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1. Introduction

In this paper, we present results governing the existence of positive solutions to the dif-
ferential equation on time scales of the form

(D" Py (1) = Af (6,3 (0" (D)™ (0" P (1)), tE[0,1]1NT (1.1)
subject to the two-point right focal boundary conditions

yA0)=0, 0=<i<p-1,
,. } (1.2)
Y2 (o(1)) =0, p<i<n-—1,

where A >0, p, n are fixed integers satisfyingn >2,1 < p<n-1,0,1€ T, with0<o(1)
and p(0(1)) =1 and f : [0,1] X R?—=R is continuous.

We say that y(t) is a positive solution of BVP (1.1), (1.2) if y(¢) € C4[0,1] is a solution
of BVP (1.1), (1.2) and yAi(t) >0, t€(0,06"7(1)),i=0,1,...,p — 1. If, for a particular A,
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BVP (1.1), (1.2) has a positive solution y, then A is called an eigenvalue and y a corre-
sponding eigenfunction of BVP (1.1), (1.2). We let

E={A>0:BVP(1.1), (1.2) has at least one positive solution} (1.3)

be the set of eigenvalues of BVP (1.1), (1.2).
To understand the notations used in BVP (1.1), (1.2), we recall some standard defini-
tions as follows. The reader may refer to [1] for an introduction to the subject.
(a) Let T be a time scale, that is, T is a closed subset of R. We assume that T has the
topology that it inherits from the standard topology on R. Throughout, for any
a,b (> a), the interval [a,b] is defined as [a,b] = {t € T | a <t < b}. Analogous
notations for open and half-open intervals will also be used in the paper. We also
use the notation R[c,d] to denote the real interval {t e R | c <t < d}.
(b) For t <sup T and s > inf T, the forward jump operator ¢ and the backward jump
operator p are, respectively, defined by

o(t)=inf{reT|r>t} €T, p(s)=sup{reT|r<s}eT. (1.4)

We define 0" (t) = o(0""!(t)) with ¢°(¢) = ¢. Similar definition is used for p"(s).
(c) Fix t € T. Let y : T—R. We define y*(t) to be the number (if it exists) with the
property that given ¢ > 0, there is a neighborhood U of t such that for all s € U,

[[y(a(t)) = y(s)] = y*(O)[o(t) —s] | <e|a(t) —s]. (1.5)

We call y2(t) the delta derivative of y(t). Define yA"(t) to be the delta derivative
of y2"' (1), that is, y2"(£) = (y~" ()",
(d) If FA(#) = f(t), then we define the integral

ff(r)Ar = F(t) — F(a). (1.6)

(e) If o(t) > t, then call the point ¢ right-scattered; while if p(¢) < ¢, then say ¢ is left-
scattered. If o(¢) = ¢, then call the point ¢ right-dense; while if p(¢) = ¢, then say ¢
is left-dense.

Focal boundary value problems have attracted a lot of attention in the recent literature,
see [2—7]. Recently, many papers have discussed the existence of nonnegative solution of
right focal boundary value problem on time scales, see [8—12]. Motivated by the works
mentioned above, the purpose of this article is to present results which guarantee the
existence of one or more positive solutions to BVP (1.1), (1.2).

The paper is outlined as follows. In Section 2, we will present some lemmas and defini-
tions which will be used later. In Section 3, by using Krasnoselskii’s fixed-point theorem
in a cone, we offer criteria for the existence of positive solution of BVP (1.1), (1.2).
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2. Preliminary

Definition 2.1 [9]. (1) Define the function h : T X T—R, k €0, 1,..., recursively as
ho(t,s) =1 Vs, teT,

t (2.1)
hio1(t,s) = J hi(t,s)At Vs,teT,k=0,1,....
S
(2) Define the function g : T X T—R, k € 0,1,..., recursively as
Q(ts)=1 VsteT,
(2.2)

t
g1 (t,s) = J g(o(1),s)At Vs,teT, k=0,1,....

(3) Lettj, I <i<mnysuchthat 0=t = --- =t, <tpy; =-++ =1, = 0(1). Define T;:
[0,1]-R,0<i<n-—1as
TO(t) = 1)
- . (2.3)
Ti(t) = T,'(fl tl,...,ti) = Ll tzl s t,-H AT ATOAT), 1<i<n-1.
LEmMMA 2.2 [1]. For nonnegative integer n,
hn(tas) = (_1)ngn(53t)’ t S Ta sE Tkn) (24)
where
K _ T, if T is unbounded above, (25)
T\ (p(maxT),maxT], otherwise, '
and TF' = (TX"'Y*. Further, the functions satisfy the inequalities
ha(t,s) =20, gu(t,s) =0 Vitz=s. (2.6)
LemMA 2.3 [9]. Green’s function of the boundary value problem
(_l)n_pyAn(t):()a te [0)1])
N)=0, 0<i<p-—1, (2.7)
Y (o(1)) =0, p<i<n—1,
may be expressed as
p-1
(=1)" Y TiOhy1-1(0,0(5) + (=1)" P by 1 (£,0(5)), < a(s),
i=0
K(t,s) = ’ (2.8)

p-1
(D" P> Ti(Ohp-1-1(0,0(s)), t=0al(s),

i=0

where t € [0,0"(1)] and s € [0,1].
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LEmMA 2.4. Let k(t,s) be Green’s function of the equation
(=D PyN () =0, telo,0" (1] (2.9)

subject to the boundary conditions
(2.10)

Then
L(t)-gn—p(0(s),0) < k(t,5) < gu—p(0(5),0), (t,5) € [0,0" P (1)] x[0,1],  (2.11)
where

<1, telo,6"P(D)]. (2.12)
Proof. Itis clear that

k(t,s) = K (1,5)
(=1)" P (hu-p(0,0(s)) = hu_p(t,0(s))), t=<als),
(_1)n_phnfp(0>o'(5))> t=o(s), (2.13)

- 8n-p(0(5),0) —gup(0(s),t)), t=o(s),
gnfp (0(5)50)1 L= 0-(5))

where t € [0,6"P*1(1)] and s € [0,1].
Obviously,

L(t)gn—p(0(5),0) < gup(0(5),0), t=0(s). (2.14)
Next, we will prove by induction that for k = 1,2,...,and t < a(s),
L(t)gk(0(s),0) = gk(0(s),0) — g (0(s),1) = gk(a(s),0). (2.15)
For k = 1, we have
81(0(5),0) = g1(0(s),t) = a(s) = (o(s) — t)

— > m-a(s) — L(H)gi (a(s),0).

(2.16)

We now assume that (2.15) holds for some n > 1.
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Let k = n+ 1. We can obtain that for o(s) > t,

2n+1(0(5),0) = gui1(0(5),0) — gur1 (0 (s),1)

a(s) a(s)
=[0 gn(0(1),0)A7 — j (o), ) AT

o(s)

= L gn(0(7),0)AT+ J [g1(0(7),0) — gn(o(1),t) |AT

t

t a(s)
> J L(t)gn(a(r),O)AT+J L(t)gn(o(7),0) AT
0 t

a(s)
= L(t) L gn(0(1),0)AT = L(t)gns1(0(5),0).
Thus, (2.15) holds by induction. Therefore, from (2.14) and (2.15), we get
L()gn-p(0(s),0) < k(t,s) < gnp(0a(s),0)

on [0,0" P*1(1)] x [0,1].
LEMMA 2.5. Let w(t) be the solution of BVP:

(- Pyt () =1, telo,1],
™ (0)

=0, 0=<i<p-1,
ut(o(1)) =0, p<i=<n-—1.

Then
0 < w (t) <gup(0(1),0)h,_i(£,0), te[0,6"7(1)],0<i<p—1.

Proof. Foro(s) <t,

0
gn—p(0(5),0) = (=1)" Ph,_,(0,0(s)) = — J;(S)(—l)”fpflhn—pfl (1,0(s))AT

a(s)
=] DT e (nots) ar

o(s)
= gn-p-1(0(s),7)AT  (byLemma 2.2)
0

t
< gn-p-1(0(5),0) L AT = gu_p-1(0(5),0)h (£,0).

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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For t < o(s),

gn—p(U(S),O) —&n-p (G(S)xt)
= (=1)""Phy(0,0(s)) = (=1)" Phy_, (t,0(s))

a(s) o(s)
_ j (~D)" P Wy 1 (1,0(5)) At — J (“)" Py (1,0(s)) AT
t

0 (2.22)
t t
= J (—1)”71’7111,1_1,_1(T,a(s))AT = J Zn-p-1(0(s),7) AT (byLemma 2.2)
0 0
t
= n—p-1 (U(S))O) JO At = n-p-1 (O'(S),O)hl (t) 0)
Hence,
0 < k(t,5) < gup-1(0(s),0)h1(8,0), (t,5) € [0,06" P (1)] x [0,1]. (2.23)
By defining w(t) as w(t) = f(f(l)K(t,s)As, t € [0,0"(1)], it is clear that
. a(1)
W (1) = J k(t,s)As, te [0,0" (1)), (2.24)
0
Then
e a(1) a(1)
0=w 0= | k9 [ g (0@ 0me0ls
:gnfp(o-(l))o)hl(no)-
Further, since w2 (0) =0,0 <i < p—1, we get
0 < w (t) <gup(0(1),0)h,_i(£,0), te[0,6"(1)],0<i<p—1. (2.26)
O

LEMMA 2.6 [13]. Let E be a Banach space, and let C C E be a cone in E. Assume that O, Q;
are open subsets of Ewith 0 € Q1 C Q) C Qy, and let T : C N (Qa \ Q1) —C be a completely
continuous operator such that either

@) N Tull < lull, ue CnoQy; || Tull = llull, u € Cn o; or

(1) 1 Tull = llull, ue CnoQq; | Tull < llull, u € CnNIQ,.
Then, T has a fixed point in C N (Q \ Q).

3. Main results

In this section, by using Lemma 2.6, we offer criteria for the existence of positive solution
of BVP (1.1), (1.2).

To begin, we will list the conditions that are needed later as follows. In these conditions,
Sf(t,u1,uz,...,u,) is a continuous function such that f: [0,1] x R0, 00)P = R[0, 00).

(A1) There exists constant € € (0,1) such that

. . f(t)ul)UZ)-naup)
lim mmnm — — =
UL U255 lp =0 e [g,1] Up

(3.1)
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(A;) There exists constant a > 0 such that

. . (t Ui, Uzy... U )
lim min f”—”P = 0, (3.2)
Up =0 (1,143,111 €[0,1] X R[0,0] P! Up

(A3) f(t,u1,u,...,up) is nondecreasing in u; for each fixed (t,u1,uz,...,uj-1,Ujs1,
s lUp)

Definition 3.1. Define f € Cq(T : R) to be right-dense continuous if for all t € T,
lims_ f(s) = f(t) at every right-dense point t € T, lim,_, f(s) exists and is finite at
every left-dense point t € T.

Let C[4([0,1]) denote the space of functions:

Cn([0,1]) = {y:y € C([0,0"(D)])s..., 2" € C([0,6(1)]), y*" € Cua([0,1])}.
(3.3)

Let B={y € C[4([0,1]) :yAi(O) =0,0 <i< p—2} be a Banach space with the norm
||)/|| = Supte[o’gnfpﬂ(l)] |yAP7] (t)|, and let

C=1{yeB:y*" (1) = LMyl t € [0,6" P (1)]}, (3.4)

where L(t) is given in Lemma 2.4.
It is obvious that C is a cone in B. From yA'(O) =0,0<i<p-—2,it follows that for all
yeC,

hpfi(t)o) Al .
70n,},+1(1)-llyll <y* () <dlyll, i=12,...,p—1, (3.5)
where

§:=[o"(1)]" . (3.6)

Remark 3.2. If u,v € C and (1) > vAP*l('t), t € [0,6"P*1(1)], it follows from
ut(0)=v2(0)=0,0<i<p—2thatud(t) = v*(t), t € [0,0"(1)],0<i<p—1.

Let the operator S : C— B be defined by
o(1) »
(Sy)(t)zAL K(t,s)f(s,y(a"*l(s)),...,yAp (6" P(s)))As, te[0,0"(1)],
ot a(1) -
Sy~ (1) =/1L k(t,s)f (s, (0" (s)),..., > (0"7P(s)))As, te[0,06"PH(1)].

(3.7)

To obtain a positive solution of BVP (1.1), (1.2), we seek a fixed point of the operator
S in the cone C.

LEmMMA 3.3. The operator S maps C into C.
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Proof. From Lemma 2.4, we know that for ¢ € [0,0"7*1(1)],

p-1 o(1) p-1 _
(Sy)* (t)=Aj k(,5) (5, (0" 1(5))5n oy (07 °2(5))) As
0 (3.8)

<A gimp(0910) £ (5, 7(0" 6 (@ P())AS

So

a(l) .
1Syl S/\L gn,p(o(s),O)f(s,y(G”_l(s)),...,ny (6™ P(s)))As, te[0,6"PT(1)].

(3.9)

From Lemma 2.4 again, it follows that for t € [0,0"P*!(1)],

AP o) o1
Sy)™ (1) = /\J k(t,5) f (s, (0" 71(5)),..., ¥ (0" 7P(5)))As
0(1) o1 3.10
: *J D85 (01,0) (670" s @ P985 1
LISyl

Hence, S maps C into C. |

LEMMA 3.4. The operator S : C—C is completely continuous.

Proof. First we will prove that the operator § is continuous. Let {y,}, y € C be such that
lim ;.o | Y — yIl = 0. From yA‘(O) =0,i=0,1,...,p — 2, we have

sup |y§;—yAi|—>O, i=0,1,...,p— 1. (3.11)
te[0,0mi(1)]

Then, it is easy to see that

P = Sup | £(5,7m (@1 (8))seces " (6"P(s)))
s€[0,1] (3‘12)
— f(s,y(c™1(s)),.. yAP (6" P(s)))| — 0 asm— oo,

Hence, we get from Lemma 2.4 that for ¢ € [0,6" P1(1)],
[(Sym)™ 0 - (59> (1)
- | j (7m0 )y (0"P(9)))
— (s y(0" 1)y (0" 7P(5))) ]As

a(l) a(l)
< ApmJ k(t,s)As < Ap,, gn-p(0(5),0)As — 0
0 0

(3.13)

as m— oo, This shows that S : C—C is continuous.
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Next, to show complete continuity, we will apply Arzela-Ascoli theorem. Let Q) be a
bounded subset of C and let y € Q. Now there exists L > 0 such that for all y € Q,

sup [y~ | <L, sup|yY| <68L, i=0,1,...,p—2, (3.14)
where ¢ is given in (3.6). Let

M= sup | f(s,ur,uz,...5up) | (3.15)
(5,1,U2500tdp ) E[0,1]XR[0,0L1P ' XR[0,L]

Clearly, we have for t € [0,0"(1)],
a(1) a(1)
1(Sy) ()| = /\MJ K(t,5)As < AM  sup K(t,5)As, (3.16)
0 te[0,07(1)] /0

and for t,t' € [0,0"(1)],

a(1)
[ (Sy)(t) — (Sy)(t) ] S/\MJO |K(t,s) — K(t',s) | As. (3.17)
The Arzela-Ascoli theorem guarantees that SQ is relatively compact, so §: C—C is com-
pletely continuous. O
For any L > 0, define
= g pua(o(1,0)] (3.18)
rL = ML gnfpﬂ > > .
where
M = sup ftur, v, 1), (3.19)

(tut1,U,0e0s14p) €[0,1] X R[0,0L]7 " XR[0,L]
and ¢ is given in (3.6).

TaEOREM 3.5. Let (Ay) hold. For any A € R(0,7.], BVP (1.1), (1.2) has at least one positive
solution y such that || y|| > L.

Proof. Let L >0 be given and let A € R(0,r.] be fixed. We separate the proof into the
following two steps.

Step 1. Let
Q1 ={yeB:llyll<L} (3.20)

It follows from Lemma 2.4 that for all y € 0Q; N C,

p-1 o(1) p-1 —
(Sy)® <t>=AL k(£,5)f (5,9(0" ()™ (07P(s))) A

a(1)
SAMLJ Zn—p(0(s5),0)As (3.21)
0

=AMy gn—p+1(0(1),0) <L, te[0,0" P (1)].
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Hence
ISyl < liyll, ye€oQinC. (3.22)

Step 2. From (A, ), we know that there exists # > L (1 can be chosen arbitrarily large) such
that for all (u1,uy,...,u,) € R[o17,00) X R[o217,00) X - - - X R[0,1,00),

Fltuntinuy) 17V guep(0(s),0)As]

e @29
where
hp*i+l(€)0) .
O'izm, 1:1,2,...,p. (324)
So,
o(1) -1
n— ,0)A
f(tur, s, uy) = s p((fll(S) )As] 7 (3.25)
n [&1] X R[o17,0) X R[0277,00) X - = = X R[0,1,00).
Using Lemma 2.4, we know that
(Sy)AP_l(OWPH A_[ o p+1(1 )f(s,y(a"il(s)),...,yNH(G"fp(s)))AS
-1
af f:(l) wp(0(s),0)As
ZAL gn—p(0(5)>0)A5'[ S 3 L n_ -
(3.26)
By letting Q, = {y € B: ||yl <}, we have
ISyl = liyll, yeaonc. (3.27)

Therefore, it follows from Lemma 2.6 that BVP (1.1), (1.2) has a solution y € C such
that [ y|l = L. O

THEOREM 3.6. Let (A,) hold. For any A € R(0,7] (L € R(0,a]), BVP (1.1), (1.2) has at
least one positive solution y such that 0 < || y|| < L.

Proof. Let L € R(0,a] be given and let A € R(0,r.] be fixed. Let
Qs ={yeB:llyll <L} (3.28)

Then for y € C N dQ;3, we have from Lemma 2.4 that for t € [0,0" P*1(1)],

(S ( AJ Y (0"71$)), oy (077P(5))) As
(3.29)

<AMLJO 8n-p(0(5),0)As =AM gu—p41(0(1),0) < L.
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Therefore,
ISyl < liyll, yeCnoQs. (3.30)
From (A,), there exists #, ry where Ay fog(l)gn_p(a(s),O)L(s)As > 1 with ry < L such that
f(tu,ug,.. . up) = qup, (3.31)

on [0,1] x R[0,879]7 " x R[0,79], where 8 is given in (3.6).
For y € Cand ||yl = 1, we have from Lemma 2.4 that

(1)

Sy (e P (1)) = A . k(0" P (1),5) £ (5,7(0"71(9)) sy (0772 (5))) As
a(l) -
=1 .[0 Zu-p(0(5),0) ny™" (0" 7P(s)) As

a(l)
= AL Zn-p(0(),0)L(s)nllyllAs > [l y[l = ro.
(3.32)

By letting Q4 = {y € B: |ly|l < 1y}, we have
ISyl = liyll, yeCnoQy. (3.33)

Therefore, it follows from Lemma 2.6 that BVP (1.1), (1.2) has a solution y € C such that
0<ry=|lyll <L O

THEOREM 3.7. Let (Ay) and (A3) hold. Suppose that Ay € E. Then R(0,A¢] < E.

Proof. Let yy be the eigenfunction corresponding to the eigenvalue Ag. Then for t €
[0, P*1(1)],

-1 o(1) P _
v (t):/loj k(t,s) f (s, 50(a"71(5))sen s v5 (0™7P(s)))As. (3.34)

0
From y, € C, we have

0”%“(1)'”)’0“ <y 0 =lyll, e 0" ()]. (3.35)

We will consider two cases.

Case 1. f(t,0,0,...,0) #0, t € [0,1]. Define

K={yecC:0=<y""'(t) <y (1), te[0,0" P (1]} (3.36)
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For y € K and A € R(0,Ay), from Lemma 3.3, (A3) and Remark 3.2, we have that for
te (0,0 PT(1)],

0</\J K(£,5)£(5,0,...,00As < (Sy)™ (1)
—AJ k(t,s)f (s,y(c"" l(s)),...,yAIH (6" P(s)))As (3.37)

o(1) -1 -1
sAOL K(6,) £ (5,70 (0™ (5)) s v (072()) ) As = 327 (8).

Hence, S maps K into K. Moreover, S is completely continuous, Schauder’s fixed point
theorem guarantees that S has a fixed point in K, which is a positive solution of BVP (1.1),
(1.2). Thus A € E.

Case 2. f(t,0,...,0) =0, t €[0,1]. Let
M* = %[gﬂ,p(a(l),o)-a”—P+1(1)]“-||y0||. (3.38)
From the continuity of f, there exists b € R(0,a] such that
M* > f(tun,uz,..sup) 20, (L, ta,... 1) € [0,1] X R[0,8b]7 " x R[0,b], (3.39)

where § is given in (3.6). From the proof of Theorem 3.6, let

[gnfp+l(0'(5)70)]71}, (3.40)

. L
L=b, 1 =m1n{l,m

we know that R(0,7.] < E. If r, > A, then the proof is completed. If r, < Ay, we still need
to prove that R(r,A¢) < E.

If r;, < Ag, let A € R(0,7,] and let y be the eigenfunction corresponding to the eigen-
value A. It follows from Lemma 2.5 and (3.5) that for t € [0,0"P*1(1)],

1 a(l) . 7
yﬁp (t) = Ay «[0 k(t,S)f(s’y*(o.n—l(s)) >)’ﬁ ( Y p(s)))AS
a(1)
sj 1M*k(t,s)AssM*.gnfp(a(l),O)hl(t,O) (3.41)
0
1 o
— 3 sy Ioll <8

Define

—{yeC: ¥ )=y (1) <y (1), t € [0,0" P ()]} (3.42)
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For y € K and A € R(A4,A¢), from Remark 3.2 and (A3), we have that for t € [0,
o" P (1)],

-1 o(1) Pl
yAT (1) = Ay L k(£,5) f (5,5 (6"71(5))5.., y2 (0™7F(s))) As
a(1) —1
<A KEIF ey @ O (@ @) As = () () 343)
a(l) . .
saoj K(6,) £ (5,70 (0" 1(5))s s v (072()) ) s = 32 (1),

0

Hence, S maps K into K. Schauder’s fixed point theorem guarantees that S has a fixed
point in K. Thus R(r,A0) € R(As,A0) € E
Therefore, R(0,1q] C E. O

From Theorems 3.5, 3.6, and 3.7, we can easily get the following results.
COROLLARY 3.8. Let (A,) and (As) hold. Then E is an interval.

CoROLLARY 3.9. Let (Ay), (A3), and (As) hold. For any A € R(0,r.] (L € R(0,a]), BVP
(1.1), (1.2) has at least two positive solutions.

THEOREM 3.10. Let

Ly, Uy, ..U
lim min flbu,u, ) = oo, (3.44)
U,U2sestlp = tE[0,1] Up

and (A,), (A3) hold. Then there are \* > 0 such that BVP (1.1), (1.2) has no solution for
A>A".

Proof. First, the function f(t,uy,us,...,u,)/up has the minimal value on [0, 1] X R[0, 00)P,
whose existence is guaranteed by the continuity and nondecreasing property of f and by
assumption (3.44) and (A;). Let

N = min —f(t,ul,uz,...,up). (3.45)
(61415511 €[0,1]X R [0,00)” Up

Let A € E, then there exists y) satisfying BVP (1.1), (1.2). By Lemma 2.4 and (3.5),
(Sy1)™ (o ”-Pﬂm)
‘AJ " P(1),5) £ (5,72.("71(5)s ooy (07 7P())) As

f(s’y/\(anil(s))""’yAAIH (a™P(s))) AP-1 _
. n P+l . n—p
AJ . 2 (P (s)) v (0"7P(s))As

) AL grp (00N (0" F(9) s

a(1)
> )LL 8n-p(0(s),0)NL(s)As-||yr||.
(3.46)
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It follows that
a(l)
1=2 gn-p(0(s),0)NL(s)As. (3.47)
0
Let
a(1) -1
. [NJ gn_p(a(s),O)L(s)As] . (3.48)
0
Therefore, BVP (1.1), (1.2) has no solution for A > 1*. O
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