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1. Introduction

Difference equations appear naturally as discrete analogues and in the numerical solutions of
differential and delay differential equations having applications in biology, ecology, physics,
and so forth [1]. The study of nonlinear difference equations is of paramount importance not
only in their own field but in understanding the behavior of their differential counterparts.
There has been a lot of work concerning the globally asymptotic behavior of solutions of
rational difference equations [2-6]. In particular, Elabbasy et al. [7] investigated the global

stability and periodicity of the solution for the following recursive sequence:

bx,

Xp1 =Xy — —————F
Xy — dx,_q

n=0,1,....
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In [8] Elabbasy et al. investigated the global stability, boundedness, and the periodicity of
solutions of the difference equation:

axXp + PXy_1 + YXn—2

, =0,1,.... 1.2
Ax, +Bx, 1 +Cx, > " (12)

Xn+l =

Yang et al. [9] investigated the global attractivity of equilibrium points and the asymptotic
behavior of the solutions of the recursive sequence:

ax,-1 +bx,_o
Xpy1 = ——— =2 5 =0,1,.... (1.3)
c+dx,_1Xp—

The purpose of this paper is to investigate the global attractivity of the equilibrium
point, and the asymptotic behavior of the solutions of the following difference equation

s
Zi:] Ak,»xnfk,-
t
BO + Z]:] Bl]-xn—l]-

Xpe1 = , n=0,1,..., (1.4)

where the initial conditions x_,, X_,41,...,x1, X are arbitrary nonnegative real numbers,
ki,... ks, 11,...,1l; are nonnegative integers, r = max{ky,..., ks, I1,...,I;},and Ay, ..., Ak, Bo,
By, ..., By, are positive constants. Moreover, some numerical simulations to the equation are
given to illustrate our results.

This paper is arranged as follows. In Section2, we give some definitions and
preliminary results. The main results and their proofs are given in Section 3. Finally, some
numerical simulations are given to illustrate our theoretical analysis.

2. Some Preliminary Results

To prove the main results in this paper we first give some definitions and preliminary results
[10, 11] which are basically used throughout this paper.

Lemma 2.1. Let I be some interval of real numbers and let

foIM —T (2.1)

be a continuously differentiable function. Then for every set of initial conditions x_, X_k41,..., %0 € 1,
the difference equation

Xne1 = f(Xp, Xp1,..., Xnk), n=0,1,... (2.2)

has a unique solution{x,} ;2 .

Definition 2.2. A point X € I is called an equilibrium point of (2.2) if
xX=f(x,x,...,%). (2.3)

That is, x, = x for n > 0 is a solution of (2.2), or equivalently, x is a fixed point of f.
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Definition 2.3. Let p,q be two nonnegative integers such thatp + g = n. Splitting x =
(x1,%2,...,xq) into x = ([x], [x];), where [x], denotes a vector with o-components
of x, we say that the function f(xi,xy,...,x,) possesses a mixed monotone property in
subsets I" of R" if f([x],, [x],) is monotone nondecreasing in each component of [x], and
is monotone nonincreasing in each component of [x], for x € I". In particular, if g = 0, then
it is said to be monotone nondecreasing in I".

Definition 2.4. Let x be an equilibrium point of (2.1).

(i) xis stable if, for every ¢ > 0, there exists 6 > 0 such that for any initial
conditions (x_g, X_ks1,...,x0) € I with |x_x — X| + [x_gs1 = X| +--- + |x0 — X| < 6,
|x, —X|<eholdforn=1,2,....

(ii) x is a local attractor if there exists y > 0 such that x, — X holds for any initial
conditions (x_x, X_41,...,X0) € I with |x_x = X| + |x_gs1 —X| + -+ |x0 - X| < y.

(iii) x is locally asymptotically stable if it is stable and is a local attractor.

(iv) x is a global attractor if x, — x holds for any initial conditions (x_k, X_g+1,- - ., X0) €
Ik+1 .

(v) x is globally asymptotically stable if it is stable and is a global attractor.

(vi) X is unstable if it is not locally stable.

Lemma 2.5. Assume that s1,S5,...,5¢ € Rand k € {0,1,2,...}. Then

[s1] + |sa| + -+ [sk| <1 (2.4)

is a sufficient condition for the local stability of the difference equation:

Xpsk + S1Xpak1+ - +skx, =0, n=0,1,.... (2.5)

3. The Main Results and Their Proofs

In this section we investigate the globally asymptotic stability of the equilibrium point of
(1.4).
Let f: (0,00)" — (0, 00) be a function defined by

Zil Akix —ki
f(Xnkys e s Xnokor Xn-lys - - -y Xnel,) = L - “ , n=0,1,.... (3.1)
By + 3j-1 Byxn-y

If Xty #Xnoky # *+* # Xk, # Xty # X1, - -+ # Xn-y,, then it follows that

Ax, ,
fx,,_ki(xnfklr---rxn—ksrxn—llr---/xnfl,) = t 7 1= 1/2/'--/51
BO + Z]:l Bl]-xn—l]-

3.2
Blj Zgzl Akixn_ki ( )

<BO + Zj‘=1 Bljxn—lj>2,

fx,,,zj (xn—k1/° '-/xn—kslxn—lw-- -/xn—lt) = - ] = 1,2,...,t.
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Let X, X be the equilibrium points of (1.4), then we have

t
— ‘1A, — B
x=0, X = w. (3.3)
Zj:l Blj
Moreover, we have that
Ay,
Fri @, XX, X) = B—"', i=1,2,...,5,
0 (3.4)
fxnf,j(i,...,f,f,...,i) =0, j=1,2,...,t
Thus, the linearized equation of (1.4) about X is
A Ak,
Zp+l T B_I;Z"_kl + e+ B—Ozn_ks =0. (35)

Theorem 3.1. If Ziszl Ak, < Boand Xy, # Xn-ky, # -+ # Xn-k, # Xn-l, # Xn-I,

-+ #Xyg, then the
equilibrium point x = 0 of (1.4) is locally stable.

Proof. 1t is obvious by Lemma 2.5 that (3.5) is locally stable if

Ak Ay,
: 1 .
‘ By By = (3.6
that is
S
> Ay, < By, (3.7)
i=1

from which the result follows.

O
Theorem 3.2. Let [a,b] be an interval of real numbers and assume that f : [a, b]*! = Risa
continuous function satisfying the mixed monotone property. If there exists

mo < min{x_g, X_gi1,...,%X-1,X0) < max{x_x, X_xs1,...,X-1,X} < My

(3.8)
such that

mo < f(Imol,, [Mol,) < f(IMol,, [mo], ) < Mo,

(3.9)
then there exist (m, M) € [mo, Mo]? satisfying

M= f(IM],, [ml,),  m=f([m], [M],). (3.10)
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Moreover, if m = M, then (2.2) has a unique equilibrium point x € [mgy, Mo] and every solution of

(2.2) converges to x.

Proof. Using my and My as a couple of initial iteration conditions we construct two

sequences {m;} and {M;} (i=1,2,...) from the equation

m; = f([mi—l]p/ [Mi—l]q>r M; = f([Mi_l]p, [mi—1]q>-

(3.11)

It is obvious from the mixed monotone property of f that the sequences {m;} and {M;}

possess the following monotone property:

my<my <---<m; < - <M< <My < M,

wherei=0,1,2,..., and

m; <x;<M; forl>(k+1)i+1.

Set

m = limmy, M = lim M;,

1— 00 1— 00

then

m < lim inf x; < lim sup x; < M.

i— o0 i— oo

By the continuity of f we have

M= f(IM],, [ml,),  m=f([m], [M],).

Moreover, if m = M, then m = M = lim;_, . x; = X, and then the proof is complete.

Theorem 3.3. If there exists
X <mp <min{x_,, X_pi1,..., X1, X0} Smax{x_,, X r41,...,X_1,X0} < My

such that

S s
1 Ax,m 1 A, M
m() < Zl—l kl 0 < Zl—l kl 0

< ; < ; < My,
BO + Zj:l B[}.Mo BO + Zj:l B[}.Wlo

then the equilibrium point X = 0 of (1.4) is global attractor when 3} ; Ax — By < 0.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Figure 1: Chart of (4.1) with x(-3) = 3.2, x(-2) = 2.6,x(-1) = 3.1,x(0) = 4.5.

Proof. We can easily see that the function f(x,—k,, ..., Xn-k., Xn-1,, .- ., Xn-,) defined by (3.1)
is nondecreasing in xy_g,, ..., Xy—k, and nonincreasing in x,_,, ..., X,—,. Then from (1.4) and
Theorem 3.2, there exist (m, M) € [my, Mo]2 satisfying

_ Z?:l Agm M= Z?:l AM

_ : ) - : ) (3.19)
BO + Zj:l Ble BO + Zj:l Bljm

thus
<iAk - B0> (M —-m) =0. (3.20)
i=1

In view of 3,7 | Ax — By <0, we have

M =m. (3.21)

It follows by Theorem 3.2 that the equilibrium point x = 0 of (1.4) is global attractor. The
proof is therefore complete. O

4, Numerical Simulations

In this section, we give numerical simulations supporting our theoretical analysis. As
examples, we consider the following difference equations:

Xn + Xp-3

-, =0,1,..., .
3+ x40 +3x,21 " (4.1)

Xn+1 =

Xy +2Xp 1+ Xpo + X3
Xps1 = —o “ “ = n=0,1,.... (4.2)
6+ X, + Xp_1+ Xpo + Xp_3




Advances in Difference Equations 7

5

4t J

3 L 4
y 2 J

1 - -

0 L 4

y=m((n+3)/4)
1 . . . . .
-20 0 20 40 60 80 100

n

Figure 2: Chart of (4.2) with x(-3) = 1.2, x(-2) = 3.5,x(-1) =2.3,x(0) = 3.1.

Let mg = -1/4, My = 4.6. It is obvious that (4.1) and (4.2) satisfy the conditions of
Theorem 3.3 when the initial conditions are (x_3,x_5,x_1,x) € [0, 4.6]4.

Figure 1 shows the numerical solution of (4.1) with x_3 =3.2,x, =2.6,x_1 =3.1,x9 =
4.5 and the relations that m; < x; < M; when!l > (k+1)i+1,i=0,1,2,....

Figure 2 shows the numerical solution of (4.2) with x_3 =1.2,x_, =3.5,x_1 =2.3,x9 =
3.1 and the relations that m; < x; < M; whenl > (k+1)i+1,i=0,1,2,....
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