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Nonnegative and compartmental dynamical system models are derived from mass and energy
balance considerations that involve dynamic states whose values are nonnegative. These models are
widespread in engineering and life sciences, and they typically involve the exchange of nonnegative
quantities between subsystems or compartments, wherein each compartment is assumed to be
kinetically homogeneous. In this paper, we develop a neuroadaptive control framework for
adaptive set-point regulation of discrete-time nonlinear uncertain nonnegative and compartmental
systems. The proposed framework is Lyapunov-based and guarantees ultimate boundedness of the
error signals corresponding to the physical system states and the neural network weighting gains.
In addition, the neuroadaptive controller guarantees that the physical system states remain in the
nonnegative orthant of the state space for nonnegative initial conditions.
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1. Introduction

Neural networks have provided an ideal framework for online identification and control
of many complex uncertain engineering systems because of their great flexibility in
approximating a large class of continuous maps and their adaptability due to their inherently
parallel architecture. Even though neuroadaptive control has been applied to numerous
engineering problems, neuroadaptive methods have not been widely considered for problems
involving systems with nonnegative state and control constraints [1, 2]. Such systems are
commonly referred to as nonnegative dynamical systems in the literature [3-8]. A subclass of
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nonnegative dynamical systems are compartmental systems [8-18]. Compartmental systems
involve dynamical models that are characterized by conservation laws (e.g., mass and
energy) capturing the exchange of material between coupled macroscopic subsystems known
as compartments. The range of applications of nonnegative systems and compartmental
systems includes pharmacological systems, queuing systems, stochastic systems (whose
state variables represent probabilities), ecological systems, economic systems, demographic
systems, telecommunications systems, and transportation systems, to cite but a few examples.
Due to the severe complexities, nonlinearities, and uncertainties inherent in these systems,
neural networks provide an ideal framework for online adaptive control because of their
parallel processing flexibility and adaptability.

In this paper, we extend the results of [2] to develop a neuroadaptive control framework
for discrete-time nonlinear uncertain nonnegative and compartmental systems. The proposed
framework is Lyapunov-based and guarantees ultimate boundedness of the error signals
corresponding to the physical system states as well as the neural network weighting gains.
The neuroadaptive controllers are constructed without requiring knowledge of the system
dynamics while guaranteeing that the physical system states remain in the nonnegative orthant
of the state space. The proposed neuro control architecture is modular in the sense that if a
nominal linear design model is available, the neuroadaptive controller can be augmented to
the nominal design to account for system nonlinearities and system uncertainty. Furthermore,
since in certain applications of nonnegative and compartmental systems (e.g., pharmacological
systems for active drug administration) control (source) inputs as well as the system states
need to be nonnegative, we also develop neuroadaptive controllers that guarantee the control
signal as well as the physical system states remain nonnegative for nonnegative initial
conditions.

The contents of the paper are as follows. In Section2, we provide mathematical
preliminaries on nonnegative dynamical systems that are necessary for developing the main
results of this paper. In Section 3, we develop new Lyapunov-like theorems for partial
boundedness and partial ultimate boundedness for nonlinear dynamical systems necessary
for obtaining less conservative ultimate bounds for neuroadaptive controllers as compared
to ultimate bounds derived using classical boundedness and ultimate boundedness notions.
In Section 4, we present our main neuroadaptive control framework for adaptive set-point
regulation of nonlinear uncertain nonnegative and compartmental systems. In Section 5,
we extend the results of Section 4 to the case where control inputs are constrained to be
nonnegative. Finally, in Section 6 we draw some conclusions.

2. Mathematical preliminaries

In this section we introduce notation, several definitions, and some key results concerning
linear and nonlinear discrete-time nonnegative dynamical systems [19] that are necessary for
developing the main results of this paper. Specifically, for x € R" we write x >> 0 (resp.,
x >> 0) to indicate that every component of x is nonnegative (resp., positive). In this case, we
say that x is nonnegative or positive, respectively. Likewise, A € R™" is nonnegative or positive
if every entry of A is nonnegative or positive, respectively, which is written as A >> 0 or
A >> 0, respectively. In this paper it is important to distinguish between a square nonnegative
(resp., positive) matrix and a nonnegative-definite (resp., positive-definite) matrix. Let ﬁf and
R? denote the nonnegative and positive orthants of R”, that is, if x € R”, then x € @f and
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x € R” are equivalent, respectively, to x >> 0 and x >> 0. Finally, we write (-)" to denote
transpose, tr(-) for the trace operator, Amin(-) (resp., Amax(-)) to denote the minimum (resp.,
maximum) eigenvalue of a Hermitian matrix, |-|| for a vector norm, and Z, for the set of all
nonnegative integers. The following definition introduces the notion of a nonnegative (resp.,
positive) function.

Definition 2.1. A real function u : 7., — R™ is a nonnegative (vesp., positive) function if u(k) >> 0
(resp., u(k) >>0), k € Z,.

The following theorems give necessary and sufficient conditions for asymptotic stability
of the discrete-time linear nonnegative dynamical system

x(k+1) = Ax(k), x(0) = xo, k € Zs, (2.1)

where A € R™" is nonnegative and xj € ﬁf, using linear and quadratic Lyapunov functions,
respectively.

Theorem 2.2 (see [19]). Consider the linear dynamical system G given by (2.1) where A € R™" is
nonnegative. Then G is asymptotically stable if and only if there exist vectors p,r € R" such that p >> 0
and r >> 0 satisfy

p=ATp+r. (2.2)

Theorem 2.3 (see [6, 19]). Consider the linear dynamical system G given by (2.1) where A € R™"
is nonnegative. Then G is asymptotically stable if and only if there exist a positive diagonal matrix
P € R™™ and an n x n positive-definite matrix R such that

P=ATPA+R. (2.3)

Next, consider the controlled discrete-time linear dynamical system

x(k+1) = Ax(k) + Bu(k), x(0) =xo, k € Z,, (2.4)
where
B= [ B ] (2.5)
O(n—m)xm
A € R™" is nonnegative and B € R™ is nonnegative such that rank B = m. The

following theorem shows that discrete-time linear stabilizable nonnegative systems possess
asymptotically stable zero dynamics with x 2 [xy,...,x,] viewed as the output. For the
A

statement of this result, let spec(A) denote the spectrum of A, let C; £ {s € C : |s| > 1},
and let A € R in (2.4) be partitioned as

Al Anp
A= , 2.6
[A21 Azz] (26)

where Ay € R™™M A, € Rx(m) - A, ¢ RI-mxm and Ay, € RO-mx(n-m) qpe nonnegative
matrices.
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Theorem 2.4. Consider the discrete-time linear dynamical system G given by (2.4), where A € R™"
is nonnegative and partitioned as in (2.6), and B € R™™ is nonnegative and is partitioned as in (2.5)
with rank B = m. Then there exists a gain matrix K € R™" such that A + BK is nonnegative and
asymptotically stable if and only if Ay, is asymptotically stable.

Proof. First, let K be partitioned as K = [Kj, K], where K; € R™™ and K; € R™*(m=m) "and
note that

(2.7)

(A+BK)" = [ (A +BK)" A;]

(A12 + BK2>T

Assume that A + BK is nonnegative and asymptotically stable, and suppose that, ad absurdum,
A»; is not asymptotically stable. Then, it follows from Theorem 2.2 that there does not exist a
positive vector p, € R}™™ such that (Ag2 — I)p> << 0. Next, since A + BKZ is nonnegative it
follows that (A, + B Kz) T p1 >> 0 for any positive vector p; € R™. Thus, there does not exist
a positive vector p £ [p], p, ] such that [(A + BK)" - Ilp << 0, and hence, it follows from
Theorem 2.2 that A + BK is not asymptotically stable leading to a contradiction. Hence, A
is asymptotically stable. Conversely, suppose that Ay, is asymptotically stable. Then taking
K, = B! (As — A1) and K; = ~B~1A;,, where A is nonnegative and asymptotically stable,
it follows that spec(A + BK) N C; = [spec(As) U spec(Axn)] N C; = @, and hence, A + BK is
nonnegative and asymptotically stable. O

Next, consider the discrete-time nonlinear dynamical system
x(k+1) = f(x(k)), x(0)=xo, k€Z, (2.8)

where x(k) € @, D is an open subset of R” with 0 € ®, and f : ® — R" is continuous on ®.
Recall that the point x. € @ is an equilibrium point of (2.8) if x. = f(x.). Furthermore, a subset
D. C D is an invariant set with respect to (2.8) if D. contains the orbits of all its points. The
following definition introduces the notion of nonnegative vector fields [19].

Definition 2.5. Let f = [f1,..., fa]" % — R", where 9 is an open subset of R" that contains ﬁf.
Then f is nonnegative with respect tox £ [xy,.. ]T, m < n,if fi(x) >0foralli=1,...,m,and
xeR,. f is nonnegative if f;(x) >0 foralli = 1 ,n,and x € R

Note that if f(x) = Ax, where A € R™", then f is nonnegative if and only if A is
nonnegative [19].

Proposition 2.6 (see [19]). Suppose @f CD. Then Ef is an invariant set with respect to (2.8) if and
only if f : D — R" is nonnegative.

In this paper, we consider controlled discrete-time nonlinear dynamical systems of the
form

x(k+1) = f(x(k)) + G(x(k))u(k), x(0)=xo, k €Z,, (2.9)

where x(k) € R", k € Z,, u(k) € R™, k € Z, f : R* — R" is continuous and satisfies f(0) =
and G : R" — R™ is continuous.
The following definition and proposition are needed for the main results of the paper.
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Definition 2.7. The discrete-time nonlinear dynamical system given by (2.9) is nonnegative if for
every x(0) € Ef and u(k) >> 0, k € Z,, the solution x(k), k € Z., to (2.9) is nonnegative.

Proposition 2.8 (see [19]). The discrete-time nonlinear dynamical system given by (2.9) is
nonnegative if f(x) >>0and G(x) >>0, x € @f.

It follows from Proposition 2.8 that a nonnegative input signal G(x(k))u(k), k € Z,, is
sufficient to guarantee the nonnegativity of the state of (2.9).

Next, we present a time-varying extension to Proposition 2.8 needed for the main
theorems of this paper. Specifically, we consider the time-varying system

x(k+1) = f(k,x(k)) + G(x(k))u(k), x(ko) =x0, k> ko, (2.10)

where f : Z. x R" — R" is continuous in k and x on Z, x R" and f(k,0) =0,k € 7., and
G : R" — R™ is continuous. For the following result, the definition of nonnegativity holds
with (2.9) replaced by (2.10).

Proposition 2.9. Consider the time-varying discrete-time dynamical system (2.10) where f(k,-) :
R" — R" is continuous on R" for all k € 7. and f(,x): 7. — R" is continuous on Z, forall x € R".
If for every k € Z,, f(k,-) : R" — R" is nonnegative and G : R" — R™™ is nonnegative, then the
solution x(k), k > ko, to (2.10) is nonnegative.

Proof. The result is a direct consequence of Proposition 2.8 by equivalently representing the
time-varying discrete-time system (2.10) as an autonomous discrete-time nonlinear system by
appending another state to represent time. Specifically, defining y(k — ko) = x(k) and y,,+1(k -
ko) = k, it follows that the solution x(k), k > ko, to (2.10) can be equivalently characterized by
the solution y(x), k > 0, where « £ k — ko, to the discrete-time nonlinear autonomous system

y(k+1) = f(yn1(x), y(x)) + G(y(x))u(x), y(0) =yo, x>0, (2.11)

Yni1(K+1) = Y1 (€) + 1, Yni1(0) = ko, (212)

where 1i(x) £ u(x + ko). Now, since y;(x) >0,x >0, fori =1,...,n+ 1, and G(x(x))#u(x) >> 0,
the result is a direct consequence of Proposition 2.8. O

3. Partial boundedness and partial ultimate boundedness

In this section, we present Lyapunov-like theorems for partial boundedness and partial ultimate
boundedness of discrete-time nonlinear dynamical systems. These notions allow us to develop
less conservative ultimate bounds for neuroadaptive controllers as compared to ultimate
bounds derived using classical boundedness and ultimate boundedness notions. Specifically,
consider the discrete-time nonlinear autonomous interconnected dynamical system

xi(k+1) = fi(x1(k), x2(k)), x1(0) = x10, k € Zy, (3.1)
x2(k+1) = fo(x1(k), x2(k)), x2(0) = x20, (3.2)

where x; € D, D C R™ is an open set such that 0 € ®, x, € R™, f; : ® x R™ — R™ is such
that, for every x, € R™, f1(0,x2) = 0 and f;(-, x2) is continuous in xy, and f, : @ x R™ — R™
is continuous. Note that under the above assumptions the solution (x;(k), x2(k)) to (3.1) and
(3.2) exists and is unique over Z..
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Definition 3.1 (see [20]). (i) The discrete-time nonlinear dynamical system (3.1) and (3.2) is
bounded with respect to x1 uniformly in xyo if there exists y > 0 such that, for every 6 € (0,y),
there exists € = £(5) > 0 such that [|xjo|| < 6 implies ||x; (k)| < & for all k € Z,. The discrete-time
nonlinear dynamical system (3.1) and (3.2) is globally bounded with respect to x1 uniformly in xx9
if, for every 6 € (0, o0), there exists € = £(6) > 0 such that ||x10|| < 6 implies ||x;(k)|| < € for all
keZ,.

(ii) The discrete-time nonlinear dynamical system (3.1) and (3.2) is ultimately bounded
with respect to xy uniformly in xy0 with ultimate bound ¢ if there exists y > 0 such that, for every
6 € (0,y), there exists K = K(6,¢) > 0 such that ||xy]| < 6 implies ||x1(k)|| < ¢, k > K.
The discrete-time nonlinear dynamical system (3.1) and (3.2) is globally ultimately bounded with
respect to x1 uniformly in x0 with ultimate bound € if, for every 6 € (0, o), there exists K =
K(6,¢) > 0 such that ||xo|| < 6 implies ||x;(k)|| <€, k > K.

Note that if a discrete-time nonlinear dynamical system is (globally) bounded with
respect to x; uniformly in xy, then there exists ¢ > 0, such that it is (globally) ultimately
bounded with respect to x; uniformly in x, with an ultimate bound ¢. Conversely, if a discrete-
time nonlinear dynamical system is (globally) ultimately bounded with respect to x; uniformly
in xy with an ultimate bound ¢, then it is (globally) bounded with respect to x; uniformly
in xy. The following results present Lyapunov-like theorems for boundedness and ultimate
boundedness for discrete-time nonlinear systems. For these results define AV (xj,xp) £
V(f(x1,%2)) = V(x1,%), where f(x1,%) 2 [fl(x1,%0), ff(x1,22)] and V : @ x R™ — R
is a given continuous function. Furthermore, let Bs(x), x € R", 6 > 0, denote the open ball
centered at x with radius 6 and let Bg(x) denote the closure of Bs(x), and recall the definitions
of class-X, class-K,, and class-X.£ functions [20].

Theorem 3.2. Consider the discrete-time nonlinear dynamical system (3.1) and (3.2). Assume that
there exist a continuous function V : D x R™ — R and class-K functions a(-) and p(-) such that

a([lxil]) < Vx, x2) < (||

AV(xl,xz) <0, x1€9, ”le > U, X2 € an, (34)

), X1 €9, XQERHZ, (33)

where p > 0 is such that By-1(p(.) (0) C D. Furthermore, assume that Sup(xl,xz)eﬁ,,(o)xR"zV( f(x1,x2))
exists. Then the discrete-time nonlinear dynamical system (3.1) and (3.2) is bounded with respect to x;
uniformly in xy. Furthermore, for every 6 € (0,y), x10 € Bs(0) implies that ||x1(k)|| < €, k € Z.,
where

e=¢(6) £ at(max{n, B(6)}), (3.5)

n = max{f(p), Sup(xl,xz)eﬁﬂ(o)anzV(f(xlrxZ))} = max{f(p), SUP (x),x,)€B,,(0)xR ™ (V(x1,%2) +
AV (x1,x2))}, and y £ sup{r >0: Ba1(pr)) (0) C B} If, in addition, ® = R™ and a(-) is a class-K,
function, then the discrete-time nonlinear dynamical system (3.1) and (3.2) is globally bounded with
respect to x1 uniformly in x,9 and for every x190 € R™, ||lx1(k)|| < €, k € Z,, where ¢ is given by (3.5)
with 6 = ||X10||.

Proof. See [20, page 786]. O
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Theorem 3.3. Consider the discrete-time nonlinear dynamical system (3.1) and (3.2). Assume there
exist a continuous function V : D x R™ — R and class-K functions a(-) and p(-) such that (3.3)
holds. Furthermore, assume that there exists a continuous function W : @ — R such that W (x;) > 0,
lcil) > o, and

AV(X1,X2) S—W(Jﬁ), X1 €9,

xi|| > p, x2 € R™, (3.6)

where p > 0 is such that Ba-1(p.)(0) C D. Finally, assume sup(xllxz)egﬂ(o)anzV(f(xl,xz)) exists.
Then the nonlinear dynamical system (3.1), (3.2) is ultimately bounded with respect to x1 uniformly
in xyo with ultimate bound ¢ = a~'(n), where n > max{ﬁ(y),sup(xhxz)egﬂ(o)xwzV(f(xl,xz))} =
max{ﬁ(,u),sup(xhxz)eﬁﬂ(O)x]Rn2 (V(x1,x2) + AV(x1,x2))}. Furthermore, limsup,__[[xi(k)|| <
a Y(n). If, in addition, ® = R"™ and a(-) is a class-K, function, then the nonlinear dynamical system
(8.1) and (3.2) is globally ultimately bounded with respect to x1 uniformly in x,0 with ultimate bound
E.

Proof. See [20, page 787]. O

The following result on ultimate boundedness of interconnected systems is needed for
the main theorems in this paper. For this result, recall the definition of input-to-state stability
given in [21].

Proposition 3.4. Consider the discrete-time nonlinear interconnected dynamical system (3.1) and
(3.2). If (3.2) is input-to-state stable with x1 viewed as the input and (3.1) and (3.2) are ultimately
bounded with respect to x1 uniformly in xy, then the solution (x1(k),x2(k)), k € 7., of the
interconnected dynamical system (3.1)-(3.2), is ultimately bounded.

Proof. Since system (3.1)-(3.2) is ultimately bounded with respect to x; (uniformly in xy), there
exist positive constants € and K = K(§, €) such that ||x;(k)|| < ¢, k > K. Furthermore, since (3.2)
is input-to-state stable with x; viewed as the input, it follows that x,(K) is finite, and hence,
there exist a class-A £ function 7(-,-) and a class-X function y(-) such that

20| < n(ll2(K) | k= K) +y (max |l ()]

<n(||x(K) ||, k = K) +y(e) (3.7)
<n(||lx2(K)||,0) +y(e), k>K,

which proves that the solution (xi(k), x2(k)), k € Z. to (3.1) and (3.2) is ultimately bounded.
O

4. Neuroadaptive control for discrete-time nonlinear nonnegative
uncertain systems

In this section, we consider the problem of characterizing neuroadaptive feedback control laws
for discrete-time nonlinear nonnegative and compartmental uncertain dynamical systems to
achieve set-point regulation in the nonnegative orthant. Specifically, consider the controlled
discrete-time nonlinear uncertain dynamical system G given by

x(k +1) = fe(x(k), z(k)) + G(x(k), z(k))u(k), x(0) =xo, k € Z,, (4.1)
2(k+1) = fa(x(k),z(K), 2(0) =z, (42)
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where x(k) € R™, k € 7., and z(k) e R":, k € 7., are the state vectors, u(k) e R", k e 7., is the
control input, f, : R™ x R™ — R™ is nonnegative with respect to x but otherwise unknown
and satisfies f,(0,z) =0, z € R™, f, : R™ x R"™ — R": is nonnegative with respect to z but
otherwise unknown and satisfies f,(x,0) =0, x € R™, and G : R™ x R™ — R™*™ is a known
nonnegative input matrix function. Here, we assume that we have m control inputs so that the
input matrix function is given by

(4.3)

Glx,z) = [Ban(x, Z)] /

O(n—m)xm

where B, = diag[by,...,by] is a positive diagonal matrix and G, : R™ x R™ — R"™" is a
nonnegative matrix function such that det G,(x,z) #0, (x,z) € R™ x R". The control input
u(-) in (4.1) is restricted to the class of admissible controls consisting of measurable functions
such that u(k) € R™, k € 7Z.. In this section, we do not place any restriction on the sign of
the control signal and design a neuroadaptive controller that guarantees that the system states
remain in the nonnegative orthant of the state space for nonnegative initial conditions and are
ultimately bounded in the neighborhood of a desired equilibrium point.

In this paper, we assume that f,(-,-) and f.(-, -) are unknown functions with f,(-,-) given

by
fx(x,2) = Ax + Af(x,z), (4.4)

where A € R™ is a known nonnegative matrix and Af : R™ x R" — R™ is an unknown
nonnegative function with respect to x and belongs to the uncertainty set ¥ given by

F={Af :R™xR"™ - R™: Af(x,z) = B6(x, z), (x,z) € R™ xR}, 4.5)

where B £ [B,, Omx(n_m)]T and 6 : R™ x R": — R™ is an uncertain continuous function such
that 6(x, z) is nonnegative with respect to x. Furthermore, we assume that for a given x, € R}
there exist z, € @fz and u, € Riﬂ such that

Xe = Axe + Af (Xe, ze) + G(Xe, Ze ) Ue, (4.6)
Ze = fz(xe/ Ze)- (4.7)

In addition, we assume that (4.2) is input-to-state stable at z(k) = z. with x(k) — x. viewed as
the input, that is, there exist a class-A £ function #(-, -) and a class-X function y(-) such that

l2(k) = zel| < n(llz0 ~ zell, k) +y(max||x(i) - xc||), k>0, (48)

where ||| denotes the Euclidean vector norm. Unless otherwise stated, henceforth we use |||
to denote the Euclidean vector norm. Note that (x.,z.) € R]* x @fz is an equilibrium point of
(4.1) and (4.2) if and only if there exists u. € @:ﬂ such that (4.6) and (4.7) hold.

Furthermore, we assume that, for a given £ > 0, the ith component of the vector function

)

0(x,z) —6(xe, ze) — Gn(Xe, Ze)Ue can be approximated over a compact set Dy X D C ﬁf" xR,
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by a linear in the parameters neural network up to a desired accuracy so that fori =1,...,m,
there exists ;(-, -) such that [g;(x, z)| < €, (x,z) € Dex X Dz, and

6i(x,z) — 6i(Xe, ze) = [Gn(Xe, Ze) e, = Wloi(x,z) +€i(x,2), (% 2) € Dex X Dez, (4.9)
where W; € R%, i = 1,...,m, are optimal unknown (constant) weights that minimize the
approximation error over D¢ x Dz, 0; : R™ x R™ — R%, i = 1,...,m, are a set of basis
functions such that each component of o;(-, -) takes values between 0 and 1, ¢; : R™ x R™ — R,
i=1,...,m, are the modeling errors, and ||W;| < w;, where w;,i = 1,...,m, are bounds for
the optimal weights W;,i=1,...,m.

Since fx(:,-) is continuous, we can choose 0;(-,-), i = 1,...,m, from a linear space X of
continuous functions that forms an algebra and separates points in ¢, x D.;. In this case, it
follows from the Stone-Weierstrass theorem [22, page 212] that X is a dense subset of the set of
continuous functions on D¢, x D... Now, as is the case in the standard neuroadaptive control
literature [23], we can construct the signal u,q, = WiToi(x, z) involving the estimates of the
optimal weights as our adaptive control signal. However, even though I//\\/iTO'i (x,z),i=1,...,m,
provides adaptive cancellation of the system uncertainty, it does not necessarily guarantee that
the state trajectory of the closed-loop system remains in the nonnegative orthant of the state
space for nonnegative initial conditions.

To ensure nonnegativity of the closed-loop plant states, the adaptive control signal is
assumed to be of the form WiTa',-(x, z, Wi), i=1,...,m whereG; : R"™ x R": x R% — R% is such
that each component of 6;(-, -, -) takes values between 0 and 1 and &;;) (x, z, Wi) = 0, whenever
I//\\/i(j) >0foralli=1,...,m j=1,...,s;, where 6,;(,-,-) and Wi(j) are the jth element of
o;(-,-,+) and Wi, respectively. This set of functions do not generate an algebra in A, and hence,
if used as an approximator for 6;(,-), i = 1,...,m, will generate additional conservatism in the
ultimate bound guarantees provided by the neural network controller. In particular, since each
component of o;(-,-) and 0;(:, -, -) takes values between 0 and 1, it follows that

||oi(x, z) - 6i(x, =, W,) | <+vsi, (xz W,) €Dy x D xR, i=1,...,m. (4.10)

This upper bound is used in the proof of Theorem 4.1 below.
For the remainder of the paper we assume that there exists a gain matrix K € R"™*"+ such
that A + BK is nonnegative and asymptotically stable, where A and B have the forms of (2.6)

and (2.5), respectively. Now, partitioning the state in (4.1) as x = [x?, xg]T, where x; € R™ and
x, € R™™, and using (4.3), it follows that (4.1) and (4.2) can be written as
x1(k +1) = Annxi (k) + Anxa(k) + Af (x1(k), x2(k), z(k)) + BuGn (x1(k), x2(k), z(k) )u(k),
x1(0) = x10, k €Z,

(4.11)
x2(k +1) = Anxi(k) + Anxa(k),  x2(0) = x2, (4.12)
z(k+1) = f2(x1(k), x2(k), z(k)), z(0) = zo. (4.13)

Thus, since A + BK is nonnegative and asymptotically stable, it follows from Theorem 2.4 that
the solution x;(k) = xp € R*™™ of (4.12) with x1(k) = x1. € R™, where x1, and x, satisfy
X2e = A21X1e + A2aX2e, is globally exponentially stable, and hence, (4.12) is input-to-state stable
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at x2(k) = x2. with xq(k) — x1. viewed as the input. Thus, in this paper we assume that the
dynamics (4.12) can be included in (4.2) so that n, = m. In this case, the input matrix (4.3) is
given by

G(x,z) = BuGn(x, 2) (4.14)

so that B = B,,. Now, for a given desired set point (x., ze) € R x @fz and for some €1,¢, > 0,
our aim is to design a control input u(k), k € Z,, such that ||x (k) — x|| < €1 and [|z(k) - z¢|| < €2
for all k > K, where K € Z,, and x(k) >> 0 and z(k) >> 0, k € Z,, for all (xy, zo) € @f’( X ﬁfz.
However, since in many applications of nonnegative systems and, in particular, compartmental
systems, it is often necessary to regulate a subset of the nonnegative state variables which
usually include a central compartment, here we only require that ||x(k) — x.|| < €1, k > K.

Theorem 4.1. Consider the discrete-time nonlinear uncertain dynamical system G given by (4.1) and
(4.2) where fy(-,-) and G(-,-) are given by (4.4) and (4.14), respectively, f.(-,-) is nonnegative with
respect to x, f.(-,-) is nonnegative with respect to z, and Af (-,-) is nonnegative with respect to x and
belongs to F. For a given x. € R} assume there exist nonnegative vectors z, € ﬁfl and u. € Ef"
such that (4.6) and (4.7) hold. Furthermore, assume that (4.2) is input-to-state stable at z(k) = z.
with x(k) — x. viewed as the input. Finally, let K € R™ " be such that —K is nonnegative and
As = A + ByK is nonnegative and asymptotically stable. Then the neuroadaptive feedback control law

u(k) = Gt (x(k), z(k)) [K (x (k) = xo) = W (k)G (x(k), z(k), W (k))], (4.15)
where
W (k) £ block-diag[W; (k), ..., Wy, (k)], (4.16)

Wik) € RS, k € Zy, i = 1,...,ny, and 6(x,2,W) 2 [6](x,2,W1),...,5p (x,2,W,)]" with
0i(j)(x, z, I/AVi) = 0 whenever Wi(]-) >0,i=1,...,nyj=1,...,s,—with update law

qil| P2 (x (k) — xe) |

Wik +1) = Wi(k) +
1+ ||PV2(x(k) - xe) ||

5 [6:(k)Bi (x (), z(k), Wi(k)) - yiWi(k)],

Wl(o) =I//\71'0/ iz]-/"'/nXI
(4.17)

where P £ diag[py, ..., pn,] > 0 satisfies

P=AIPA,;+R (4.18)
for positive definite R € R™ ™, gq; and y; are positive constants satisfying b;qis; < 2 and qiyi < 1,
i=1,...,n,and (k) 2 x(k+1)—x.— As(x(k) —x.) = [61(k), &x(k), . ..,Enx(k)]T—guamntees that

there exists a positively invariant set D, C ﬁf" X ﬁfz x R such that (ice, Ze, W) € D,, where W £
block-diag[W1, ..., Wy, ], and the solution (x(k),z(k),W(k)), k € Z., of the closed-loop system
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Neuro adaptive controller Plant

Internal dynamics
(z-dynamics)

Controlled dynamics !
T i i (x-dynamics)
I
I
|

__________________________

Figure 1: Block diagram of the closed-loop system.

given by (4.1), (4.2), (4.15), and (4.17) is ultimately bounded for all (x(O),z(O),W(O)) € D, with
ultimate bound ||PY?(x(k) - x.)|| < €, k € Z., where

e=Vel-1, (4.19)
qéaf+qw+%<g+ﬁ>+2<1+%>((x+§qw), cxxémax{ ap +a 1+e },

a(pr —cpp) c2-a-9)

a < Zx pibl (e + /siw]") ?, p= Zx pibiyw??, 1w > (2+¢)(a+ap)/(2af),
i=1 i=1
(4.20)

/’ll = )Lmin(R)/)Lmax(p)/ #2 = /\max(AFsrPAs)/)Lmin(P)/ é = maX{bﬂhSL- . -/anansnx}/ § =
min{qiyi,...,qn,Yn, }, and a and c are positive constants satisfying a < 2—¢ and cpu, < pi, respectively.
Furthermore, x(k) >> 0 and z(k) >> 0, k € Z,, for all (xo, zo) € R’jx X ﬁfz.

Proof. See Appendix A. O

A block diagram showing the neuroadaptive control architecture given in Theorem 4.1
is shown in Figure 1. It is important to note that the adaptive control law (4.15) and (4.17)
does not require the explicit knowledge of the optimal weighting matrix W and constants
0(xe, ze) and u.. All that is required is the existence of the nonnegative vectors z. and u, such
that the equilibrium conditions (4.6), and (4.7) hold. Furthermore, in the case where B, =
diag[b, ..., b, ] is an unknown positive diagonal matrix but b; < b,i= 1,...,n,, where bis
known, we can take the gain matrix K to be diagonal so that K = diag[ky, ..., k, ], where k; is
such that -1/b<k; <0,i=1,...,n,. In this case, taking A in (4.4) to be the identity matrix, A
is given by A, = diag[1 + b1ky,...,1+ b, k, ] which is clearly nonnegative and asymptotically
stable, and hence, any positive diagonal matrix P satisfies (4.18). Finally, it is important to note
that the control input signal u(k), k € 7., in Theorem 4.1 can be negative depending on the
values of x(k), k € 7... However, as is required for nonnegative and compartmental dynamical
systems the closed-loop plant states remain nonnegative.

Next, we generalize Theorem 4.1 to the case where the input matrix is not necessarily
nonnegative. For this result row;(K) denotes the ith row of K € R"*"=,
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Theorem 4.2. Consider the discrete-time nonlinear uncertain dynamical system G given by (4.1) and
(4.2), where f(-,-) and G(-,-) are given by (4.4) and (4.14), respectively, f.(-,-) is nonnegative with
respect to x, f.(-,-) is nonnegative with respect to z, and Af(-,-) is nonnegative with respect to x and
belongs to F. For a given x. € R}, assume there exist a nonnegative vector z. € @fz and a vector
U. € R™ such that (4.6) and (4.7) hold with fy(xe, ze) << xe. Furthermore, assume that (4.2) is
input-to-state stable at z(k) = z. with x(k) — xe viewed as the input. Finally, let K € R™>™ be such
that (sgnb;)row,(K) << 0,i=1,...,n, and A = A+B,K is nonnegative and asymptotically stable.
Then the neuroadaptive feedback control law (4.15), where W(k) is given by (4 16) with W; (k) € ]Rs’
ke€Z,i=1,..,nyand5(x,z,W)2 [ T(x,z,Wl) .., 0, (x, z, W, )" with & Gi(j) (x,z,W;) =
whenever Wi(j >0,i=1,...,ny,j=1,...,s;,—with update law

qil P*? (x (k) - xe) |
1+ [|PV2(x (k) —xe)ll2

Wik +1) = Wi(k) + [(sgnb;)&:(k)5;(x(k), z(k), W;(k)) - yiWi(k)],

Wi0) =Wy, i=1,... 1
(4.21)

where P = diag[p1,...,pn.] > 0 satisfies (4.18), q; and y; are positive constants satisfying |b;|gis; < 2
and giyi < 1,1 =1...,ny (k) £ x(k +1) — xe — Ag(x(k) — xe) = [El(k),é'z(k),...,Enx(k)]T—
guarantees that there exists a positively invariant set D, C @fx xﬁfz x]l/%j”‘x such that (xe, ze, W) € D,,
where W £ block-diag[W1, ..., Wy, ], and the solution (x(k), z(k), W (k)), k € Z., ofth/e\closed-loop
system given by (4.1), (4.2), (4.15), and (4.21) is ultimately bounded for all (x(0),z(0), W(0)) € D,
with ultimate bound ||PY/?(x(k) - x.)|| < &, k > K, where ¢ is given by (4.19) with b; replaced by |b;|
inpandé,i=1,...,ny. Furthermore, x(k) >> 0and z(k) >> 0, k € Z+,for all (xp,z0) € @f’{ x @fz.
Proof. The proof is identical to the proof of Theorem 4.1 with Q replaced by Q = diag[g:/
P1|b1|1---rqnx/pnxlbnx|]~ O

Finally, in the case where B, is an unknown diagonal matrix but the sign of each diagonal
element is known and 0 < |b;| < bi=1,..., 1., Where b is known, we can take the gain matrix
K to be diagonal so that K = dlag[kl, .., kn. ], where k; is such that -1/b < (sgnbi)k; < 0,
i =1,...,ny In this case, taking A in (4 4) to be the identity matrix, A is given by A
diag[1 + blkl, .., 1+ by k, ] which is nonnegative and asymptotically stable.

Example 4.3. Consider the nonlinear uncertain system (4.1) with

b
_ X1+ X + axy SinJarx; _l1+x2+x2
fxlx,2) [ 0.5x; + 0.25x, ] o G2 1) K (422)

where a,b € R are unknown. For simplicity of exposition, here we assume that there is
no internal dynamics. Note that f,(x,z) and G(x, z) in (4.22) can be written in the form
of (44) and (4.3) with A = [J19L], Af(x) = [ax;sinmx,,0]", B, = b, and Gu(x) =
1 / 1+ x1 + xz) Furthermore, note that A f(x,z) is unknown and belongs to ¥. Since for

=[0.5,1]" there exists uo € R, such that (4.6) is satisfied, it follows from Theorem 4.2
that the neuroadaptive feedback control law (4.15) with K = [-0.1,0] and update law (4.21)
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Figure 2: State trajectories and control signal versus time.

guarantees that the closed-loop systems trajectory is ultimately bounded and remains in the
nonnegative orthant of the state space for nonnegative initial conditions. With a = 0.9, b =1,
o1(x,z) = [1/(1+e=),..., 1/(1+e™),1/(1+e2),...,1/(1+e)]", ¢ = 05, q =01,
1 = 0.1, and initial conditions x(0) = [2,1]" and W(0) = [0,...,0]" € R'?, Figure 2 shows the
state trajectories versus time and the control signal versus time.

5. Neuroadaptive control for discrete-time nonlinear nonnegative uncertain
systems with nonnegative control

As discussed in the introduction, control (source) inputs of drug delivery systems for
physiological and pharmacological processes are usually constrained to be nonnegative as
are the system states. Hence, in this section we develop neuroadaptive control laws for
discrete-time nonnegative systems with nonnegative control inputs. In general, unlike linear
nonnegative systems with asymptotically stable plant dynamics, a given set point x. € RY for
a discrete-time nonlinear nonnegative dynamical system

x(k+1) = f(x(k)) +u(k), x(0)=x, k€Z, (5.1)
where x(k) € R?, u(k) € R", and f : R" — R", may not be asymptotically stabilizable with

a constant control u(k) = u. € @f. Hence, we assume that the set point x. € R satisfying
Xe = f(xe) + U is a unique equilibrium point in the nonnegative orthant with u(k) = u. and is
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also asymptotically stable for all x; € ﬁf. This implies that the equilibrium solution x (k) = x.
to (5.1) with u(k) = u. is asymptotically stable for all x; € R,.

In this section, we assume that A in (4.4) is nonnegative and asymptotically stable,
and hence, without loss of generality (see [19, Proposition 3.1]), we can assume that A
is an asymptotically stable compartmental matrix [19]. Furthermore, we assume that the
control inputs are injected directly into m separate compartments so that B, and Gy(x, z)
in (4.14) are such that B, = diag[bs,..., b, ] is a positive diagonal matrix and G,(x,z) =
diag[gn,(x,2), .-, &n, (x,2)], where gy, : @fx X ﬁfz — Ry, i=1,...,m, is a known positive
diagonal matrix function. For compartmental systems, this assumption is not restrictive since
control inputs correspond to control inflows to each individual compartment. For the statement
of the next theorem, recall the definitions of W and W(k), keZ, given in Theorem 4.1.

Theorem 5.1. Consider the discrete-time nonlinear uncertain dynamical system G given by (4.1) and
(4.2), where fy(-,-) and G(-,-) are given by (4.4) and (4.14), respectively, A is nonnegative and
asymptotically stable, f.(-,-) is nonnegative with respect to x, f.(-,-) is nonnegative with respect to
z, and Af(-,-) is nonnegative with respect to x and belongs to F. For a given x. € R}™ assume
there exist positive vectors ze € R}* and u, € R} such that (4.6) and (4.7) hold and the set point
(Xe, Ze) € Ry™ x R} is asymptotically stable with constant control u(k) = u, € R™ for all xo € R™.
In addition, assume that (4.2) is input-to-state stable at z(k) = z. with x(k) — x. viewed as the input.
Then the neuroadaptive feedback control law

ui(k) =max {0,u;(k)}, i=1,...,ny, (5.2)
where
u;j(k) = —gg’_l (x(k),z(k))VAViT(k)oi(x(k),z(k)), (5.3)
and I//\\/i(k) ERS, keZ, i=1,..., n,—uwith update law

qil| PV (x (k) = xe)|| | =
vei(k)oi(x(k), z(k)) = Wi(k)],
L+ [|[PV2 (x (k) - xe) || | ( : ] (5.4)

Wi(0) =Wy, i=1,...,n,

Wik +1) = Wi(k) +

where P £ diag[p, ..., pn,] > 0 satisfies
P=ATPA+R (5.5)

for positive definite R € R™ ", y and q; are positive constants satisfying biqiy < 1 and g; < 1 -
bisiy,i=1,...,ny, ek) = x(k+1) —xc — A(x(k) — xe) = [El(k),...,Enx(k)]T—guamntees that
there exists a positively invariant set D, C ﬁf" x R’jz x R¥" sych that (xe,ze, W) € D, and the
solution (x(k),z(k),W(k)), k eZ, of the closed-loop system given by (4.1), (4.2), (5.2), and (5.4)
is ultimately bounded for all (x(O),z(O),W(O)) € D, with ultimate bound |PV?(x(k) - xo)|| < €,
k > K, where ¢ 2 Vel —1,

1/ay 1 ay +ap 1+c¢
22+ W+—<—+ >+2<1+—> a+iny), (xxémax{ , },
1 et o\ P c (at Se) a(pr —cpp) cy(L—a—-yé)

AL Spb2%?  PESpbiw? > @+ (ay +ap)/(al),
i=1 i=1
(5.6)
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,ul £ )‘min(R)/-)‘max(P)/ PlZ £ -)lmaX(ATPA)/J\min(P)/ § £ max{blqlsll' --/bnanxsnx}/ § £
min{qi,...,qn,}, and a and c are positive constants satisfying a <1 —y¢ and cpy < py. Furthermore,
u(k) >> 0, x(k) >> 0, and z(k) >> 0, k € Z,, for all (xo,z0) € R, xR.".

Proof. See Appendix B. O

6. Conclusion

In this paper, we developed a neuroadaptive control framework for adaptive set-point
regulation of discrete-time nonlinear uncertain nonnegative and compartmental systems.
Using Lyapunov methods, the proposed framework was shown to guarantee ultimate
boundedness of the error signals corresponding to the physical system states and the neural
network weighting gains while additionally guaranteeing the nonnegativity of the closed-loop
system states associated with the plant dynamics.

Appendices
A. Proof of Theorem 4.1

In this appendix, we prove Theorem 4.1. First, note that with u(k), k € Zr, given by (4.15), it
follows from (4.1), (4.4), and (4.14) that

x(k+1) =Ax(k) + Af(x(k),z(k)) + BuK (x(k) — xe) — BHWT(k)a(x(k),z(k),W(k)), (A1)
x(0) =x9, k € Z.. .

Now, defining e, (k) £ x(k)-x. and e, (k) £ z(k)-z., using (4.5)-(4.7), (4.9),and A; = A+B,K,
it follows from (4.2) and (A.1) that

ex(k+1) = Aser(k) + (A= Dxe + Af (x(k), z(k)) = BJW" (k)5 (x(k), z(k), W (k))
= Aser (k) + By [6(x(k), z(k)) = 6(xe, Ze) = Gn(%Xe, ze ) tte = WY (k)0 (x(k), 2(K))]
+ BJWT (k) [0(x(k), z(k)) - 6(x(k), z(k), W (k))]
= Aser (k) + By [WT o (x(k), z(k)) + e(x(k), z(k)) - WT (k)o (x(k), z(k))]
+ BJWT (k) [0(x(k), z(k)) - 6(x(k), z(k), W (k))]
= Asex(k) - B (k)6 (x(k), z(k), W (k)
+ By [e(x(k), z(k)) - WG (x(k), z(k), W (k))]

= Asex(k) = BJW' (k)G (x(k), z(k), W (k)) + Byr(k), ex(0) = xo - Xe, k € Z,
(A.2)

ex(k+1) = f.(ex(k), e2(k)),  €x(0) = 20—z, (A3)
where fz(ex,ez) 2 filex + Xeyez + Zo), £(x,2) 2 [a1(x,2),...,60,(x,2)]", o(x,2) £

[0](x,2), ..., 08 (x,2)], W (k) & W(k)-W, 5 (x,z,W) £ 5(x,z,W)-0(x,2),and r £ &(x,z) -
W'G(x, z, I//Vi) =[r,..., rnx]T. Furthermore, since Ay is nonnegative and asymptotically stable,
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it follows from Theorem 2.3 that there exist a positive diagonal matrix P = diag[ps, ..., pn,] and
a positive-definite matrix R € R™>"x such that (4.18) holds.

Next, to show that the closed-loop system given by (4.17), (A.2), and (A.3) is ultimately
bounded with respect to W, consider the Lyapunov-like function

Vi (ex, 62, W) = tr W(K)Q 'W k)", (A.4)

where Q £ diag[qi,...,qn.] = d1ag[q1 /p1b1, ..., qn,/Pn.bn.]. Note that (A.4) satisfies (3.3) with

= (3, AW, L3 P x = [eLelT allxl) = Blllxal) =[x, where [lxi)? =
tr WQ 1WT. Furthermore, a(||x1||) is a class-K, function. Now, using (4.17) and (A.2), it
follows that the difference of Vi, (ey, ez, W) along the closed-loop system trajectories is given
by

AVy (ex(k),e-(k), W (k) 2 tr W (k + 1) Q' WT(k + 1) - tr W(k)Q 'WT(k)

_ Z 2pibi|| P 2ex () |

S 1+ || PV2e ()

[2:(k)Gi (x(K), z(k), Wi(k)) - y:iWi(k)] Wi(k)

My pibigi|| P %e (k)]
i1 (1+ ||P/2e, (k) [|*)

5118 (k)6: (x(k), z(k), Wi(k)) =y Wi (k) ||

ox, 2p;bi|| PV 2ex (k) ||ri(k)Ei(k) & 2pi|| P/ 2ex(k)||E2(K)
S 1+ ||[P 2k S 1+ ||P2e(0)||

i 2pibiyi|| P 2ex (k) | W] (k) Wi (k)
1+ ||P1/zex(k)||

LS pibigi|| P %ex () ||*
=1 (1+ ||P2e, (k) [|?)

5181 (k)8: (x k), z(k), Wi(k)) — i Wi(k) || .

(A5)
Next, using
S 2pbinii < a3 pipe? + al| P (a6)
) -
iZZPibiqi”g@(x/ z,Wi) - Wi * < Zzpibiqisié}z + zZZZPibiquiZHWiH ’ (A7)
2WIW; = |Wi]|* + [ Wi = Wil ?, (A8)
< 2pibi qzsz||1’l/2€x||2~2 L SRV PP e (A9)

=1 (1+ ||p1/2ex|| ) 1+ ||P1/Zex||2
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it follows that
AVW<€x(k)/ez(k)/W(k))
a || 2e (k)| & S pib allPl/zak)ll2||P“2ex<k>||
Sl PremPET 1+ ||PV2e, (k)2
AP PERINP el & pal WP e ]
1+ ||P2e,(K)||> p 1+ ||P12e, (k)|
e ol WIPIP e S pblWill 'l e ()]
P 1+ ||P'/2e (k)|| ) 1+ || PV2ex (k) ||
§ b [P e B2 0) | g 2pibian | P e 0| |
5+ Pram]D’ T A+ [P ea®)])
§ (a/a)||PV2e (k)| . a||P1/ZE(k)||2||P1/2ex(k)||
T 1+ ||PV2e (k) || 1+ ||P12e, (K)]||®
AP e W] _ g pbil WP e )] (4.10)
1+ ||P2e, (k)| o 1+]|P2e, (k)|
B Z pibiyi || Wi (0| P Zex()] | AlIP2ex (k)
= 1+||P2e. (k)| e || P1/2e, (k) || >
éIIP”zN(k)II [P e ()]l | 2pibigiy || P 2ex (K)|| *||Wi(k) || *
1+ ”pl/ze (k)” P (1+ ||P1/2€x(k)||2>2
PV28(k)||*|| P/ ?ex (k)
O ) LN P
1+ ||PY2ex(k)||
PY2e, (k) &
- | Zpl Jil|Wik) |2 ———ﬁ
1+ || P2 (k)||
_ inb il [ Wi (o) || IIP”Zex<k>II< 2quiIIP”2ex<k>||>
P 1+ ||P12e, (k)| 1+ ||P12e, (k)|
Furthermore, note that since, by assumption,2-a-¢ >0and g;y; <1,i = 1,..., ny, it follows
that

s 1/2
_ 2giyi||P exll >0, i=1,...,1y (A11)
1+ || PV 2|
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Hence,
— | P 2ex (k) || (”’“ >
AVi(ex(k), ex(k), W (k) < by | Wi | = % -
(ex(k), e=(k), W(K)) < - P e S pbml|Wik)||* - =~ - p
(A.12)
e < G )| - 2 >
Now, for
Ny A_1/2~. 2 g
€§ a7 Will > = + B, (A.13)

it follows that AVW(@(k),ez(k),W(k)) <0 for all k € Z,, that is, AV (ex(k), es(k), W(k)) <0
for all (ey(k),e.(k),W(k)) € (R™ x R"= x R"™**) \ @, and k € Z,, where

Dy 21 (er, e, W) ER™ x R"™ x R™ 3 g W, 2 arapl A.14
{ewes ) emmsmm e S < 2 en

Furthermore, it follows from (A.12) that

. PY2e, —
AV, (ex, ez, W) < P el 5 <E +ﬂ> < 1<E +ﬁ>, (ex, ez, W) ER™ x R™ x R™,
1+ ||PV2e,||* \@ 2\a

(A.15)

Hence, it follows from (A.4) and (A.15) that

sup (Vi (ex, ez, W) + AVy (ex, ez, W)) < <% + %) <% + ﬁ), (A.16)

(W ex,e:)€B,, (0) xR "x xR =

where u? = (a+ap)/(ag). Thus, it follows from Theorem 3.2 that the closed-loop system given
by (4.17), (A.2), and (A.3) is globally bounded with respect to W uniformly in (ex(0), ez(0)),
and for every W;(0) € R%, 3.7 ||/ *Wi(k)||? < ew, k € Z,, where

ew = max {7, 6w}, (A.17)

T, > 2+ + ap)/ag), and 6, 2 3™ g, /*W;(0)||%. Furthermore, to show that
Zii"lﬂﬁi_l/zwi(k)ﬂz < €1, k > K, suppose there exists k* € Z. such that e, (k) = 0 for all k > k*.
In this case, W(k + 1) = W(k), k > k*, which implies W (k) = W(k*), k > k*. Alternatively,
suppose there does not exist k* € Z, such that e,(k) = 0 for all k > k*. In this case, there
exists an infinite set Z* (k € Zy : ex(k) 750} C Z,. Now, with (A.13) satisfied, it follows
that AV, (ex(k), ez (k), W(k)) < Oforall k € Z+, that is, AV (ex(k), ez (k), W(k)) < 0 for all
(ex(k),ex(k), W (k)) € (R"™ x R™ x R"xxs) \ Dy and k € Z+, where 9., is given by (A.14).
Furthermore, note that AV, (ex(k),e.(k), W (k)) =0,k eZ \ Z+, and (A.16) holds. Hence,
it follows from Theorem 3.3 that the closed-loop system given by (4.17), (A.2), and (A.3) is
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globally ultimately bounded with respect to w uniformly in (ex(0), e-(0)) with ultimate bound

given by , /7., where 1, > (2 + §)(a + ap) / (2ag).
Next, to show ultimate boundedness of the error dynamics, consider the Lyapunov-like
function

Ve(ex, ez, W) =In(1+ ezpex) + tr WQ‘le. (A.18)

Note that (A.18) satisfies

T

a(“ [x], xE]TH> < Ve(x1,x2,%3) < .5(” [x1, ;]

), (A.19)

with x; = P1/2 ex, X7 = [q1 VWL, LG PWE T, X5 = ezla(ll[xlfxz] 1) = In(1+ | [T, 3171%),
and S(|| xl,xz] 1) = II[x], x,] 112, where [l [x], x5 ] T2 = el Pe, +tr WQ 'WT. Furthermore, a(-)
is a class-K, funct10n~Now, using (4.18), (A.10), and the definition of ¢, it follows that the
difference of Ve (ey, e;, W) along the closed-loop system trajectories is given by

AVe(ex(k),e-(k), W (k)) 2 Ve(ex(k+1),e.(k +1), W (k + 1)) - Ve(ex(k), e-(k), W (K))

1+el(k+1)Pec(k+1)
1+ el (k) Pey(K)

+trW(k+1DQ ' Wi (k+1) —tr W(k)Q'WT (k)

el(k +1)Pey(k +1) — el (k)Pey(k)
1+ el(k)Pey(k)

+ AV, (ex(k), e.(k), W (k))

el(k)Rey (k) . 2el(k)AlPe(k) . el (k)Pe(k)
14 el(k)Pey(k) 1+el(k)Pec(k) 1+el(k)Pey(k)

+ AV (ex(k), ex(k), W (k)

AR Ze®* | 2el(alPe) ||PVER)]
L+ [|PY2ec(l” 1+ [[P/2eco)l” 1+ [PV 2ec(R)])

[PV || 7| PV 2ex () |
1+||P2e, (k)|

PRl [ i
” | (S pibiyi|[Wik) || * - aa™ - p
i=1

14 ||PV2e,(K)||

(2-a-9)

g Pl R P e (1- 24| P 2. (K) | )
P 1+ ||P12e, (k)| 1+ ||P12e, (k)|
(A.20)
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where in (A.20) we used Ina — Inb = In(a/b) and In(1 + ¢) < ¢ for a,b > 0 and ¢ > —1. Now,
noting a <2 - ¢ and cpp < p1, using the inequalities
2

7

P 2e | < R e

(A.21)
2eL ALPE < cpr|| PV e || 24! | P28 z

and rearranging terms in (A.20) yields
AV, (ex(k), ez(k), W (k)

c_mllPPe® el PPe)|” PR
1+]|P2e (k)| 1+ ||P2er(K)]|> 1+ ||PV2ex(k)|’

 @a|PPeck)]]  al|P2Ek) || 7| P Zex(k) |
1+ ||P12e, (K)]||® 1+ ||P12e, (K)]||®
BIPZex(b)]|  (2|P2ex(k)|| - 1) || P 2E(k) ||
1+||P2e, (k)| 1+ ||P1/2e, (k)|
IR P P e k)| Z pibii[Wik) [ *[| P 2ex (k) |
1+||P2e (k)| = 1+||P2e. (k)|
_ i pibiyi | Wi () ||| P 2ex (k) | <1 ~ 2g:7]| P %ex (R) | >
= 1+ ||P12e, (k)| 1+ ||P12e, (k)|

P e e 2o (1 6 - g (A.22)
T [P e F L et IP el = - aa]

1722k
1+ ||P2e, (k) ||
_ "Z pibii[Wik) [ *[| P 2ex (k) |
i=1 1+ ||PV2e, (k)|
-y pibi|[Wi()[|*[| P ex (k) | <1 _ 2qi7i[| P Zex () | )
P 1+ ||P2e (k)| 1+ ||P2e (k)|
[P Zex () |
1+ || PY2ex(k)||

s[2-a-¢) |PY2ex(k)]| -1 -c]

5 [(11 = cpa) || P e (k) || - - aa”']

|P'2%&(k) | ®
1+ || PV2e, (k)|

3[@-a-9)||Pex(k)|| -1-c].

Now, for

|| P'/2e, (K)|| > max { a(;‘fj;z), 6(21_2"_ 5 } 2a (A.23)
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Figure 3: Visualization of sets used in the proof of Theorem 4.1.

it follows that AV, (e (k), e-(k), W (k)) < —W (ex(k)) for all k € Z,, where
P - oy P 2] - p-aa (224
1+||P2e, ]|

or, equivalently, AVe(ex(k), ez(k), W (k)) < ~W (ex(k)) for all (ex(k), ez (k), W (k) € De \ Der,
k € Z., where (see Figure 3)

§e N {(ex,ez,W) ERM™ x R" x R™*S : x € %x}, (A-25)

W(ex) =

Do 2 {(ex, ez, W) € R™ x R™ x R™>5 : | PY2e,|| < ay}. (A.26)

Next, we show that_||x1(k)|| < €, k € Z,. Since lx2(k)||? < & forall k € 7Z., it follows that, for
x1(k) € B, (0), k € Z,
Ve (x1(k), x2(k), x3(k)) + AVe (x1(k), x2(k), x3(k))

<ap+ew + AVe(x1(k), x2(k), x3(k))
1 1 -
Sa§+5w+§<%+ﬁ> ’ <1’LE>||P1/26(’<)||2 (A.27)

1 1
§a§+gw+§<g+ﬁ>+<1+E>(2a+2§gw)

Now, let § € (0, ;] and assume ||x10]| < 8. If ||x1 (k) || < ax, k € Z,, then it follows that [|x; (k)| <
a, < a’l ([3( a? +5W>> < a’'(7), k € Z,. Alternatively, if there exists K* > 0 such that

[[x1(K*)|| > ax, then, since ||x10|| < @y, it follows that there exists ¥ < K*, such that ||x1(x—1)|| <
a, and ||x1(k)|| > ax, where k € {x,..., K*}. Hence, it follows that

a([lx (K1) < el ) (K*), x5 (KT
< Ve(x1(K*), x2(K™), x3(K™))
< Ve(x1(x), x2(x), x3(x))
= AVo(x1(k = 1), x2(k = 1), x3(k = 1)) + Ve (x1(x = 1), x2(k — 1), x3( = 1))

<7
(A.28)
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which implies that [|x1 (K *)|| < a1 (7). Next, let 6 € (ay, y), where 2 £ supf{r > 0: By (0) C
9 } and assume x1g € Bg(O) and ||x1(K)|| > a,. Now, for every k > 0 such that ||x1(k)|| > ay,
k € {0, k} it follows that

a([lar ) < all e ), 3 0T ))
< Ve (xl (k), Xz(k), X3(k)>

< Ve (210, %20, X30) (A.29)
T
< Al [x10-x20] )

<p(\f62 +ew),

which implies that ||x; (k)| < a 1 (B(\/62 + ew)), k € {0, ..., E}. Now, if there exists K* > 0 such
that ||x1(K*)|| < ay, then it follows as in the earlier case shown above that ||x; (k)| < a”'(7]),
k > K*. Hence, if x19 € Bs(0), then

|1 ()| < a‘l(max {ﬁ,ﬂ(\/(‘ﬂ + 5w) }) Le, kezZ,. (A.30)

Finally, repeating the above arguments with [|x;(k)||% < ew, k € Z,, replaced by |[|x2(k)||? < 7w,
k > K > 0, it can be shown that ||x1(k)|| < €, k > K, where £ = Vel — 1.
Next, define

D, £ {(exleZ/ W) € R™ x R" x RM*S . Ve(ex,ez, W) < 0(}, (A.31)
where a is the maximum value such that §u « §e, and define
72 {(ex,e2, W) € R™ x R™ x R"™* : V, (ex, ez, W) <2}, (A.32)

where ¢, is given by (A.30). Assume that §ﬁ c . (see Figure 3) (this assumption is standard
in the neural network literature and ensures that in the error space 9. there exists at least one
Lyapunov level set § C 9,. In the case where the neural network approximation holds in
R™ xR", this assumptlon is automatically satisfied. See Remark A.1 for further details). Now,
for all (ey, ez, W) €D 70 (% \%er) AV, (ex, e, ) <0. Alternatlvely, for all (e, ez, W) € SB N
Qer, Veley, e, W) + AV (ex, ez, W) < 7 < £2. Hence, it follows that D 7 is positively mvarlant
In addition, since (A.3) is input-to-state stable with e, viewed as the input, it follows from
Proposition 3.4 that the solution e.(k), k € Z., to (A.3) is ultimately bounded. Furthermore,
it follows from [21, Theorem 1] that there exist a continuous, radially unbounded, positive-
definite function V, : R™ — R, a class-K, function y;(-), and a class-X function y>(-) such
that

AV;(ez) < -11(|le=]) +r2(]lex]])- (A.33)

Since the upper bound for |le|| 2is given by (e — 1)/ Amin(P), it follows that the set is given by

D, & {z €Dz Vo(z—2ze) < max V.(z - ze) }, (A.34)
llz=2el=y7" (12 (VeT=1/ Amin (P1/2)))
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is also positively invariant as long as ®, C 9., (see Remark A.1). Now, since §ﬁ and 9, are
positively invariant, it follows that

D, & {(x,z,W) ER™ xR™ x R™™ : (x — e,z — Zo, W — W) e §ﬁ, z €9} (A.35)

is also positively invariant. In addition, since (4.1), (4.2), (4.15), and (4.17) are ultimately
bounded with respect to (x, W) ; and since (4.2) is input-to-state stable at z(k) = z. with x(k) —
X. viewed as the input then it follows from Proposition 3.4 that the solution (x(k), z(k), W(k)),
k € Z,, of the closed-loop system (4.1), (4.2), (4.15), and (4.17) is ultimately bounded for all
(x(0), 2(0), W(0)) € Ds.

Finally, to show that x(k) >> 0 and z(k) >> 0, k € Z,, for all (xo, z9) € R." xR, note
that the closed-loop system (4.1), (4.15), and (4.17), is given by

x(k+1) = fo(x(k), z(k)) + BoK (x(k) - xc) — BWT (k)G (x(k), z(k), W (k))
= (A +B,K)x(k) + Af (x(k), z(k)) = BJWT (k)G (x(k), z(k), W(k)) - BiKx. (A.36)
= f(k,x(k),z(k)) +v, x(0) = xo, k € Z.,
where

fk,x,2z) 2 (A+BuK)x + Af(x,2) - BW' (k)G(x, 2, W), v 2 -B,Kxe. (A.37)

Note that A+B,K and Af (-, -) are nonnegative and, since 0y()(x, z, Wi) = 0 whenever Wi(]-) >0,
i=1,...,n.7=1,...s;, —WT6(x,z, W) >> 0. Hence, since f(k,x,z) is nonnegative with
respect to x pointwise-in-time, f.(x, z) is nonnegative with respect to z, and v >> 0, it follows

—n,

from Proposition 2.9 that x(k) >> 0, k € Z.,and z(k) >> 0, k € Z,, for all (xo, z9) € ﬁfx xR, .

Remark A.1. In the case where the neural network approximation holds in R™ x R":, the
assumptions SBﬁ C @a and @, C 9, invoked in the proof of Theorem 4.1 are automatically
satisfied. Furthermore, in this case the control law (4.15) ensures global ultimate boundedness
of the error signals. However, the existence of a global neural network approximator for
an uncertain nonlinear map cannot in general be established. Hence, as is common in the
neural network literature, for a given arbitrarily large compact set D x D, C R™ x R,
we assume that there exists an approximator for the unknown nonlinear map up to a desired
accuracy. Furthermore, we assume that in the error space Q. there exists at least one Lyapunov
level set such that @g C §a. In the case where 6(+,-) is continuous on R™ x R"z, it follows
from the Stone-Weierstrass theorem that 6(-,-) can be approximated over an arbitrarily large
compact set De, xDe.. In this case, our neuroadaptive controller guarantees semiglobal ultimate
boundedness. An identical assumption is made in the proof of Theorem 5.1.

B. Proof of Theorem 5.1

In this appendix, we prove Theorem 5.1. First, define I/T/u (k) £ block—diag[Wu1 (k),..., Wuz (k)],
where

_ 0, if u;(k) <0,
Wyui(k) =< __ i=1,...,n,. (B.1)
Wi(k), otherwise,
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Next, note that with u(k), k € Z,, given by (5.2), it follows from (4.1), (4.4), and (4.14) that
x(k+1) = Ax(k) + Af (x(k), z(k)) - BuWE(k)o(x(k),z(k)), x(0) = xo, k € Z,. (B.2)

Now, defining e, (k) £ x(k)—x. and e, (k) £ z(k) -z, and using (4.6), (4.7), and (4.9), it follows
from (4.2) and (B.2) that

ex(k+1) = Aex(k) + (A= D)xe + Af (x(k), 2(k)) = BuW, (K)o (x(k), z(k))
= Aex (k) + By [6(x(k), 2(k)) = 6(xe, Ze) — Gn(Xe, Ze) tte = W (K)o (x(k), 2(K))]
+ By (W (k) = W, (k) o (x(k), z(k))
= Ae, (k) - BJWT (k)o (x(k), z(k)) + Bue(x(k), z(k))

+ By (W (k) - W, (k) o (x(k),z(k)), ex(0) = x0—Xe, k €Z,,
(B.3)

e.(k+1) = f(ex(k),ez(k)), e2(0) = zp -z, (B.4)

where fz(ex, e,) = fz(ex + xe, €2 + ze), and €(x, z) 2 [e1(x,2),...,en(x, z)]T. Furthermore,
since A is nonnegative and asymptotically stable, it follows from Theorem 2.3 that there exist
a positive diagonal matrix P = diag[p;,...,ps, ] and a positive-definite matrix R € R™>" such
that (5.5) holds.

Next, to show ultimate boundedness of the closed-loop system (5.4), (B.3), and (B.4),
consider the Lyapunov-like function

Vi (ex, ez, W) =tr WQ_le, (B.5)

where Q £ diag|gy, ..., Gn,| = diag[q1/pib1, ..., Gn,/Pn,bn,] and W (k) £ W (k) - W with W =
block-diag[W7,..., W,,]. Note that (B.5) satisfies (3.3) with x; = [g;"/*W],..., 5./ * W],
x2 = [ef,el]', allall) = p(lall) = [x2, where [xi 2 = x WQ™'W™. Furthermore, a([xi ) is
a class-K, function. Now, using (5.4) and (B.3), it follows that the difference of Vi, (e, e, W)
along the closed-loop system trajectories is given by

AV, (ex(k), ez(k), W (k))
2HWhk+1D)Q " Wi(k+1) -tr Wk)Q "W (k)

& 2pibi|| P'2ex (k) |

-5

51+ || PY2ec ()|

y&i(k)oi(x(k), z(k)) - Wi(k)) "Wi(k)

MR pibigi|| P %ex (k) || *
(L [P 0]l)

5 1y@i (k)i (x(k), z(k)) - Wi(k) ||
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_ & 2pibiy || P ex () [|ei (x (K), 2(K)) & (k)
in 1+ ||P12e, (k)|
_ < 2piv|| P Pex () || (k)
14| P2 (k)|
& 2pibiy || P e (k)|

+ 2

i1 1+||PV2%e, k)||
&, 2pibi|| PV 2ex (k) || W] (k) Wi (k)

-2

P 1+ || P2 (k)|

k
®) 57 (e k), 2(0)) [W (k) = W (K]

Mx ibi i P1/2 X k ? ~ W
L < pibigi|| P e (R s ly&i(k)oi(x(k), z(k)) - Wik || .

=1 (1+ [|PV2ex(K) || %)

(B.6)

Now, for each i € {1,...,n,} and for the two cases given in (B.1), the right-hand side of
(B.6) gives the following:

(1) if u;(k) <0, then Wm-(k) = 0. Now, using (A.8), (A.9), and the inequalities

i 2pibiyei(x, z)& < a tay + ay||PY2E|| 2 (B.7)
i=1
$:apbzol e 2, < Sl W « P el ®
i=1 i=1
2Pibiqi||y’éioi(x, z) - Wi|* < n;: 2pibigisiy *e? + n; 2pibigi|Wil| %, (B.9)
S;Pibi”WiH gy (B.10)
=

it follows that
AV, (ex(k), e=(k), W(k))

_ @/ay||PPeck)|| | ay[|P2ER)||7]|Pex ()|
1+ ||P12e, (k)| 1+ ||P1/2e, (k)|

PRI el AP el 3 pbirs TP e o)

1+||P2e. (k)| 1+||P12e,(k)||> & 1+ ||P1/2e, (k)|

PR [P e & pbl W) PP e ()]

Z

1+ ||PY2%e, (k)|| =) 1+ ||P1/2ex(k)||
Bil| Wi () || 2| P 2ex (k)| | & 2pibig]| P 2ex (k) || * Wi ) ||

i )

S 1+ || P 2e (k)| 5 (1+||P2e (k) ||?)?

(B.11)
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(2) otherwise, W,;(k) = W;(k), and hence, using (A.8), (A.9), (B.7), (B.9), and (B.10), it
follows that

AV, (ex(k), ez (k), W (k))

_ @/ ay|[Pe)||  ay||P2E(k)|7|| P 2ex (k) |
T 1+ ||PV2e (k)| 1+ || P12, (k)|

2 ||P2E R F[IP 2ex ()| BIIP ek
1+||P2e (k)| ® 1+ || P26, (k)| * (B.12)

P Lol N Lol § pibil| Wi () || ]| P 2ex () |
L+ [PV 2e, (k)| T 1+ [PV e

My
+ 2
i=1

2pibigi|| PV e (K) || | Wik) || ®
(1+[| P26, (k) || %)

_§ Pl 2PV 2, () |
i=1 1+||P2e, (k)| ®

Hence, it follows from (B.6) that in either case

YIIPY2e(k)||*[| P 2ex (k) |
1+||P2e. (k)|

(Spenmaon-2-p)

AV, (ex(k), ex(k), W(k)) < - (1-a-yg)

[P 2ex (k)
1+||P2e. (k)|
_ipibinWi(k)||2||P1/2ex<k)|| (1—b-s- - 24i||PY e, (K )

P 1+ ||P2e (k)| 1+ ||P2e (k)|
(B.13)

i=1

Furthermore, note that since, by assumption, 1 —a - y¢ > 0 and bigiy < 1, gi < 1 - b;syy,
i=1,...,n,, it follows that
24|P e

1-0b;s;v — >0,
oy 1+|PV2e,||?

=1,..., 1. (B.14)

Hence,

| P! 2ex (k) |
1+||P2e. (k)|

[P 2ex ()| < ™ (1517257 oy (2 - 3 >
- ¢S g P wal1P - L -p ).
1+ || P26, (k)| ; I3 1=

AV, (ex(k), e.(k), W(k)) < -

<§1 pbi [ Wit - < —ﬁ)
i=1
(B.15)

Now, it follows using similar arguments as in the proof of Theorem 4.1 that the closed-
loop system (5.4), (B.3), and (B.4) is globally bounded with respect to W uniformly in
(ex(0),e5(0)). If there does not exist k* € Z, such that e,(k) = 0 for all k > k*, it follows
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using similar arguments as in the proof of Theorem 4.1 that the closed-loop system (5.4), (B.3),
and (B.4) is globally ultimately bounded with respect to w uniformly in (e,(0),e-(0)) with
ultimate bound given by , /7, where 17, > (2 + ) (ay + af) / (2a{). Alternatively, if there exists
k* € Z, such that e, (k) = 0 for all k > k*, then W (k) = W (k*) for all k > k*.

Next, to show ultimate boundedness of the error dynamics, consider the Lyapunov-like
function

Ve(ex, ez, W) =In (1+eyPey) +tr wWQ'w’. (B.16)

Note that (B 16) satisfies (A. 19) with x; = PY?e,, x, = 3, 1/ZWT ,qnl/sz] X3 = ey,
a(ll T, <110 = In(1 + [T, 217012, and BAILCE, <1170 = [0, 22172, where [I[xT, <1172 =
elPe, + tr WQ 'WT. Furthermore, a(-) is a class-K, function. Now, using (5.5), (B.13), and
the definition of e, it follows that the forward difference of V. (ey, e-, W) along the closed-loop
system trajectories is given by

AVe(ex(k),e.(k), W (k)) 2 Ve(ex(k+1),e.(k+1), W (k +1)) - Ve(ex(k), e-(k), W (K))

N 1+el(k+1)Pey(k+1)
1+ el(k)Pey(k)

+trW(k+1DQ ' WT(k+1) - tr W(k)Q'W" (k)

el(k +1)Pey(k + 1) — el (k) Pey(k)
1+ el(k)Pey(k)

+ AV, (ex(k), ez (k), W(k))

~_el(k)Res(k) +26T(k)ATPE(k)+ &1 (k) P&, (k)
T 1+el(k)Pex(k)  1+el(k)Per(k) 1+ el(k)Pex(k)

+ AV, (ex(k), es(k), W (k))

IR ®)I” 2el(k)ATPE(K) | ||PV2(R)|
1+ ||P12e (k)| 1+]|P2ex (k)| "1e || P12e, (k) || *

YlIP22(K) | 2| P e, (K) |
1+ ||P2e (k)|

||P1/2€x(k)|| <ipl 1||W(k)|| ___ﬁ>

14 ||PV2ey (k)2

(1-a-y¢)

_iPibiIIWi(k)llZIIP”Zex(k)” (1_;)‘5. _ 2q]|P e (k) | >
S 1+ || P2 ()| T 1 | P2e (R
(B.17)

where once again in (B.17) we used Ina—-Inb = In(a/b) and In(1+c) < cfora,b > 0and c > -1.
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Next, using (A.21) and (B.17) yields
mllPPec®” | cpal| Pecio)])” - PR

AV, (ex(k), e (k), W(k)) <
( ) 1+ ||P12e,(K)||> 1+ ||PV2er(k)||® 1+ ||P/2ex (k)|

LY@/ a)|[P e ()| ay|[PY 22 (k)| *[| P 2ex (k) |
1+ ||P1/2e, (k)| 1+ || P12, (k)|

PP Pex )l (rIIPex(i)]] - DIP2E(k) ||
1+ ||P1/2e, (k)| 1+ ||P1/2e, (k)|
PR P er0l] _ g pbi W) | [IP e (|
1+ ||P12e, (k)| S 1+ || P 2e (k)|
_iPibillwi(k)||2||P1/2ex(k)|| <1_b.5‘ 2gi]| P e (R)|| )
S 1+ ||P e (k)||” 1+ ||P1/2e, (k)|
[P 2ex (i) |
1+ ||PY2ex(k)||

5 [(11 = cp) || P %ex (k) || - B - aya™]

|P'/2%&(k) | ®

14 ||PV2en(K)||
g PEITRI P e ]
S 1+ ||P2e(0)|
_ipibinWi(k)u2||P1/2ex<k)|| (1-19»5. 21| PV e, (0) )
S 14 ||PV2e (k)| T 14 || PY2e(R)))
[P ?ex (k)|
1+||PY2e, (k)|

Sl -a-y9)||P2ex(k)|| - 1-c7']

5 [(1 = cpa) | P Pex(K)|| - p - aya™]

1P 22 (k)|
1+ || PV 2ex (k)|

Sy —a—-yd)|| P %er (k)| -1-c"].

(B.18)

Now, using similar arguments as in the proof of Theorem 4.1 it follows that the solution
(x(k),z(k),W(k)), k € Z,, of the closed-loop system (5.4), (B.3), and (B.4) is ultimately
bounded for all (x(0), z(0), W(0)) € D, given by (A.35) and ||PY/2e, (k)|| < ¢ for k > K.

Finally, u(k) >> 0, k > 0, is a restatement of (5.2). Now, since G(x(k)) >> 0, k € Z,, and
u(k) >> 0, k € Z,, it follows from Proposition 2.8 that x(k) >> 0 and z(k) >> 0, k € 7., for all
(XO, Zo) S fo X @fz
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