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1. Introduction

Consider the second-order difference equation
~V(PnAYn) + Guyn = \wny,, ne[0,N-1] (1.1)

with the general coupled boundary condition

< YN-1 > =ei“1<< s > (1.2)
Ayn_ Ay

where N > 2 is an integer, A is the forward difference operator: Ay, = Y1 — Yu, V is the
backward difference operator: Vy, = y, — ¥4-1, and py, q,, and w, are real numbers with
pn>0forn e [-1,N-1], w, > 0forn € [0, N —1], and p_; = pn-1 = 1; A is the spectral
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N-1,

parameter; the interval [0, N — 1] is the integral set {n},_;; @, -7 < a < i is a constant

parameter; i = v-1,

kii ki . .
K = , kijeR, i,j=1,2, with detK =1. (1.3)
ko1 kx

The boundary condition (1.2) contains the periodic and antiperiodic boundary
conditions. In fact, (1.2) is the periodic boundary condition in the case where a = 0 and
K = I, the identity matrix, and (1.2) is the antiperiodic condition in the case where a = or and
K=1I

We first briefly recall some relative existing results of eigenvalue problems for
difference equations. Atkinson [1, Chapter 6, Section 2] discussed the boundary conditions

Y1 = Y1, Ym = PYo (1.4)

when he investigated the recurrence formula

CnlYn+1 = (an)L + bn>yn —Cn-1Yn-1, N € [0/ m— 1]/ (15)

where ay, by, c,, a, and f are real numbers, subject to a,, > 0, ¢, > 0, and
ac_1 = Pem-n. (1.6)

He remarked that all the eigenvalues of the boundary value problem (1.4) and (1.5) are real,
and they may not be all distinct. If c.1 = ¢,-1 and a = f = 1, he viewed the boundary
conditions (1.4) as the periodic boundary conditions for (1.5). Shi and Chen [2] investigated
the more general boundary value problem

-V(C,Axy) + Byx, = \wyx,, ne€[l,N], N>2, (1.7)

—X0 C()AX()
R +S =0, (1.8)
XN CN AXN

where C,, B,, and w,, are d x d Hermitian matrices; Cy and Cn are nonsingular; w, > 0
for n € [1,N]; R and S are 2d x 2d matrices. Moreover, R and S satisfy rank(R,S) = 2d
and the self-adjoint condition RS* = SR* [2, Lemma 2.1]. A series of spectral results was
obtained. We will remark that the boundary condition (1.8) includes the coupled boundary
condition (1.2) when d = 1, and the boundary conditions (1.4) when (1.6) holds. Agarwal and
Wong studied existence of minimal and maximal quasisolutions of a second-order nonlinear
periodic boundary value problem [3, Section 4]. In 2005, Wang and Shi [4] considered (1.1)
with the periodic and antiperiodic boundary conditions. They found out the following results
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(see [4, Theorems 2.2 and 3.1]): the periodic and antiperiodic boundary value problems have

exactly N real eigenvalues {A;}~;" and (X }V,, respectively, which satisfy

)L()<X1SX2<)LlS)L2<X3SX4<-“<)LN,2S)LN,1 <XN, if N is odd,
o L - B (1.9)
.)LO<.)L]S.)Lz<.l]S)L2<)LSSA4<“‘<)LN_1SAN<AN_1, if N is even.

These results are similar to those about eigenvalues of periodic and antiperiodic boundary
value problems for second-order ordinary differential equations (cf. [5-8]).

Motivated by [4], we compare the eigenvalues of the eigenvalue problem (1.1) with
the coupled boundary condition (1.2) as a varies and obtain relationships between the
eigenvalues in the present paper. These results extend the above results obtained in [4]. In
this paper, we will apply some results obtained by Shi and Chen [2] to prove the existence
of eigenvalues of (1.1) and (1.2) to calculate the number of these eigenvalues, and to apply
some oscillation results obtained by Agarwal et al. [9] to compare the eigenvalues as a varies.

This paper is organized as follows. Section 2 gives some preliminaries including
existence and numbers of eigenvalues of the coupled boundary value problems, and some
properties of eigenvalues of a kind of separated boundary value problem, which will be
used in the next section. Section 3 pays attention to comparison between the eigenvalues
of problem (1.1) and (1.2) as a varies.

2. Preliminaries

Equation (1.1) can be rewritten as the recurrence formula
PnVYn+1 = (Pn + Pn-1 + qn — )Lwn)yn — Pn-1Yn-1, ne [0/ N - 1] (21)

Clearly, y, is a polynomial in A with real coefficients since p,, g,, and w, are all real. Hence,
all the solutions of (1.1) are entire functions of A. Especially, if o #0, v, is a polynomial of
degree n in A for n < N. However, if y_1 #0 and yy = 0, y, is a polynomial of degree nn — 1 in
Aforn < N.

We now prepare some results that are useful in the next section. The following lemma
is mentioned in [4, Theorem 2.1].

Lemma 2.1 ([4, Theorem 2.1]). Let y and z be any solutions of (1.1). Then the Wronskian

yn+1 Zp+l

Wy, z|(n) =
v} PnlYn puldz,

= Pn (yn+1zn - ynzm—l) (22)

is a constant on [-1, N —1].

Theorem 2.2. If ki1 # ki, then the coupled boundary value problem (1.1) and (1.2) has exactly N
real eigenvalues.
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Proof. By setting d =1, C,, = pn, By = g,

eiaku 1 —eiaklz 0
R=(Ri,Ry) = ;o 5=(51,5)= , (2.3)

ei“k21 0 —ei“ k22 1

shifting the whole interval [1, N] left by one unit, and using p_1 = pn-1 = 1, (1.1) and (1.2)
are written as (1.7) and (1.8), respectively. It is evident that rank(R, S) = 2d and RS* = SR*.
Hence, the boundary condition (1.2) is self-adjoint by [2, Lemma 2.1]. In addition, it follows
from (2.3) and C_; =1 that

em(kn - k12) 0>‘ (2.4)

(R1+51C4,5)) = ( .
e'%(ky — k) 1

By noting that ki1 # k12, we get rank(R; + S1C_1, Sp) = 2. Therefore, by [2, Theorem 4.1], the
problem (1.1) and (1.2) has exactly N real eigenvalues. This completes the proof. O

Let y, () be the solution of (1.1) with the initial conditions
ya(h) =0,  yo(A)#0. (2.5)
Consider the sequence
o), y1(A), ..., yna(A). (2.6)

If y,(X) = 0 for some n € (0, N — 1), then, we get from (2.1) that y,-1() and y,.1(A) have
opposite signs. Hence, we say that sequence (2.6) exhibits a change of sign if v/, (1) yu+1 (1) <0
for some n € [0, N - 1), or y,(1) = 0 for some n € (0, N —1). A general zero of the sequence
(2.6) is defined as its zero or a change of sign.

Now we consider (1.1) with the following separated boundary conditions:

y-1=0,  kpAyn-1-kpyn-1=0, (2.7)

where ki, ky are entries of K. It follows from (2.1) that the separated boundary value
problem (1.1) with (2.7) has a unique solution, and the separated boundary value problem
will be used to compare the eigenvalues of (1.1) and (1.2) as a varies in the next section.

In [9], Agarwal et al. studied the following boundary value problem on time scales:

y*t+qy? =-Ay7, te[p(a),p(®)]NT, (28)
with the boundary conditions

Ra(y) = ay(p(a)) + y* (p(a)) =0,  Ru(y) :=yy(b) + 6y*(b) =0, (2.9)
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where T is a time scale, o(t) and p(t) are the forward and backward jump operators in T,
y* is the delta derivative, and ¥°(t) = y(c(t)); g : [p(a),p(b)] N T — R is continuous;
(a® + B*)(y* + 6%) #£0; a,b € T with a < b. They obtained some useful oscillation results. With
a similar argument to that used in the proof of [9, Theorem 1], one can show the following
result.

Lemma 2.3. The eigenvalues of the boundary value problem are

~(pOy*®)" + a7 Oy B = By O, e [pla),p®)] NT, (2.10)
with
Ra(y) = Re(y) =0, (2.11)

where p®, q°, and r° are real and continuous functions in [p(a), p(b)] N'T, p > 0 over [p(a),b] N
T, r° > 0 over [p(a), p(b)] NT,p(p(a)) = p(b) = 1arearranged as —oco < Ao < Ay <Ay <---,and
an eigenfunction corresponding to A has exactly k generalized zeros in the open interval (a, b).

By setting [p(a),b] N T = [-1,N = 1] == {n}N, a =1, =0, y = —kn, 6 = kyy, the
above boundary value problem can be written as (1.1) with (2.7), then we have the following
result.

Lemma 2.4. The boundary value problem (1.1) and (2.7) has N — 1 real and simple eigenvalues as

ki2 = 0 and N real and simple eigenvalues as kip # 0, which can be arranged in the increasing order

Ho < p1<---<un,, where Ng:=N—-2o0r N-1. (2.12)

Let y,(\) be the solution of (1.1) with the separated boundary conditions (2.7). Then sequence (2.6)
exhibits no changes of sign for A < po, exactly k+1 changes of sign for p < A < pps1 (0 < k < Ng-1),
and N + 1 changes of sign for X > un,.
Let ¢, and ¢s,, be the solutions of (1.1) satisfying the following initial conditions:
p1=go=1, po=¢_1=0, (2.13)
respectively. By Lemma 2.1 and using pn-1 = 1, we have

APN1PN-1 — ON-1APN-1 = ONYN-1 — PN-1¢N = —1. (2.14)

Obviously, ¢, (1) and ¢, (1) are two linearly independent solutions of (1.1). The following
lemma can be derived from [4, Proposition 3.1].
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Lemma 2.5. Let py (0 < k < Nj) be the eigenvalues of (1.1) and (2.7) with ki, = 0 and be arranged
as (2.12). Then, g, (px) is an eigenfunction of the problem (1.1) and (2.7) with respect to py (0 < k <
Ny), that is, for 0 < k < Ny, @, (k) is a nontrivial solution of (1.1) satisfying

g1 (pk) = N1 (pe) = 0. (215)

Moreover, if k is odd, ¢ (px) > 0 and if k is even, ¢ (px) < 0 for 2 < k < N,

A representation of solutions for a nonhomogeneous linear equation with initial
conditions is given by the following lemma.

Lemma 2.6 (see [4, Theorem 2.3]). For any { fn}nN:51 C Cand for any c_1, ¢y € C, the initial value
problem

~V(pnlzn) + (Gn — \wy)zy = wufn, nel0,N-1],

(2.16)
zZ_1=0C1, Zp = Co
has a unique solution z, which can be expressed as
n-1
Zp = C-1Pn + CoPn + ij (‘Pn‘l’j - ‘Pi‘l’n)fj/ n € [-1,N], (2.17)
i=0

where 2]7:20- = Z]Tzlo -:=0.

3. Main Results

Let ¢, and ¢, be defined in Section 2, let y; (0 < k < N;) be the eigenvalues of the separated
boundary value problem (1.1) with (2.7), and let A;(¢”*K) (0 < j < N — 1) be the eigenvalues
of the coupled boundary value problem (1.1) and (1.2) and arranged in the nondecreasing
order

Ao <€mK> <M <€i“K> < - <ANa <ei“K>. (31)

Clearly, A;(K) (0 <j < N -1) denotes the eigenvalue of the problem (1.1) and (1.2) with
a=0,and 1;(-K) (0<j< N -1)denotes the eigenvalue of the problem (1.1) and (1.2) with
a = or. We now present the main results of this paper.
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Theorem 3.1. Assume that ki1 > 0, ki < 0or ki > 0, kiz < 0. Then, for every fixed a#0,
- < a < 7, one has the following inequalities:

Ao(K) < )Lo(ef“K> < A(=K) < M (-K) < 4 (efﬂK) < Mi(K)
< 1o(K) < Ay (e”’K) < L (=K)
< A3(=K) < A3 <ei“K> < 15(K)
<o S Ana(-K) < Ay (e9K) < An-a(K)
< Ana1(K) < Anog <ei"‘K> < Ana(=K), if N is odd,
Lo(K) < Ao(e"“K) < Ao(=K) < M (=K) < A4 (ef“K) < 1i(K) o
< L(K) < Ay (ei"‘K) < L (=K)
< A3(=K) < d3(€"K) < A3(K)
< S Ana(K) < Ana(69K) < Ana(-K)

< Ana(=K) < Ano <ei“1<) <Ana(K), if N is even.

Remark 3.2. If ki1 <0, kip >0or ki1 <0, ki >0, a similar result can be obtained by applying
Theorem 3.1 to —K. In fact, eK = ¢!("*® (-K) for a € (-ur,0) and e*K = &!7*®) (K for a €
(0,r). Hence, the boundary condition (1.2) in the cases of ki1 <0, ki >0or ki3 <0, ki2 >0
and a#0,-or < a < i, can be written as condition (1.2), where a is replaced by o + a for
a € (-, 0) and —or + a for a € (0,7), and K is replaced by —K.

Before proving Theorem 3.1, we prove the following five propositions.

Proposition 3.3. For A € C, A is an eigenvalue of (1.1) and (1.2) if and only if
f(A) =2cosa, (3.3)
where
fA) = kopon-1 (L) + (k11 — k12) Agn-1(A) = (ko = ko) -1 (A) — k1o Agpn-1 (). (3.4)
Moreover, A is a multiple eigenvalue of (1.1) and (1.2) if and only if

on-1(L) = €™ (ki1 — k12), Apn-1(N) = e (ky — k),

. , (3.5)
pn-1(A) = ek1a, Apn_1(L) = k.
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Proof. Since ¢, and ¢, are linearly independent solutions of (1.1), then 1 is an eigenvalue of

the problem (1.1) and (1.2) if and only if there exist two constants C; and C, not both zero
such that Cy¢, + Coyp, satisfies (1.2), which yields

( on-1 (L) — e (ki —ki2)  gn-1 (V) — ePkpp > <C1> 0 (3:6)
Apn-1(X) — e (ky — kz) Agn-1(L) — e®kan /) \Co ' '

It is evident that (3.6) has a nontrivial solution (C;, C,) if and only if

det< on-1(L) - ei“-(kn —ki2)  ¢gn-1(A) = ei"fklz > 0 (37)
Apn_1(X) — e (ka1 —kxn) Agn-1(L) — ek
which, together with (2.14) and det K =1, implies that

1+e% —e®f(1)=0. (3.8)

Then (3.3) follows from the above relation and the fact that e* + ¢ = 2 cos a. On the other
hand, (1.1) has two linearly independent solutions satisfying (1.2) if and only if all the entries
of the coefficient matrix of (3.6) are zero. Hence, \ is a multiple eigenvalue of (1.1) and (1.2)
if and only if (3.5) holds. This completes the proof. O

The following result is a direct consequence of the first result of Proposition 3.3.

Corollary 3.4. For any a € (-, ],
1i(e"K) = 4 (e™K), 0<j<N-1. (3.9)

Proposition 3.5. Assume that k13 > 0, kip < 0or kin > 0, kio < 0. Then one has the following
results.

(i) Foreach k,0 < k < Ny, f(ux) > 2 if k is odd, and f(ur) < =2 if k is even.
(ii) There exists a constant vy < pg such that f(vg) > 2.

(iii) If the boundary value problem (1.1) and (2.7) has exactly N — 1 eigenvalues then there
exists a constant &y such that pn_o < & and f (&) < =2, where N is odd, and there exists
a constant 1y such that un—o < 1o and f(r9) > 2, where N is even.

Proof. (i) If ¢, (uk) is an eigenfunction of the problem (1.1) and (2.7) respect to py then
ki Agno1 (pr) — koown-1(pk) = 0. By Lemma 2.3 and the initial conditions (2.13), we have
that if ki» < 0 then the sequence @o(px), g1 (pk), - - ., ¢gn-1(pk) exhibits k changes of sign and

sgngsn-1 (k) = (1" (3.10)
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Case 1. If k1, < 0 then it follows from ki Agn-1(pr) — koown-1(pk) = 0 that

on-1 (k) _ Agn- (i)
k1o kp

kiikogn-1(px) = kinkin Agn-1 (p)- (3.11)
By (2.14) and the first relation in (3.11), for each k, 0 < k < N, we have

-1 (pic) Apn-1 (pi) = Aepn-1 (p) v-1 ()

k
= pn-1 () k—iqu—l (#rc) = Aopna (pic) gon-1 (i) (3.12)
= (kZZ(PN—l (//lk) - klZA(PN—l (/’lk)) qukl—l(zl/lk) =1.

By the definition of f(\), (3.11), and det K =1,

ki f (px) = kiokootpn-1 (i) + ko (ki1 — k12) Agn-1 (px)
= k1o (ko1 = ko) gn-1 (px) = ki A1 (paxc)
= kiokaoton-1 (pk) + kirki Agn-1 (pi) = kiakorgon-1 (px) = k3, Apn-1 (px) (3.13)
= kiokaoon-1 (px) + kirkoogsn-1 (px) — kiokorgsn-1 (pic) = k2, Apn-1 (i)

= kiokngn-1 (k) = ki Apn-1 (i) + g1 (i) -
Hence,

f(ur) = (koton-1 (px) — kizAgon-1 (px)) + qj]\]_kl—l(z'uo (3.14)

Noting (ka2¢on-1(px) — k12 Apn-1(px)) (gn-1 (k) /k12) = 1, k12 < 0, and (3.10), we have that if
k is odd then

f(ﬂk) = <V quk1—1(2,uk) - \/kZZ‘PN—l (,uk) — ki Apn-1 (,uk)> +2>2, (3.15)

and if k is even then

fQue) = - < V _qjN_kl—l(z‘uk) - \/—(k22<PN—1 (px) — k2Apn_1 (‘uk))> -2<-2. (3.16)
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Case 2. If k1p = 0 then it follows from (2.7) and (2.14) that for each k, 0 < k < N,

oNn-1 (i) o (pic) = 1. (3.17)
From (2.15) and by the definition of f(A), we get

k22

fpx) = T

+ kiign (p) - (3.18)

Hence, noting det K = ki1k» =1, k11 > 0, and by Lemma 2.5, we have that if k is odd, then
f(u) 22, (3.19)
and if k is even, then
f (i) <-2. (3.20)

(ii) By the discussions in the first paragraph of Section 2, ¢n_1(\) is a polynomial of
degree N —2in A, pn(L) is a polynomial of degree N — 1 in A, ¢gsn-1(\) is a polynomial of
degree N —1in \, and ¢n (1) is a polynomial of degree N in \. Further, ¢sn () can be written
as

en(A) = CONANAY + AN AN 4 r A, (3.21)

where An = wows -+ - wn-1(pop1 -+ pN_l)*1 >0 and A, is a certain constant for n € [0, N —1].
Then

FQ) = (DN (ki = ki) ANAN + (L), (3.22)

where h(\) is a polynomial in A whose degree is not larger than N — 1. Clearly, as A — —oo,
f(A) — +oo since (ki1 — ki2) > 0. By the first part of this proposition, f(po) < 2. So there
exists a constant vy < po such that f(vg) > 2.

(iii) It follows from the first part of this proposition that if N is odd, f(yn-2) > 2 and
if N is even, f(un-—2) < -2. By (3.22), if N is odd, f(A) — —ooas A — +oo; if N is even,
f(A) — +ooas A — +oo. Hence, if N is odd, there exists a constant ¢y > pn-» such that
f(&) £ —2;if N is even, there exists a constant 779 > pin—2 such that f(r79) > 2. This completes
the proof. O

Since ¢, and ¢, are both polynomials in A, so is f (). Denote

2

d ! d o
SFO =), S f) = £, (3.23)
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Proposition 3.6. Assume that k11 > 0, k1o < 0 0or k13 > 0, k1o < 0. Equations f'(A) = 0 and
f(X) =2 o0r =2 hold if and only if \ is a multiple eigenvalue of (1.1) and (1.2) with a = 0 or a = .
If f(X) =2 or =2 for some X # py (0 < k < N), then A is a simple eigenvalue of (1.1) and (1.2) with

a=0ora = and for every L # pr (0 <k < Ny), with =2 < f(A) <2 one has:

f'(\) <0, A< p,
(-DFf' () >0, px<A<pra, 0<k<N-3,

DN ) >0, A>puno.
Proof. Since ¢, and ¢, are solutions of (1.1), we have

_V(pnA(Pn ()‘)) + EIn(Pn()‘) = )Lwn(Pn (L),
~V (PuBgn(V)) + Gugpn (L) = Awngpn (V).

Differentiating (3.25) and (3.26) with respect to A, respectively, yields that

=V (prAg,(N)) + (gn = Awn) 9, (L) = wnpn (L),
=V (Pl (L)) + (g = Awn) g5, (L) = wagpn (L)

It follows from (2.13) that

!

Po =9 ==y, =0.
Thus, by Lemma 2.6 and from (3.27)—(3.28), we have

n-1

P (D) = D w0 (V) (9n (Vi (1) = 9 (M (1)),

j=0

n-1

g (D) = D745 (1) (9u (D5 (V) = 9 (D (1))
j=0

It follows from (3.29) that

n-1

Agl, 1 () = Dwip;i (L) (Apna (Vg (L) — 9 (V) Ags 1 (1)),
=0

n-1

Ag, 1 (N) = D wjgri (L) (Apn-1(L)gs (L) = 9 (1) Agr-1 (V).
=0

(3.24)

(3.25)
(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Hence, not indicating A explicitly, we get

f=kngyy_y + (ki — ki) Ay — (ko — ko) gy, — kA4

N-2 N-1
= koo > wjp; (pN-1957 = pjgpn-1) + (kin = k1) D w05 (Apn-agsj — 9 Agn-1)
=0 =0
N-2 N-1 (3.31)
— (ko1 — k22) D wjg; (pn-1¢5 — 9jn-1) — k12 D, wjp; (Apn-1gsj — @jAgn-1)
=0 =0
N-1
= w]'6],
j=0

where

6; = ((ki1 — ki2) Apn-1 — (ka1 — k22)‘PN—1)(P']'2
+ (knopn-1 = (ki1 — ki2) Agnt + (kor — ko) vt — ki Apn-1) gjep;
+ (ki Agn-1 - kZZ(IfN—l)(P]Z'

= (¢, )1 <¢j>' (3.32)

1
(k11 — ki2) Apn-1 — (ko1 — k22) -1 E(k22(PN—1 = (k11 = ki2) Agn—y

I +(ka1 — kp2)gpn-1 — k12 Agpn-1)
= . )
§<k22<PN—1 — (k11 — ki2) AN

+(ka1 — ka2)pn-1 — ki Apn-1) ki Agn-1 — kg1
which is symmetric for any A € R. Then, we have

det I(A) = (ki Agn-1(L) — kogn-1(L)) ((k11 = k12) Apn-1 (L) — (ko1 — ka2)pn-1(A))

- (koapn-1(L) = (k11 — k12) Agpn-1 (L) + (ko1 — ko2)gn-1(L) — k12 Apn-1 ()t))2
4

= —31 20 +1.
(3.33)

Hence, if f(1) = 2 or -2, we get from (3.33) that det I(A) = 0. Then, for any fixed A with
f(A) = 2 or -2, the matrix I(\) is positive semidefinite or negative semidefinite. Therefore,
for such a A, f7(1) cannot vanish unless 6;(1) = 0 forall 0 < j < N - 1. Because ¢, and ¢, are
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linearly independent, 6;(\) is identically zero if and only if all the entries of the matrix I(\)
vanish, namely,

ki2Agn-1(A) — kogpn-1(A) =0,
(k11 — k12) Apn-1(L) = (ka1 — k22)pn-1(A) =0, (3.34)
knen-1(A) = (ki1 = ki2) Agn-1 (L) + (ko1 = ko2)gpn—1 (L) = kipApn_1 (L) =0

which, together with f(1) =2 and det K = 1, implies

pn-1(L) = ki1 — kia, Apn-1(A) = ko1 — k2o,

(3.35)
¢N-1(A) = k12, Agn_1(A) = kao.
Then by Proposition 3.3, A is a multiple eigenvalue of (1.1) and (1.2) with a = 0. In addition,
(3.34), together with f(1) = -2 and det K =1, implies

pN-1(A) = = (k11 — k12), Apn-1(L) = (k21 — k),

(3.36)

¢N-1(A) = —k12, Agpn_1(A) = —k2.
Then by Proposition 3.3, A is a multiple eigenvalue of (1.1) and (1.2) with & = or. Conversely,
from (3.35) or (3.36), it can be easily verified that (3.34) holds, then f/(\) = 0. It follows again
from (3.35) or (3.36) that f(A) =2 or f(A) = -2. Thus f7/(1) =0and f(1) =2 or -2 if and only

if A is a multiple eigenvalue of (1.1) and (1.2) witha =0 or a = .
Further, for every fixed A with f(1) = 2 or -2, not indicating A explicitly, (3.33) implies

that

(ki Agn-1 — koogn-1) ((kin — ki) Apn-1 — (ko1 — kao)on-1)

B (knpn-1— (ki1 — k12) Agn-1 + (ko1 — ko) N1 — klZA(PN—l)Z (3.37)

4

Therefore, from (3.37) and by the definition of 6;, we have

6; = (ki2Agn-1 — kopn-1)

2
(g + kpoon-1 = (ki1 = ki2) Agn_q + (ko1 = k) N1 — ki Apn_ v; (3.38)
! 2(kinAgn-1 — kaogn-1) !

and consequently, not indicating A explicitly, we have

f' = (kinAgn-1 — kngn-1)

2
_ Nz_lw- 0; + kogpn-1 — (ki1 — ki2) Agn-a + (ka1 — ko) -1 — kinApn- v, (3.39)
=0 "\ 2(kinAgn-1 — kaopn-1) !

for every fixed A with f(1) =2 or -2.
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Figure 1: The graph of f(1).

Suppose that f(A) = 2 or =2 for some A #pr (0 < k < N;), we have kipAgn-1(A) —
knyn-1(X) #0. From the above discussions again, A is a simple eigenvalue of (1.1) and (1.2)
witha =0 or a =, and 6]- is not identically zero for 0 < j < N - 1.

For this A1 # i (0 < k < Nj), (3.39) implies that f/(1) #0, and from Proposition 3.5
(i), (ii) that f(puo) < -2, f(vp) > 2. Hence, f1(A) < 0, where vy < A < py. It follows from
Proposition 3.5 (i) that f(ux) f (px+1) < —4 and (—1)kfl()u) > 0, where pp < A < pigs1 (0 < k <
N -3). By Proposition 3.5 (i), (iii), f (pn—2) > 2 and there exists un—2 < &y such that f (&) < -2
if N is odd, and f(un-2) < -2 and there exists un_2 < 7o such that f(7p) > 2 if N is even.
Hence, (-1)V72f1(1) > 0 where pn_» < A. This completes the proof. O

Proposition 3.7. For any fixed a #0, —ar < a < 7r, each eigenvalue of (1.1) and (1.2) is simple.

Proof. Fix a, —or < a < or with a #0. Suppose that A is an eigenvalue of the problem (1.1) and
(1.2). By Proposition 3.3, we have f2(\) = 4 cos’a < 4. It follows from (3.33) that det I(\) > 0
and the matrix I(\) is positive definite or negative definite. Hence, 6; >0 for0<j < N -1or
6j <0for0<j <N -1since ¢, and ¢, are linearly independent.

If X is a multiple eigenvalue of problem (1.1) and (1.2), then (3.5) holds by
Proposition 3.3. By using (3.5), it can be easily verified that (3.34) holds, that is, all the entries
of the matrix I(1) are zero. Then 6; = 0 for 0 < j < N -1, which is contrary to 6; #0 for
0 <j < N-1.Hence, \is a simple eigenvalue of (1.1) and (1.2). This completes the proof. [

and f'(ur) = 0, then f"(ux) < O; if k is even, f(pux) = =2, and f'(ux) = 0, then f"(ux) > 0 for
0<k<N-2

Proposition 3.8. Assume that ki1 > 0, kip < 0or ki1 2 0, kip < 0. If k is odd, f(ux) = 2,

Proof. We first prove the first result. Suppose that k is odd, f(ux) = 2, and fr(ux) = 0.
Then py is a multiple eigenvalue of (1.1) and (1.2) with a = 0 by Proposition 3.6. Then by
Proposition 3.3, (3.5) holds for A = yy and a = 0, that is,

N1 (k) = ki1 — kiz, Apn-1(px) = ko1 — koo,
(3.40)

-1 (pk) = ko, Agn-1 (pi) = koo
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Differentiating f(\) with respect to A two times, we get

f" (i) = koo (px) + (ki = k) Agryy_ (pie) = (kar = k) sy (pie) — ki Ay (pk)-
(3.41)

Differentiating (2.14) with respect to A two times and from (3.40), we get

— (kaogp_y (px) + (k11 — ki) Ag'_ () — (kar = ko) gy (pi) — k2 Ay (px))

(3.42)
+2(¢n (i) -1 (i) = @y (i) i (pic) ) = 0,

which, together with (3.41), implies that

f"(px) = 2(opn () g (o) = @y () vy () ) - (3.43)

On the other hand, it follows from (3.29) and (2.14) that, not indicating p explicitly,

N-1 N-2
ONON1 — PNt = D, w00 (onw; — 9jon) D wiws (Pn-195j — Pjgn-1)
=0 =0
N-2 N-1

= D Wi (Pn-195) — Pjgen-1) D, w5 (PN ej — 9N (3.44)
=0 0

N-1 2 N-1 2N—l )
= Zwi#’z‘%‘ - sz‘% ijqu-
j=0 j=0

=0

Since ¢, and ¢, are linearly independent on [-1, N], the above relation implies that f/(u) <
0 by Holder’s inequality, which proves the first conclusion.
The second conclusion can be shown similarly. Hence, the proof is complete. O

Finally, we turn to the proof of Theorem 3.1.

Proof of Theorem 3.1. By Propositions 3.3-3.8, and the intermediate value theorem, one can
obtain the graph of f (see Figure 1), which implies the results of Theorem 3.1. We now give
its detailed proof.

By Propositions 3.3-3.6, f(uo) < -2, f1(A) < 0 for all A < po with -2 < f(1) < 2,
and there exists vy < po such that f(vy) > 2. Therefore, by the continuity of f(A) and the
intermediate value theorem, (1.1) and (1.2) with & = 0 has only one eigenvalue 1¢(K) < po,
(1.1) and (1.2) with &« = o has only one eigenvalue 1o(-K) < po, and (1.1) and (1.2) with
a#0, - < a < o has only one eigenvalue 1o(K) < Ag(e””K) < Ag(—K), and they satisfy

o < Lo(K) < )Lo<ei“K> < Xo(=K) < po. (3.45)

Similarly, by Propositions 3.3-3.6, the continuity of f (1), and the intermediate value theorem,
f () reaches -2, 2cosa (¢ #0, —or < a < ur), and 2 exactly one time, respectively, between
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Figure 2: The graph of f(\) in the case that N is odd.
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Figure 3: The graph of f(\) in the case that N is even.

any two consecutive eigenvalues of the separated boundary value problem (1.1) with (2.7).
Hence, (1.1) and (1.2) with a = 0; a#0, —-r < a < a; a = shas only one eigenvalue
between any two consecutive eigenvalues of (1.1) with (2.7), respectively. In addition, by
Proposition 3.6, if f(ux) = 2 or =2 and f/(pux) = 0, then py is not only an eigenvalue of (1.1)
with (2.7) but also a multiple eigenvalue of (1.1) and (1.2) with a =0 and a = .

By Proposition 3.5 (i), if N is odd, f(yn-2) > 2 and if N is even, f(un—) < -2. It
follows (3.22) that if N is odd, then f(1) — —ooas A\ — +oo, and if N is even, then f(1) —
+ooas A — +oo. Hence, if N is odd, then there exists a constant ¢y > pin-2 such that f (&) < -2,
which, together with Proposition 3.6, implies that (1.1) and (1.2) witha = 0; a £0, —or < a < 77;
a = ar, has only one eigenvalue An_1(K), An—1 (e"*K), and An_1(-K), satisfying

Un—2 < An-1(K) < Anag (eiaK> <An-1(=K) <& (3.46)

(see Figure 2). Similarly, in the other case that N is even, there exists a constant 779 > pn-—
such that f(70) > 2, which, together with Proposition 3.6, implies that (1.1) and (1.2) with
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a=0;a#0, - < a <u; a = has only one eigenvalue An_1(K), An-1(e*K), and An_1(=K),
satisfying

pin-2 S AN (=K) < Ao (€7K) < An-(K) <10 (347)

(see Figure 3). Therefore, we get that (1.1) and (1.2) witha #0, —or < @ < or, has N eigenvalues
and it is real and satisfies

v < Ao(K) < do(e™K) < do(=K) < po € 11 (-K) < 1 (¢"K) < i (K) < pn
< A(K) < )Lz(ef“@ < Ma(=K) < pip < A3(=K) < A3 (ei”‘K> < A3(K) < ps
<< un-3 S AN-2(-K) < AN <6i“K> < An=2(K) < pn-2 £ An-1(K)

< -/\N—l <€iaK> < )LN_l(—K) < go, if N is Odd,

(3.48)
v < Ao(K) < o (€K < do(=K) < pto < 11 (=K) < 1 (€"K) < Li(K) < g
< M(K) < )Q(ei"‘K) < Ma(=K) < pp < A3(=K) < A3 <ef“1<) < A5(K) < ps
< S pns S Ana(K) < An(69K) < Anoa(-K) € s < Ana (-K)
< An-1 <ei“K> <An-1(K) <10, if N is even.
This completes the proof. O

Remark 3.9. Let K = I, that iS, k11 = k22 = 1, k12 = k21 = 0. Then f()t) = (PN-1 ()L) + N (J\)
In this case, Propositions 3.5 and 3.8 are the same as those mentioned in [4, Propositions 3.1,
3.3-3.5], respectively, and most of the results of Proposition 3.6 are the same as the results of
[4, Proposition 3.2].
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