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1. Introduction

The bidirectional associative memory (BAM) neural network model was first introduced
by Kosko [1]. This class of neural networks has been successfully applied to pattern recog-
nition, signal and image processing, artificial intelligence due to its generalization of the
single-layer auto-associative Hebbian correlation to two-layer pattern-matched heteroas-
sociative circuits. Some of these applications require that the designed network has a
unique stable equilibrium point.

In hardware implementation, time delays occur due to finite switching speed of the
amplifiers and communication time [2]. Time delays will affect the stability of designed
neural networks and may lead to some complex dynamic behaviors such as periodic oscil-
lation, bifurcation, or chaos [3]. Therefore, study of neural dynamics with consideration
of the delayed problem becomes extremely important to manufacture high-quality neural
networks. Some results concerning the dynamical behavior of BAM neural networks with
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delays have been reported, for example, see [2—12] and references therein. The circuits di-
agram and connection pattern implementing for the delayed BAM neural networks can
be found in [8].

Most widely studied and used neural networks can be classified as either continuous
or discrete. Recently, there has been a somewhat new category of neural networks which
are neither purely continuous-time nor purely discrete-time ones, these are called im-
pulsive neural networks. This third category of neural networks displays a combination
of characteristics of both the continuous-time and the discrete systems [13]. Impulses
can make unstable systems stable, so they have been widely used in many fields such as
physics, chemistry, biology, population dynamics, and industrial robotics. Some results
for impulsive neural networks have been given, for example, see [13-22] and references
therein.

It is well known that diffusion effect cannot be avoided in the neural networks when
electrons are moving in asymmetric electromagnetic fields [23], so we must consider that
the activations vary in space as well as in time. There have been some works devoted to
the investigation of the stability of neural networks with reaction-diffusion terms, which
are expressed by partial differential equations, for example, see [23-26] and references
therein. To the best of our knowledge, few authors have studied the stability of impulsive
BAM neural network model with both time-varying delays and reaction-diffusion terms.

Motivated by the above discussions, the objective of this paper is to give some sufficient
conditions ensuring the existence, uniqueness, and global exponential stability of equilib-
rium point for impulsive BAM neural networks with time-varying delays and reaction-
diffusion terms, without assuming the boundedness, monotonicity, and differentiability
on these activation functions. Our methods, which do not make use of Lyapunov func-
tional, are simple and valid for the stability analysis of impulsive BAM neural networks
with time-varying or constant delays.

2. Model description and preliminaries

In this paper, we consider the following model:

I
ou;i(t,x) _ Z d (Dikauégct;x)

) — aju;(t,x)

m
+ > cifi(vi(t—ij(0),x)) + i, tE b, i=1,..,n,
j=1

Aui(te,x) = I(ui(t,x)), i=1,...,n k=12,...,

- 3 (., ovitx)
wilbx) s 0 (D]’.‘kTCk) by (1)

(2.1)

+Zdj,~g,~(u,-(t—aj,~(t),x)) +ﬁj, t# ty, j=1...,m,

i=1

Avj(ti,x) = Tk (vi(teox)),  j=1,...,m, k=1,2,...
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for t > 0, where x = (x1,%2,...,x1)T € Q c R, Q is a bounded compact set with smooth
boundary 0Q) and mes(2 > 0 in space Ru= (upuz,.. . un)T € R v = (v1,v2...,vm) ] €
R™; u;(t,x) and v;(t,x) are the state of the ith neurons from the neural field Fy and the
jth neurons from the neural field Fy at time t and in space x, respectively; f; and g; denote
the activation functions of the jth neurons from Fy and the ith neurons from Fy at time
t and in space x, respectively; ; and f3; are constants, and denote the external inputs
on the ith neurons from Fy and the jth neurons from Fy, respectively; 7;;(¢) and o0ji(t)
correspond to the transmission delays and satisfy 0 < 7;;(¢) < 7;; and 0 < 0};(¢) < 0j; (15
and oj; are constants); a; and b; are positive constants, and denote the rates with which the
ith neurons from Fy and the jth neurons from Fy will reset their potentials to the resting
state in isolation when disconnected from the networks and external inputs, respectively;
cij and dj; are constants, and denote the connection strengths; smooth functions Dj; =
Dj(t,x) = 0 and D;"k = D;"k(t,x) > 0 correspond to the transmission diffusion operator
along the ith neurons from Fy and the jth neurons from Fy, respectively. Au;(t,x) =
ui(tf,x) — ui(ty ,x) and Avj(tx,x) = vj(t,x) — vj(t,x) are the impulses at moments #;
and in space x, and t; < t, < - - - is a strictly increasing sequence such that limy_ fx =
+00. The boundary conditions and initial conditions are given by

ou; (aui ou; aui>T '
BV W AR =0, =1,2,...,n,
on 0x1 0x; ox; ! n
(2.2)
9 ._<an I, av]->T_0 1
an o axlaax2>-.-,ax1 - Y ]— > ,,,_’m’
ui(s’x) :¢ui(s’x), s€ [_O"O]’ 0= max {Uji}) l: 1)2;...)”7
l<isn,1<j<m
(2.3)

vi(s,x) = ¢y, (s,x), s€[-71,0], 7= 1<i<r£1?§j<m{nj}, ji=1,2,...,m,
where ¢y, (s,x), ¢, (s,x) (i=1,2,...,n, j = 1,2,...,m) denote real-valued continuous func-
tions defined on [—0,0] X Q and [—7,0] X Q, respectively.

Since the solution (u1(£,%),...,u,(t,x),v1(£,X),...,vm(t,x))T of model (2.1) is discon-
tinuous at the point f, by theory of impulsive differential equations, we assume that
(1 (ts %) v s (B, )5 V1 (B X))y w5 Vi (B, %)) = (1 (B — 0,%),.. sty (B — 0,%),v1 (8 — 0,%),
coesVm(te — 0,x))T. Tt is clear that, in general, the partial derivatives du;(fx,x)/dt and
0v;(tx,x)/0t do not exist. On the other hand, according to the first and the third equa-
tions of model (2.1), there exist the limits du;(tx + 0,x)/0t and 9v;(tx ¥ 0,x)/0t. According
to the above convention, we assume ou;(tx,x)/dt = du;(tx — 0,x)/0t and 9v;(tx,x)/ot =
ov;j(tx — 0,x)/0t.

Throughout this paper, we make the following assumption.

(H) There exist two positive diagonal matrices G = diag(G,Ga,...,G,) and F = diag
(F1,F,,...,F,) such that

lgi(u1) —gi(w2) | < Gilui —ua|, | fi(v1) = fi(n) | <Fjlvi = (2.4)

forall uy,u,vi, v € R, i=1,2,...,n,j=1,2,...,m.
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For convenience, we introduce two notations. For any u(t,x) = (u;(t,x), uz(t,x),...,
u(£,x))T € R¥, define

1/2
||ui(t,x)||2=[Io|ui(t,x)|2dx] =12,k (2.5)

For any u(t) = (u1 (), uz(t),...,ux(t))" € RK, define [|u(t)| = [Zf-‘zl lui () |71V, r > 1.

Definition 2.1. A constant vector (uf,...,u},vf,... ,v;:,)T is said to be an equilibrium of
model (2.1) if

m
—a;u + Zcijfj(vj‘) +a;=0, i=12,...,n
=1

Ik u* =0, i:l,2,...,n,k€Z+,
(uf) (2.6)

where Z* denotes the set of all positive integers.

Definition 2.2 (see [3]). A real matrix A = (a;j)nxy is said to be an M-matrix if a;; < 0 (i,
j=1,2,...,n,i+# j)and successive principle minors of A are positive.

Definition 2.3 (see [27]). A map H : R" — R" is a homomorphism of R” onto itself if
H € C% H is one-to-one, H is onto, and the inverse map H~! € C°.

To prove our result, the following four lemmas are necessary.

LEmMA 2.4 (see [3]). Let Q be n X n matrix with nonpositive off-diagonal elements, then Q
is an M-matrix if and only if one of the following conditions holds.

(i) There exists a vector & > 0 such that Q¢ > 0.

(ii) There exists a vector & > 0 such that ETQ > 0.

Lemma 2.5 (see [27]). If H(x) € C° satisfies the following conditions:
(1) H(x) is injective on R",
(i) IHX) |l — +o0 as |lx|| — +o0,

then H(x) is homomorphism of R".

LEMMA 2.6 (see [28]). Leta,b >0, p > 1, then
a1p< 2oy Lyp 2.7)
p p

Lemma 2.7 (see [29]) (C, inequality). Leta=0,b =0, p > 1, then

(a+b)VP < a? + b7, (2.8)
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3. Existence and uniqueness of equilibria

THEOREM 3.1. Under assumption (H), if there exist real constants ajj, Bij, oc]’»‘,», ﬁ]*, (i=
L,2,...,n, j=1,2,...,m), and r > 1 such that

A-C —C*
W:(—D* B—ﬁ) (3-1)

is an M-matrix, and

L(uf)=0, i=12,..,n keZ",

(3.2)
]k(v;*):o, ji=12,....m kel
then model (2.1) has a unique equilibrium point (uf,...,ut,vi,...,v;)T, where
A = diag(ay,a2,...,a4),
& = diag (81,...,%) mma;i%ww“v” Rl
o
B=diag(b1,b2, bw),
D = diag (dy,...,d) with%:i | D G, )

i=1

. 1 ai B
C* = (¢f}) ysm  withcjj = . lcij |7 F,

. 1 x B
D* = (), with d =~ i G,

Proof. Define the following map associated with model (2.1):

(06 DB oo

where

C = (Cij)nxm’ D = (dji)anr
gx) = (1(x1),2(x2)s- .o gn (x) T
FO) = (A A2 reeer fin )

) (3.5)
o= (ocl,(xz,...,ocn)T, B= (ﬁlaﬁZ)---;ﬁm)T-

In the following, we will prove that H(x, y) is a homomorphism.
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First, we prove that H(x, y) is an injective map on R"*".
In fact, if there exist (x, )T, (x,7)T € R"™ and (x, )" # (x,7)7 such that H(x,y) =
H(x,7), then

X = Xi) Z (i) =F3), i=12..n, (3.6)

bi(yj—7;) = > dji(gi(x) —gi(%)), j=12...,m. (3.7)

i=1

Multiply both sides of (3.6) by |x; — x;|""!, it follows from assumption (H) and Lemma
2.6 that

m
_r —_ g r=1 _
ailxi—xi|" < > e | Fj|xi - xi |}’j—)’j|
j=1
- i P L) D gOpp/ D) .
_j:1 L I i — Xi (3.8)
1 < aij Bij —r
+ -2 e |VE Ly =il
j=1
Similarly, we have
(r B/ _
bilyi =7 Z—|dﬂ|ra " ' |)’j—}’j|r
(3.9)
1< ; o
;Z d]l| g ﬁ] |xz x,-| .
From (3.8) and (3.9) we get
W(lxi =% s [xa =%l 5 1=, oo Ly =7, 1) <0 (3.10)

Since W is an M-matrix, we get x; = X;, y; = Y i=1,2,...,n, j=12,...,m,which is a
contradiction. So, H(x, y) is an injective map on R"*"™,

Second, we prove that [|H(x, y)|| — +o0 as || (x, y) 7|l — +oo.

Since W is an M-matrix, from Lemma 2.4, we know that there exists a vector y =
Alyee s A Auttse s Anem) T > 0 such that yTW > 0, that is,

m
/\i(ai_CNi)_ZAn+jd;<i>0> i=1,2,...,n,
j=1
(3.11)

Aej (bj — Z/lc,]>o j=12,...,m.

i=1
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We can choose a small number § such that

M

/li(a,-—a)— An+]d1128>0 i=1,2,...,n,

1

! (3.12)

A (b; Z)tc,jz6>0 j=12,..,m.

Let ﬁ(x,y) = H(x,y)— H(0,0), and sgn(0) is the signum function defined as 1 if 6 >0, 0
if 6 =0, —1if 6 < 0. From assumption (H), Lemma 2.6, and (3.12) we have

Z)t ] sgn (xi H(x,y)+zln+1|y1| “sgn (yi) Hoj(x,9)

j=1
n n m 1 m
r— r
<= hai|xi|"+ 2 N> e | Filyi | [xil™ = > Ausejbjlyjl
i=1 i=1  j=1 j=1
m
+2.A +]Z|dﬂ|G|xl||y]|
]:1 =1
- < (r=Bi)/(r—1)
=2 [(‘ I )Ixir
i=1 j=1
Ot,j ﬁlj
+Z |Cl]| F |)’J|
j= 1
- -1 —a ) (r—1) (r—BE/(r=1)
Z ”[( i 6! PN 1
j=1 i=1

o1 £ B
+Z?|dﬁ|“"G§j EN
i=1

-1 -1 i=1

:—Z[Ai(ai_a)_z n+] :||X1| 2|: n+] _z/\lC?;:||y]|r

< =0l I

(3.13)

From (3.13) we have

NI == Sl g B+ S 1 s ) s )|
j=1

< max {A}[Z|x, | Hi( x,y)|+Z|y] n+j(X,)/)|:|.

Lsisntm i=1 j=1

(3.14)



8  Advances in Difference Equations

By using Holder inequality we get

max i} (< i o
r 1<i<n+m i r r
(U = RIS Iy

j=1

i=1

(3.15)
n m 1/r
><< |Hi(x, p)|"+ > |Hn+j(x>)/)|r> ,
iz =1
that is,
<i<n+m /\i o~
1w 7| < azizne ] gy (3.16)

0

Therefore, HI—NI(x,y)Hoo — 400 as [[(x,y)Tllo — +o0, which directly implies that
|H(x, y)Il = +o as [|(x,y)T| - +oo. From Lemma 2.5 we know that H(x, y) is a ho-
momorphism on R"*. Thus, equation

m
—aiui+Zcij](j(vj)+oci:0, i=1,2,...,n,
j=1
(3.17)

—bvi+> digi(u) +f; =0, j=12,...,m

i=1

has unique solution (uT,...,uj,‘,v?‘,...,v;)T, which is one unique equilibrium point of
model (2.1). The proof is completed. O

4. Global exponential stability

THeOREM 4.1. Under assumption (H), if W in Theorem 3.1 is an M-matrix, and
T (ui(t,x)) and Jk(vj(tx, x)) satisfy

I (ui(t, %)) = =y (wi (b x) —uf), 0<yn<2,i=1,2,...,n, ke Z*,
(4.1)
]k(vj(tk,x)) =— jk(vj(tk,x) —V;-k), 0<6i<2,j=12,....,m ke 7",

then model (2.1) has a unique point (uf,...,us,vi,...,v;i)T, which is globally exponentially
stable.

Proof. From (4.1) we know that I;(u;) = 0 and ]k(V;-k) =0(i=12,..,nj=12,.,m,
k € 7%), so the existence and uniqueness of equilibrium point of (2.1) follow from
Theorem 3.1.
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Let (u1(£,%),...,un(t,x),v1(£,X),...,vm(t,x))T be any solution of model (2.1), then

o(ui(t,x) —u)")

ot
vy 9 ,M)_ L,
- k; ox <D1k Oxk al(u,(t,x) U; )

+Zcij(f}(1/j(t—‘['ij(f),x)) —ﬁ(V?)), t>0,t#ty,i=1,...,n, ke Z",

(4.2)

a(Vj(t,X) - V;k)

ot
1 %
8 a(v’(t,x)—v-)
- o (D;.kkakf) b (v;(t,x) = v})
k=1

+> dii(g(ui(t—0ji(t),x)) —gi(uf)), t>0,t#t, j=1,..,m ke
-1
(4.3)

Multiply both sides of (4.2) by u;(t,x) — u", and integrate, then we have

1d dee S 9 a(u,-(t,x)—u,*))
2 ) (i(h) = ‘ZJ G )axk<D”‘ oxk dx

—aij (ui(t, ) — ) 2dx
Q

icuj uz tx) )(f](vj( Tl](t )) f]( ))

(4.4)
From the boundary condition (2.2) and the proof of [22, Theorem 1] we get
0 o(u;(t,x) — ) J ( (u;( tx ))
Z J Ll, t, x a X (D,k an Z ik Xk dx.
(4.5)
From (4.4), (4.5), assumption (H), and Cauchy integrate inequality we have
d||ui(t,x) — uF||>
dffuit,x) — uf[f, < —2ailui(t,x) — uf||}
dt
(4.6)

+22 L cij | Fjlluit,2) = uf[[,][v; (¢ = 75 (8),%) = v,
j=1
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Thus
D |ui(t,x) — uf||, < —ail|lui(t,x) — uf||, + Z |cij | Fjl|v; (t —7ij(£),x) —v}k||2 (4.7)
j=1

fort>0,t#ty,i=1,....n,keZ*.
Multiply both sides of (4.3) by v;(t,x) — v]’-‘, similarly, we can get

D*|lvj(t,x) = vil, < —bjl|v;(t,x) >"||2+Z |dji| Gillui (t — 0ji(t),x) —uf|[,  (4.8)
i=1

fort>0,t#tx,j=1,....,mkeZ".
It follows from (4.1) that

i (te+0,x) —uf|l, = | 1=y | [|wi (ti,x) —u||,, i=1,...,n, ke Z", (09)
4,
[[vj (te +0,x) = v, = [ 1= |[|v;( tk,x)—v;k||2, i=j,..mkez"
Let us consider functions
0 ~ )
pi(9)=Ai(;—a,~+c,) Zx\nﬂc e i=1,2,...,m,
(4.10)

4(6) = An+,(9 b+d>+2/\d* 0 i=12....m.

Since W is an M-matrix, from Lemma 2.4, we know that there exists a vector y =
(Alser s AmsAuttse s Auem) T > 0 such that Wy > 0, that is,

m
Ai(ai—a) — ZAnJeri);‘ >0, i= 1,2,...,n,

= (4.11)

Anij (b ZAd*>o j=12..,m

From (4.11) and (4.10) we know that p;(0) <0, x;(0) < 0, and p;(6) and x;(6) are con-
tinuous for 6 € [0,+0c0). Moreover, p;(6),y;(0) — +oo as 6 — +o0. Since dp;(0)/d6 >0,
dy;(0)/d6 >0, pi(0) and y;(60) are strictly monotone increasing functions on [0,+00).
Thus, there exist constants z; and 51* € (0,+0) such that

m
pi(zF) =/1i<% —a,-+5,') + Z)L,,Jrjc?]‘-esz =0, i=12,...,n,
=1
(4.12)

X](EJ*) = /\,H.j(i — bj +67]) + Zlidﬁeg?” =0, ] =1,2,...,m.
i=1
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Choosing 0 < ¢ < min{z{,...,z},z,...,Z}, then

m
£ ~ .
)Li<* —ai+ci) + ZM+;C,->§-6” <0, i=12,...,n,
r ‘
j=1

(4.13)
Aoy (£ -0y +d) + ZAd*eww j=12.m
Let
Ui(t) = e ||ui(t,x) — u,*H;, i=1,2,...,n,
. e (4.14)
Vit) =e|lvi(t,x) = villy,  j=1,2,...,m,
then it follows from (4.7), (4.8), and (4.14) that
DYU(t) < r[(; —a,+c,) Ui(t) + Zc*e”V (t T,-j(t))],
j=1
t>0,t#+t,, keZ",i=1,2,...,n,
(4.15)
D+Vj(t)§r[<——b +d> t)+Zd* U t—aji(t))],
>0, t#t, keZ, j=1,2,....m
From (4.9) and (4.1) we get that
Ui(tk+0) = |1_)/ik|Ui(tk) < Ui(tk), kezt,i=1,2,...,n,
(4.16)

Vj(tk‘f'O) = |1—8jk|Vj(tk) < Vj(tk), kez*, j=12,....m

Let Iy = (1+8)(supsei_go) 2imt 1$ui(s,x) = uf 115 +supge; o) 2501 1y (s,) = vi115)/
ming <j<p+m A} (8 is a positive constant), then

Ui(s) = e*||ui(s,x) — uf||5 < ||ui(s,x) — uf|[y = ||pui(s,x) —uf||; <Aily, —0<s<0,

Vi(s) = e*||vj(s,x) — V]*H; <|lvj(s,x) - v;-"||2 [|¢v;(s,x) *||2 <Anijlo, —T<s=<0.
(4.17)

In the following, we will prove
U;(t) < Aily, Vj(t)</\n+jlo, 0<t<t,i= 1,2,...,n,j: 1,2,...,m. (4.18)

If (4.18) is not true, no loss of generality, then there exist some iy and t* € [0,#;) such
that

Uio(t*) ZAiolo, D+Uio(t*) >0,
Ui(t) <Aily, —o<t<t* i=12,...,n, (4.19)
Vi(t) < Auijl, —T<t<t* j=12,..,m
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However, from (4.15) and (4.13) we get

m
[ ~
DU () < | (& =+, ) U () + 3 eV (1 — 1 (1)) |

j=1
(4.20)
¢ m
=< T|:<; — aj, +Ei0)li(,lo + z c;('jje”/l,HjZO] <0,
j=1
this is a contradiction, so (4.18) holds.
Suppose that for all k = 1,2,...,N, the inequalities
Ui(t) < Mily, tno1<t<in,i=12,...,n,
. (4.21)
Vj(t)<Aﬂ+jlo, IN—1 Sl’<fN,]=1,2,...,m,
hold. Then from (4.16) and (4.21) we get
Ui(tk+0)SUi(fk)</\il(), i=1,2,...,m,
_ (4.22)
Vj(tk+0) SVj(tk)<An+jlo, j=12,...,m.
This, together with (4.21), leads to
U,'(t)<Ailo, IN—0<t=<tn,i=1,2,...,n,
. (4.23)
Vj(l’)<ln+jlo, tN—TStStN,]:l,Z,...,m.
In the following, we will prove
Ui(t) < Aily, tn <t<tns,i=1,2,...,n,
(4.24)

Vj(l’)</\n+jl(), fNSt<fN+1,j= 1,2,...,m.

If (4.24) is not true, no loss of generality, then there exist some i; and t** € [ty,tn+1)
such that

Uil(t**) =A,‘1lo, D+U,‘1(t**) >0,
Ui(t) < Aily, tn—o0<t< t**i=1,2,...,n, (4.25)

Vj(t)SAn-{-le) tN—TStSt**,j=1,2,...,m.

However, from (4.15), (4.23), and (4.13) we get

m
DU (%) < | (£ =i 48, ) U () + X eV (7% = 1 °9)) |
j=1
(4.26)
€ m
< 7‘|:(; —aj, +E;'1>Aillo + z c{'l‘]-e”)tnﬂlo] <0,
j=1

this is a contradiction, so (4.24) holds.
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By the mathematical induction, we can conclude that

Ui(t) <Ay, tno1 <t<in, N=1,2,...,i=1,2,...,n,

4.27
Vj(t)<An+jlo, tN_1§t<tN,N:1,2,...,j:1,2,...,m. ( )
This implies that
Ui(t) < Mily, i=1,2,...,n, ( )
. 4.28
Vj(t)<ln+jl(), ]=1,2,...,m
for any ¢ > 0. That is,
e[ui(t,x) —uflly < sup D [[uilsx) — uf|;
s€[-0,0]j=1
m
r .
+ sup Z ||y (s,x) —v]’-‘||2, i=1,2,...,n,
se[—r,O]j:1
(4.29)

n
ellvi(tx) = villy < sup > [luils) —ufll;
s€[-0,0]i=1

m
+ sup > |lgyi(sx) = Vil j=12...,m
56[77,0]]':1

for any ¢ > 0. Let M = n'" + m'", from (4.29) and Lemma 2.7, we get that

(St -w15) "+ jilnv,-(t,x) i)

1/r

SM([ sup i||¢ui(s,x)—u?<||;]l/r+[ sup i”ﬁby;‘(s,x)—v;k”g]l/r)e(S/r)t

s€[-0,0]j=1 sE[—T,O]jzl
(4.30)

for all ¢ > 0. Therefore, the unique point of model (2.1) is globally exponentially stable,
and the exponential convergence rate index ¢/r comes from (4.12). The proof is com-
pleted. O

CoROLLARY 4.2. Under assumption (H) and condition (4.1), if

Wy = (_’g* _g ) (4.31)

is an M-matrix, then model (2.1) has a unique equilibrium point (uf,...,u},v{,...,
vi)T, which is globally exponentially stable, where A = diag(ay,as,...,a,), B = diag(b1, b,
---;bm)’ C* = (Fj|cij|)n><m: D* = (Gi|dji|)m><n-

Proof. Take a;j = Bij = (xj-‘,- = [3]*, =1, and let r — 17, then W turns to Wj. The proof is
completed. O
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Remark 4.3. As the smooth operators Dy = 0, ka =0(=12..,nj=12,..,mk=
1,2,...,1), model (2.1) becomes the following impulsive BAM neural networks with time-
varying delays:

dL;Et) = —a;u;(t) + Zcijfj(vj(t— T,‘j(t))) +a;, t>0,t# ke, i=1,...,n,
j=1
Aui(tr) = Ir(ui(tx)), i=1,...,n, k=1,2,...,
it ui(te) = I (ui(ty)), i n (4.32)
vi(t "
T = b0+ 2 digi(wi(t = 05i(0) + By >0, tF b j=1,m,

i1
Avi(te) =Tk (vi(te)), j=1,...,m k=1,2,....

For this model, we have the following results.

CoROLLARY 4.4. Under assumption (H), if W in Theorem 3.1 is an M -matrix, and impul-
sive operators Ir.(u;(ty)) and Ji(v;(t)) satisfy

Te(ui(te)) = —pie (wi(te) —uf), O<yu<2,i=12,...,n,keZ",

4.33
Je(vi(t)) = =0 (vi(tx) =v¥), 0<dix<2, j=1,2,....m, ke ", (433)

then model (4.32) has a unique equilibrium point (uy,...,u},v{,... ,vj;l)T, which is globally
exponentially stable.

CoRrOLLARY 4.5 (see [18]). Under assumption (H) and condition (4.33), when t;; (t),0j; (t)
(i=1,2,...,n, j =1,2,...,m) are constants, model (4.32) has a unique equilibrium point
(uf,...,uf v, .., vi)T, which is globally exponentially stable, if

m n
ai>FiZ|dj,-|, bj>sz|C,‘j|, i=1,2,...,n,j=1,2,...,m. (4.34)
j=1 i=1

Proof. 1f condition (4.34) holds, then matrix W, in Corollary 4.2 is column diagonally
dominant, so W is an M-matrix. The proof is completed. O

Remark 4.6. In [18, 21], the globally exponential stability for impulsive BAM neural net-
works with constant delays was investigated by constructing a suitable Lyapunov func-
tional. In [20], authors have considered the impulsive BAM neural networks with dis-
tributed delays, several sufficient criteria checking the globally exponential stability were
obtained by constructing a suitable Lyapunov functional. It should be noted that our
methods, which do not make use of Lyapunov functional, are simple and valid for the
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stability analysis of impulsive BAM neural networks with constant delays, time-varying
or distributed delays. It may be difficult to apply the Lyapunov approach in [18, 21, 20]
to discuss the exponential stability of model (4.32) and model (2.1).

Remark 4.7. In [3, 5, 8-10, 12, 15], the boundedness of the activation functions was re-
quired. In [4, 6, 7, 10, 26], the monotonicity of the activation functions was needed. How-

ever, the boundedness and monotonicity of the activation functions have been removed
in this paper.

5. Examples

Example 5.1. Consider the following impulsive BAM neural networks with fixed delays:

% ==5u(t)+6f(v(t—3))+11, t>0,t+t,
Au(ty) = —yu(u(tx) - 1), k=12,..., 5
dv(t) (5.1)
dt :_3V(t)_gz(”1(t_1))+2) t>0> t?étk,
Avi(te) = =0u(v(tk) = 1), k=12,...,
where f(y) =g(y) = —lyl, and t; <, < - -+ is strictly increasing sequence such that

limg— tx = +00, y1x = 1+ (1/2)sin(2+ k), S1x = 1+ (6/7) cos(9 + k), k € Z*+.

Since by = 3 < |cy1| = 6, conditions (4.34) are not satisfied, which means that the the-
orem in [18] is not applicable to ascertain the stability of neural networks (5.1). However,
it is easy to check that (5.1) satisfies all conditions of Corollary 4.4 in this paper. Hence,
model (5.1) has a unique equilibrium point, which is globally exponentially stable. In
fact, the unique equilibrium (1,1)7 is a unique stable equilibrium point. From (4.12) we
can estimate the exponential convergence rate index which is 0.2008.

Example 5.2. Consider the following impulsive BAM neural networks with both time-
varying delays and reaction-diffusion terms:

au,-(t,x) _i<t2x68ui(t’x)

2
5 = xr I ) —a;u;(t,x) + Z Cijfj(vj(t - T,‘j(t),x)) +a, tF

j=1

Aui(tk)x) = Ik(ui(tk>x))>

ovj(t,x) B i<t4x28vj(t,x)
ot B 0xx 0xx

2
) —bji(t,2) + > djigi (it — 0ji(t), %)) +Bj,  t# b,
i=1
Avj(ti,x) = Ji (vi(t,x))
(5.2)
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fori,j = 1,2,k € Z*, where

filr)=gi(r)=|r+1|+|r=1], zj(t)=0;(t) = |sin((i+j)t)|, ij=12,
Auy (tr,x) = —(1 + %sin(7+k2)>u1(tk,x),

Auy (ti,x) = = (1+cos(3 = k) (2 (t,x) — 1),

Avy (tx,x) = — | 2sin(1 = 5k) | (v1 (te,x) — 1),

1
Ay (13) = = (1= S cos(110)) (v (15,) ~2),
a) = 7, a) = 12, Ci1 = 2, Cip = 3, 1 = 1.5, Cyp = 2.5, o] = —16, oy = —1,

bi=4, b,=36, dn=2, dnp=2, dn=2, dn=35 pi=-4 B =6l
(5.3)

Since f; and g; are not monotone increasing functions, the conditions of two theo-
rems in [26] are not satisfied, which means that the theorems in [26] are not applicable
to ascertain the stability of neural networks (5.2). However, It is easy to check that (5.2)
satisfies all conditions of Corollary 4.2 in this paper. Hence, model (5.2) has a unique
equilibrium point, which is globally exponentially stable. In fact, the unique equilibrium
(0,1,1,2)T is a unique stable equilibrium point. From (4.12) we can estimate the expo-
nential convergence rate index which is 0.1374.

6. Conclusions

In this paper, several easily checked sufficient criteria ensuring the existence, unique-
ness, and global exponential stability of equilibrium point have been given for impul-
sive bidirectional associative memory neural networks with both time-varying delays and
reaction-diffusion terms. In particular, the estimate of convergence rate index has been
also provided. Some existing results are improved and extended. Two examples have been
given to show that obtained results are less restrictive than previously known criteria. The
method is simpler and more effective for stability analysis of neural networks with time-
varying delays.
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