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1. Introduction

The theory of time scales has become a new important mathematical branch since it was
introduced by Hilger [1]. Theoretically, the time scales approach not only unifies calculus
of differential and difference equations, but also solves other problems that are a mix of
stop start and continuous behavior. Practically, the time scales calculus has a tremendous
potential for application, for example, Thomas believes that time scales calculus is the best
way to understand Thomas models populations of mosquitoes that carry West Nile virus
[2]. In addition, Spedding have used this theory to model how students suffering from the
eating disorder bulimia are influenced by their college friends; with the theory on time scales,
they can model how the number of sufferers changes during the continuous college term as
well as during long breaks [2]. By using the theory on time scales we can also study insect
population, biology, heat transfer, stock market, epidemic models [2-6], and so forth. At the
same time, motivated by the wide application of boundary value problems in physical and
applied mathematics, boundary value problems for dynamic equations with p-Laplacian on
time scales have received lots of interest [7-16].
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In [7], Anderson et al. considered the following three-point boundary value problem
with p-Laplacian on time scales:

(pp®®)) "+ f@®) =0, te(ab),
(1.1)

u(a) - Bo<uA (v)> =0, ut(b) =0,

where v € (a,b), f € Ci4([0, ), [0,)), ¢ € Cia([a,b],[0,0)), and K;yx < Bp(x) < Kpx
for some positive constants K,,, Kp. They established the existence results for at least one
positive solution by using a fixed point theorem of cone expansion and compression of
functional type.

For the same boundary value problem, He in [8] using a new fixed point theorem due
to Avery and Henderson obtained the existence results for at least two positive solutions.

In [9], Sun and Li studied the following one-dimensional p-Laplacian boundary value
problem on time scales:

<gop(uA(t))>A +h()f(u(t) =0, tel[a,bl,
(1.2)

u(a) - By (uA(a)> =0, u(o(b) =0,

where h(t) is a nonnegative rd-continuous function defined in [a, b] and satisfies that there
exists tg € [a,b] such that h(tg) > 0, f(u) is a nonnegative continuous function defined on
[0, ), Bix < By(x) < Box for some positive constants By, B,. They established the existence
results for at least single, twin, or triple positive solutions of the above problem by using
Krasnosel’skii’s fixed point theorem, new fixed point theorem due to Avery and Henderson
and Leggett-Williams fixed point theorem.

For the Sturm-Liouville-like boundary value problem, in [17] Ji and Ge investigated a
class of Sturm-Liouville-like four-point boundary value problem with p-Laplacian:

(pp(1' 1)) + f(tu(®) =0, te(0,1),
u(0) —au' (&) =0, u(l) + pu'(n) =0,

(1.3)

where ¢ < 7, f € C([0,1] x [0, 00), [0, 00)). By using fixed-point theorem for operators on a
cone, they obtained some existence of at least three positive solutions for the above problem.
However, to the best of our knowledge, there has not any results concerning the similar
problems on time scales.

Motivated by the above works, in this paper we consider the following multi-point
boundary value problem on time scales:

(‘Pp(uA(t)>>A +h(t)f(u(t)) =0, telab]g, o

au(a) - pu (&) =0, yu(o2(b)) +6ub(n) =0, u(6)=0,
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where T is a time scale, ¢, (u) = |u|’f”2u,p>1,a>0,ﬂ20,y>0,620,a<§<6<11<b,
and we denote ((pp)f1 =@, with1/p+1/q=1.

In the following, we denote [a,b] := [a,b]y = [a,b] N T for convenience. And we list
the following hypotheses:

(C1) f(u) is a nonnegative continuous function defined on [0, c0);

(C2) h: [a,0%(b)] — [0, o0) is rd-continuous with h - f 0.

2. Preliminaries

In this section, we provide some background material to facilitate analysis of problem (1.4).
Let the Banach space E = {u : [a,0(b)] — R is rd-continuous} be endowed with the
norm |[ul| = Sup;¢(, ,2 5 [14(t)| and choose the cone P C E defined by

P = {u €eE:u(t)>0,te [a,oz(b)], ubd(t) <0, te [a,b]}. (2.1)

It is easy to see that the solution of BVP (1.4) can be expressed as

0 t 0
'g(/’q <Lh(r)f(u(r))Ar> +f ¥ <f h(r)f(u(r))Ar)As, a<t<o,

u(t) = 5 n o2 (b) s (22)
?“’"(I o (”“))Af) + f %4 ( f eh(r)f(u(r))Ar) As, 0<t<o?(b).
If Vi = V,, where
0 0 .
Vi= g‘/’q <f§h(r)f(u(r))Ar> +I ®q <f h(r)f(u(r))Ar> As,
2.3)

5 1 o?(b) s
Vo= Zoy([ mongenar)« [ ([ norfwenar)as
we define the operator A : P — E by

0 t 0
g‘!’q <j h(")f(”("))AT> + f ©q <I h(r)f(u(r))Ar> As, a<t<,
Au(t) = 5 r‘;’ Uz;(b) :
— 2
9q (Iah(r)f(u(r))Ar> + L ¥q <f6h(r)f(u(r))Ar>As, 0 <t < o°(b).

Y
(2.4)
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It is easy to see ||ul| = u(0), Au(t) > 0 for t € [a,0%(b)], and if Au(t) = u(t), then u(t) is
the positive solution of BVP (1.4).

From the definition of A, for each u € P, we have Au € P, and ||Aul|| = Au(6).

In fact,

0
o (Lh(r)f(u(r))Ar> >0, a<t<o,

(Au)®(t) = (2.5)

—g <f;h(r)f(u(r))Ar> <0, 6<t<o?(b)

is continuous and nonincreasing in [a,c?(b)]. Moreover, ¢4(x) is a monotone increasing
continuously differentiable function,

0 A t A
<Lh<s>f<u<s>>As> =<—f9h(s)f(u(s))As> ChOf ) <0, (26)

then by the chain rule on time scales, we obtain
(Au)*4(t) <0, 2.7)

so,A:P — P.
For the notational convenience, we denote

(2o s
(g sty har),
o= e o [ rar)as
S ) o)

_[i-a P)-7
M3—m1n{9_—a,m},

B 0-a o%*(b)-0
M4—max{§_a,m}.

(2.8)
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Lemma 2.1. A: P — P is completely continuous.

Proof. First, we show that A maps bounded set into bounded set.
Assume that ¢ > 0 is a constant and u € P,. Note that the continuity of f guarantees
that there exists K > 0 such that f(u) < ¢,(K). So

| Aull = Au(6)

0 0 0
= g(pq <Lh(r)f(u(r))Ar> + Ia¢q <Lh(r)f(u(r))Ar> As
0 0 0
< gtpq <Iah(r)¢p(K)Ar> + J‘a% <J‘ah(r)(pp(K)Ar> As
0
= K<§ +0- a>q)q <Lh(r)Ar>

-k (2.9)
9
| Aull = Au(6)

o*(b)

= g(pq <JZh(r)f(u(r))Ar> + .[9 ¥q <J:h(r)f(u(r))Ar> As

5 o?(b) a2 (b) o2(b)
;%<L h(r)q)p(K)Ar>+f9 (pq<fe h(r)(pp(K)Ar>As

= K(% +0%(b) - 9>(pq <f:2(b)h(r)Ar>

= KL,.

IN

That is, AD. is uniformly bounded. In addition, it is easy to see
0
C|t1 - tzl(pq <J‘ ]’l(T)AT>, h, b € [a, 9],

o*(b)
Clty — t2lpg <f h(r)Ar>, t1 € [a,60], t2 € [6,0%(b)]

or t€lab] t e [6,0620b)],

a*(b)
Clt - t2|(Pq <J‘ h(T)AT), t1,tr € [a,0].
0

|Au(ty) — Au(t)] < < (2.10)
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So, by applying Arzela-Ascoli Theorem on time scales, we obtain that AP, is relatively
compact.

Second, we will show that A : P. — P is continuous. Suppose that {u,},-; C P. and
u,(t) converges to ug(t) uniformly on [a,c?(b)]. Hence, {Au,(t)}, is uniformly bounded

and equicontinuous on [a, 0?(b)]. The Arzela-Ascoli Theorem on time scales tells us that there

exists uniformly convergent subsequence in {Au,(t)},-;. Let { Au,,(t)};2; be a subsequence

which converges to v(t) uniformly on [a, o?(b)]. In addition,
0 < Au,(t) <min{KLy, KL;}. (2.11)

Observe that

0 t 0
§¢q<f§h<r>f<un<r>)m>+ [ %,< [ h(r)f(un(r))Ar>As, asi<o,

gv’qqzh(r)f(un(r)mr) + fz(b)% ([ mnsunar)as, o<i<oe.
(2.12)

Aun(t) =

Inserting u,, into the above and then letting | — oo, we obtain

0 t 0
'g(pq <Lh(r)f(u0(r))Ar> +f ¥y <f h(r)f(uo(r))Ar> As, a<t<o,

Sou ([ B pannar) + ij(b)¢q<f;h(r)f(uo(r))Ar>As, 0<t<oXb),
(2.13)

v(t) =

here we have used the Lebesgues dominated convergence theorem on time scales. From the
definition of A, we know that v(t) = Auy(t) on [a,c?(b)]. This shows that each subsequence
of { Au,(t) },-1 uniformly converges to Auy (). Therefore, the sequence { Au,(t)};-; uniformly
converges to Aug(t). This means that A is continuous at 1y € P.. So, A is continuous on P,
since uy is arbitrary. Thus, A is completely continuous.

The proof is complete. U

Lemma 2.2. Let u € P, then u(t) > ((t - a)/(0 — a))||lull for t € [a,0], and u(t) > ((c?(b) -
t)/(0*(b) = 0))lull for t € [6, 0% (D)].

Proof. Since u®2(t) <0, it follows that u* (t) is nonincreasing. Hence, for a <t < 0,

u(t) —u(a) = f ub(s)As > (t— a)u®(t),

; (2.14)

u(0) —u(t) = j u (s)As < (6 - Hub (),

t
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from which we have

u(a)(@—t)+ (t- a)u(@) t—a t—a

u(t) 2 -2 2 9,40 = g—_llull. (2.15)

For 0 <t < 6°(b),

o2 (b)
u(oz(b)> —u(t) = J't U (s)As < <02(b) - t)uA(t),

t (2.16)
u(t) —u(d) = I u®(s)As > (t - 0)u™(t),
0
we know
(c%(b) —t)u(6) + (t - G)u(oz(b)) o2(b) — ¢ o2(b) -t
u(t) 2 2(b) -0 Z(b) 9”(6) o2(b) = || - (2.17)
The proof is complete. U

Lemma 2.3 ([18]). Let P be a cone in a Banach space E. Assum that Q1, €, are open subsets of E
with 0 € Qq, Q1 C Q. If

A:Pn<§2_2\Ql>—>P (2.18)

is a completely continuous operator such that either

(1) [JAx]| < ||x|l, Vx € PN 0Ly and ||Ax| > ||x]||, Vx € PN 0oy, or
(ii) ||Ax]|| > ||x|l, Vx € PN 0L and || Ax|| < ||x]||, Vx € P N oQy.

Then A has a fixed point in PN (Q\ Q).

3. Main Results

In this section, we present our main results with respect to BVP (1.4).
For the sake of convenience, we define fo = lim,_.o-(f(w)/@y(u)), foo =
limy, . o (f (1) /¢pp(u)), ip = number of zeros in the set {fo, fo}, and i, = number of co in

the set { fo, fuo)-
Clearly, ip, i, = 0,1, or 2 and there are six possible cases:

(i) ip =0 and iy, = 0;
(ii) ip =0 and i, = 1;
(iii) ip = 0 and iy, = 2;
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(iv) ip =1 and i, = 0;
(V)ip=T1and i, =1;

(vi) ip =2 and iy, = 0.
Theorem 3.1. BVP (1.4) has at least one positive solution in the case ip = 1 and i, = 1.

Proof. First, we consider the case fy = 0 and f,, = oo. Since fy = 0, then there exists H; > 0
such that f(u) < ¢, (g)p,(u) = ¢, (eu), for 0 < u < Hy, where ¢ satisfies

max{elq,ely} < 1. (3.1)

If u € P, with ||lu|| = H;, then

[[Aull = Au(0)

0 0 0
= 'g(pq <Lh(r)f(u(r))Ar> + J‘a% <Lh(r)f(u(r))Ar> As
p 0 0 0
< Etpq <Iah(r)f(u(r))Ar> + Ja¢q <’[ah(r)f(u(r))Ar> As
0 0 0
<Ly, < [ ah(r)qu(Ellull)Ar) «f asoq<fah<r>sop<s||u||mr> As

= [[ulleLs

< lul,
(3.2)
| Aull = Au(6)

_ g(pq<J‘Zh(1’) f(u(r))Ar) + IZZ(b)¢q<I;h(r) f(u(r))Ar) As

5 o%(b) o (b) o?(b)
< ?Pq <fe h(r)f(u(r))Ar) + fe ¢q <fe h(r)f(u(r))Ar> As

5 o?(b) o2(b) o2(b)
S?‘”(L h(r)wp(sllull)Ar>+f9 (que h(r)<p,,(g||u||)Ar>As

= [[ulleLo

< ful].

It follows that if Qp, = {u € E : ||u|| < H1}, then ||Au|| < ||lu|| for u € PN 0oQpy,.
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Since fo, = oo, then there exists H, > 0 such that f(u) > ¢,(k)¢,(u) = ¢,(ku), for
u > H), where k > 0 is chosen such that

[, ¢-a o’(b) -1
mm{ke aMl koz(b) GM} 1. (3.3)

Set Hy = max{2Hy, ((0 —a)/(¢ - a))Hé, ((6%(b) - 0)/(c?(b) - q))Hé}, and Qp, = {u €
E: |lu|| < Ha}.
If u € P with ||u|| = Ha, then

: _ g_ a !
min u(t) =u(g) 2 g—llull 2 Hy,
(3.4)
min u(t) = u(n) > z(b) gl > Hy.
So that
[|Aull = Au ()

= _(pq <I h(r)f(u(r))Ar> +Iewq <f h(r) (u(r))Ar> As
a(pq <f h(r)(pp(ku)Ar> +J§(p <f h(r)(pp(ku)Ar>As
> gwquhm%( S=tu)ar)+ o <j 0, (=1l ar ) s

kS
= lullk == M,

2 |ull,

4w = Au(@) = 2y, | ) furar )+ :(b)wq (f;hmf(u(r)mr)As

2 1 s 2
soq<f ) p< %IWII) >+qu<[9h<r><pp< gl ||> >

o%(b) -1

=l s

Mz

> [Jul|.
(3.5)
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In other words, if u € P N 0Qpy,, then ||Aul| > ||u||. Thus by (i) of Lemma 2.3, it follows
that A has a fixed point in P N (Qp, \ Qp,) with Hy < |lu]| < H.

Now we consider the case fy = oo and f., = 0. Since fy = oo, there exists H3 > 0, such
that f(u) > ¢,(m)e,(u) = ¢,(mu) for 0 < u < Hj, where m is such that

— 2(p) —
min{lié—a, mMZW} >1. (3.6)
a ()

If u € P with ||lu|]| = Hs, then we have

| Aul| = Au(6)

0 0 0
= g(pq <J‘§h(r)f(u(r))Ar> + fﬂ(p,1 (Lh(r)f(u(r))Ar> As
P feh( ) ( s=a, ||>A +f9 Ieh(r) <m§‘—"‘||u||)m As
—a‘l’q : r)9p m@_u” r g‘Pq . Pp 0—a

_ ¢-a
= Nl 5= My

> [fuel],

| Aul| = Au(6)

= %Pq (JZh(r)f(u(r))Ar) + J:Z(b)wq (J‘;h(r)f(u(r))Ar> As

o 1 o*(b)-1 A o?(b) -1
2 ya <f9h(r)¢p <mm ||u||> Ar> +f9<pq (Lh(r)q:,, (mmﬂull) Ar> As

2 _
o*(b) Tag,

= ||u||mm

> [Jul|.

(3.7)

Thus, we let Qp, = {u € E : |lu|]| < H3}, so that ||Au|| > ||u|| for u € P N 0Qy;.
Next consider f., = 0. By definition, there exists H; > 0 such that f(u) < ¢,(¢)¢, (1) =
¢y (eu) for u > H), where ¢ > 0 satisfies

max{elq,ely} < 1. (3.8)
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Suppose f is bounded, then f(u) < ¢,(K) for all u € [0, o), pick

H, = max{2H;, KL, KL,}. (3.9)

If u € P with ||lu|| = Hy, then

[ Aul| = Au(6)

0 0 0
=§¢q<f;“ﬂfWUﬂAr>+;f¢q<fhomﬂuv»Ar>As
6 0 0
'g(pq <f h(r)tpp(K)Ar> +J‘ 9q <f h(r)(pp(K)Ar>As

- KL,

IN

= [full,

3.10
JAull = Au(®) e

= gtpq <f:h(r)f(u(r))Ar> + IZZ(b)¢q <’[Zh(r)f(u(r))Ar> As

5 o?(b) o?(b) a?(b)
¥¢q<fe h(r)wp(K)Ar>+f9 ¢q<f9 h(r)(pp(K)Ar>As

=KL,

IN

= [lul.

Now suppose f is unbounded. From condition (C;), it is easy to know that there exists
Hy > max{2H3, Hy} such that f(u) < f(Hy) for 0 < u < Hy. If u € P with |lu|| = Hy, then by
using (3.8) we have

[ Aul| = Au(6)

0 0 0

= ‘g(pq <Lh(r)f(u(r))Ar> + J‘a% <Lh(r)f(u(r))Ar> As
0 0 0

s é(ﬂq <Lh(r) f (H4)Ar> + Lq;q (Lh(r) f(H4)Ar> As
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9 ) 9
< é(f’q <fuh(r)¢p(£H4)Ar> + J‘u% <fah(r)¢p(£H4)Ar> As

= Hyel4

< H,

= Jull,
[[Aull = Au(6)

o*(b)

_ g(pq qZh(r)f(u(r))Ar) " L ¢q<f;h(r)f(u(r))Ar>As

o?(b) o2(b) o2(b)
gtpq <L h(r)f (H4)Ar> + L ®q <_[6 h(r) f(H4)Ar> As
5 o?(b) o2(b) o2(b)
?(pq <J.9 h(r)p, (5H4)Ar> + JQ ¥q <f9 h(r)(pp(sH4)Ar> As

IN

IN

= H4£L2
< Hy
= [lul.
(3.11)
Consequently, in either case we take
Qp, = {u€ E:||ul| < Ha}, (3.12)

so that for u € P N 0Qp,, we have ||Au|| > |ju||. Thus by (ii) of Lemma 2.3, it follows that A
has a fixed point u in P N (Qp, \ Qp,) with H3 < ||u|| < Hy.
The proof is complete. O

Theorem 3.2. Suppose iy = 0, i, = 1, and the following conditions hold,

(Cs): there exists constant p' > 0 such that f(u) < ¢, (p' A1) for 0 <u <p', where

A = min{L;l,Lgl } (3.13)
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(Cy): there exists constant q' > 0 such that f(u) > ¢,(q' Az) for u € [Msq', M3], where

Ay = max{ M, M;}, (3.14)

furthermore, p' # q'. Then BVP (1.4) has at least one positive solution u, such that ||u|| lies between p'
and q'.

Proof. Without loss of generality, we may assume that p’ < ¢4'.
Let Qy = {u € E: |lul| <p'}, for any u € P N 0Q,. In view of (C3) we have

[[Aull = Au(6)

0 0 0
= g‘l’q <Lh(7’)f(u(7’))AT> + fawq <Lh(r)f(u(r))Ar> As
B 0 0 0
< ;‘Pq <Lh(”)‘l’p (r'A1) A"> + J‘a‘/’q <Iah(r)¢p (P'A1) A”> As

=p' ALy
<p,
P (3.15)
|Aull = Au(6)
5 n o (b) s
=~y (I h(r)f(u(r))Ar) + J‘ ®q <I h(r)f(u(r))Ar) As
Y 6 6 0
5 o(b) ’ o?(b) o (b) )
< ?Pq L) h(r)p,(p'Ar)Ar ) + J‘g Vg L} h(r)p,(p'A1)Ar ) As
=p'A1L,
<y,
which yields
|Aul| < [lul| for u € PN oLy,. (3.16)
Now set Q, = {u € E : |[u|]| < q'} for u € PN 0Q,, we have
s-a "<u(t)<q forte[¢,0]
0 - aq - =4 T
(3.17)
o?(b)-1 ,

< <q .
02(b)_9q_u(t)_q for t € [6,7]
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Hence by condition (C4), we can get

| Aul| = Au(6)

0 0 0
= g(pq <Lh(r)f(u(r))Ar> +f ¥q <I h(r)f(u(r))Ar> As

0 0 0
> 2% <Lh(r)<Pp(q’Az)Ar> + L‘Pq <Lh(r)<ﬁp(q’Az)Ar> As

= q,Ale
>q,

| Aul| = Au(6)

_ %,,q(ﬂh(r) f(u(r))Ar) + f:Z(b)¢q <f2h(r) f(u(r))Ar> As

6

> ?(Pq<J‘Zh(r)‘/’p(q,A2)Ar> + IZ% <f;h(r)sop(q’Az)> As

=q AyM,

(3.18)

>q.
So if we take Q; = {u € E : |[u]| < q'}, then

|Aul| > lull, uePnoQ,. (3.19)

Consequently, in view of p' < ¢/, (3.16), and (3.19), it follows from Lemma 2.3 that A has a
fixed point u in PN (Q_q/ \ Qp’). Moreover, it is a positive solution of (1.4) and p' <u < ¢
The proof is complete. O

For the case ip =1, i, =0 or ip = 0, i, = 1 we have the following results.

Theorem 3.3. Suppose that fo € [0,¢,(A1)) and fo € (¢pp(MyAz), o) hold. Then BVP (1.4) has
at least one positive solution.

Proof. Itis easy to see that under the assumptions, the conditions (C3) and (Cs4) in Theorem 3.2
are satisfied. So the proof is easy and we omit it here. O

Theorem 3.4. Suppose that fo € (¢,(M4Az), ) and fo, € [0,¢,(A1)) hold. Then BVP (1.4) has
at least one positive solution.

Proof. Since fo € (¢p,(M4Az), »), for e = fo—¢,(((6—a)/(§—a))Az), there exists a sufficiently
small 4] such that

> fo—e= (p,,<§_;ZA2>, ue(0,q]. (3.20)
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Thus, if u € (((¢ - a)/(0 - a))q;,4,], then we have

aAz) 2 ¢p(q142); (3.21)

£ 2 gy g (52

by the similar method, one can get if u € [((6?(b) — 17)/ (6?(b) - 0))g), ¢5], then

o2(b) - 6

mA2> > ¢y (q2A2). (3.22)

fu) > %(u)%(

So, if we choose q' = min{q},q,}, then for u € [M3q',4q'], we have f(u) > ¢,(4'Az),
which yields condition (C4) in Theorem 3.2.

Next, by fo € [0,¢9,(A1)), for € = ¢, (A1) — fo, there exists a sufficiently large p” (> 4')
such that

fa

(Pp(u) = fOO tée= (Pp(Al), ue [P"’ OO)’ (323)

where we consider two cases.

Case 1. Suppose that f is bounded, say
fu) <¢p(K), ue€l0,0). (3.24)

In this case, take sufficiently large p’ such that p’ > max{K/A;, p"}, then from (3.24), we know
fu) <9p(K) < ¢, (Arp') for u € (0,p'], which yields condition (C3) in Theorem 3.2.

Case 2. Suppose that f is unbounded. it is easy to know that there is p’ > p” such that
f) < f(p), uelop] (3.25)
Since p' > p” then from (3.23) and (3.25), we get
f@) < f(P) <pp(p'Ar), ue[0p]. (3.26)

Thus, the condition (C3) of Theorem 3.2 is satisfied.

Hence, from Theorem 3.2, BVP (1.4) has at least one positive solution.
The proof is complete. O

From Theorems 3.3 and 3.4, we have the following two results.

Corollary 3.5. Suppose that fo = 0 and the condition (C4) in Theorem 3.2 hold. Then BVP (1.4) has
at least one positive solution.
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Corollary 3.6. Suppose that f,, = 0 and the condition (C4) in Theorem 3.2 hold. Then BVP (1.4)
has at least one positive solution.

Theorem 3.7. Suppose that fo € (0,¢,(A1)) and fo, = co hold. Then BVP (1.4) has at least one
positive solution.

Proof. In view of fo, = oo, similar to the first part of Theorem 3.1, we have

|Au|| > |lull, u€PnNoQy,. (3.27)

Since fo € (0,¢,(A1)), for € = ¢, (A1) - fo > 0, there exists a sufficiently small p’ € (0, H>) such
that

f@) < (fo+e)gp() = gp(Ar) <gp(Arp), ue0,p]. (3.28)
Similar to the proof of Theorem 3.2, we obtain

lAu| < [lull, uePnoQy. (3.29)

The result is obtained, and the proof is complete. O

Theorem 3.8. Suppose that fo, € (0,¢,(A1)) and fo = oo hold. Then BVP (1.4) has at least one
positive solution.

Proof. Since fy = oo, similar to the second part of Theorem 3.1, we have ||Au| > |ju| for
uePn aQH3.

By fo € (0,¢,(A1)), similar to the second part of proof of Theorem 3.4, we have
|Aul| < ||ull for u € P n 0Ly, where p' > Hjz. Thus BVP (1.4) has at least one positive
solution.

The proof is complete. U

From Theorems 3.7 and 3.8, we can get the following corollaries.

Corollary 3.9. Suppose that f,, = oo and the condition (Cs) in Theorem 3.2 hold. Then BVP (1.4)
has at least one positive solution.

Corollary 3.10. Suppose that fo = oo and the condition (C3) in Theorem 3.2 hold. Then BVP (1.4)
has at least one positive solution.

Theorem 3.11. Suppose that iy = 0, i, = 2, and the condition (C3) of Theorem 3.2 hold. Then BVP
(1.4) has at least two positive solutions uy, uy € P such that 0 < |Juz]| < p' < ||uz|.

Proof. By using the method of proving Theorems 3.1 and 3.2, we can deduce the conclusion
easily, so we omit it here. O

Theorem 3.12. Suppose that iy = 2, iy, = 0, and the condition (Cy) of Theorem 3.2 hold. Then BVP
(1.4) has at least two positive solutions uy, uy € P such that 0 < |Ju1] < g < ||uz]|.
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Proof. Combining the proofs of Theorems 3.1 and 3.2, the conclusion is easy to see, and we
omit it here. O

4. Applications and Examples

In this section, we present a simple example to explain our result. When T = R,

u'|u'|=(1-t)(4-arctanu), 0<t<l,

u(0) = u'(}l), u(l) = _”I<%>, (4.1)

where,p=3,a=p=y=6=1, h(t) =1-t, f(u) =4 - arctanu.
It is easy to see that the condition (C;) and (C,) are satisfied and

foetim L0 _

u—0+ (1) a

e S
- Je _”h_r)r;’ p (1) -

0. (4.2)
So, by Theorem 3.1, the BVP (4.1) has at least one positive solution.
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