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1. Introduction

Initialed by Lazer and Leach [1], much work has been devoted to the study of existence result
for nonlinear periodic boundary value problem

y'(x) + m*y(x) + §(x, y(x)) =e(x), x€(0,2x),
y(0)=y@2r), Y (0) =y @),

(1.1)

where m > 0 is an integer. Results from the paper have been extended to partial differential
equations by several authors. The reader is referred, for detail, to Landesman and Lazer [2],
Amann et al. [3], Brézis and Nirenberg [4], Fu¢ik and Hess [5], and Iannacci and Nkashama
[6] for some reference along this line. Concerning (1.1), results have been carried out by
many authors also. Let us mention articles by Mawhin and Ward [7], Conti et al. [8], Omari
and Zanolin [9], Ding and Zanolin [10], Capietto and Liu [11], lannacci and Nkashama [12],
Chu et al. [13], and the references therein.
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However, relatively little is known about the discrete analog of (1.1) of the form

APu(t 1) + \ra(tyu(t) + g(t,u(t)) = h(t), teT,
1.2
u(0) = u(T), u(l) =u(T +1), 1.2)

where T := {1,...,T},a,h: T — Rwitha >0, g(t,s) : T xR — Ris continuous in s. The
likely reason is that the spectrum theory of the corresponding linear problem

Au(t-1) + \pa(Hu(t) =0, teT,
1.3
u(0) = u(T), u(l) =u(T +1) (19

was not established until [14]. In [14], Wang and Shi showed that the linear eigenvalue
problem (1.3) has exactly T real eigenvalues

Mo <M1 S pp <---<prp <pro, when T is odd,
(1.4)
Mo <M1 S pp <--- < prp < pr-1, when T is even.

Suppose that these above eigenvalues have N + 1 different values A, (k =0,1,..., N). Then
(1.4) can be rewritten as

)l()<)u1<'“<J\N. (15)

For each \i, we denote its eigenspace by M. If dim Mj = 1, then we assume that My :
span{yy} in which ¢y is the eigenfunction of Ag. If dim My = 2, then we assume that M :
span{ ¢k, ¢} in which ¢y and ¢y are two linearly independent eigenfunctions of .

It is the purpose of this paper to prove the existence results for problem (1.2) when
there occurs resonance at the eigenvalue Ax and the nonlinear function g may “touching” the
eigenvalue Ay.1. To have the wit, we have what follows.

Theorem 1.1. Let a,h: T — Rwitha >0, g(t,s) : T xR — R is continuous in s, and for some
r* <0< R*,

g(t,x) > A(t), Vx>R,

(1.6)
g(t,x) <B(t), Vx<r7,
where A, B : T — R are two given functions. Suppose for some 1 < k < N -1,
dim My, = 2. (1.7)

Assume that for all € > 0, there exist a constant R = R(g) > 0 and a function b : T — R such that

|g(t,u)| < (T(t) +e)a(t)|ul +b(t), teT, [ul>R, (1.8)
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where I' : T — R is a given function satisfying
0<T(t) N1 — Ak, teT, (1.9)
and for at least [T /2] + 2 points in [1,T],
T(t) < Mes1 — A, (1.10)

where [r] denotes the integer part of the real number r.
Then (1.2) has at least one solution provided

T
Shto® < X g hom+ Y, g o), (1.11)
t=1 v(t)>0 v(t)<0
where v € My, v#0, and
g (t) =liminfg(t,u),  g-(t) =limsup g(t,u). (1.12)

In [12], Iannacci and Nkashama proved the analogue of Theorem 1.1 for continuous-
time nonlinear periodic boundary value problems (1.1). Our paper is motivated by lannacci
and Nkashama [12]. However, as we will see below, there are big differences between
the continuous case and the discrete case. The main tool we use is the Leray-Schauder
continuation theorem (see Mawhin [15, Theorem IV.5]).

Finally, we note that when a(t) = 1 in (1.2), the existence of odd solutions or even
solutions was investigated by R. Ma and H. Ma [16] under some parity conditions on the
nonlinearities. The existence of solutions of second-order discrete problem at resonance was
studied by Rodriguez in [17], in which the nonlinearity is required to be bounded. For other
results on discrete boundary value problems, see Kelley and Peterson [18], Agarwal and
O’Regan [19], Rachunkova and Tisdell [20], Yu and Guo [21], Atici and Cabada [22], Bai and
Xu [23]. However, these papers do not address the problem under “asymptotic nonuniform
resonance” conditions.

2. Preliminaries

Let
T={0,1,...,T+1}. (2.1)
Let

D= {u:T—>R | u(0) = u(T), u(l) =u(T+1)}. (2.2)
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Then D is a Hilbert space under the inner product
T
(n,0) = Y aut)o(t),
t=1

and the corresponding norm is

T 1/2
lJull := 4/ (u, u) = <Za(t)u(t)u(f)> :
t=1

Thus,

ks Pk =0 ifdika=2,

(K, i)

(gj,px) =0, forjkef0,1,...,N}, j#k,
(pj,px) =0, forjke{0,1,...,N}, j#k.

In the rest of the paper, we always assume that

gl =1, for ke {0,1,...,N},
o]l =1 if dim My = 2.

Define a linear operator L : D — D by

(Lu)(t) = -A%u(t-1), teT,
(Lu)(0) = (Lu)(1),
(Lu)(T +1) := (Lu)(T).

Lemma 2.1 (see [16]). Let u,w € D. Then
T T
> w(k)Au(k - 1) = =D Au(k) Aw(k).
k=1 k=1

Similar to [12, Lemma 3], we can prove the following.

Lemma 2.2 (see [12]). Suppose that
(i) there exist A,B : T — R and real numbers r < 0 < R, such that

g(t,x) > At), Vx=R,
g(t,x) <B(t), Vx<r,

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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(ii) there exist a, p : T — [0, 00) and a constant By > 0 such that
|g(t,w)] < a®)ul +p(t), teT, |ul> By
Then for each real number x > 0, there is a decomposition
g(t,x) = qie(t, x) + ex(t, x)
of g satisfying

0<xge(t,x), teT, xeR,

lax(t, w)| < a(t)lul+ p(t) +x, teT, |ul >max{l,Bo},

and there exists a function o, : T — [0, o0) depending on r, R, and g such that

lex(t,x)| < ox(t), te€T, x€R.

3. Existence of Periodic Solutions

(2.10)

(2.11)

(2.12)
(2.13)

(2.14)

In this section, we need to give some lemmas first, which have vital importance to prove

Theorem 1.1.
For convenience, we set

pr:=0, asdimM; =1.
Thus, for any u € D, we have the following Fourier expansion:
N
u(t) = ag+ D, [aigi(t) + bigi(t)], teT.
i=1
Let us write
u(t) =u(t) +u’(t) + (),  w(t) = u(t) - u’(t),
where
k-1
u(t) = ap+ Y. [aipi(t) + bigsi(t)],
i=1
u’(t) = arpi(t) + by (1),

N

i) = >, [aipi(t) + bigsi(1)].

i=k+1

(3.1)

(3.2)

(3.3)

(3.4)
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Lemma 3.1. Suppose that for 1 < k < N =1, Ayq is an eigenvalue of (1.3) of multiplicity 2. Let

I': T — R bea given function satisfying

Ofr(t)sftkﬂ_)tkz tET/

and for at least [T /2] + 2 points in [1,T],

[(t) < Age1 = Ak

Then there exists a constant 6 = 6(I') > 0 such that for all u € D, one has

ET: [Azu(t —1) + Aea(Bu(t) + F(t)a(t)u(t)] [ﬁ(t) +10(t) - ﬁ(t)] > 6||uL||2.
t=1

Proof. Foru € D,

A’u(t-1) = —a(t)i [aiiggi(t) + biigp; (£)] .-

i=1

Taking into account the orthogonality of u, 1%, and 7 in D, we have

T
D [Azu(t —1) + Aea(Hu(t) + r(t)a(t)u(t)] [ﬁ(t) +10(t) - ﬁ(t)]
=1
T T 5
= [AZﬁ(t ~1)+ )Lka(t)ﬁ(t)]ﬁ(t) + S r(ha(h) [ﬂ(t) + uo(t)]
=1 t=1

t

+ i |A%i(t = 1) + Aea()ii(t) + T(Ha(®)it)| [-ii(t)]
t=1

n i 420t - 1) + da()yu (B)]u (1)
t=1
T T 2
= > [Fau)’ + da®@ )] + Y ream[Ee) + w0
=1 t=1

t

- 3 [(870)? - a2 (O - T a0

t=1

T T T
> (M = ben) Da®ud (1) + D [AE(H] = > (Mealt) + T(t)a(t))i (t).
t=1 t=1 t=1

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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Set
T
A@) = (b = dir) Y a(iE (t). (3.10)
t=1
Then,
A@) > 6|1, (3.11)

where 6, is a positive constant less than Ay — Ax_;.
Let

r(i) = i Adi(t)]? —i(lka(t) + T (t)a(t)i* (b). (3.12)
t=1

t=1

We claim that Ar (i) > 0 with the equality holding only if 7 = A1 + Bogk+1, where Ay, By €
R are constants.
In fact, we have from Lemma 2.1 that

T T

Ar(@) = DI[AGM] - 3 (Mealt) + T(Ha(t)id ()

t=1 t=1

- —iﬁ(t)ﬁﬁ(t —1) - i(w(t) +T(H) ()i (t)
t=1

t=1

N
[aigi(t) + biei(1)] Z Xia(t) [aigi(t) + bigi(F)]

M=

=1 imk+1 ikl
T N 2
- D (\ea(t) + F(t)a(t))( > [aigi(t) + bi(Pi(t)]>
t=1 i=k+1

N
[aigi(t) + bipi(H)] D Aja(t) [ajgj(t) + bjg; (1]

1 j=k+1

>

t=11i

T N N
- Z)tk+1a(t)< Z [aigi(t) + bi(Pi(t)]> < Z [ajpi(t) + bj(Pj(t)]>
t=1 i=k+1 j=k+1

v

M=

Z Z aa;h Za(t)tpl(t)(p](t) + Z Z bibj\; Za(t)qu(t ;1)

i=k+1 j=k+1 i=k+1 j=k+1

- Z Z ala]Ak+1za<t>q,,(t)q,,(t)

i=k+1 j=k+1
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N N T
= D D bibiia D at)gi(tg; (b
t=1

i=k+1 j=k+1
N N
= D, a7 (4= dia) + D) b7y~ dkw)
j=k+1 j=k+1

N
- ; (a? + b]?) (4 = Aeer) 2 0.
j=k+1

(3.13)

Obviously, Ar(#1) = 0 implies that ax,; = -++ = an = brp = ---by = 0, and accordingly
Uu(t) = Aowr+1(t) + Bopi1 (t) for some Ay, By € R.
Next we prove that Ar (i) = 0 implies # = 0. Suppose to the contrary that i1 #0.

We note that # has at most [T/2]+1 zeros in T. Otherwise, 2z must have two consecutive
zeros in T, and subsequently, 7 = 0 in [0, T + 1] by (1.3). This is a contradiction.

Using (3.6) and the fact that # has at most [T/2] + 1 zeros in T, it follows that

T
Ar(ii) = Y (Akaalt) — Aka(t) - T(t)a(h)) [@()]*

t=1

USRS (3.14)
= D a(t)[hka - e —T(®)][u(t)]
teT,i(t) #0
>0,
which contradicts Ar(u) = 0. Hence, u = 0.
We claim that there is a constant §; = 6(T") > 0 such that
Ar(ii) > &|||”. (3.15)

Assume that the claim is not true. Then we can find a sequence {ii,} C D and i € D,
such that, by passing to a subsequence if necessary,

0 < Ar(ﬁn) <

Sl

, il =1, (3.16)

lti, — ]| — 0, n— oo. (3.17)
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From (3.17), it follows that

[Un(t+1) - un(t) zT:

t=1

Me

Z[Aun(t) ET: [ATi(1)]?
t= t=1

t

I
—_

<

M-~

T
ﬁﬁ(t+1)—ﬁ2(t+1)|+z
t=1

i (1) — 7 (0)|

-~
1l
[

T
+ 2 ([t (8)] [ (£ + 1) = Bt + 1)] + [72(¢ + 1)] [ (£) — H(D)])

t=1
— 0.
(3.18)
By (3.12), (3.16), and (3.17), we obtain, forn — oo,
T T
D [iin()]* — Y (Aka(t) + T(Ba(®) [a(t)]’, (3.19)
t=1 t=1
and hence
T
Z[Au(t) < > (Aa(t) + T(Ha ) [i@(t)]?, (3.20)
t=1
that is,
Ar(u) <0. (3.21)

By the first part of the proof, u = 0, so that, by (3.19), Zthl[Aﬁn(t)]2 — 0, a contradiction
with the second equality in (3.16).

Set 6 = min{64,6,} > 0 and observing that ||ul||2 = ||#|* + ||ﬁ||2 the proof is complete.
O

Lemma 3.2. Let I be as in Lemma 3.1 and let 6 > 0 be associated with I' by that lemma. Let € > 0.
Let p: T — R be a function satisfying

0<p(t) <T(t) +e. (3.22)

Then for all u € D, one has

i [A2u(t — 1) + Aea(byu(t) + p(t)a(t)u(t)] u(t) + u0(t) - ﬁ(t)] > (6-¢) ||uin2. (3.23)
t=1
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Proof. Using the computations in the proof of Lemma 3.1 and (3.22), we obtain
[0t 1)+ eautt « prattyucn] [+ - )
il[Az t—1) + Aa( t)u(t)]u(t) + Zp(t)a(t) [u(t) + uo(t)]
[Azu(t 1) + dea()i(t) + p(Ha(a®)] ()

[Azuo(t 1) +)Lka(t)u0(t)]u (t)

T
> S'[(Aa(1)” - (a(t) + p()a®) @@®))?] (3.24)
t=1

+ Z[—(Aﬁ(t)f + Lea(t) @(1)’]

t=1
T
> 3 [(AdE1H) - Qkal®) + THa®) (1)) - Zea<t><u(t>>
t=1
[ (AT(1))” + \a(t) (1))’
=1
26||ui|| — elfiil %

So that, using (3.7), (3.8), the relation 7 (t) = ngﬂ [aigi(t)+bip;(t)], and Lemma 2.1, it follows
that

i [Azu(t —1) + Aea(Hult) + p(t)a(t)u(t)] u(t) +u'(t) - ﬁ(t)] > (65— ¢) ”uinz. (3.25)
t=1 O

Proof of Theorem 1.1. The proof is motivated by lannacci and Nkashama [12].
Let 6 > 0 be associated to the function I' by Lemma 3.1. Then, by assumption (1.8),
there exist R(6) >0and b : T — R, such that

|g(tu)| < <F(t) + <§>>a(t)|u| +b(t), (3.26)

forallt € T and all u € R with |u| > R. Hence, (1.2) is equivalent to

Azu(t - 1)+ Aea(t)u(t) + qi(t, u(t)) + er(t, u(t)) = h(t),
3.27
u(0) = u(T), u(l) =u(T +1), ( )
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where g; and e; satisfy (2.12) and (2.14) with x = 1. Moreover, by (2.13)

[q1(t, u)| < <F(t) + <Z>>a(t)|u| +b(t)+1, teT, |ul >max{l,R}.

Let B > max{1, R}, so that

b(t) + 1
|ul

< ga(t), teT, |ul>B.
It follows from (3.28) and (3.29) that
. 6 -
0<u lh(t/ u) < F(t) + E a(t)/ te T/ |u| > B.

Definey : TxR — Rby

rM_lql(i’/u)r |u| 2 E,

v =B a(tB)(5)+(1-%)ran, o0<u<p

B q:(t,-B) i) + (1 + i)r(t)a(t), B<u<o.
B
So we have

0<y(tu) < <r(t) + §>a(t), teT, uek.

Define f : TxR — R
ft,u) = e (t,u) +qi(tu) —y(t, u)u.
Then there exists v : T — [0, o) such that
|f(t,w)| <v(t), teT, uek.
Therefore, (1.2) is equivalent to

A%u(t=1) + dea(t)u(t) +y (£, ut)u(t) + f(t,u(t)) = h(t),
u(0) = u(T), u(l) =u(T +1).

11

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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To prove that (1.2) has at least one solution in D, it suffices, according to the Leray-
Schauder continuation method [15], to show that all of the possible solutions of the family of
equations

A%u(t - 1) + Mea(ut) + (1 - n)Tat)ut) + qy(t, ut))u(t) + nf (tu(t) = nh(t), teT,

u(0) = u(T), u(l) =u(T +1)
(3.36)

(in which 17 € [0,1], T € (0, A1 — Ak) with 7 < 6/4, T fixed) are bounded by a constant K
which is independent of 77 and u.
Notice that, by (3.32), we have

0< (1-n)Ta(t) +ny(t,u) < <F(t) + g)a(t), teT, uek. (3.37)

It is clear that for 77 = 0, (3.36) has only the trivial solution. Now if u € D is a solution
of (3.36) for some 77 € (0,1), using Lemma 3.2 and Cauchy’s inequality, we obtain

0=
t

(a(t) +10(t) - ﬁ(t)) <A2u(t —1) + hea(®u(t) + [(1 - n)ralt) + nyt,u®))] u(t))

T
=1
T

+ 3 (@) + 10 (0) = @(®)) (nf (t u(®) = nh(H)

t=1

> (2) o[ - o+ + | vl + i,

(3.38)
where
2
() o)
So we conclude that
o (S (e ). 50

for some constant > 0, depending only on a,v and h (but not on u or 7). Taking a = 67,
we get

”ul” <a+ <a2 + 2a||u0||>1/2. (3.41)
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We claim that there exists p > 0, independent of u and 7, such that for all possible
solutions of (3.36)

llull < p. (3.42)

Suppose on the contrary that the claim is false. Then there exists {(7,, 1,)} C (0,1) x D
with ||u,|| > nand forall n € N,

Au,(t=1) + Aea(B)u, () + (1 - ) Tat)u,(t) + nug(t, un(t)) = nah(t),

(3.43)
u,(0) = u,(T), u,(1) =u,(T+1).
From (3.41), it can be shown that
-1
0| — oo, ut <| W) —o, (3.44)
and accordingly, 1k (|[ud]) ™" is bounded in D.
Setting v, = (u,/|[un||), we have
A0, (t = 1) + Aea(t) v, (t) + Ta(t)v, ()
h(t (t, un(t))
=) om0 = (S ). eem o
v,(0) = v,(T), Uu(1) = 0, (T +1).
Define an operator A: D — D by
(Aw)(t) == A’w(t -1) + \ra(Dw(t) + Ta(t)w(t), teT,
(3.46)

(Aw)(0) = (Aw)(T),  (Aw)(1) := (Aw)(T +1).

Then Al : D — D is completely continuous since D is finite dimensional. Now, (3.45) is
equivalent to

va(t) = A7 [11( h() > + uTa(-) o, () - "(MN (t), teT. (3.47)

|24l [l

By (3.26), it follows that {(g(-, u,(-))/|lu.||} is bounded. Using (3.47), we may assume that
(taking a subsequence and relabeling if necessary) v, — vin (D,| - |), |[v]| = 1 and v(0) =
v(T), v(1) =o(T +1).

On the other hand, using (3.41), we deduce immediately that

1
n

v, | —0, n-— co. (3.48)
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Therefore,
o(t) = arpi(t) + bege(t), teT. (3.49)

Rewrite v, = v + v3, and let, taking a subsequence and relabeling if necessary,

) —v*, in D. (3.50)
Set
I, ={teT:v*(t) >0}, I_={teT:v*(t) <0} (3.51)
Since u(t)#0in T, I, #0 or I_ #0.
We claim that
lim u,(t) =00, Vitel, (3.52)
lim u,(t) = -0, Vtel.. (3.53)

We may assume that I, #@, and only deal with the case ¢ € I,. The other case can be
treated by similar method.
It follows from (3.50) that

0 *
v,—0

= max{ 0(t) —v*(t)' | tG']T} — 0, n— oo, (3.54)
which implies that for all n sufficiently large,

oO(t) > %v*(t) >0, Vtel,. (3.55)

On the other hand, we have from (3.44), (3.55), and the fact [|u,|| > [[10] that there exists
N > 0such thatforn > Nandtel,,

0 1 0 5 () 1 0
This together with (3.55) implies that for n > N,
1 :
uy, () > Z||un||v (t), teT,. (3.57)

Therefore, (3.52) holds.
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Now let us come back to (3.43). Multiplying both sides of (3.43) by v and summing

from 1 to T, we get that

0
Un

T
0<m,' (1-m)7 2||un|| = > [n(t) - gt un ()] V5 (8).
t=1

Combining this with (3.52) and (3.53), it follows that

T
Sho ()2 Y g0 )+ 3 g (o ().
t=1

0(£)>0 0(1)<0
However, this contradicts (1.11).
Example 3.3. By [16], the eigenvalues and eigenfunctions of
A*y(t-1) +Ay(t) =0,
yO=y@, y1)=y(®)
can be listed as follows:

)‘OZO/ (PO:1/

2ir . 2ot 2ot
A =2-2cos - @1 (t) = sin — p1(t) = cos —
4 4ort 4
Ay =2-2cos 77[/ @ (t) = sin %, p2(t) = cos %t,

t

t
A3 =2 —2cos 67”, @ (t) = sin 6 p2(t) = cos 6%

7 4
Let us consider the nonlinear discrete periodic boundary value problem

Ay(t—1) + hy(t) + g(t y(1) = h(t),
y(0)=y(@), y1)=y(@®),

where

g(t,s) = (A2 = A1)~

sin [f (t + §)
7 2

Obviously, g.(t) = +o0, g-(t) = —o0, and dimM, = 2. If we take that

sin lz <t + §)
7 2 !

() =U2-M\1)-

S
"(S'ﬁ'm), (t,S)ETXR.

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
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then

T)=d—A;  T()<da-Xy, forj=2,..,7. (3.65)

Now, it is easy to verify that g satisfies all conditions of Theorem 1.1. Consequently, for any
7-periodic function h : Z — R, (3.62) has at least one solution.
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