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1. Introduction

In this paper, we will deal with the second-order formally symmetric difference expres-
sion M acting on complex valued sequences x = {x,}~; defined by

1
— [ = A(pu-1Dxp—1) + qnxn], n=0,
Mx, = WTD (1.1)
——_len, n=-1,
w-i

with complex coefficients p = {p,} %), g = {¢,} ") and weight w = {w,,} ¥,. In differential
operators case, when the coefficients p and g are real-valued, the terms limit-point (LP),
strong limit-point (SLP), Dirichlet (D), conditional Dirichlet (CD), and weak Dirichlet
(WD) at the regular endpoint are often used to describe certain properties associated
with the differential expression under consideration, see [1-10]. Here, we introduce the
discrete analogue of these properties and some relations between them. In studying in-
equalities involving expression (1.1), such as HELP (after Hardy, Everitt, Littlewood and
Polya) and Kolmogorov-type inequalities, these properties and the relationships between
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them are crucial. The work we present here is the discrete analogue of the work by Race
[9] for differential expressions.

2. Preliminaries

We use the following notation throughout: R and C denote the real and complex number
fields, and N is the set of nonnegative integers. z denotes the complex conjugate of z € C.
9(-) and R(-) represent the imaginary and real part of a complex number. ¢! is the space
of all absolutely summable complex sequences. €2 and 2, are the Hilbert spaces

0= {x= {xa} ) i |x"|2<°°}’

n=-1

" (2.1)
= {x: {xn}iol : Z |xn|2Wn < OO}
n=-—1
with w,, > 0 for all n and the inner products
Y= D ¥ By = D XY, W (2.2)
n=-1 n=-1

respectively. If {x,}®, & €' but >, _,x, < o, then we say that the sum >, _, x, is con-
ditionally convergent. We associate a maximal operator, T(M), in £2 with the linear dif-
ference expression

1
17[ A(pu-1Dxn-1) + qnxa], n=0,
Mx, = ’}) (2.3)
—iAxn, n=-1,
w-1

where Ax, = x,+1 — Xy, the forward difference, and the coefficients {p,}~, and {g,} %, are
complex valued with

pn#0, g-1=0, w,>0, Vn=-1,0,1,... (2.4)
Note that defining M by (2.3) makes the difference equation
Mx, =Ax,, n=0,1,2,... (A€ C), (2.5)
a three-term recurrence relation. The operator T(M) is defined on Dy into £2 as

[T(M)x], = T(M)x, := Mx,, n=-1,0,1,..., (2.6)

Dy = {x ={x,}5, €6 i | T(M)x, | *wy < 00}. (2.7)

n=-1
The summation-by-parts formula

m

m
D X0AYn = X1 Vet — Xk Yk — D Yns1Dn,  k<m, k,meN, (2.8)
n=k n=k
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gives rise to the equalities
z EMann = z qnYnXn + Z (PnAyn)Txn - PmA}’m-merl +P—1A)’—1% (2.9)
n=0 n=0 n=0

and, for all x, y € Dy,

2. (Pulynbx+ quyn¥n) = 2 (G T(M)yn) Wa+ Iim pmAymXmes = p-18y-13%.
n=0 n=0
(2.10)

The left-hand side of (2.10) is called the Dirichlet sum, and (2.10) is called the Dirichlet
formula. The following also holds for all x, y € Dy

Z i Y T (VD)%) W= 1im. po (B Y1 =B Y1) —p-1 (Ax-1 70— Ay-10).
) (2.11)

Following (2.10) we have, for x € Dy

[}

Z (pn | Axn |2+qn |xn| Z X, T(M)x,,) Wy, + hm 1 PN X1 — P-1AX-1 X,
n=0 n=0
(2.12)

An immediate consequence of (2.11) together with (2.7) is that
lim py (AxmYme1 — AymXm+1)  exists and is finite Vx, y € Droy). (2.13)
m— oo

Moreover, the expression in (2.13) is a constant for all m € N when x, y are the solutions
of (2.5), which is easy to prove. We also have the following variation of parameters formula:
let ¢ = {¢,}") and v = {y,,} =, be linearly independent solutions of (2.5) and suppose
that [¢, ¥], := pul(Adw)Wns1 — (AYy)Pus1] = 1 for all n. Then, @ = {D,}*; defined by

= Z (_ wm¢ﬂ+¢m1/’n)wmfm (neN),

m=0 (2-14)
O ;=0
satisfies
M, =D, +f,, neN,1eC, (2.15a)
O_1 =Dy =0. (2.15b)

Any solution of (2.15a) is of the form
Y =0+A¢+By (2.16)

for some constants A,B € C.
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Definition 2.1. If there is precisely one €2, solution (up to constant multiples) of (2.5)
for (1) # 0, then the expression M is said to be in the limit-point (LP) case; otherwise
all solutions of (2.5) are in ¢2 for all A € C and M is said to be in the limit-circle (LC)
case, see Atkinson [11] and Hinton and Lewis [6]. Note that in the limit-circle (LC) case,
the defect numbers are equal and the limit-point case does not hold. An alternative but
equivalent characterization of M being LP is that

rltlllgo Pm(Aﬂmerl - Aymmerl) =0 (217)
or
rlll_l}gopm (ymxmﬂ _ymﬂm) =0 (k1)

for all x, y € Dr(u), see Hinton and Lewis [6, page 425]. It may also be observed that this
condition is equivalent to saying that

r}llzl;lo Pm (Amxmﬂ - Axmxm+1) =0 (2.18)
or
r}llirc}opm (xmxmﬂ _xm-f—lm) =0 (k2)

for all x € D). To see that, take x = y in (%) to get the implication in one direction.
For the implication on the other side, take x to be the linear combination of z and y, that
is, x = z+ay in (%3), and then choose the complex number o as @ = 1 and « = i to get

(k1)
Definition 2.2. M is said to be strong limit-point (SLP) on Dy if

r}lizrgopmAymxmﬂ =0 Vx,y € Drow. (2.19)

Definition 2.3. M is said to be
(i) Dirichlet (D) on Dy if

|1/2 |1/2

{Ipnl “Axa} " {1gn] “xa}”, €02 VX E Drouys (2.20)

(ii) conditional Dirichlet (CD) on Dy if

| l/zAxn}ofl e ¢, Z qn | xn | *is convergent Vx € Dy, (2.21)

n=0

{Ipn

(iii) weak Dirichlet (WD) on Dy if

0

(PnDxn Ay, + quXnyn) is convergent Vx,y € D). (2.22)
n=0
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Observe that (2.19) is equivalent to

lim puAxmXm1 =0 or  lim puAxmXmi1 =0  Vx € Droy. (2.23)
m— oo

m— oo

Also, by Dirichlet formula (2.10), it is seen that the WD property, (2.22), is equivalent to

lim puAymXm+1  exists and is finite Vx,y € Dy, (2.24)
m— oo

and this is equivalent to

lim pyAxmXme1  exists and is finite Vx € Dyoy. (2.25)
m— 0o

Note also that in (iii), for all x, y € Dy,

| 172

{1 pnlP0x,}7 € 02 = [pu(Ax,)’}T, €0' = [puhx,Ay, )™ €' (2.26)

Following the above definitions and subsequent comments, we have the following.

CoROLLARY 2.4. The following implications hold for all x, y € Dry):
(a) D= CD = WD;
(b) SLP = WD;
(c) SLP = LP.

3. Statement of results

In this section, we would like to obtain some implications additional to Corollary 2.4 by
imposing conditions on p, g, and w which are as weak as possible. The motivation of the
problem and parts (a) and (b) of the following theorem was previously presented at the
17th National Symposium of Mathematics, Bolu, Turkey [12]. It is presented here for the
sake of completeness.

TaEOREM 3.1. Let p and q be complex-valued.
(a) If 1/p ¢ I, then CD = SLP on Dr(u).
(b) If /p € I but 3., qn is not convergent, then CD = SLP on Dr ().
(c) Ifw, 1/p, q € 1', then M is both D and LC.

Proof. (a) We assume that 1/p ¢ ¢! and M is CD on Dr(y). Let x,y € Dy then, by
(2.10),

a:= lim ppAyXme < . (3.1)
m— oo

We need to prove that « = 0 under the conditions in the hypothesis. Suppose the contrary
that « # 0, then for some mg € N,

la|
|pmAymxm+1 | = 7 Ym = my, (32)
which implies that
al | Ax
| P AymAxm | = % x—"i V'm = mg, Vx,y € Drou). (3.3)
m+
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However, M is CD and this implies that, summing over m, the left-hand side of (3.3)

belongs to £!. Thus,

00

Ax,,

Xn+1

< oo,

n=-1

and hence in particular |Ax,/x,+1] — 0 as n — co. So, as n — oo,

tog | = | -tog 1= )| ~ | 2
8 n & Xn+1 Xn+1
since
log(1 —
lim o8 =0 _
t—0 t
Hence,
> log@ <oco= > log Tl convergent,
= n - Xn
n=-1 n=-1
N X
lim > log =™ exists for mg € N,
N—w n
This implies that
N
l\llim Z A(logx,) = l\llim (logxn+1 —logxy,) exists.
% n=my -
So,

B:= I}]ig}ox,\; #0.
Thus, since « := limy,—.co P YmXm+1 < 0,
lim puAym =af™!,
m— oo
and, for some my € N,

|Pm(A)’m)2~Z |“ﬁ71|2|p,}1| Vm = my.

&~ =

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

However, summing over m, the left-hand side of (3.11) belongs to £! by the hypothesis
that M is CD. Hence, so does the right-hand side of (3.11) which is a contradiction to

saying that 1/p ¢ €'. Hence a = 0, proving M is SLP.

(b) Assume that p~! € €' but 3., (g, is not convergent and M is CD. Let x € Dy

and, as in (a) above, suppose that

a = lim ppXmi1Ax, # 0.
m-— oo

(3.12)
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Then, limy,—.« xm = § # 0 exists and it follows that
lim p,Ax, = af™ # 0= lim Ax,, = lim af~'p,!

So, since p~! € ¢!, we have

Z | Axp | < o0, thatis, {Ax,}", € €' (x € Drn).

m=—1

Now, since x € Dr(u), using Cauchy-Schwarz inequality in €2, we have

(oY)

Z | xaw*[ = A(pn-18%n-1) + Gun| W, 2 |

n=-1
. 12, o 172
_ 2
< ( z |Xn 1/2| ) < z | Pn 1A%, 1)+Qrtxn] n1/2| )
n=-1 n=-1
which gives
Z | %[ = A(pn-18%,-1) + guxu] | < 0.
n=-1

Also, since limy,—.c X = f§ # 0, we have that

(Y]

S 1= A(pac1A%1) +guxa] | < .

n=——1
Now,

i A(pu-18x4-1) + quxn] = —nlqi_rfgopmAxm +po1Ax_g + i)qnxﬂ

=0 -
implies that

zq,,xn = hm pmAxm p-1Ax_1 + Z A(pr-1Axn-1) + qnxn],

= n=0

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

which proves the convergence of the sum .5 gnx,. Since f = limy—.co X # 0, then x,, #
0 for all large m € N. On the other hand, using summation-by-parts formula and sup-

posing k € N is such that x,, # 0 for all n > k, we have

m mo m _
Sa-8 Lami =t S a1 S qn-5( 5 gua(2)
n=k n=k Xn mtl g1 s k-1 n=k \s=k—1

_ 3 k-1 GnXn _ Gk—1Xk-1 ( z )( Ax, )

O X w ,;( S:%_ ) S )

(3.20)
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As m — o0, we see that the right-hand side of (3.20) tends to a finite limit since >, gu%»
is convergent and lim, . x, = f§ # 0, which contradicts the hypothesis that >.;" (g, is
divergent. This proves o = 0 which guarantees that M is SLP.

(c)If 1/p, w, g € £, then M is LC and D. For the proof, we need the matrix represen-
tation of (2.5); for n > 0, we have the recurrence relation

Pn (xn+1 - xn) = ( - Awn +Qn)xn + Pn-1 (xn - xnfl)) (3.21)

which is equivalent to (2.5). So, taking

1
0 p
X, -1
Xn:<”>, Ay = A"+ , (3.22)
Vn (= AW+ ) AWn T Gn
Pnfl
we get
X, = (I+An)Xn,1, n=0,1,2,..., (3.23)

where I is the identity matrix and

n—1
Xn =Xp-1t y—

n—1
Yot (3.24)

n—1

Y = (x,,,1+ )(—/\wn+q,,)+yn,1.

We are going to give the proof for the LC and D cases separately.

(i) The LC case. We prove that, for some A, say A = 0, for all solutions of (3.21),
> 1 lxu|?wy, < 0 holds. Moreover, since >, w, < oo, it is sufficient to prove that
all solutions of (3.21), with A = 0, are bounded. For this purpose, we make use of the
following theorem due to Atkinson [11, page 447].

THEOREM 3.2 (Atkinson). Let the sequence of k-by-k matrices,

Ay n=0,1,2,3,...; A,=(ans), 1s=123,...,k (3.25)
satisfy
® ko k
D Anl <00, [Aul =20 |anrl. (3.26)
n=0 r=1s=1

Then, the solutions of the recurrence relation
Xn_Xn—l =An_1Xn_1, 1’1:0,1,2,..., (327)

where X,, is a k-vector, converge as n — co. If in addition the matrices I + A, are all nonsin-
gular, then lim,_.« X, # 0, unless all the X,, are zero vectors.
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So, applying this theorem to our case, {X,}q is convergent, that is, the entries of X,,,
{an}go = {xn}go’ {XnZ}(c;o = {yn}go = {PnAxn}(c;o> (3.28)

are convergent, so they are bounded and hence (i) of condition (c) is proved.

(ii) The D case. We will state the proof for A = 0 only, but the proof also applies to all
A € C. Let x € Dy and define f = { £}~ by

fn = Mx,. (3.29)

Then X, | | fu|*wy, < 0. Also, by the variation of parameters formula, if ¢ = {¢,}*, and
v = {y,} 7 are linearly independent solutions of (2.5) with

[0, 9]0 := Pur (@nAYu1 — YuApy 1) =1 VnEN, (3.30)
then any solution of
Mx, = Axy + fu (3.31)
is of the form
X, = O, +Ag@, + By, (3.32)

in which A and B are constants, and

M=

Q=D (Vm@u = PmV¥n) Winfrs neEN, 1 =0. (3.33)

m=0

Since {¢}%, and {y}%, are bounded by case (i) of condition (c), using also Cauchy-
Schwarz inequality in £2, it follows that

|| <C D Wi fu s (3.34)
m=0

where C is a positive constant. Hence, @ is bounded. This implies that {x,} *; is bounded
from the fact that {A¢, + By, }*, and {®,} %, are bounded in (3.32). So, since q € ¢! and
following the above result,

S 1gal 2 ]? < . (3.35)
n=0

We also need to prove that >, | pa||Ax,|? < co. For, from (3.32),

Pnlx, = PnA(Dn + PnA(A% +Bl/,ﬂ)’

n 3.36
APy = > [V (Pulpn) = @i (PnlYn) [ Wi fins (330

m=0



10  Advances in Difference Equations

and since {p,A@, 71, {PaAya} 1, L@n} ™), and {y,}%) are bounded by the theorem of
Atkinson, {p,A®D,} 7 is also bounded, and so is { p,Ax,} ~;. By the hypothesis that ple
£, we obtain

© © 2
n A n
Z|Pn||Axn’2:ZM<OO. (3.37)
n=0 n=0 |P” |
Hence, M is D and the proof of Theorem 3.1 is complete. O

CoroLLARY 3.3. (1) Following the Dirichlet formula, (2.23), and Theorem 3.1(a)-(b), it
may be deduced that if either p~' & €' or p~' € €' but >, qn is not convergent, then CD
implies that the sum Y. o(pnlAxy|? + @ulxn|?) is convergent for all x € Dryy. (2) Under
the conditions of Theorem 3.1(a)-(b), D = CD = SLP = LP on Dr().

Remarks 3.4. (1) When w,p~1,g € £', it is proved by Atkinson [11, page 134] that M is
LC. We have additionally proved that M is also D. (2) The condition imposed on ¢ in
Theorem 3.1(a) is in general weaker than g ¢ ¢!. Indeed, in Example 3.5, we prove that
q & ¢! is not sufficient to ensure that CD = SLP.

Example 3.5. In this example, we want to establish an expression M of the form (2.3)
such that X" g, is conditionally convergent and w,1/p € £! while M is CD and LC,
hence not SLP, at the same time. This proves that q & ¢ ! is not sufficient to ensure that the
implication CD = SLP. This example is a direct analogue of the example given in Kwong
[7, page 332]. Let > 7, be a conditionally convergent real series. Choose a constant C;
so that the sequence

Y]

{Ru}y = { Zrk} +Cy (3.38)
k=0

0

be positive, that is, R, >0 for all, n = 0,1,2,.... Then {R,}§ is bounded, for p, >0ne N
and given that C, > 0, the sequence

n oo}
. Ri
{xXa}o = { > ﬂ} +Cy, R =0, puy >0VnEN, x_1 > x (3.39)
0

k=0 Pk-1

is also positive. Note that {x,}%; is monotonic increasing, that is, x,+1 > x,, for all n, from
the fact that x,, are the sum of positive numbers. Now,

X = li_m X, exists (3.40)

since {R,}®, is bounded and p~! = {p, 1}, € £'. Moreover, x € £2, since w € ¢! and
{x,1%) is bounded. We see that if {g,} ™ is given by
I'n

qf’l = n= 0) Q—l = O) (341)
Xn
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then {x,}%, is a solution of (2.5) with A = 0. Note that, in

|7 > |72

Xn X

|qn| = vn, (3.42)

summing over n, we have {q,}%, ¢ €' from the fact that >.;’ r,, is conditionally conver-
gent. Now, summation-by-parts formula gives, for all N € N,

N N N-1 N

. R Ri &' Ry
an=z’—=—N—z—+2x—. (3.43)
=—1 7N

n=0 n=0*n AN =T Al

For the first expression on the right-hand side, the limits lim,_. R, and lim, .. x, ex-
ist and X = lim,—.« X, > 0. For the sums on the right, since >, R, is convergent and
{1/x,} % is positive and decreasing, both Zf:]:_l (Rn/xp4+1) and Zﬁ’:_l(Rn/x,,) are conver-
gent, and therefore >, (g, is convergent. Now, let {y,}%, be another solution of (2.5)
together with (3.41) complementary to {x,}~, that is, such that [x, y], := pp—1 (¥uXn-1 —

Yn—1%y) is constant, or equivalently, [x, y], = 1. Then,

_ 1 - 1
A(J’n 1>: = Y= Any ——————. (3.44)
Xn-1 Pn-1XnXn-1 o Pk=1XkXi—1

So, since {y,} %) is bounded and increasing,

li_rn Yn exists. (3.45)

We note that Y7 (1/pr—1xkxk—1) is absolutely convergent since {x,}~; is bounded and
p~l el So, y € €2 since w € £'. We also see that My, = 0. Hence, we have shown that
M is LC, and hence not SLP since x, y € 2 and x, y are linearly independent solutions of
Mx, = Ax,, A € C. We now show that M is CD. Since, from the identity (2.12), the CD
property is equivalent to

(a) {palAz,|?}™, € 1,

(b) limy,— o« prAz,Zns1 exists Vz € Dy,
and we will show both (a) and (b) above. So, let z € D). Then,

{(T(M)z,} 7, = (Mz,} 7 = {fu} T €65, welh. (3.46)

The method of variation of parameters gives
Zy = Axy + By, + Z (XnYm — YnXm) fuwm (221 =0, n €N), (3.47)
m=0

where A and B are constants. Note that lim,—.c >, _o (X0 Vim — YnXm) finWm < 0, (3.40) and
(3.45) together imply that

lim z,, exists. (3.48)

n— 00
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We see that {p}/?Ax,}%), {pY?Ay,}>) € €2 since {R,}{ is bounded and {p,'}%, € €.
Also, using the Cauchy-Schwarz inequality in £>", we see that, for all n € N,

1/2

12, ,
C
[ (P Axn) = Xim (P:/ZAJ’V!)]mem = pl/z ( Z Wm) ( Z Win | fon |2> >
m=0 m=0

n

m=0

(3.49)
where C is a constant. Hence,
{pY2Az,}™, € €2 (3.50)

Finally,
(1) limy .« ppAx, = lim, . R, < 00,

(i) limy—c PrAyn = limy—co [1/xn + (pnAx4) Di—o(1/ pr—1XkXk—1)] < o0 since the lim-
its limy,— o 1/x, and lim,—. oo pnAx, existand X7 (1/pr—1xkXk—1) is absolutely con-
vergent,

(iii) For K < oo,

1/2

" 12,
sKlim(Zwm> (Zwm|fm|2> <oo,  (3.51)
m=0

n—oo
m=0

3151;10 PnAxn Z )’m(Wmfm)

m=0

(iv) limy oo | puAyn 2o Xm (Win fin) | < Climy, oo | puAyn 3z Win fin| < 0.
A consequence of (i), (ii), (iii), and (iv) is that lim,_» p,Az, exists. We know also that
lim,,— « z,, exists from (3.48). Therefore,

lim p,Az,Zn41 exists. (3.52)
Nn—0o0

It is a consequence of (3.50) and (3.52) that M is CD. This completes the desired example.

THEOREM 3.6. Suppose that p, >0 for all n, although {q,}=, may still be complex. If either
Wi D1 Pp = & 8 or {g,}°, & 1, then

|1/2

MisDonDrory < {|qn| “xu} ", €% x € Dran. (3.53)

Proof. Since M is D on Dy = {1qalV?x,}%) € €% for all x € Dy, we only need to
prove the other implication. So, suppose that {|g,|"?x,}~; € €? for all x € Dr(sr). In the
formula

m m m
z Pn | Axn |2 = PmAmemﬂ - p—lAX—IEO + Z EnMxn - Z qn |xn | 2> (354)

n=0 n=0

the sums on the right converge as m — co. Thus, we see that { pl/ 2| Ax, |}, ¢ €2 only if
limp— o0 PmAXmXme1 = 0. But,

P | A X1 | < pon | A% | (| X1 | + [ % |) < prA(] 20 |2)’ (3.55)
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and hence
lim p,,A( x| ) = oo (3.56)

This implies, since p,, > 0 for all m € N, that {|x,|?}%; is monotonic increasing, that is,
Alx,|? = 0 for all large n. We now have two cases: either {g,}%; & €' or {gq,}>, € ¢'. If
{gn}%, ¢ ¢', then we get a contradiction to the assumption since this would imply that
{1gn1"xn}%) & €. So, {g,}™, must be in £'. Then, A(|x,|?) > p;;! since, from (3.56),
PnA(Ix4|?) > 1 for large enough n € N. This implies, for some m, € N, that

2 |22 | * = [t 2> D pply mEN, m>mg. (3.57)
n=mgm
So,

0 > i W | % |* > i wn<i p,:11>, (3.58)

n=myo n=myo k=myq

which is a contradiction to the assumption that {w,, >, _, p,'}m__; & €', and hence
{py/?1Ax,]}™ is in €2, and M is D on Dy and the theorem is therefore proved. O

Remarks 3.7. (1) w & €' is a sufficient condition for Theorem 3.6 to hold. But, if w € ¢!,
then the condition on p and w, that is,

{wm > pnl} ¢, (3.59)
n=-1 m=—1

is in general stronger than the requirement that p~! ¢ £!.
(2) If w € 1, then, foranym € NU {—1},

iwfl(ipkl): ip,,l(ﬁwk), n<m. (3.60)
n=-1 k=-1 n=-1 k=n

This follows by using the summation-by-parts formula. As m — co, we see that the con-
dition in Theorem 3.6 is equivalent to the condition that

{pnIZwk} ¢ ' whenwe ¢l (3.61)
k=n n=-1
For example, if m < o0 and w = 1, this condition becomes
> ppl(m—n) = oo (3.62)
n=-1

THEOREM 3.8. Suppose that p, > 0 for all n, w/p & €', and {w,/Wns1} ", is bounded above.
Then, M is SLP on Dy if and only if M is WD on Dy ).



14 Advances in Difference Equations

Proof. Since SLP always implies WD by Corollary 2.4, we only need to prove that WD =
SLP under the conditions in the hypothesis. So, suppose that M satisfies the W D property,
that is, f = limy,— w puAx,x,+1 exists and is finite for all x € D), but M is not SLP, that
is, 3 # 0. We show that 8 # 0 leads to a contradiction under the hypothesis, and hence M
is SLP. So, suppose that

B = lm puAxmXm1 #0 VX E Drom). (3.63)

Now, multiplying both sides of the following by g and w,,, and summing over m:

Ximt10Xm = Xpyy1 = XmXme1> (3.64)
we have
Z (Bpm AXmXmi1 ) WmPy_nl
"= (3.65)

= ﬁ{ 2. Wm+1xm+1<

Under the conditions of the hypothesis, the left-hand side of this equality is co while the
right-hand side is finite. This contradiction leads us to say that 8 = 0 and M is SLP on
D). Hence the theorem is proved. O
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[eY) Wm /.
Z W Wm+1 xmxm+1 .

Wm+1 Wm+1

Remark 3.9. As a final remark, Theorem 3.1(c) demonstrates that when w, p‘l,q e ¢!
WD does not imply SLP or even LP. Thus, for the equivalency of WD and SLP, the
hypothesis of Theorem 3.8 is needed. For example, when w = 1, the requirements for the
result SLP < WD become >, _; p,! = oo.
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