — a;(n), and
ci(n+ng) — ci(n) ask — oo uniformly on Z and i = 1, 2. Let x(n) be a solution of System (F)
through (no, ¢) that remains in K for all n > ny, whose existence was ensured by Lemma 2.1.
Clearly, the sequence {x(n + 1)} is uniformly bounded on bounded subset of Z. Therefore,
we may assume that the sequence {x(n + nx)} converges to a function y(n) = (y1(n), y2(n))
as k — oo uniformly on each bounded subset of Z taking a subset of {x(n + nx)} if necessary.
We may assume that 1y > 1y for all k. For n > 0, we have

x1(n+mng+1)
n+ng
= x1(n + ng) exp[bl(n +1g) —ar(n+ng)x1(n + ng) — ¢y (n + ny) Z Ky(n+ny - s)xz(s)},

xXo(m+mne+1)

= xp(n + ny) exp{—bz(n +ng) — ax(n+ ng)xa(n+ng) + c1(n + ng) nik Ki(n+ng - s)xl(s)}.

(Fu)

Since x(n + nx) € K and y(n) € K for all n € Z, there exists r > 0 such that [x(n + ng)| < r and
ly(n)| < r for all n € Z. Then, by assumption of delay kernel Kj, for this r and any € > 0, there
exists an integer S = S(e,r) > 0 such that

n-S n-S
Z |Ki(n+nx —s)xi(s)| <e, Z |Ki(n - s)yi(s)| <e. (2.23)

S=—00 S=—00
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Then, we have

S Ki(n+ m - 9)m(s) - 3 Kiln - 9)i(s)

n-S n-S

< Z |K;(n + ng — s)x;(s)| + Z |Ki(n - s)yi(s)|
s=_°°n 577 (2.24)
+ ) |Ki(n+ nx = s)xi(s) = Ki(n = s)yi(s)|

s=n-S

<2e+ zn: |Ki(n + ni — s)xi(s) — Ki(n - s)yi(s)|.

s=n-S

Since x;(n + nx — s) converges to y;(n — s) on discrete interval s € [n — S,n] as k — oo, there
exists an integer ko(€) > k., for some k, > 0, such that

i |Ki(n + ni — s)xi(s) — Ki(n— s)yi(s)| <e (i=1,2) (2.25)

s=n-S

when k > ky(€). Thus, we have

i Ki(n+ nx — s)xi(s) — Z Ki(n - s)yi(s) (2.26)

S=—00

as k — oo. Letting k — oo in (F,,), we have

yi(n+1) =y (n) exp{bl(n) ai(n)y:(n) — ca(n) i Ky(n - S)yz(S)}

(2.27)

n

yo(n+1) =ys(n) exp{ by(n) — ay(n)y2(n) + c1(n Z - 5)yi(s) },

for all n > ng. Then, y(n) = (y1(n), y2(n)) is a solution of System (F) on Z. It is clear that
y(n) € K forall n € Z. Thus, K # ¢.
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We denote by Q(F) the set of all limit functions (G) such that for some sequence {7}
such that ny — ooask — oo, bij(n+nx) — bi(n),a;(n+nx) — a;(n),and ¢;(n+nyx) — c;(n)
uniformly on Z as k — co. Here, the equation for (G) is

x1(n+1) =x1(n) exp{gl (n) —aj(n)xy(n) —ca(n) zn: Ky (n—s)xp(s) },

| (G)
x2(n+1) = x2(n) eXP{—Ez(W) - ax(n)xa(n) +c1(n) Z Ki(n- S)xl(S)}-

S=—00

Moreover, we denote by (v, G) € Q(u, F) when for the same sequence {ny}, u(n+nx) — v(n)
uniformly on any compact subset in Z as k — oo. Then a system (G) is called a limiting
equation of (F) when (G) € Q(F) and v(n) is a solution of (G) when (v, G) € Q(u, F). O

Lemma 2.3. If a compact set K in R? of Lemma 2.2 is invariant for System (F), then K is invariant
also for every limiting equation of System (F).

Proof. Let (G) be a limiting equation of system (F). Since (G) € Q(F), there exists a sequence
{ng} such that ny — oo as k — oo and that b;(n + nx) — Ei(n),ai(n +nx) — a;j(n), and
ci(n+ny) — ci(n) uniformly on Z as k — oo. Let ny > 0,¢ € BS such that ¢(s) € K for all
s < 0, and let y(n) be a solution of system (G) through (ng, $). Let x*(n) be the solution of
System (F) through (ng + ng, ¢). Then x,ﬁomk(s) = ¢(s) € K for all s > 0 and x*(n) is defined
on n > ng + ng. Since K is invariant for System (F), x*(n) € K for all n > ng + n. If we set
zK(n) = x*(n + ny), k = 1,2,..., then zK(n) is defined on n > ny and is a solution of

x1(n+1) = x1(n) exp

S=—00

bi(n+ny) — ai(n+ni)x(n) — co(n + ny) rﬁk Ky (n +nyg — s)xa(s) },

x2(n+1) = x2(n) exp{—bz(n + 1) — ax(n + ng)xz(n) + c1(n + ng) mznk Ki(n+ny - s)xl(s)},

S=—00

(2.28)

such that z& (s) = xk ., (s) = ¢(s) € K for all s < 0. Since x*(n) € K for all n > ng + n,
z¥(n) € K for all n > ny. Since the sequence {z*(n)} is uniformly bounded on [ng, o) and
zﬁo = ¢, {zF(n)} can be assumed to converge to the solution y(n) of (G) through (1o, ¢)
uniformly on any compact set [rng, o), because y(n) is the unique solution through (1o, ¢)
and the same argument as in the proof of Lemma 2.2. Therefore, y(n) € K for all n > ny since
zF(n) € K for all n > ny and K is compact. This shows that K is invariant for limiting (G).
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Let K be the compact set in R™ such that u(n) € K for all n € Z, where u(n) = ¢°(n)
for n < 0. For any 6, ¢ € BS, we set

© pi (6, %)
0, ) = A ) 2.29
PO = 250 6.9))] 22
where
p;(6,¢) = sup |6(s) - ¢:(s)|. (2.30)

—-j<s<0

Clearly, p(0,,0) — 0asn — ooifand only if 0,,(s) — 0(s) uniformly on any compact subset
of (—oo0,0] asn — oo.
In what follows, we need the following definitions of stability. O

Definition 2.4. The bounded solution u(n) of System (F) is said to be as follows:

(i) (K, p)-totally stable (in short, (K, p)-TS) if for any € > 0, there exists a 6(¢) > 0
such that if ny > 0, p(xp,, Uy,) < 6(€) and h = (hy, hp) € BS([ny, o0)) which satisfies
|F][no,00) < O(€), then p(x,, u,) < € for all n > ny, where x(n) is a solution of

x1(n+1) = x1(n) exp{bl(n) — a1 (n)xi(n) - cz(n) i Ka(n - S)Xz(S)} +hi(n),

., (F+h)
xa(n+1) =xy(n) exp{—bz(n) —ar(n)xz(n) +c1(n) Z Ki(n- s)x1(s)} + hy(n),

S=—00

through (no, ¢) such that x,,,(s) = ¢(s) € K for all s <0. In the case where h(n) =0,
this gives the definition of the (K, p)-US of u(n);

(ii) (K, p)-attracting in Q(F) (in short, (K, p)-A in Q(F)) if there exists a &y > 0 such that
if np > 0 and any (v,G) € Q(u, F), p(xu,,Un,) < 6o, then p(x,,v,) — Oasn — oo,
where x(n) is a solution of (limiting equation of (2.5)); (G) through (ny, ¢s) such
that x,,,(s) = ¢(s) € K forall s <0;

(iii) (K, p)-weakly uniformly asymptotically stable in Q(F) (in short, (K, p)-WUAS in
Q(F)) if it is (K, p)-US in Q(F), that is, if for any ¢ > 0 there exists a 6(¢) > 0 such
that if ngp > 0 and any (v, G) € Q(u, F), p(xy,, Un,) < 6(€), then p(x,,v,) < € for all
n > ng, where x(n) is a solution of (G) through (ny, ¢) such that x,,(s) = ¢(s) € K
forall s <0, and (K, p)-A in Q(F).
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Proposition 2.5. Under the assumption (i), (i), and (iii), if the solution u(n) of System (F) is (K, p)-
WUAS in Q(F), then the solution u(n) of System (F) is (K, p)-TS.

Proof. Suppose that u(n) is not (K, p)-TS. Then there exist a small € > 0, sequences {ex},0 <
ex <e€and e — 0as k — oo, sequences {si}, {nk}, {hk}, {x*} such that sy — oo as k — oo,
0<sk+1<ng he:Z — R*is bounded function satisfying |hx(n)| < e for n > s and such
that

p<usk,x§k> < €k, p(unk,x,ﬁk> >e, p(un,x,’i> <e [sk, nk), (2.31)

where x*(n) is a solution of

x1(n+1) = x1(n) exp{bl(n) - ai1(n)x1(n) - c2(n) z": Ky(n - S)xz(S)} + hi (n),

(F + hy)

S=—00

x2(n+1) = x2(n) eXP{—bz(n) — ax(n)xz(n) + c1(n) E": Ki(n- S)xl(S)} + hia(n),

such that x’sfk(s) € K for all s < 0. We can assume that € < &y where §j is the number for
(K, p)-A in Q(F) of Definition 2.4. Moreover, by (2.31), we can chose sequence {7} such that
Sk < Tk < ng,

plun, 05) = 22, (2.32)

6(e/2)
2

< p(un,xk) <e forne [, ng, (2.33)

where 6(-) is the number for (K, p)-US in Q(F). We may assume that u(n + 7.) — v(n) as
k — oo on each bounded subset of Z for a function v, and for the sequence {7k}, T7c — oo
as k — oo, taking a subsequence if necessary, there exists a (v, G) € Q(u, F). Moreover, we
may assume that x*(n + 7x) — z(n) as k — oo uniformly on any bounded subset of Z for
function z, since the sequence {x*(n + 7x)} is uniformly bounded on Z. Because, if we set
y&(n) = x*(n + 71, then y* (n) is defined on n > ny + 7 and y*(n) is a solution of

x1(n+1)

n

=x1(n) exp{bl (n+7)—ar (n+ 7)x1 (1) = ca(n +7k) D, Ko(n+ 1y - S)xz(s)} +hja (n + 7),

S=—00
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xa(n+1)

=x,(n) exp {— by(n+7i)—ax(n + ) xa(n) + c1(n + ) i Ki(n+ng - s)x1(s)} + hix(n + 1),

S=—00

(2.34)

such that yg(s) = x’;k(s) € K for all s < 0. Then we may show that taking a subsequence
if necessary, y¥(n) converges to a solution z(n) of (G) such that zy(s) € K for s < 0, by
the same argument for X-calculations with condition of K; as in the proof of Lemma 2.2.
Then, the same argument as in the proof of Lemma 2.2 shows that z € K. Now, suppose that
N — Tk — oo as k — oo. Letting k — oo in (2.33), we have 6(€/2)/2 < p(vn,z,) < € On
n > 0. Since € < &y and u(n) is (K, p)-A in Q(F), we have 6(e/2)/2 < p(vy,z,) — 0 as
n — oo, which is a contradiction. Thus ny —7x + o0 as k — oo. Taking a subsequence again if
necessary, we can assum that ny — 7 — r <o ask — oo. Letting k — oo in (2.32), we have
p(vo,z0) = 6(e/2)/2 < 6(e/2) and hence p(v,, z,) < €/2 for all n > 0, because u is (K, p)-US
in Q(F). On the other hand, from (2.31), we have p(v,, z,) > €, which is a contradiction. This
shows that u(n) is (K, p)-TS.

Now we will see that the existence of a strictly positive almost periodic solution of
System (F) can be obtained under conditions (i), (ii), and (iii). O

Theorem 2.6. one assumes conditions (i), (ii), and (iii). Then System (F) has a unique almost
periodic solution p(n) in compact set K.

Proof. For System (F), we first introduce the change of variables:
ui(n) = exp{vi(n)}, xi(n) =exp{yi(n)}, i=12. (2.35)

Then, System (F) can be written as

yi(n+1) —yi(n) = bi(n) — ar(n) exp{y1(n)} — c2(n) i Ky(n—-s)exp{ya(s)},

(F)
ya(n+ 1) — ya(n) = ~ba(n)  ax(m) explya(n)} + cr(n) 3 Ka(n — 5) exp{(s) ),

§=—00

We now consider Liapunov functional:

2 <) n-1
V(v(n),y(n)) = Z{Ivi(n) —yi(n)| + > Ki(s) D ci(s + 1) |[exp{vi(1)} - eXP{yi(l)H}/
i=1 5=0 I=n-s
(2.36)
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where y(n) and v(n) are solutions of (F) which remains in K. Calculating the differences, we
have

AV (w(n), y(n))

<loi(n+1) —vi(m)| = |y1(n+1) = ya(n)|
+ STK1(5) (ca(s + mexpon(m)} - explyr (m)}] - c1(m)|exploan - 5)) - explya(n - 9))])
+ IS;Z(H +1) —va(n)| = [y2(n +1) - ya(n)|
+ STKa(5) (cals + m)exploa(n)| - explya(m)}| - cam)|exploa(rn - )) - explya(n - 5))])

s5=0

by (1) - a1 (n) exp (o1 (n)) - ca(n) S Ka(n - 5) exploa(s))
s=0

b1(n) — an(m) exp{y1(m) ) — e2(m) S K — ) explya(s)

5=0

+ iKl(s)(cl(s +n)|exp{ovi(n)} —exp{y1(n)}|

s5=0
—c1(n)|exp{vi(n—s)} —exp{yi(n—s)}|)

“ba(n) - ax(n) exploa(n)} + c1(m) S Ki (1 - ) explo1(5)]

+
s5=0
= |-ba) - ax(m) explys(m)} + 1) DK (1= 8) explya (s))
s=0
+ iKz(s)(CZ(s +n)|exp{va(n)} —exp{y2(n)}|
s=0

—ca(n)|exp{va(n - s)} —exp{y2(n-s)}|)
|b1 (1) — a1(n) exp{ovi(n)} - c2(n) exp{va(n - 5)}|
= |b1(n) — a1 (n) exp{y1(n)} - c2(n) exp{ya(n —s)}|
+ci(s +n)|exp{vi(n)} - exp{y1(n) }| - c1(n) |exp{vi(n - 5)} —exp{y1(n - s)}|
+ |—b2(n) —ay(n) exp{va(n)} + c1(n) exp{ovi(n - s)}|
- |=ba2(n) — ax(n) exp{y>(n)} + c1(n) exp{y:1(n - s)}|
+ca(s +n)|exp{va(n)} - exp{ya(n) }| = ca(n) |exp{va(n - 5)} - exp{ya(n - s)}|
< —ai(n)|exp{vi(n)} —exp{y1(n)}| + ci(s + n)|exp{vi(n)} —exp{y1(n)}]
< —ay(n)|exp{va(n)} — exp{y2(n) }| + c2(s + n)|exp{v2(n)} — exp{y2(n)}|.

IN

(2.37)

From the mean value theorem, we have

lexp{wi(n)} - exp{yi(m)}| = exp{0:(m)}|vi(n) - yi(n)|, i=1,2, (2.38)
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where 0;(n) lies between v;(n) and y;(n) (i = 1,2). Then, by (iii), we have

2
AV (v(n),y(n)) < -mD |vi(n) - y; (2.39)
i=1

where set D = max{exp{fi1},exp{p:}}, and let solutions x;(n) of System (F) be such that
xi(n) > piforn >ngy (i =1,2). Thus 21-2:1 |vi(n)-vyi(n)] — Oasn — oo, and hence p(v,, y,) —
O0asn — oo. Moreover, we can show that v(n) is (K, p)-USin Q of (F), by the same argument
as in [5]. By using similar Liapunov functional to (2.36), we can show that v(n) is (K, p)-A in
Q of (F). Therefore, v(n) is (K, p)-WUAS in Q(F). Thus, from Proposition 2.5, v(n) is (K, p)-
TS, because K is invariant. By the equivalence between (f ) and (F), solution u(n) of System
(F) is (K, p)-TS. Therefore, it follows from Theorem 4.4 in [5] and [9] that System (F) has an
almost periodic solution p(n) such that §; < pi(n) < a;, (i=1,2),foralln € Z. O

3. Competitive System

We will consider the I-species almost periodic competitive Lotka-Volterra system:

1 n
xi(n+1) = x;(n) exp{bi(n) - ajixi(n) — Z aij(n) Z Kij(n - s)x;j(s) }, i=12,...,1
j=1j#i P
(H)

where b;(n), a;j(n) are positive almost periodic sequences on Z; a;j(n) are strictly positive,
and, moreover,

a;j = infa;j(n), Ajj =supaij(n), b;=infb;(n), B;=supbi(n),
nezZ nez nezZ nez (31)

Kij: Z" =[0,00) — R* (i,j=1,2,...,1),

which can be seen as the discretization of the differential equation in [3]. We set

exp {Bi= 1 { }

eXp{bi_Aiiai_ ]1]#1A1]a1}< 117#1A11a7> {bi_zjﬁld#iaj}

fi = min ,
All Aii

(3.2)

Now, we make the following assumptions:

(iv) Kjj(s) 20, and 32 Kjj(s) =1, 3Z(sKij(s) <o (i=1,2,...,1);
(V) bi > ijl,j#Ai]-a]- fori= 1,2,. . .,l;
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(vi) there exists a positive constant m such that

1
ai> > Aj+m  (i=1,2,...,]). (3.3)
j=Lj#i

Then, we have 0 < ff; < a; foreachi =1,2,..., 1. Under the assumptions (iv) and (v), it
follows that for any (n9, ¢) € Z*xBS, there is a unique solution u(n) = (11 (n), ux(n),...,u;(n))
of (H) through (no, ¢), if it remains bounded.

Then, we can show the similar lemmas to Lemma 2.1.

Lemma 3.1. If x(n) = (x1(n),x2(n),...,x;1(n)) is a solution of (H) through (ng,$) such that
Bi < P(s) <ai (i=1,2,...,1) forall s <0, then one has p; < x;(n) < a; (i =1,2,...,1) for all
n > np.

Proof. First, we claim that

lim sup xi(n) <B;, i=1,2,...,L (3.4)

n— oo

Clearly, x;(n) > 0 for n > ng. To prove this, we first assume that there exists an Iy > ny such
that x;(lp + 1) > x;(lp). Then, it follows from the first equation of (H) that

Iy

bi(lo) — aii(lo)xi(lo) = D} aij(lo) D, Kij(lo—s)x;(s) > 0. (3.5)

L7 5=

Hence

billo) - X, e XL K =9%(9)  pa) B,
xillo) < aij(lo) : a;i(lo) : ai’ (3.6

It follows that

I o
xi(lo + 1) = x;(lo) eXP{bi(lo) - aii(lo)xi(lo) — D, aij(lo) D, Kij(lo - S)x;‘(S)}
(3.7)

j=1,#i 5=
B, -1
< xu(l) exp( B - agi(y)) < ST g
Now we claim that
xi(n) < B;, forn>l,. (3.8)

By way of contradiction, we assume that there exists a py > I such that x;(pg) > a;. Then, py >
lo+2. Let py > Iy + 2 be the smallest integer such that x;(pg) > ;. Then, x;(po — 1) < xi(po). The
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above argument shows that x;(pg) < a;, which is a contradiction. This proves our assertion.
We now assume that x;(n+1) < x;(n) for all n > ny. Then lim,, _, ,,x;(n) exists, which is denoted
by x;. We claim that X; < exp(B; — 1)/a;;. Suppose to the contrary that x; > exp(B; — 1)/ aj.
Taking limits in the first equation in System (H), we set that

1

0= lim <bi(") —ai(n)xi(n) - D aij(n) i Kij(n - S)xj(5)>

j=1j#i m— (3.9)
< lim (b;(n) — a;;(n)x;(n)) < B; — a;;x; <0,
n—oo
which is a contradiction. It follows that (3.4) holds.
We first show that
lim inf x;(n)> p;. (3.10)

According to above assertion, there exists a k* > ng such that x;(n) < a; + ¢, for all n > k*. We
assume that there exists an Iy > k* such that x;(lp + 1) < x;(lp). Note that for n > I,

xi(n+1) = xi(n) eXP{bi(n) - ai(m)xi(n) — D aj(n) Y Kij(n - S)Xj(s)}

e “
= (3.11)
!
> xi(n) expq bi - Z Ajjaj — Aiixi(n) ¢.
=L #i
In particular, with nn = Iy, we have
!
bi— Aixi(l)) = >, Ajja; <0, (3.12)
it
which implies that
- Zl'—l . AAij[X]'
xi(lo) > o AN (313)

Then,

1
b — R _Aijaj !
iy +1) > Z]—LJ#I exp <bi - Z Ajjaj — Aji(a; + €)> = Xje. (3.14)
]

Ai j=1j#i

We assert that

xi(n) 2 xie, Yn2lo. (3.15)
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By way of contradiction, we assume that there exists a py > [y such that x;(po) < xi.. Then py >
lo+2. Let pg+2 be the smallest integer such that x;(py) < xi.Then x;(po) < xi(po—1). The above
argument yields x;(pg) > x;., which is a contradiction. This proves our claim. We now assume
that x;(n+1) < x;(n) for all n > ng. Then lim,, _, ,,x;(n) exists, which is denoted by x;. We claim
that x, > (b; - ! ; Aijatj)/ Aii. Suppose to the contrary that x; < (b; - ! i Aijaj)/ Aii.

j=Lj#i j=Li#i
Taking limits in the first equation in System (F), we set that
!
0= Tim ( bi(n) - aa(mxi(n) = > ay(n) 3 Kij(n - 5)x;(s)
l R e (3.16)
> b — Ajix; — Z Ajjaj >0,
j=Lj#i

which is a contradiction. It follows that (3.10) holds. This proof is complete. O

By the same arguments of Lemmas 2.2, 2.3 and Proposition 2.5, we obtain Lemmas 3.2,
3.3 and Proposition 3.4. So, we will omit to these proofs.

Lemma 3.2. Let K be the closed bounded set in R! such that

K= {(xl,xz,...,xl) € Rl;ﬂl- < xi < aj for each i = 1,2,...,1}. (3.17)

Then K is invariant for System (H), that is, one can see that for any ng € Z and any ¢ such that
¢(s) € K, s <0, every solution of (H) through (ng, ) remains in K foralln > ngandi=1,2,...,1L

Lemma 3.3. If a compact set K in R of Lemma 3.2 is invariant for System (H), then K is invariant
also for every limiting equation of System (H).

Proposition 3.4. Under the assumption (iv), (v), and (vi), if the solution u(n) of System (H) is
(K, p)-WUAS in Q(H), then the solution u(n) of System (H) is (K, p)-TS.

By making changes of the variables x;(n) = exp{yi(n)} and defining the Liapunov functional
V by

1 © n-1
V(v(n),y(n)) = Z{ |Ui(") - yi(n)l + ZKij(S) Z ci(s + l)|eXP{Ui(l)} - eXp{yi(l)}I},
i=1 s=0 I=n-s
(3.18)

where y(n) and v(n) are solutions of changing equation (ﬁ) for (H) which remains in K, the
arquments similar to the Theorem 2.6 lead to the following results.

Theorem 3.5. one assumes conditions (iv), (v), and (vi). Then System (H) has a unique almost
periodic solution p(n) in compact set K.

From Theorem 3.5, one obtains the following result, which was proved by Gopalsamy in [10]
when System (H) is continuous case.
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Corollary 3.6. Under the assumption (iv), (v), and (vi), suppose that b;(n) and a;;(n) are positive w-
periodic sequences (w € Z) foralli,j =1,2,...,1. Then System (H) has a unique w-periodic solution
in K.

4. Examples

For simplicity, we consider the following prey-predator system with finite delay:

n

sinn 1+sinn 1\
xl(n+1):x1(n)exp{l.5+ > —0.5x1(n)—Ts=Zoo<§> xz(n—s)},

(Ev)
. n s+1
Xp(n+1) =x2(n) exp{—% —0.5x(n) + 31 Z (%) x1(n— 5)}-

Then, we have

1 1 s+1
bl = 1, B1 = 2, ay = A1 = 0.5, Cc1 = C1 = 4_1’ Kl(S) = <§> P
1 1 s+1
bz = 0016, Bz = 0024, ap = A2 = 05, Cy) = O, C2 = g, Kz(S) = <§>
(4.1)
for System (F). Thus,
a1 = 5.436, ar = 2.818, p1 = 0.163. (4.2)

It is easy to verify that System (E;) satisfies all the assumptions in our Theorem 2.6. Thus,
System (E;) has an almost periodic solution.
We next consider the following competitive system with finite delay:

. n s+1
x1(n+1) =x1(n) exp{2+ sin v/2n - x1(n) - l Z (%) xg(n—s)},

2 16 ~
e (E2)
1 n 1 S+
xz(n+1):xg(n)exp{2+c052n—x2(n)—ZL <§> xl(n—s)}.
$=—00
Then, we have

l 1 s+1

bi=15 By =25 an =An =1, ap=Ap= 8’ Kia(s) = (5) ,
(4.3)

1 1 s+1
by=1, B, =3, ap =A»=1, an = Ay = T Ki(s) = <§>
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for System (E,). Thus,

a1 = 4.077, ar = 7.389. (4.4)

It is easy to verify that System (E,) satisfies all the assumptions in Theorem 3.5. Thus, System
(E») has an almost periodic solution.
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