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1. Introduction

Let p be a fixed prime number. Throughout this paper Z,, Qp, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, and the
completion of algebraic closure of Q,. For x € C,, we use the notation [x] q= 1-g9%/1-q).
Let UD(Z,) be the space of uniformly differentiable functions on Z,, and let v, be the
normalized exponential valuation of C, with |p|, = p™%) =1/p. For g € C, with |1 - g, <1,
the g-Volkenborn integral on Z, is defined as

pN-1
S f(x)g*, feUD(z,) (1.1)

[pN] q x=0

Iq(f) = f fx)dpg(x) = I\}im
Zyp — o
(see [1,2]). The ordinary p-adic invariant integral on Z, is given by

B(f) = lim () = [ fods 12)
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(see [1-15]). Let f'(0) = (df (x)/dx)|x=0. Then we easily see that
L(f1) =hL(f)+f(0), where fi(x) = f(x+1). (1.3)

From (1.3), we can derive

n

t [ee)
t _ —
IZ efdx= o = EOB"n! (1.4)
n=

p

(see [2, 8-10]), where B,, are the nth Bernoulli numbers.
By (1.2) and (1.3), we easily see that

(1.5)
n-1 w /n-1 B k
= it _ i =
=Yl = Z<Zz >F = > Sk(n D
i=0 n=0 \ i=0 k=0
where Sy (n) = 0k + 1K + ... + n* for k € Z,..
It is known that the Bernoulli polynomials are defined by
J et gy = t et = iBn(x)ﬂ (1.6)
z, et -1 ~ n!’ ’

where B, (x) are called the nth Bernoulli polynomials. The Bernoulli polynomials of order k,
denoted BX(x), are defined as

t \F t
xt _
€ (et—1> _<ef—1>><

(see [3-6]). Then the values of B,(lk) (x) at x = 0 are called the Bernoulli numbers of order
k. When k = 1, the polynomials or numbers are called the Bernoulli polynomials or
numbers. The purpose of this paper is to investigate some interesting properties of symmetry
for the multivariate p-adic invariant integral on Z,. From the properties of symmetry for
the multivariate p-adic invariant integral on Z,, we derive some interesting identities of
symmetry for the Bernoulli polynomials of higher order.

t i opk)
x(et—_1>e = >'B, (x)a (1.7)

n=0

2. Symmetry Properties of Higher-Order Bernoulli Polynomials

Let w1, w, € N. Then we define

wit \™ wot  \" eyt
D(m) , — wiwatx ( jwwst 1 ) 21
(w1, wn) <gw1t — 1) e (e ) ot =1) ot (2.1)
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From (2.1), we note that

f mewl(x1+x2+~~+xm+w2x)tdx1 . dxmfzm ewz(x1+x2+~»+xm+w1y)tdxl e dxy,

(m) _ % p
D™ (w1/w2) = I ew1w2xt ’ (22)
Zp

where fzg‘f(xl,...,xm)dxl ceedxy, = fzp -~-jzpf(x1,...,xm)dx1 <o dxy,.
In (2.1), we note that D™ (w1, w,) is symmetric in w;, w,. By (2.1), we see that

[, e *mtdx
D™ (wy, w,) = f e g L, et [ T T
1 Z,’," ! " pr€w1wzxtdx

(2.3)
X f ewz(x1+"'+xm71)tdx1 e dxm_l ewlwﬂ/t'
zp
It is easy to see that
m [e'e) " t”
ewlwzxtJ‘Z ewl(xl+--.+xm)tdx1 e dxy, = <ewzﬁli 1) pWiwaxt _ ZBfL )(wzx)w;iﬁ. (2.4)
4 n=0 :
From (2.1), (2.3), and the above formula, we can derive
N m - m— wi i 1
D(m)(UJ1,WZ) = (ZB( )(w2x)w1 €|> <Zsk(w1 _ )—tk> <ZBI( 1)(.('01y)1_'2t>;1
2=0 i=0 :
j (m-1) .
S t¢ =y Bl (wy) N\ ¢
= B("") (w2x)w€1_> Sk(wl _ 1)wkw] ]—], -
<ez<:) ‘ b ]z(:) kz;) 272 k(- k)! j!
0 n /n _— . " fn
=> Z( >w£w1 "B (w2 x>25k<w1 1>< >B( Ywy) ).
n=0 \ j=0 j
(2.5)

By the symmetry of D™ (w;,w,) in w; and w,, we see that

D (w1, w0,) = i (i <1]1> wiwg j- 1B(m> (w1 x)Z( >Sk(w2 - 1)B<m 1) (wzy)> —n,
n=0

=0
(2.6)
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By comparing the coefficients on both sides of (2.5) and (2.6), we obtain the following
theorem.

Theorem 2.1. For wy,w, € N, n >0, m > 1, one has

En]< >w§wf] B (wsx) Zsk(wl 1)< )B(m Y (wiy)

j=0

= i(?)w wy - 1B(m)(w x)z< >Sk(w2 1)B(m Y (wyy).

Let y = 0 and m = 1in (2.7). Then we have the following corollary.

Corollary 2.2. For n € Z,, one has

i( ) T n—j(WZx)Sj(wl -1)

= (2.8)
n n . n—

= (})w{wz - By j(w1x)Sj(wy - 1).

j=0

If we take w, = 1 in (2.8), then we also obtain the following corollary.

Corollary 2.3. For w, € N, one has

B, (w1 x) = i <:l> w7 Bi(x)Syi(wr = 1). (2.9)

i=0

By the definition of D™ (w;, w,), we easily see that

-1
D(m) (w w: ) = wit mexwlwzt e -1 wat " eywlwzii
v et —1 ewrt =1 \ew2t -1 wn

1 - - ¢
= ;1< > kz;)B( )<w X+ —1>w1 k') <ZB( 1) (W1]/)w2 €|>

0 n wi—-1 7k n
_ (m) w; . t
—2}(;0<§(;Bk <w2x+511>> ki (n " >

5 (30t ZB<m>(w2x+ —;)ﬁ

(2.10)
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From the symmetric property of D™ (wy,w,) in w1, w,, we note that

(m) (o (N, k1 ek pm-1) & wi "
D" (wy,wy) = Z Z L w, wi " B,", " (way) Z B, (wix + uTzl g (2.11)
i=0 :

n=0 \k=0

By comparing the coefficients on both sides of (2.10) and (2.11), we obtain the following
theorem.

Theorem 2.4. For w1, w> €N, n € Z,, m € N, one has

S (™ k1 -k gD & g w
> w'wy B (wy) Y By (wzx + —i>
k=0 \k i=0 w1 212)

_ "\ k-1, n-kgm-1) & w1,
=> wy ' w B (way) DB (wix + —i ).
k ! i=0 w2

n
k=0
Let y = 0 and m = 1in (2.12). Then we obtain the following Corollary 2.5.

Corollary 2.5. For wy,w; € N, one has

n_1W1—1 w2 . B n_le—l w1 .
wy Z B, wox+ —i) =w; Z B, wix + —i). (2.13)
0 w1 0 w2

From (2.12), we can get the well-known result due to Raabe:

w1—1 1
> B <x + —i) = w, "By (w; X). (2.14)
i=0 w1
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