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1. Definitions and auxiliary results

Difference equations with continuous time are popular enough with researches [1-8].
Volterra equations are undoubtedly also very important for both theory and applications
[3, 8-12]. Sufficient conditions for mean square summability of solutions of linear sto-
chastic difference second-kind Volterra equations were obtained by authors in [10] (for
difference equations with discrete time) and [8] (for difference equations with continuous
time). Here the conditions from [8, 10] are generalized for nonlinear stochastic difference
second-kind Volterra equations with continuous time. All results are obtained by general
method of Lyapunov functionals construction proposed by Kolmanovskii and Shaikhet
8, 13-21].

Let {Q,F,P} be a probability space and let {J;, t > fy} be a nondecreasing family of
sub-o-algebras of §, that is, §;, C §¢, for t; < £, let H be a space of §;-adapted functions
x with values x(¢) in R” for ¢ = t; and the norm ||x||? = Sup,-.;, Elx(t)|%.

Consider the stochastic difference second-kind Volterra equation with continuous
time:

x(t+ho) =n(t+ho) +F(t,x(t),x(t — hy),x(t —ha),...), t>t—ho, (1.1)
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and the initial condition for this equation:
x(0) = ¢(0), HecO®= [to ho- malxhj,to]. (12)
j=

Here # € H, hg,h,... are positive constants, ¢ is an §¢,-adapted function for 6 € ©, such
that ||¢||% = supg.e El¢(0)|? < oo, the functional F with values in R” satisfies the condi-
tion

|F(t,X0,X1,xZ,...)|2SZaj|x]'|2, AZZLIJ'<00. (1.3)
=0 j=0

A solution x of problem (1.1)-(1.2) is an §;-adapted process x(t) = x(t; ty, $), which is

equal to the initial function ¢ from (1.2) for ¢ < ¢, and with probability 1 defined by (1.1)
for t > to.

Definition 1.1. A function x from H is called
(i) uniformly mean square bounded if ||x[|? < oo;
(ii) asymptotically mean square trivial if

}imE|x(t)|2 = 0; (1.4)
(iii) asymptotically mean square quasitrivial if for each t > ¢,
HmE |x(t+ jho) |* = 05 (1.5)
J‘*OO

(iv) uniformly mean square summable if

susz|x(t+jh0)|2<00; (1.6)

t=ty j=0

(v) mean square integrable if
J B|x(t) | dt < oo. (1.7)
to

Remark 1.2. It is easy to see that if the function x is uniformly mean square summable,
then it is uniformly mean square bounded and asymptotically mean square quasitrivial.

Remark 1.3. It is evidently that condition (1.5) follows from (1.4), but the inverse state-
tent is not true.
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Together with (1.1), we will consider the auxiliary difference equation
X(t‘i'ho) =F(t,x(t),x(t—hl),x(t—hz),...), t >ty — ho, (1.8)

with initial condition (1.2) and the functional F, satisfying condition (1.3).

Definition 1.4. The trivial solution of (1.8) is called
(i) mean square stable if for any € > 0 and #y > 0, there exists a § = §(€,ty) > 0 such
that [|x(¢)||? < € for all t > £ if [|¢[I§ < &5
(ii) asymptotically mean square stable if it is mean square stable and for each initial
function ¢, condition (1.4) holds;
(iii) asymptotically mean square quasistable if it is mean square stable and for each
initial function ¢ and each ¢ € [fy, ) + ho), condition (1.5) holds.

Below some auxiliary results are cited from [8].

THEOREM 1.5. Let the process nj in (1.1) be uniformly mean square summable and there exist
a nonnegative functional V(t) = V(t,x(t),x(t — hy),x(t — ha),...), positive numbers c1, ¢z,
and nonnegative function y : [ty,c0) — R, such that

y=sup Zy(s+jh0) < oo, (1.9)
SE[to,to+h0)j:0
EV(t) < cisupE|x(s)|°, t€ [toto+ho), (1.10)
s<t
EAV(t) < —B|x(t) | +y(t), t= 1o, (1.11)

where AV (t) = V(t+hy) — V(t). Then the solution of (1.1)-(1.2) is uniformly mean square
summable.
Remark 1.6. Replace condition (1.9) in Theorem 1.5 by condition

y(t)dt < oo, (1.12)
to

Then the solution of (1.1) for each initial function (1.2) is mean square integrable.

Remark 1.7. 1f for (1.8) there exist a nonnegative functional V(¢) = V(t,x(t),x(t — hy),
x(t — hy),...), and positive numbers ¢, ¢; such that conditions (1.10) and (1.11) (with
y(t) = 0) hold, then the trivial solution of (1.8) is asymptotically mean square quasistable.

2. Nonlinear Volterra equation with small nonlinearity:
conditions of mean square summability

Consider scalar nonlinear stochastic difference Volterra equation in the form

[t]+r

(t+1)=n(t+1)+ g(x(t—=17)), t>-1,
x Ul j;oa]g x(t—j)) > 2.1

x(s) =¢(s), se[-(r+1),0].
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Here r > 0 is a given integer, a; are known constants, the process # is uniformly mean
square summable, the function g : R — R satisfies the condition

|g(x) —x| <vlxl, »=0. (2.2)

Below in Theorems 2.1, 2.7, new sufficient conditions for uniform mean square
summability of solution of (2.1) are obtained. Similar results for linear equations of type
(2.1) were obtained by authors in [8, 10].

2.1. First summability condition. To get condition of mean square summability for
(2.1), consider the matrices

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
A= E U= (23)
0 0 0 0 1 0 0 0
ai Ak-1 Ak— *++ a1 qo 0 0 1

of dimension of k+ 1, k > 0, and the matrix equation
A'DA-D=-U, (2.4)

with the solution D that is a symmetric matrix of dimension k + 1 with the elements d;;.
Put also

k-1

S dy_
0(1=Z|aj|) l:O,...,k+1, ﬁk:|ak|+z am_’_% ,
i=l m=0 k+1,k+1 (2.5)
1 —
A = frct Stk Sk = dk+11,k+1 — iy — 2Pkt

2

THEOREM 2.1. Suppose that for some k = 0, the solution D of (2.4) is a positive semidefinite
symmetric matrix such that the condition dis1 k1 > 0 holds. If besides of that

ey + 2Bkt < iy g (2.6)

v<(xio<\lAi+Sk—Ak>, (2.7)

then the solution of (2.1) is uniformly mean square summable.

(For the proof of Theorem 2.1, see Appendix A.)
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Remark 2.2. Condition (2.6) can be represented also in the form

et <P+ Al g — Bre (2.8)

Remark 2.3. Suppose that in (2.1), a; = 0 for j > k. Then a1, = 0. So, if matrix equation
(2.4) has a positive semidefinite solution D with dys1k+1 >0 and v is small enough to
satisfy the inequality

ve L (BT ahn -B), 29)

then the solution of (2.1) is uniformly mean square summable.

Remark 2.4. Suppose that the function g in (2.1) satisfies the condition
|g(x) —cx| < x|, (2.10)

where ¢ is an arbitrary real number. Despite the fact that condition (2.10) is a more gen-
eral one than (2.2), it can be used in Theorem 2.1 instead of (2.2). Really, if in (2.10)
¢ # 0, then instead of aj and g in (2.1), one can use a; = ajc and § = ¢~ 'g. The function
g satisfies condition (2.2) with ¥ = [¢™!|», that is, |g(x) — x| < V|x|. In the case ¢ = 0, the
proof of Theorem 2.1 can be corrected by evident way (see Appendix A).

Remark 2.5. If inequalities (2.7), (2.8) hold and process # in (2.1) satisfies condition
(1.12), then the solution of (2.1) is mean square integrable.

Remark 2.6. From Remark 1.7, it follows that if inequalities (2.7), (2.8) hold, then the
trivial solution of (2.1) with (¢) = 0 is asymptotically mean square quasistable.

2.2. Second summability condition. Put

a=S|Sanl,  p=Sa, 2.11)
j=1 1 m=0 j=0
A:(x+%\ﬂ|, B=a(lfl— ),  S=(1—B)(1+p-2a)>0. (2.12)
THEOREM 2.7. Suppose that
B +2a(1-p)<1, (2.13)
v< 2|ﬁﬁ(\/(A+B)2+z|ﬁ|AS—(A+B)). (2.14)

Then the solution of (2.1) is uniformly mean square summable.
(For the proof of Theorem 2.7, see Appendix B.)

Remark 2.8. Condition (2.13) can be written also in the form || < 1, 1 +f > 2a.
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Figure 3.1. Regions of uniformly mean square summability for (3.1).

3. Examples

Example 3.1. Consider the difference equation

x(t+1) =n(t+1)+ag(x(t)) +bg(x(t—1)), t>-1,

%(6) = $(6), e [-2,0], (3.1)

with the function g defined as follows: g(x) = c;x+ ¢ sinx, ¢; # 0, ¢, # 0. It is easy to see
that the function g satisfies condition (2.10) with ¢ = ¢; and v = |¢;|. Via Remark 2.4 and
(2.5), (2.6) for (3.1) in the case k = 0, we have ag = |c;|(lal +|b]), an = 1b], Bo = |c1al.
Matrix equation (2.4) by the condition |cja| < 1 gives djj' = 1 — c}a? > 0.

So, conditions (2.7), (2.8) viaV = |C1_162| take the form

1
lal +|b] < —— lea] < e

letl”

In the case k = 1, we have ag = |c1|(|al + |b|), a1 = |c1b], ay = 0. Besides (see [19]),

\/Cl—z — lab| — (3/4)b2 — |a| — (1/2)|b]
jal + 1] '

(3.2)

2 21+C1b

_ |al ) -1 _1_ 212 _
[31—|C1|(|b|+1_clb , dy =1-cib Clal—clb

(3.3)
and d», is a positive one by the conditions |c,b| < 1, [c1al < 1 — ¢ b.
Condition (2.8) trivially holds and condition (2.7) via % = |c; 'c, | takes the form

(1=|abl)(1=|cal|/1-cb)
lal + bl

(3.4)

On Figure 3.1, the regions of uniformly mean square summability for (3.1) are shown,
obtained by virtue of conditions (3.2) (the green curves) and (3.4) (the red curves) for
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c1 = 0.5 and different values of ¢;: (1) ¢ =0, (2) c2 = 0.2, (3) ¢ = 0.4. On the figure,
one can see that for ¢, = 0, condition (3.4) is better than (3.2) but for positive ¢,, both
conditions add to each other. Note also that for negative ¢;, condition (3.4) gives a region
that is symmetric about the axis a.

Example 3.2. Consider the difference equation

[t]+r

x(t+1)=n(t+1)+a b x(t — t>-1,
(t+1) = 7( g (x Z gx(t =), 355)

x(0) =¢(0), 6O¢e [—(r+l),0], r=0,

with the function g that satisfies the condition [g(x) — c;x| < c2|x], ¢1 # 0, 2 > 0.
In accordance with Remark 2.4, we will consider the parameters cja and ¢;b/ instead
of aand bJ. Via (2.11) by assumption |b| < 1, we obtain

5

j=1

bl

2. ab” 1-b)(1-bl)’

m=j

(3.6)

Following (2.12), put also A = IcllA A= a+(1/2) Iﬁl B = clB B= ocﬁ (1 —sign (B)),
S=(1-capf)(1+cif—2lci]a). Then condition (2.14) takes the form

J(A+[a|B) +21plAs - (A+ ]| |B)
) < .

s 3.7
I (3.7)

To obtain another condition for uniformly mean square summability of the solution
of (3.5), transform the sum from (3.5) for # > 0 in the following way:

t]+r [t]+r
Z glx(t—j)=b Z b g (x(t—j))
j=1 j=1
[t]-1+r 3.8
= ( (x(t—1)) + Z big(x t—l—j))> B8

=b[(1-a)g(x (t—l)) x(t) = n(®)].

Substituting (3.8) into (3.5), we transform (3.5) to the equivalent form

x(t+1) =n(t+1)+ag(¢ +Zb1g te (~1,0],

x(t+1) =7t +1)+ag(x(t)) +bx(t) +b(1 —a)g(x(t — 1)), ¢>0, (39)

Hle+1) =n(t+1) - bny(t).
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Figure 3.2. Regions of uniformly mean square summability given by conditions (3.7) and (3.10).

Using representation (3.9) of (3.5) without the assumption |b| < 1, one can show (see
Appendix C) that by conditions |¢;b(1 —a)| < 1, [cia+b| <1 —¢;b(1 —a) and

(1=|eab(1=a)])(1 = |cia+b|/(1—c1b(1—a)))
lal+ |b(1—a)| ’

¢ < (3.10)

the solution of (3.5) is uniformly mean square summable.

Regions of uniformly mean square summability given by conditions (3.7) (the green
curves), (3.10) (the red curves) are shown on Figure 3.2 for ¢; = 1 and different values of
c2: (1) c2=10,(2) c2 =0.2,(3) ¢z = 0.6. On the figure, one can see that for ¢, = 0, condition
(3.10) is better than (3.7), but for other values of ¢,, both conditions add to each other.
For negative ¢;, condition (3.10) gives a region that is symmetric about the axis a.

Appendices
A. Proof of Theorem 2.1

In the linear case (g(x) = x), this result is obtained in [19]. So, here we will stress only the
features of nonlinear case.

Suppose that for some k > 0, the solution D of (2.4) is a positive semidefinite symmet-
ric matrix of dimension k + 1 with the elements d;; such that the condition dj1+1 >0
holds. Following the general method of Lyapunov functionals construction (GMLFC)
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[8, 13-21] represents (2.1) in the form

x(t+1) =n(t+1)+F (1) +F(t), (A.1)
where
k [t]+r [t]+r
Fi(t) = Zajx(t—j), F(t) = Z ajx(t—j)+ Z aj[g(x(t—j)) —x(t—j)].
j=0 j=k+1 j=0 (A2)

We will construct the Lyapunov functional V for (A.1) in the form V = V; + V,, where
Vi(t) = X' (t)DX(t), X(t) = (x(t — k),...,x(t = 1),x(¢))".

Calculating and estimating EAV, () for (A.1) in the form X (¢t + 1) = AX(¢) + B(?),
where A is defined by (2.3), B(t) = (0,...,0,b(t))’, b(t) = n(t+ 1) + F5(t), similar to [19],
one can show that

EAV(t) < —Ex*(t) + dis 14611 [(1 +u(1+ ) En?(t+1)

[t]+r

+ (Bt (14 ") (vao +aer)) D, fEBR7 (1 - )
j=0

k
+ (U vag + aker) D | Qi | EX(E - m)],

m=0
(A.3)
where y >0,
f”—<|v|aj|) 0<j<k,
kj — A i
) 1+ a;l, j>k (A.4)
ka=am+m, m=0,..,k—1, Qxk = ay.

dk+1,k+1

Put now y(t) = dir1 1 (1+u(1+ Bi))En?(t+1),

Ry = (" +vag + ake1) | Qo | +v(Be+ (1+u71) (vao + aks1)) |am|, 0<m <Kk,
" (L+2)(Be+ (L+p7t) (vag + axe1)) | am | » m > k.
(A.5)
Then (A.3) takes the form
[t]+r
EAV,(t) < —Ex?(t) + y(t) + ds1 441 Z RinEx*(t — m). (A.6)

m=0
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Following GMLFC, choose the functional V; as follows:

[t]+r o
VZ(t) = dk+l,k+l Z quz(t_ m)) qm = Z Rkj) m = 0)1)---) (A7)
m=1 j=m

and for the functional V = V; + V5, we obtain
EAV(l’) < —(1 —qodkﬂ,kﬂ)Exz(t)ﬁ—y(t). (A8)

Since the process # is uniformly mean square summable, then the function y satisfies
condition (1.9). So if

qodkr1k+1 < 1, (A.9)

then the functional V satisfies condition (1.11) of Theorem 1.5. It is easy to check that
condition (1.10) holds too. So if condition (A.9) holds, then the solution of (2.1) is uni-
formly mean square summable.

Via (A.7), (A.5), (2.5), we have

_ 2
qo = o,y + 2ok + v ad + (2k + arsr ) v + " (B + (vao + k1) ). (A.10)

Thus, if
“iﬂ +2Bkakr1 + vag+ (2B + atrs1) varo < d1;+11,k+1) (A.11)

then there exists a big 4 > 0 so that condition (A.9) holds, and therefore the solution of
(2.1) is uniformly mean square summable. It is easy to see that (A.11) is equivalent to
conditions of Theorem 2.1.

B. Proof of Theorem 2.7
Represent now (2.1) as follows:
x(t+1) =n(t+1)+F(t) + Fo(t) + AFs(t), (B.1)

where F(t) = Bx(t), F» = S(g(x) — x), 8 is defined by (2.11),

[t]+r [N
F3(t)=— > Bug(x(t—m)), Bu= > aj, m=0,1,... (B.2)
m=1 j=m

Following GMLEC, we will construct the Lyapunov functional V for (2.1) in the form
V = Vi + V,, where Vi () = (x(t) — F5(¢))?. Calculating and estimating EAV/(¢) via rep-
resentation (B.1), similar to [8] we obtain

[t]+r

EAVi(t) < [1+u(1+v)(a+ B)]ER(t+ 1)+ A, D | By |Ex*(t — m)

m=1

+[B? =1+ a1+ ) (1B =11+ (v+u")IBI) +7IBl + B |Ex* (1),

(B.3)
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where y >0, a is defined by (2.11), A, = (1 +)(If — 1| +v|B| +//l_1). Choosing V5 in the
form

[t]+r 0o
t)=L > awx*(t—m), an= > |Bj|, m=12,..., (B.4)
m=1 j=m

for the functional V = V| + V5, similar to [8] we have
EAV(t) < [1+u(1+v)(a+|Bl) |Ex*(t+1)
+[B2—1+2a(1+2) (1B — 11 +7IBl) (B.5)
+2|Bl+ B> +p ta(1+v) (1+|B]) JEX?(2).
Thus, if
B +2a(1+2) (1B — 1 +vIBl) +vIBl +v*B* < 1, (B.6)

then there exists a big 4 > 0 so that the functional V satisfies the conditions of Theorem
1.5, and therefore, the solution of (2.1) is uniformly mean square summable. It is easy to
check that (B.6) is equivalent to conditions of Theorem 2.7.

C. Proof of condition (3.10)

Following GMLEC, represent (3.9) in the form
x(t+1) = 74(t+1)+F (t) + By (1), (C.1)

where Fy (t) = dox(t) + ayx(t — 1), B> (t) = apg(x(t)) + a8 (x(t — 1)), ao = a, a1 = b(1 —a),
ap = cia+b, a, = ciay, g(x) = g(x) — c1x. Using system (C.1) as X (t+1) = AX(t)+B(b),
where

x(t—1) (0 1 . 0
Xw:( x(t) ) AZ(& a())’ B:(ﬁ(t+1)+ﬁ2(t)>’ (C.2)

one has to repeat the proof of Theorem 2.1. Equation (2.4) with the matrix A = A by the
conditions |a;| < 1, |ay| < 1 — a; has a positive semidefinite solution D such that

A 1+ﬁl
a2

&) =1-a 1-a,

> 0. (C.3)

Since for (3.9) a, = 0, then similar to (A.11) we obtain c3a3 + Zﬁl 200 < dy!, where

|cia+b]
clb(l—a)'
(C.4)

ap=lag| +|ai| =lal+|b(1-a)l, |a1|+ | =|cb(1—a)|+

Via (2.9) and Remark 2.3, this condition is equivalent to (3.10).
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