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In this paper, we consider the nonlinear difference equation x,.1 = f(Xp-111, Xp—2k41), 1 = 0,1,...,
where k,I € {1,2,...} with 2k # I and gcd (2k,I) = 1 and the initial values x_o,x_o + 1,...,x0 €
(0, +00) with &« = max{l - 1,2k — 1}. We give sufficient conditions under which every positive solu-
tion of this equation converges to a ( not necessarily prime ) 2-periodic solution, which extends and
includes corresponding results obtained in the recent literature.
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1. Introduction

In this paper, we consider a nonlinear difference equation and deal with the question of
whether every positive solution of this equation converges to a periodic solution. Recently,
there has been a lot of interest in studying the global attractivity, the boundedness character,
and the periodic nature of nonlinear difference equations (e.g., see [1, 2]). In [3], Grove et al.
considered the following difference equation:

+ Xn—2m
xn+1=wl n=0111“‘l (E]-)

1+ Xn-2r
where p € (0, +o0) and the initial values x_n, X_g+1,..., X0 € (0, +o0) with & = max {2r,2m + 1},
and proved that every positive solution of (E1) converges to (not necessarily prime) a 2s-
periodic solution with s = ged (m + 1,2r + 1). In [4], Stevi¢ investigated the periodic character

of positive solutions of the following difference equation:

xn+1:1+M n=0,1,..., (Ez)

7
Xn-(2r+1)s+1
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and proved that every positive solution of (E2) converges to (not necessarily prime) a 2s-
periodic solution, which generalized the main result of [5]. Furthermore, Stevi¢ [6] studied the
periodic character of positive solutions of the following difference equation:

Z f:l AiXn-p;

2P jXn-gq; ,

X, =1+ n=12,..., (E3)

where a;, i € {1,...,k}, and ﬁj,j € {1,...,m}, are positive numbers such that Zlea,- = Z;”zlﬁj =
l,andp;, i€ ({1,...,k},and g;, j € {1,...,m}, are natural numbers such that p; <p> <--- <py
and g1 < g2 < -+ < gm. For closely related results, see [7, 8].

In this paper, we consider the more general equation

Xn+l = f(xn—l+1/ xn—2k+1)/ n= 0/ 1/2/ A4 (11)

where k,I € {1,2,...} with 2k#[ and gcd (2k,I) = 1, the initial values x_4, X_g41,...,X0 €
(0, +00) with @ = max {I - 1,2k — 1}, and f satisfies the following hypotheses:

(Hy) feC(EXE, (0,400)) with a=inf , v)ep f (4, v) €E, where E € {(0,40), [0,400) };

(Hz) f(u,v) is decreasing in u and increasing in v;

(H3) there exists a decreasing function g € C((a, +), (a, +0)) such that

(i) for any x > a, g(g(x)) = x and x = f(g(x), x);
(i) im yq+ g(x) = +o0 and lim ., g(x) = a.
The main result of this paper is the following theorem.

Theorem 1.1. Every positive solution of (1.1) converges to (not necessarily prime) a 2-periodic solu-
tion.

2. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Without loss of generality, we may assume | < 2k
(the proof for the case I > 2k is similar); then

(1,21,31,...,2kl} = {0,1,2,...,2k — 1} mod 2k. 2.1)

Lemma 2.1. Let {x,},._, be a positive solution of (1.1). Then there exists a real number L € (a,+oo)
such that L < x,, < g(L) for all n > 1. Furthermore, let limsup x, = M and liminf x,, = m, then
M = g(m) and m = g(M).

Proof. By (H;) and (H;), we have
xi = f(xio1, Xicok) > f(xiz1+1,xi0¢) > a forevery 1<i<a+1. (2.2)
Then there exists L € (a, +o0) with L < g(L) such that

L<x;<g(L) foreveryl1<i<a+l. (2.3)
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It follows from (2.3) and (Hj3) that
g(L) = f(L,g(L)) 2 xav2 = f (Xas2-1, Xas2-2) > f(g(L),L) = L. (2.4)
Inductively, it follows that L < x,, < g(L) for all n > 1.

Let limsup x, = M and liminf x,, = m, then there exist A, B,C,D € [m, M] and seque-
nces t, > 1 and r,, > 1 such that

lim x;, = M, limx; ;= A, lim x; ok = B,
(2.5)
lim x,, =m, limx,,; =C, lim x,, o = D.
n—oo n—oo n—oo
Thus by (1.1), (H;), and (H3), we have
f(g(M),M) =M = f(A,B) < f(m, M), 26)

f(g(m),m) =m = f(C,D) > f(M,m),

from which it follows that g(M) > m and g(m) < M. Since g is decreasing, it follows that

m=g(gm)) >gM), M =_g(g(M)) < g(m). (2.7)

Therefore, M = g(m) and m = g(M). The proof is complete. O

Proof of Theorem 1.1. Let {x,},._, be a positive solution of (1.1) with the initial conditions
X0, X-1,---,%—4 € (0,400). It follows from Lemma 2.1 that

a <lim infx, =m = g(M) < lim supx, = M < +oo. (2.8)
Obviously, every sequence
L,g(L),L,g(L),... (2.9)

is a 2-periodic (not necessarily prime) solution of (1.1), where L € { M, m}.
By taking a subsequence, we may assume that there exists a sequence t,, > 2kl + 1 such
that

lim x;, = M,

n—oo

(2.10)
rllig;loxt"_j =Aj € [g(M),M] forje{l,2,...,2kl}.
According to (1.1), (2.10), and (H3), we obtain
£(5(M), M) = M = f(A, Ax) < f(3(M), M), (211)

from which it follows that

Ar=g(M),  Ay=M. (2.12)
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In a similar fashion, we can obtain

f(g(M), M) = M = Ay = f(Asst, Ask) < f(g(M), M),

f(M,g(M)) = g(M) =A; = f(Ay, Aiak) > f(M, g(M)), 21
from which it follows that
Age = A =Ay=M,  Axu=A=gM). (2.14)
Inductively, we have
Apr=M forje{l,2,...,1},
Ajp=g(M) forje{l,3,...,2k-1},
(2.15)

Ajy=M forje{0,2,...,2k},
Ajiior = Aj for je{0,1,...,2k}, r€{0,1,...,1}, jl +r2k < 2kl

For every r € {0,1,2,3,...,2k — 1}, there exist j, € {0,1,2,3,...,2k — 1} and p, €
{0,1,...,1 -1} such that j,I = 2kp, + r, from which, with (2.15), it follows that

M forre€{0,2,4,...,2k -2},
Adk(-1)+r = Aj1 = { } (2.16)
g(M) forre{l,3,...,2k-1},
lim Xt,-2k(I-1)-j = M for ] € {O, 2,...,2k},
n—oo
(2.17)
lim Xt,-2k(I-1)—j = g(M) for ] € {1,3,. .., 2k - 1}.
In view of (2.17), for any 0 < € < M - a, there exists some tz > 4kl such that
M-c< Xtg-2k(1-1)~j <M+¢ ifj S {0,2,...,2k},
(2.18)
gM+e¢) < Xtg-2k(1-1)-j < gM—-¢) if je{1,3,...,2k-1}.
By (1.1) and (2.18), we have
Xty2k(-1)+1 = f (Xty-2k-1)-1+1, Xty2k141) < f(M —¢,8(M —€)) = g(M —¢). (2.19)
Also (1.1), (2.18), and (2.19) imply that
Xtyok(-1)+2 = f(Xty-ok(-1)-1+2, Xty2k1:2) > f(§(M =€), M —€) = M — €. (2.20)
Inductively, it follows that
Xt,—k(l- >M-¢e Vn>0,
ty—2k(1-1)+2n 2 (2.21)

Xtg-2k(-1)+2n+1 < §(M —€)  Vn > 0.
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Therefore,

%iggonn =M, }ligoloxz;zﬂ = g(M) (2.22)
or

711132103(2,1 = g(M), Li—r&xznﬂ = M. (2.23)
The proof is complete. O

Remark 2.2. (1) The proofs of Lemma 2.1 and Theorem 1.1 draw on ideas from the proofs of
Theorems 2.1 and 2.2 in [6].
(2) Consider the nonlinear difference equation

xn+1 = f(xn—ls+1/ xn—2k5+l)/ n= 0/ 1/ cecy (2'24)

where s, k,I € {1,2,...} with 2k #] and gcd (2k,I) = 1, the initial values x_4, x_441,..., X0 €
(0,+00) with @ = max {Is —1,2ks — 1}, and f satisfies (H;)-(H3). Let yiHl = Xps+ir1 fOT every
0<i<s-landn=0,1,2,..., then (2.24) reduces to the equation

Yo=Y Y ), 0<i<s—1,1=0,1,2,.... (2.25)

It follows from Theorem 1.1 that for any 0 < i < s — 1, every positive solution of the equation
Yo = f (]/;_m, y;_Zk ,1) converges to (not necessarily prime) a 2-periodic solution. Thus every
positive solution of (2.24) converges to (not necessarily prime) a 2s-periodic solution.

3. Examples

To illustrate the applicability of Theorem 1.1, we present the following examples.

Example 3.1. Consider the equation

m+1l_i

+ X
Xy = — 2 i1 Xk , n=0,1,..., (3.1)

I Oxn 2k41 T Xn-ltl

where m, k,I € {1,2,...} with 2k #] and gecd (2k,I) = 1 and the initial values x_4, X_a41, ...,
x0 € (0,+00) witha =max{l-1,2k -1},0<p < 1. Let E = [0, +o0) and

p+ Zi"{ly

f(x, y) Z 1:0y +Xx

(x20,y20, g@=£ (x>0 (32)
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It is easy to verify that (H;)—(H3) hold for (3.1). It follows from Theorem 1.1 that every solution
of (3.1) converges to (not necessarily prime) a 2-periodic solution.

Example 3.2. Consider the equation
m+1

—2k+1
Xni1 = 1+ 55— , n=0,1,..., (3.3)
Z i=1%y ok41 T Xn-l+1

where m, k,I € {1,2,...} with 2k #] and gecd (2k,I) = 1 and the initial values x_4, X_a41,. ..,
xo € (0,+00) with @ = max {I - 1,2k — 1}. Let E = (0, +00) and

m+1
_yr - X
ST (x>0, y>0), g(x) = P (x>1). (3.4)

It is easy to verify that (H;)—(Hs) hold for (3.3). It follows from Theorem 1.1 that every solution
of (3.3) converges to (not necessarily prime) a 2-periodic solution.

flx,y) =1+
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