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We establish WKB estimates for 2 x 2 linear dynamic systems with a small parameter € on a time
scale unifying continuous and discrete WKB method. We introduce an adiabatic invariant for 2 x
2 dynamic system on a time scale, which is a generalization of adiabatic invariant of Lorentz’s
pendulum. As an application we prove that the change of adiabatic invariant is vanishing as ¢
approaches zero. This result was known before only for a continuous time scale. We show that it is
true for the discrete scale only for the appropriate choice of graininess depending on a parameter
€. The proof is based on the truncation of WKB series and WKB estimates.
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1. Adiabatic invariant of dynamic systems on time scales

Consider the following system with a small parameter ¢ > 0 on a time scale:
02 (t) = A(te)v(t), (1.1)

where v is the delta derivative, v(t) is a 2-vector function, and

B ~ a (7') eka (T)
Alte) = A(T) = <g_k1;21 (1) 1122127')

> , T=te kisan integer. (1.2)

WKB method [1, 2] is a powerful method of the description of behavior of solutions
of (1.1) by using asymptotic expansions. It was developed by Carlini (1817), Liouville, Green
(1837) and became very useful in the development of quantum mechanics in 1920 [1, 3]. The
discrete WKB approximation was introduced and developed in [4-8].

The calculus of times scales was initiated by Aulbach and Hilger [9-11] to unify the
discrete and continuous analysis.

In this paper, we are developing WKB approximations for the linear dynamic systems
on a time scale to unify the discrete and continuous WKB theory. Our formulas for WKB series
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are based on the representation of fundamental solutions of dynamic system (1.1) given in
[12]. Note that the WKB estimate (see (2.21) below) has double asymptotical character and it
shows that the error could be made small by either e—0, or t—co.

It is well known [13, 14] that the change of adiabatic invariant of harmonic oscillator
is vanishing with the exponential speed as € approaches zero, if the frequency is an analytic
function.

In this paper, we prove that for the discrete harmonic oscillator (even for a harmonic
oscillator on a time scale) the change of adiabatic invariant approaches zero with the power
speed when the graininess depends on a parameter ¢ in a special way:.

A time scale T is an arbitrary nonempty closed subset of the real numbers. If T has a
left-scattered minimum m, then TX = T — m, otherwise TF = T. Here we consider the time
scales with t > ¢y, and sup T = ce.

For t € T, we define forward jump operator

o(t) =inf{s €T, s>t}. (1.3)
The forward graininess function y : T—[0, o0) is defined by
ut) =o(t) -t (1.4)

If o(t) > t, we say that t is right scattered. If ¢ < oo and o(t) = t, then ¢ is called right dense.

For f : T—R and t € T* define the delta (see [10, 11]) derivative f(f) to be the
number (provided it exists) with the property that for given any € > 0, there exista 6 > 0 and
a neighborhood U = (t - 6,t + 6) N T of t such that

fe®) - f(s) = fAD(0(t) = 5)| < elo(t) — 5| (1.5)
forall s € U.
For any positive ¢ define auxilliary “slow” time scales
T.={et=1, teT} (1.6)
with forward jump operator and graininess function
o1(t) =inf{se € T,, se >}, pi(r) =€eu(t), T=te. (1.7)
Further frequently we are suppressing dependence on 7 = te or t. To distinguish the

differentiation by t or 7 we show the argument of differentiation in parenthesizes: f2(t) =

fou®) or fA(z) = fo (7).

Assuming A, 0; € CE 4 (see [10] for the definition of rd-differentiable function), denote

TrA(r) = an(r) + an(r), detA(r) = an(r)axn(r) - ann(r)ax(r),

VITrA@P - 41A@) (18)
AT) = )
2a12(7-)
2 ap — 9]' A
Hov;(t) = 03(t) - 0;()) TrA(T) + det A(T) — eapa () (1 + ‘ugj)< ” ) ), (19)
Qu(t) = M (61 — a;1)Hov, — (02 — ay1)Hovy (1.10)

5,8, & = a12(01 - 05) ’

)

el

€3

ZHOVj
0, -6,

eapp(l+ /19]) <ll11 - 9]>A(T)

61 -6, an

K(7) = 2‘Lt(t)r]r:1§1’%<[<1 + > + |9j|]/ (1.11)
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where j = 1,2,0;,(t) are unknown phase functions, ||-|| is the Euclidean matrix norm, and
{ej(t) }].:1 , are the exponential functions on a time scale [10, 11]:

t log(1 +pB;i(s))As
ei(t) = ep (1) = ex lim ! <o, j=1,2. 1.12
j(t) = eq, (t, t0) = exp . o) ’ j (1.12)
Using the ratio of Wronskians formula proposed in [15] we introduce a new definition
of adiabatic invariant of system (1.1)

[01(£) (01 (t) — an (7) — va(t)ara ()] [01 (1) (02(t) — a11(T)) — v2a1n(T)]

t,0,v,€) = -
J(t,0,0,) (61— 02)(D)eo, (E)eo, ()

. (1.13)

Theorem 1.1. Assume a(t) #0, A,0 € C1r 4(T¢), and for some positive number p and any natural
number m conditions

1+ pu(TrA+ Qo) + yz(detA +61Qo —Howvy)|(T) > B, VYreT,, (1.14)
K(t) <const, VreT,, (1.15)
Im<1+ 6 > Hov; (T)AT < Coe™!, j=1,2 (1.16)

te e3-j|/ 161 -6 =0 S '

are satisfied, where the positive parameter € is so small that

. 2Co(1+K())
) p

Then for any solution v(t) of (1.1) and for all t,,t, € T, the estimate

0 em<1. (1.17)

J(v,€) = |](t,v,€) = J(t2,v,€)| < Cae™ (1.18)
is true for some positive constant Cs.

Checking condition (1.16) of Theorem 1.1 is based on the construction of asymptotic
solutions in the form of WKB series

v(t) = C1€91 (t,tg) + Cz@gz(t, to), (1.19)
where T = t¢, and
012(t) = D&/ (T), 07, (1) = D> e, (7). (1.20)
=0 k=0

Here the functions ¢y, (7), o-(T) are defined as

_ TrA _ 1+ [/lgoi aip — ax A
ta(r) = e kanl,  un) == (AF =) @, a2
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where A(7) is defined in (1.8), and {k+(7), Ck-(7), k = 2,3,... are defined by recurrence
relations

- (1 + pdos) <§k—1¢ ) A kz: i+ [ék j+ <§k—1—ji - a116jk-1

>A(T)] , (1.22)

1

6jx is the Kroneker symbol (6x = 1, if k = j, and 6x; = 0 otherwise).
Denote

Zy\(1) = Z(Go+(T)),  Za(T) = Z(Go-(7)), (1.23)

A
Z(2) = an(1 +ﬂco>(§—'1’;)

; 5 ; A (1.24)
o m—-j — A110jm + EGm+1-j
+ ZQ;’ [§m+1—j + &Cman-j + a12#< ! ! ! > (T)]-
i=1 an
In the next Theorem 1.2 by truncating series (1.20):
01(t) = Dk, Oa(t) = D Gk, (1.25)
k=0 k=0

where ki (t), k = 1,2,...,m are given in (1.21) and (1.22), we deduce estimate (1.16) from
condition (1.26) below given directly in the terms of matrix A(7).

Theorem 1.2. Assume that a15(7)#0, A,0 € Cid (T,), and conditions (1.14), (1.15), (1.17), and
J 05D
te

are satisfied. Then, estimate (1.18) is true.
Note that if aj; = ap, then formulas (1.21) and (1.22) are simplified:

&

€3-j

Z;(1)
0, -6,

AT<Cy, j=1,2, (1.26)

A
Lon(7) = (1) £ anh(r), = -0 "‘;;j((?)” 23 (1.27)
where from (1.8)
AMr) = Yor@an(@) (1.28)
an(7)

Taking m =1 in (1.25) and go.(t), ¢1+(f) asin (1.21), we have
O1(t) = Go+ () + €61+ (t),  62(t) = Go-(t) +€G1-(P), (1.29)

which means that in (1.20) {4 = {3+ = --- = 0, and from (1.24)

A _ A

20 = G+ a1+ o) (1) 4 pansgy (2215 (130)
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Example 1.3. Consider system (1.1) with aj; = ap,. Then for continuous time scale T = R we
have p = 0, and by picking m = 1 in (1.25) we get by direct calculations ¢1, = ¢;- and

Hov(6:) = Hov(62) = Z(%o+) = Z(%o-)- (1.31)

In view of

Zi=z=Govan(8) = () c20n(25) 0P@@@A @), 02

12 A anl

condition (1.26) under the assumption i[A] = 0 turns to
f lasy (A2 (1) (ay (1) (A2 (7)),) | AT < Co, (1.33)
0

and from Theorem 1.2 we have the following corollary.

Corollary 1.4. Assume that aj; € C'[0,00), A € C?[0,00), R[A(T)] =0, a1 (1) = axn(r), and
(1.33) is satisfied. Then for ¢ < 1/Cy estimate (1.18) with m = 1 is true for all solutions v(t) of
system (1.1) on continuous time scale T = R.

If a1, =1, then (1.33) turns to

@A) AT < (1.34)

toe

and for M(t) = \/ay =it~V it is satisfied for any real y.

If M(7) is an analytic function, then it is known (see [13]) that the change of adiabatic invariant
approaches zero with exponential speed as € approaches zero.
Example 1.5. Consider harmonic oscillator on a discrete time scale T = €Z,

ut2(t) + w(te)u(t) =0, teez, (1.35)

which could be written in form (1.1), where

A= <_w9(tg) é) v= (u”A>. (1.36)

Choosing m = 1 from formulas (1.27) and (1.29) we have A(7) = iw(T), and

ew? (1) iepw (1)
C2w(n)y 2

01(t) = oy + €814 = iw(T) T =te,

02(t) = Go- + €G1- = —iw(T) - 5;’0((:) ) ls/tu; T
From (1.13) we get
J(tv,€) = [02(t) + iw(T)v1 ()] [v2(t) — iw(T) vy (1)] .

Qw(7) - eu(wA (1)) ep, ()eq, ()
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or

(W (8))” + w (1)1 (t)

HOt ) (o) — et (e 0
=01 +0, + 6,6, = _Ew;(f) + #(Zzwuj)z N #<w - 5#;}“ )2_ (1.40)

If we choose
w(r) = aT—‘f + bT—f =5+ t% M) = \fan(7) = iw(r), (1.41)

then all conditions of Theorem 1.2 are satisfied (see proof of Example 1.5 in the next section)
for any real numbers b, a #0, and estimate (1.18) with m =1 is true.

Note that for continuous time scale we have p = 0, and (1.39) turns to the formula of
adiabatic invariant for Lorentz’s pendulum ([13]):

u? (t) + w(te)u?(t)

J(t,v,e) = Tw(ie) (1.42)
2. WKB series and WKB estimates
Fundamental system of solutions of (1.1) could be represented in form
o(t) =W(t)(C+6(t)), (2.1)

where ¥(t) is an approximate fundamental matrix function and 6(f) is an error vector
function.
Introduce the matrix function

H(t) = (1+p(h)¥ (WA (1)) ¥ () (ADE () - ¥ (). (2.2)
In [16], the following theory was proved.

Theorem 2.1. Assume there exists a matrix function ¥(t) € Cid(Too) such that |H|| € R}, the
matrix function ¥ + u¥V is invertible, and the following exponential function on a time scale is
bounded:

® log(1 +p||H(s)||)As
el (o, t) = epr lim BUPITENAS (2.3)
t

pNp(s) p

Then every solution of (1.1) can be represented in form (2.1) and the error vector function 6(t) can be
estimated as

6@ < lICli ey (oo, £) = 1), (24)

where ||-|| is the Euclidean vector (or matrix) norm.
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Remark 2.2. 1f u(t) > 0, then from (2.4) we get

151 < [ICll (el 1HN2 - 1),

(2.5)

Proof of Remark 2.2. Indeed if x > 0, the function f(x) = x —log(1 + x) is increasing, so f(x) >

£(0), log(1+x) <x,and fromp >0, ||[H(t)|| >0 we get

log(+ pIHON 1y
R < IHE),

and by integration

J‘°° i log(1 +p“H(S)H)As§ joo||H(s)||As,
t t

PN\H(s) p
or
e (t,0) -1 < -1+ expj ||[H (s)||As.
t
Note that from the definition
oi(t) =¢eo(t),  p(r)=eut), g% (t) = eq" (7).
Indeed

eo(t) = eisreng{s,s >t} = gisrelqg {es,s >t} = gisreler {es,e5 > et} = 01(et) = 01(T),
o1(1) =€o(t), pui(r)=o01(te) —et =€(o(t) —t) = eu(t),
q(eo(t)) = q(te) + ep(H)q® (1) = q(te) + p(H)g° ().

If a1(7)#0, then the fundamental matrix ¥(¢) in (2.1) is given by (see [12])

_ eg, (t) e, (t) o 0i(®) —an(d)
¥ = <u1<t>eel<t> Uz(t)eez(f)>’ WL =—rw

Hov;(t)
O1(t) - 62(t)

Lemma 2.3. If conditions (1.14), (1.15) are satisfied, then
20+ K(m) - ox [(1
=12

e;(t)
p " es-j(t) >

where the functions Hov;(t), K(7) are defined in (1.9), (1.11).

IH @B <

”, teT,

Proof. Denote

Q=1+pu¥'ws, M = U1 AY - ¥h),

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By direct calculations (see [12]), we get from (2.11)

eoHov,
1 ~Hovi - e Pyl an a2
M= — , = . 2.14
0, -0, \ etHovy Hov, <a21 +Q1 ap+ Q0> ( )

e
Using (2.14), we get

detQ = det(PQ¥) = det(1 + ,u‘PA‘P‘l) =1+u(Qo+TrA) + yz(detA +anQo— anQ1),
(2.15)

and from (1.14)

[det(Q)| = |1 + u(Qo + TrA) + p?(det A + a11Qo — a12Q1)| > >0,
R

Q—l — HZQ?l
1971 = { Geroy < Tdete S 7 - M
02 — 0,TrA + det A
1 1 -6% + 0, TrA — det A 26 2: et o, 0\ (216)
LY\ ' "
- 62 — 0, TrA + det A <0 9>'
01 -6, | e(6; 1; ctA) 05 — 0,TrA + det A ’
2
) Hov;
||M||S2max[<1+ i) Sdd, ]
j=1,2 €3-j 91 - 92

So by using (1.9), we have

(2

120 = 11+ p(¥A¥ - M)|| < 1+ p([¥ A¥| + | M]).

&

€3-j

Hov i

ean(1+ud;)[(an - 6;)/an]® (t)
+
61-6;

61 — 0,

¥ 1AY¥| < 2max
=12

)i

(2.17)
From (2.2), (2.13), (2.17), we get (2.12) in view of
_ Q 1+K
1a) < e vl < B2 Ay < BEK gy 218)
p p .

Proof of Theorem 1.1. From (1.16) changing variable of integration 7 = €s, we get

)

Hov;(s)
01(s) — 62(s)

ej(s)
es-j(s)

f ||M(s)||As§J 2max<1+
\ . =12

As <2Cee™, j=1,2.  (219)
So using (2.12), we get

fmllH(s)||As < ’[‘OO%fgS)HM(S)HAS < cCye™. (2.20)
t t
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From this estimate and (2.5), we have

I6(8) ] < Il (el 1A — 1) < )l (9" ~ 1) < el|C[Coce™,

(2.21)

where ¢ is so small that (1.17) is satisfied. The last estimate follows from the inequality e* -1 <
ex, x € [0,1]. Indeed because g(x) = ex + 1 — e* is increasing for 0 < x < 1, we have

8g(x) 2 g(0).
Further from (2.1), (2.11), we have

01 = (C1 + 61)691 + (C2 + 62)692, Uy = (C1 + 61)111691 + (Cz + 62)U2€92.
Solving these equation for C; + 6;, we get

U — vllll
(UZ - ul)eez .

ol — vy

b= 222
Citon (Uy - Us)es,

C2+62=

By multiplication (see (1.12)), we get
J(#) = (C1 + 61(1))(Ca + 02(t)) = C1Ca + C201 () + C102(t) + 61(£)62(2),
J(t1) = J(t2) = C2(61(t1) — 61(t2)) + C1(62(t1) — 02(t2)) + 61(t1)62(t1) — 61(t2) 62(t2),
and using estimate (2.21), we have

[J(t1,0,0,€) - J(t2,6,v,€)| < Cze™.

Proof of Theorem 1.2. Let us look for solutions of (1.1) in the form
v(t) =¥(t)C,

where ¥ is given by (2.11), and functions 0; are given via WKB series (1.20).
Substituting series (1.20) in (1.9), we get

Hov(0,) = i (grs’)(gjsf) - Tr(A)iQs’ +detA
r=0

1,j=0

o i A
+ a126<1 + ﬂzgr57> <—Zj=0§]g] all) (1),

r=0 a2

or

Hov(6,) = ibk(r)gk.
k=0

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

To make Hov(6,) asymptotically equal zero or Hov(6,) = 0 we must solve for {, the equations

bi(t) =0, k=0,1,2....

(2.29)
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By direct calculations from the first quadratic equation
by = 3 — §oTrA + det(A) =0, (2.30)
and the second one
bi(1) = 28160 — 1 TrA + an(1 + pdo) (%)A =0, (2.31)

we get two solutions ¢;; given by (1.21) and (1.22). Note that

Go+ — an _ax» —an Go- — an _ G —an
- + A*/ - - A,
an 2a1p an 2a1p
(2.32)
2+ ‘uTI'A aip — ax A
= A
Gl — G1- = appl® + o < ans ) .
Furthermore from (k + 1)th equation
_ S\
bk = (2@0 — TI'A)gk + a12(1 + /’lCO) a_12
(2.33)

+ 2@;’ [ék-j + aupl(M)A(T)] =0,
iz

aiz

we get recurrence relations (1.22).
In view of Theorem 1.1, to prove Theorem 1.2 it is enough to deduce condition (1.16)
from (1.26). By truncation of series (1.20) or by taking

§k+:§k—:0/ k:m+1,m+2,..., (2.34)

we get (1.25). Defining {;+, j=1,2,...,masin (1.21) and (1.22), we have

b0=bl =...=bm_1 =bm=bm+3=bm+4="'=o,
)< S oo (M)
by =apn(l+ =) + i1Cme1-i +a — ) (1),

! 12( ‘u§0)<1112 ]z:;‘g] b1y + an 2 (2.35)

b =§:C'[§ +a <§m+1_j>A(T)]

m+2 & j |Sm+2—j 12K a1 .

Now (1.16) follows from (1.26) in view of

Hov(0i) = €™ (bt + buig) = €12, k=1,2. (2.36)
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Note that from (1.13) and the estimates

log |1+ pO| < log \/1 +2pR(0) + p2|0J* < %|2p9{(6) +p?|0P,

(2.37)
log |1+ p] < log \/1+2pR(0) + p2I0]2 < \/12p:R(0) + p2[6P],
it follows
t 2
lea(t, to)| < exp | R[O(s)] + 5 As, (2.38)
ottt < exp | wex 2+ 2 (9()5” As, (s) > 0. (2:39)
Proof of Example 1.5. From (1.37), (1.41), we have
. A ew™ (1) (ew?)? euw™ \’
61— 6, =iQw(t) — epw® (1)), 01 +6, =— — 0,6, = 1 + <w - > ,
62 _ 2ia 3 91 _ —2ia -3
M= P =T 0w, mt = P = 00", r e,
(2.40)
and using (2.39), we get
< ley, | < const, — | < ley,| < const. (2.41)
692 1
Further for 7—o0
AL A 1 be-3ap 1 , 3bep b2 ) )
C]i——ﬁ:‘:7—;+w+;<2 — 2 —F:I:la£>+O(T ),
(2.42)

Zi=8 48 et b +0 ) =Ll vor 0, Zo= 2+ 06,

So if 4 = ¢, then (1.26) and all other conditions of Theorem 1.2 are satisfied, and (1.18) is true
with m = 1. O
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