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1. Introduction

Let p be a fixed prime number. Throughout this paper Z,,Q,, C, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex
number field, and the completion of algebraic closure of Q,. Let v, be the normalized
exponential valuation of C, with |p|, = p~® = 1/p. When one talks of g-extension, g is
variously considered as an indeterminate, a complex number q € C or p-adic numbers g € C,,.
If g € C, one normally assumes |g| < 1. If g € C;, one normally assumes [1 - g|, < 1. In this
paper, we use the notations of g-number as follows (see [1-37]):

1__ X
[x], = —, [x]_q=1(ffl). (11)

The ordinary Euler numbers are defined as (see [1-37])

>,k 2
Ep = ——, |t|<um, 1.2
kZ:O"k! a1 M= (12)
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where 2/(e! + 1) is written as ef' when EF is replaced by Ej. From the definition of Euler
number, we can derive

Eo=1, (E+1)"+E,=0, if n>0, (1.3)

with the usual convention of replacing E' by E;.

Remark 1.1. The second kind Euler numbers are also defined as follows (see [25]):

secht= —2 = i (|t| < %) (1.4)

el +et e2f+1 =

The Euler polynomials are also defined by

2
e = pEMt ZE (x — It| < . (1.5)

Thus, we have

En(x) = i <Z> Exx"k, (1.6)

k=0
In [7], g-Euler numbers, Ej 4, can be determined inductively by
Eoq=1,  q(qEs+ )"+ Exqg=0 if k>0, (1.7)

where E’q‘ must be replaced by Ey 4, symbolically. The g-Euler polynomials Ej 4(x) are given
by (¢*E; + [x]q)k, that is,

RN\
Eiq(x) = (4Eq + [x] q>k = Z<i>13,,qq’x [x]&. (1.8)

Let d be a fixedodd positive integer. Then we have (see [7])

[[2] nq(x; a> =E,4(x), forneZ,. (1.9)
1ge

We use (1.9) to get bounded p-adic g-Euler measures and finally take the Mellin transform to
define p-adic g-¢-series which interpolate g-Euler numbers at negative integers.
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2. p-adic g-Euler Measures
Let d be a fixed odd positive integer, and let p be a fixed odd prime number. Define
X=X hm< Z ) Xi =%
d= deZ 1= pr

U (a+dpZy,), 2.1)

O<a<dp,
(ap)=1

a+dpNz, = {xEX | x = a(mod de>},

where a € Z lies in 0 < a < dp®, (see [1-37]).

Theorem 2.1. Let p; ) pe given by

[ap™], a
ﬂl(cEq)<a+deZ > [d N] g°(-1)° E g <dpj>' forkeZ,, NeN. (2.2)

Then y,(i) extends to a Q(q)-valued measure on the compact open sets U C X. Note that ;1((57) =Yg,
where p_q(a + deZp) = (—q)“/[de]fq is fermionic measure on X (see [7]).

Proof. 1t is sufficient to show that
g E
Z,u,((,q) <a +idp" + de+1Zp> y](c )<a + deZp). (2.3)
i=0
By (1.9) and (2.2), we see that
p-1
Zy,(f[; <a +idp" + de”Zp)
i=0

- [deJrl]—ql =0

[deH]I; p-1 N i ) a/de +1i
— a(_ a P _ 1 »
B [de]_q 9°-1) <q ) (=1) Ek,(quN) < p >

i=0

[de]k a a [ ] p-l i ; a/de+l
= [de]_qqq -1 [2] e ”N 1:O< ) (-1 Ek,(qd”N)'g< p >

[ ] N+1]q a+ ‘lde
a+idpN a+idpN
2: HapT (—1)arar E, P <—N+1 >
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[dPN]k . [2] g s a/dpN +i
— 79 ey () > (0 ) -1) Ek(dpw)p<—>

[de] [2](qdf’ ) i=0 p
[dp™];
= [dp ] g*(-1)° Ekqu (d; > ﬂl(cEq)<a+deZp>,
(2.4)
O

and we easily see that | yl(f;| < M for some constant M.
A'p

Let x be a Dirichlet character with conductor d € N with d = 1(mod 2). Then we
define the generalized g-Euler numbers attached to y as follows:

[]q d-1

7, 1400 = 20 D @ Ee (3)- (2.5)

E kxq =

The locally constant function y on X can be integrated by the p-adic bounded g-Euler measure
y,(fq) as follows:

[ xdue = tim 3 ol (x+dpz,)

0<x<dpN
[ P ]‘1 a+dx a+dx a+xd
a2 D e ()
2], [P
= —11d] 1)'q° lim
2, = [d] Oédﬂ a)(-1)"q" lim AP
y A\, 1\x . a/d+x
OS,%,N@) =D Ekf(q“)" ( pN >
(2] .
= s 2 @) 0 Eie () = Eoxa
(2], [2],
(E) q a
X(x)d.u (x)=[p ] 12 ]qP [2] qpoédx(pa)qp -1 Enqdp<d>
= x(p) [P]"—"{ 2Ly B S X(@a (1) Epgr (5 )}
1121 2]q A 04ad d
v
=x(P)[r] q ﬁEnlx/q”-

(2.6)

Therefore, we obtain the following theorem.
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Theorem 2.2. Let y be the Dirichlet character with conductor d € N with d = 1(mod 2). Then one
has

2],
fXx<x>du§j; (%) = Ex a0 f Xx(x)duii(x) = x(P) [Pl 2, B

! o 2.7)
k
f X(x)d#( )(x) Ekyq— x(p)lp ] z]quxq”
7
Let k € Z,. From (2.2), we note that
dpM];
(E) N [ a a
) (a+dpNz,) = 4" (-1)°E, d,,N<_>
g [dp ]_,, A7 \dp
k
_ [de]q a(_l)ai k E ai a ]k_l
[dPN] q ico \1 4 dpN g
(2.8)
k —1
[dp™]* s <k>E - [alf
_ g ~
[ N]—q i=0 \i " [de]’;
k -1
_ (_q)a [ ]k [ pN]q u(_ )ai< >E qal [ ]Z
q i,q% k—i
[de]—q [d N] -q i=1 1 [de]q
Thus, we have
dpy.,) (x) = [x]5dp-g (). (29)
Therefore, we obtain the following theorem and corollary.
Theorem 2.3. For k > 0, one has
dpy.,) (x) = [x]5dp-g (). (2.10)

Corollary 2.4. For k > 0, one has

[ anfyen = | ity = By (11)
X
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3. p-adic g-¢-Series

In this section, we assume that g € C, with [1 - g|, < p™/#"V. Let w denote the Teichmiiller
character mod p. For x € X*, we set (x), = [x],/w(x). Note that [{x), — 1|p <p /¥, and
(x)Z is defined by exp(s logp (x)q), for |s|p < 1. For s € Zy,we define

a() = [0 K@y o). 6.)
Thus, we have

pq (‘k, ka> = IX* [x]’;x(x)d,u_q (x) = J‘X*X(x)dﬂl(cl,—:q) (x) |

e e 121, 52)

= Ekya X(p) [p]q [2] Ek,x,qP/ for keZ, .
qp

Since [(x), - 1|}7 < p VD for x € X*, we have (x)P" = 1(mod p"). Let k = k' (mod p"(p -
1)). Then we have

% <—k, ka> =4, (—k,,xwk,> (mod p"). (3.3)

Therefore, we obtain the following theorem.

Theorem 3.1. Let k = k'(mod (p — 1)p™). Then one has

[2]q k _ [2]q k' n
Ekyq - mx(v) [Pl Ekya =E yq— mx(r’) [, Ex .o (mod p"). (34)
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