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1. Introduction

It is well known that Pontryagin maximum principle plays a central role in optimal
control theory. In 1960, Pontryagin derived the maximum principle for optimal control
problems in finite dimensional spaces (see [1]). Since then, the maximum principle for
optimal control problems involving first-order nonlinear impulsive differential equations
in finite (or infinite) dimensional spaces has been extensively studied (see [2—10]). How-
ever, there are a few papers addressing the existence of optimal controls for the systems
governed by the second-order nonlinear impulsive differential equations. By reducing
wave equation to the customary vector form, Fattorini obtained the maximum principle
for time optimal control problem of the semilinear wave equations (see [6, Chapter 6]).
Recently, Peng and Xiang [11, 12] applied the semigroup theory to establish the existence
of optimal controls for a class of second-order nonlinear differential equations in infinite
dimensional spaces.

Let Y be a reflexive Banach space from which the controls u take the values. We denote
a class of nonempty closed and convex subsets of Y by P¢(Y). Assume that the multifunc-
tion w: 0 = [0,T] — P¢(Y) is measurable and w(-) C E where E is a bounded set of Y,
the admissible control set Uyg = {u € LP([0,T],Y) | u(t) € w(t) a.e}. Uyg = @ (see [13,
Page 142 Proposition 1.7 and Page 174 Lemma 3.2]). In this paper, we develop a direct
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technique to derive the maximum principle for a Lagrange problem of systems governed
by a class of the second-order nonlinear impulsive differential equation in infinite di-
mensional spaces. Consider the following second-order nonlinear impulsive differential
equations:

%(t) = Ax(t) + f (£, x(2),x(t)) + B(t)u(t), te(0,T]\O,
x(0) = x0, Aix(t;) =2 (x(t;)), t €O, i=1,2,...,n (1.1)
x(0) = x;, Aix(t;) = JH(x(t;), t€O,i=1,2,...,n

where the A is the infinitesimal generator of a Cy-semigroup in a Banach space X, ® =
{t;iel|0=ty<ti<---<t, <ty =T}, ]io, ]il (i=1,2,...,n) are nonlinear maps, and
Aix(ti) = x(t; +0) — x(t;), Aix(t;) = x(t; +0) — x(t;). We denote the jump in the state x, £
at time t;, respectively, with ], J! determining the size of the jump at time ¢;.

As a first step, we use the semigroup {S(¢), t > 0} generated by A to construct the
semigroup generated by the operator matrix 2 (see Lemma 2.2). Then, the existence and
uniqueness of PC;-mild solution for (1.1) are proved. Next, we consider a Lagrange prob-
lem of system governed by (1.1) and prove the existence of optimal controls. In order to
derive the optimality conditions for the system (1.1), we consider the associated adjoint
equation and convert it to a first-order backward impulsive integro-differential equa-
tion with unbounded impulsive conditions. We note that the resulting integro-differential
equation cannot be turned into the original problem by simple transformation s = T — ¢
(see (4.9)). Subsequently, we introduce a suitable mild solution for adjoint equation and
give a generalized backward Gronwall inequality to find a priori estimate on the solution
of adjoint equation. Finally, we make use of Yosida approximation to derive the optimal-
ity conditions.

The paper is organized as follows. In Section 2, we give associated notations and pre-
liminaries. In Section 3, the mild solution of second-order nonlinear impulsive differen-
tial equations is introduced and the existence result is also presented. In addition, the
existence of optimal controls for a Lagrange problem (P) is given. In Section 4, we dis-
cuss corresponding the adjoint equation and directly derive the necessary conditions by
the calculus of variations and the Yosida approximation. At last, an example is given for
demonstration.

2. Preliminaries

In this section, we give some basic notations and preliminaries. We present some ba-
sic notations and terminologies. Let £(X) be the class of (not necessary bounded) linear
operators in Banach space X. £5,(X) stands for the family of bounded linear operators
in X. For A € £(X), let p(A) denote the resolvent set and R(A,A) the resolvent corre-
sponding to A € p(A). Define PC(1,X) (PC.(1,X)) = {x: 1 — X | x is continuous at t €
0\ ®,x is continuous from left (right) and has right- (left-) hand limits at ¢; € ®}. PCI1 (1,
X) = {x € PC(1,X) | x € PCi(1,X)}, PCH(1,X) = {x € PC,(I,X) | ¥ € PC,(1,X)}. Set

llxllpc = max{sup||x(t+0)||,sup||x(t— 0)||}, llxllpcr = lIxllpc + %l pc. (2.1)
tel tel
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It can be seen that endowed with the norm || - ||pc(]l - |lpc )PCI(I],X)(PCII(I],X)) and
PC,(1,X)(PCL(1,X)) are Banach spaces.

In order to construct the Cy-semigroup generated by 2(, we need the following lemma
([14, Theorem 5.2.2]).

LemMA 2.1. Let A be a densely defined linear operator in X with p(A) # &. Then the Cauchy
problem

x(t) = Ax(t), t>0,

(0) = xo (2.2)

has a unique classical solution for each xo € D(A) if, and only if, A is the infinitesimal gen-
erator of a Co-semigroup {S(t),t = 0} in X.
In the following lemma we construct the Cy-semigroup generated by 2L.

LEmMA 2.2 [12, Lemma 1]. Suppose A is the infinitesimal generator of a Cy-semigroup
{S(t),t > 0} on X. Then A = (§ 1) is the infinitesimal generator of a Cy-semigroup {S(t),t >
0} on X x X, given by

N ftS(‘r)d‘r
S(t)—(O OS(t) ) (2.3)

Proof. Obviously, 2 is a densely defined linear operator in X x X with p(2() # @ accord-
ing to assumption.
Consider the following initial value problem:

X(t) =Ax(t), te€(0,T], x(0)=xp, x(0)=x; €D(A). (2.4)

It is to see that the classical solution of (2.4) can be given by
t
X =x0+ | Sepadr, 0 = S (2.5)
0

Setting vo(t) = x(1), vi(t) = %(1), v(t) = ('), vo = (3}) € D(A) = X x D(A), (24)
can be rewritten as

v(t) =Av(t), te(0,T], v(0)=vo<€ D), (2.6)

and (2.6) has a unique classical solution v given by

(T [y S(v)dr
v(t) = (0 s(t) V0. (2.7)
Using Lemma 2.1, 2 generates a Cy-semigroup {8(t),t = 0}. O

In order to study the existence of optimal control and necessary conditions of optimal-
ity, we also need some important lemmas. For reader’s convenience, we state the following
results.
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LEmMa 2.3 [7, Lemma 3.2]. Suppose A is the infinitesimal generator of a compact semigroup
{S(t),t = 0} in X. Then the operator Q : L,([0,T],X) — C([0,T],X) with p > 1 given by

t
QF)(D) = L S(t— 1) f(2)dr (2.8)

is strongly continuous.

LEmMa 2.4 [15, Lemma 1.1]. Let ¢ € C([0,T],X) satisfy the following inequality:

t t
looll <a+b | llpllds+c | llgllsds vee (o] (2:9)
where a,b,c = 0 are constants, and ||¢;|lp = supy., -, l@(7)|l. Then
()] < ae®*". (2.10)

3. Existence of optimal controls

In this section, we not only present the existence of PC;-mild solution of the controlled
system (1.1) but also give the existence of optimal controls of systems governed by (1.1).
We consider the following controlled system:

i(t) = Ax(t) + f (,x(2),%(t)) + B(t)u(t), te(0,T]\O,
Ax(ti) =J7 (x(t),  Ak(t) =T} (x(t)), t €O, (3.1)
X(O) = X0, X(O) =X, ue Uad)
and naturally introduce its mild solution.

Definition 3.1. A function x € PC}(I],X ) is said to be a PC;-mild solution of the system
(3.1) if x satisfies the following integral equation:

t t rt
x(t) =x0+J S(s)xlds+J J S(s - 1) (1, (), %(r)) + B(r)u(s)|dsdr
0 0Jr
t
v 3 [0 + | SGs=nf e s |

0<ti<t

(3.2)

For the forthcoming analysis, we need the following assumptions:

[B]: B € Lo (,£(Y,X));

[F]: (1) f: 0 xX x X — X is measurable in ¢ € [ and locally Lipschitz continuous with
respect to last two variables, that is, for all x1,x2, y1, y2 € X, satisfying [[x1 ][, [Ix2l, [ y1 1],
[ly21l < p, we have

f (&1, 31) = f(tx2, y2) || < L{p) (|11 = 2 [+ [[y1 = p2]])s (3.3)
(2) there exists a constant a > 0 such that

Ilf (x| <a(l+lxl+1yll) VxyeX; (3.4)
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0: (1) J°JH : X — X (i=1,2,...,n) map bounded set of X to bounded set of X;
(2) There exist constants e’,e} > 0 such that maps J,J! : X — X satisfy

1120) =Pl < llx—yll, ) =Tl <elllx—yll Vx,yeX (i=1,2,...,n).
(3.5)

Similar to the proof of existence of mild solution for the first-order impulsive evolution
equation (see [16]), one can verify the basic existence result. Here, we have to deal with
space PC} (I,X) instead.

THEOREM 3.2. Suppose that A is the infinitesimal generator of a Cy-semigroup. Under as-
sumptions [B], [F], and []J](1), the system (3.1) has a unique PCj-mild solution for every
u € U,g.

Proof. Consider the map H given by

(Hx)(£) = x0 + J;S(s)x1d5+ L: J S D[f (r,x(0),(2) + BOu(D)]dsdr  (3.6)
on
B(xo,x1,1) = {x € CH([0,T1],X) [ [[(t) — i ||+ [[x() —xol| < 1, 0 <t < T},  (3.7)

where T} would be chosen. Using assumptions and properties of semigroup, we can show
that H is a contraction map and obtain local existence of mild solution for the following
differential equation without impulse:

x(t) = Ax(t) + f (t,x(2),%(t)) + B(H)u(t), t€(0,T],

x(0)=xo, %(0)=x1, u€ Uu. (3.8)

The global existence comes from a priori estimate of mild solution in space C' (1, X) which
can be proved by Gronwall lemma.
Step by step, the existence of PC;-mild solution of (3.1) can be derived. O

Let x* denote the PC;-mild solution of system (3.1) corresponding to the control u €
U.d, then we consider the Lagrange problem (P):
find u° € U,q such that

J(°) <J(w), Vu€ U, (3.9)

where

T
J(u) = L 1t x4(£), 54(6), u(t)) dt. (3.10)

Suppose that

[L]: (1) the functional [: 1 X X Xx X X Y — RU {co} is Borel measurable;

(2) I(t, -, -, -) is sequentially lower semicontinuous on X X Y for almost all ¢ € [;
(3) I(t,x, y,-) is convex on Y for each (x,y) € X X X and almost all t € [;
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(4) there exist constants b = 0, ¢ >0 and ¢ € L,([,R) such that
I(t,x, y,u) = (1) +b(llxll + I yl) +ellullh Vx,yeX,uey. (3.11)

Now we can give the following result on existence of the optimal controls for problem
(P).

THEOREM 3.3. Suppose that A is the infinitesimal generator of a compact semigroup. Under
assumptions [F], [L], and []J](2), the problem (P) has a solution.

Proof. Ifinf{]J(u) | u € Uyq} = +0o0, there is nothing to prove.
We assume that inf {J(u) | u € U,q} = m < +o0. By assumption [L], we have m > —oo.
By definition of infimum, there exists a sequence {u"} C U, such that J(u") — m.
Since {u,} is bounded in L, (1, Y), there exists a subsequence, relabeled as {u"}, and u e
L,(0,Y) such that

u' = u® inLy(1,Y). (3.12)
Since U,q is closed and convex, from the Mazur lemma, we have u° € U,gq.

Suppose x" is the PCj-mild solution of (3.1) corresponding to u” (n = 0,1,2,...). Then
x" satisfies the following integral equation

¥ =xo+ J;S(S)xldﬁ LTS(S = DLf (5x"(2),4"(7)) + B()u" (1) ]dsdr
+ D)+ D Ss—t, i (t;))ds.

o<ti<t O<ti<t

(3.13)

Using the boundedness of {¢"} and Theorem 3.2, there exists a number p > 0 such that

”xn”PCll(I],X) =p.
Define

t rt t ot
- J J S(s — 7)B(1)u" ()dsdr — J J S(s — 7)B()u’(t)dsdr. (3.14)
0Jr 0Jr
According to Lemma 2.3, we have
fn— 0 in C(1,X) as u" - u°, (3.15)

By assumptions [F], [J](2), Theorem 3.2, and Gronwall lemma with impulse (see [17,
Lemma 1.7.1]), there exists a constant M > 0 such that

[ (6) = 22+ 10— 20| < Ml (3.16)
that is,

x" —x" inPC/(I,X)asn — oo. (3.17)
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Since PC} (1,X) < Ly (,X), using the assumption [L] and Balder’s theorem (see [18]),
we can obtain

T T
m=lim | 1(t,x"(t),u"(t))dt = J 1(t,x°(1),u®(t))dt = J (1) = m. (3.18)

n—o Jo 0
This means that J attains its minimum at 1 € U,q. O

4. Necessary conditions of optimality

In this section, we present necessary conditions of optimality for Lagrange problem (P).
Let (x°,u%) be an optimal pair.

[F*] f satisfies the assumptions [F], f is continuously Frechet differentiable at x° and
%9, respectively, £ € Li(1,£(X)), f € Lo (1,£(X)), f2(t: £0) = f2(t;), fL(t;i £0) = (1)
for t; € ®, where f2(t) = f.(£,x°(£),x°(1)), f2(t) = fu(t,x°(1),5°(t)).

[L*] I is continuously Frechet differentiable on x, x and u, respectively, I2(+) € L; (I,
X*), () € WH(,X*), 8(+) € Li(1,Y*), (T) € X*, I2(t; + 0) = I3(t;) for t; € ®, where
120() = lx(')xo('))xo('))uo('))) lg() = lx(')xo('))xo(')’uo('))) lg() = lu(')xo('))xo('))
u’(+)).

[J*]1 J2(J}) is continuously Frechet differentiable on x°(x°), and Ji**(t,)D(A*) <
D(A*), where J(t) = JU(x* (), J20(8) = JL(O(£)) (i = 1,2,...,).

In order to derive a priori estimate on solution of adjoint equation, we need the fol-
lowing generalized backward Gronwall lemma.

LemMma 4.1. Let ¢ € C(1,X*) satisfy the following inequality:

T T
ol =a+b | llg@lids+e| llgdipds veet, (a.1)
where a,b,c = 0 are constants, and ||@s||, = sup,_. 1 l19(7) [l x+. Then

llo()]|y- < aexp[(b+c)(T-1)]. (4.2)

Proof. Setting (T —t) = y(t) for t € I, |y llp = supy., <, 19(7) [l x*, we have

Iyl <a+b [ Ivldste [ llyllds (43)
Using Lemma 2.4, we obtain
ly(D)x« < aexp[(b+0o)t]; (4.4)
further,
lp(®)]lx- <aexp[(b+c)(T -1)]. (4.5)

The proof is completed. O
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Let X be a reflexive Banach space, let A* be the adjoint operator of A, and let {S$*(t),t =
0} be the adjoint semigroup of {S(¢),t = 0}. It is a Cy-semigroup and its generator is just
A* (see [14, Theorem 2.4.4]).

We consider the following adjoint equation:

9" (1) = —(A%p() = (f2* (1) + fO* (e(t) + 1) = 1Y (1), tE€[0,T)\6,
(P(T) = O’ Ar(P(tl) Lko* (tl)(P(ti)’ tie ®’

¢'(T) = =IUT), A9 () =Gi(p(t), ¢ (1)), ti€®,
(4.6)

where

Gi(p(t:), ¢ (t:))
= [T (1) (A% + 2% (1)) — (A* + £ ()T (1) o (80) + T2 (1) @ (1) + T (8) D ().

(4.7)

A function ¢ € PC}(I,X*)(PC,(I,D(A*)) is said to be a PC,-mild solution of (4.6)
if ¢ is given by

T T
(p(t)=L s*(r—t)U (2% (5)p(s) — I2(s) + 12 () ds + £9% (£)g(r) + (T )]d
(4.8)
+ 3785 (1 — 1% () (1) +2J S*(r = Gi(9(t), ¢’ (t)d.

ti>t ti>t

LemMa 4.2. Assume that X is a reflexive Banach space. Under the assumptions [F* ], [L* ],
[J*], the evolution (4.6) has a unique PC,-mild solution ¢ € PC!(1,X*).

Proof. Consider the following equation:

T
@' (1) + (A" +fx0*(t))(/’(t)+£ [L2*($)p(s) + 1(s) = I (5)] ds
=> Gi(g t) —I(T), tel\o, (4.9)

ti>t

e(T)=0, Ag(t) =J2*(t)e(t:), te<O.

Equation (4.9) is a linear impulsive integro-differential equation. Setting t = T' — s, y/(s) =
(T —5), (4.9) can be rewritten as

¥ (s) = (A* + f2X(T = 8))y(s) + F(s)+ D> gi(w(si), v (s1), s€[0,T)\A
Si<s (4.10)
v(0) =0, Ay(s)=J*t)y(s:), sieA={si=T-t|t €0}
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where

iy (0,9 (5)) = [(A™ + £0% (812" (5) — 9% () (A" + £0* (8)) Ty <)
I 1)y (1) ~ I (1) B8, i

F(s) = JT_S[ %)y (T - 0)+12(0) — 1Y (0)]dO+12(T).

Obviously, if ¢ is the classical solution of (4.9), then it must be the PC,-mild solution
of (4.6). Now we show that (4.9) has a unique classical solution ¢ € PC'(1,X*)(PC(I,
D(A%)).

For s € [0,s,], prove that the following equation:

¥/ (s) = A%y (s) +f°*(T —$)y(s) +F(s), (412)
v (0) =
has a unique classical solution v € C'([0,s,],X*) (N C([0,s,], D(A*)) given by
J §* (s — 1) (f2* (T = 1)y (1) + F(r))dr. (4.13)

By following the same procedure as in [16, Theorem 4.A], one can verify that (4.12)
has a unique mild solution y € C([0,s,],X*) given by expression (4.13).

By the definition of F, it is easy to see that F € L;([0,s,],X*)(C((0,s,),X*). Using
(4.13) and the basic properties of Cy-semigroup, we obtain y/(s) € D(A*) for s € [0,s,]
and

v'(s) = fOX(T —s)y(s) + F(s) + A* ES*(S—T)( (T -1)y(r)+F(r))dr.  (4.14)

This implies v € C'((0,s,),X*) and v’ (s,—) = ' (sn). Using [14, Theorem 5.2.13], (4.12)
has a unique classical solution v € C'((0,s,),X*) (N C([0,s,], D(X*)) given by the expres-
sion (4.13). In addition, the expressions (4.13) and (4.12) imply y(0) = 0, ¥ (0) = I2(T),
and y(s, — 0), ¥/ (s, — 0) exist. Furthermore, y € C'([0,s,],X*) (N C([0,s,],D(A*)).

By assumption [J*], we have

1/’1(1) = I//(Sn) +]rlw(c)* (tn)l//(sn) € D(A*)) Vlrlz = 1//, (Sn) +gn(l//(5n))1//, (Sn)) eX*.
(4.15)

For s € (s4,54—-1], consider the following equation:

T—sp
¥'(s) = (A* +ﬁz°*(T—S))W(S)+L75 [A2*(O)y(T — 0) +1(6) ~ 17 (6)]d6 + v,
1//(5%"') = 1//2’
(4.16)
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that is, study the following equation:

Y (s) = (A% + f25(T = 5))y(s) + F(s) +ga (¥ (sn) ¥ (s0))>

4.17
Wisnt) = ¥, (.17

By following the same procedure as on time interval [0,s,], it has a unique classical solu-
tion given by

y(s) = S*(s—su)yp +J S (s =2 (T - 1)y (1) + F(1) + gu (W (sn), ¥ (s0)) ]d7.
(4.18)
In general, for s € (s;,si-1] (i =0,1,...,n), consider the following equation:

v (s) = (A" + f25(T = 9)w(s) +F(s) + gy (si), v (s1),

y(si) = y(s) +J* (B)y(s) € D(A¥), (4.19)

It has a unique classical solution given by

V) =87 (s =)yl + | S* (= DT = Dy(e) + (1) 4y (), (5)
' (4.20)

Repeating the procedure till the time interval which is expanded, and combining all of
the solutions on [t;,fi+1] (i =0, 1,...,7n), we obtain classical solution of (4.10) given by

w(s) = Lss*(s — OO (T = 1)y () + F(2)|dr

¢ 3 [s s i)+ [ 8= nglys)y (s)dr |

0<si<s

(4.21)

Further, (4.9) has a unique classical solution ¢ € PC'(1,X*)(PC(I,D(A*)) given by
(4.8). a

Using the assumption [F*], [3, Corollary 3.2], and [2, Theorem 2], {A*(t) = A* +
2*(t) | t € 1} generates a strongly continuous evolution operator U*(t,s),0 <s <t < T.
For simplicity, we have the following result.

Remark 4.3. The PC-mild solution ¢ of (4.6) can be rewritten as

T T
<p(t)=f U*(r,t)U (x°*(s)go(s)+12(s)712'(5))d5+12(T)]dT
' i ., (4.22)
+ > U (t, ) J2* (1) o(t:) +ZL U*(1,)Gi(9(t;), ¢ (t;))dr.

ti>t ti>t

Now we can give the necessary conditions of optimality for Lagrange problem (P).
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THEOREM 4.4. Suppose both X and Y be reflexive Banach spaces. Under the assumption of
Theorem 3.2 and assumptions [B], [F*], [L* ], and []J*], then, in order that the pair {x°,u°}
be optimal, it is necessary that there exists a function ¢ € PCH(1,X*) (" PC,(1,D(A*)) such
that the following evolution equations and inequality hold:

#0(t) = A (1) + £ (£,4°(2),%°(1)) + B(t)u®(t), te(0,T]\O,
x°(0) = x0, A’ () =P (x°(t:)), t €O, (4.23)
£°(0) = x1, A% (;) =] (x° (1)), ti€®;

9" (t) = —(A%e(1) + f2* (Do(t) — (f* (1) +10(t) — 1 (), te[0,T)\O,
@(T) =0,A9(t) =T (t)o(t;), ti€O,

@' (T) = IU(T), A9 (1) = Gi(o(t:), 9" (), ti € ©;
(4.24)

T
L (126) + B*(g(0),u(t) — u(1)) . ydt = 0, Vi€ Un. (4.25)

Proof. Since (x°,u®) € PC} (I,X) X U,q is an optimal pair, it must satisfy (4.23).

Since U,q is convex, it is clear that u¢ = u® +e(u — u®) € U,q for e € [0,1], u € U,g. Let
x* denote the PCj-mild solution of (3.1) corresponding to the control #¢. Using assump-
tion [J*], ] is Gateaux differentiable, and the G-derivative of J at u° in the direction u — u°
can be given by

&) _ 0
i /)4
T

&
T T
:JO (lg(t),y(t))x*,xdt+J0 (lg(t),y(t))x*)xdt+J (0, u(t) — (1)) gyt

0
T T
=L <l?c(t)—lg(f):)’(t)>x*,xdt+L (K@), u(t) = (1)) y. ydt

+ <12(T),}’(T)>x*,x - (12(0)0/(0));(*,;( - Z (lg(ti)’Aly(ti»X*,X’
i=1

(4.26)

where the process y € PCll(I],X ) is the Gateaux derivative of solution x at u° in the direc-
tion u — u® which satisfies the following equation:

() = (A+ L20) 30+ L) y() +BO)[ut) —u’ ()], t€(0,T]\6,
y(0)=0,  Ay(t) =] (t)y(t), tE€O, (4.27)
y(0) =0, Ay () =TE () y(t), te®.

0
0

This is usually known as the variational equation. By following the same procedure as in
Theorem 3.2, one can easily establish that (4.27) has a unique PC;-mild solution y given
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by

y(t) = JJ T VD) y(r)+ f2(1)y(1) + B(r) (u(r) — u' (1)) |dvdr

t (4.28)
+ 3 Ry + | S0 60w i)y
0<ti<t i
Since u° is the optimal control, we have the following inequality:
T ' T
L () -1 (t),y(t))X*)th+L (0, u(t) — u(0))y. ydt
(4.29)

+ <12(T))}/(T)>X*,X - z (lg(ti)’Aly(ti»X*,X = 0.

i=1

Due to the reflexivity of Banach space X, we have the Yosida approximation A¢R(A,
A*) — I* as \ — oo, where R(A, A*) is the resolvent of A* for A, € p(A*) and I'* stands
for the identity operator in X*. Consider the Yosida approximation of f0*, f2*, 19, I,
R(T), JE* (1), Ji* () given by

() = MR AS) £ (), BC) = MR AF) R, EEC) = MR A% (4),
T (8) = MR (i, AV T2 (1), T (1) = MR, A¥) T2 (1), () = MR (A, A¥) (T,
(4.30)

which take values in D(A*).
Consider the following evolution equation:

oy (1) = —(A*(O)gr(0) + Ot +IE(1) — £ (1), t€[0,T)\ O,
(Pk(T) = 0> Ar(Pk(ti) = ]1];* (ti)¢k(ti)) e G)) (431)
P (T) =I5(T),  Avgi(ti) = GE (i (t), 91 (), t €O,

where

GH (i (1), 91 (1)) = [JE* (1) A* (1) = A* ()T (1) Vi (1) + T (1) i (8) + T&F () (8:).
(4.32)

Similar to the proof of Lemma 4.2, one can show that (4.31) has a unique class solution
@k given by

T T
t)=J U*(T,t)U (xk*(s)<pk(s)+l§§(s)—lj;’(s))dsﬂj;(T)]dr
t ! ti (4.33)
+ 3| U )l () oue) + | U (R 0GH 0u(0). 91 (1)) dr |

ti>t
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Next, show that
o — ¢ in PCHI,X*) as A — oo. (4.34)
Employing the method of proof for Lemma 4.2, there exists a number My > 0 such that
H(P”PC'([],X*)a||(Pk||PC1(I],X*) <M, (k=12,...). (4.35)

Setting

T
Ei(t) =J (£ () () + 15(s) = I (5))ds + IN(T) (k= 0,1, - - ),

t

ar = ||IE -1k - l)(z+lg||L1(H,X*) +[|IE(T) = B(T)[ - + Mol| £ _fxO*HLl(D,i(X*))’
(4.36)

it follows that

[|Fi(t) — Fo(t)]]

(4.37)
<ap+|[f* I, oy (@) = ellg, + ||fx0*||L1(n,£(x*))||‘/’k(t) —o(0)|[x--

For t € [t,, T], we have

T T
i) = 90l <aTai-+a6 | llon(r) — p(Olly.dr+a0 [ 1), el dr,
(4.38)

where 0 = || f2% |1, 10,17,0x+))> @ = sup{l|U*(t,8)llgx+) | 0 <s <t < T}. By Lemma 4.1,
we obtain

[lor(t) — @(t)||x- < araTe* ™, (4.39)
Further,
llpp(t) = @' (D]xo < Aaxe™ ™, (4.40)

where w = supy_,_ 1 IA* () lgpa),x+), A = (1+ T)(1 + aw + 2a8). Hence

llpr(t) — @(8)| |5« + |0k (£) — @' (1) |5 < 2Aaxe® T fort € [t,, T]. (4.41)



14 Advances in Difference Equations

Using (4.8), (4.33), and (4.41), we have

||(Pk(tn -0) - gD(ty, — O)HX* <ht=br+c+A20+ l)akEszTG’

|lgi (t2 = 0) = @' (tn = 0) ||+ < I,

where

bic = Mo(w+1) X (2[5 (8) = I (t3) e + AT (6) = T () e )
i-1

ok = 2 (UR* (6) B () = T2 () 1 (80)

i=1

n
(@+1) > (2178 (1) 50y + TR () sy )-
i=1

Hence, for t € (t,_1,t,), we also obtain

llor(t) = (D)l + 19k (8) = @' (D] x+ < 2 (ax + i) e ™.

By the same procedure, there exists y > 0 such that
o () = (Ol + @k (6) = 9" D)|x+ < y(ax +bx+cx) fortel.
This proves that
o — ¢ in PCH(1,X*) as A — oo.
Define

T
e = L (9(t) = i), B(t) (u(t) = u(1)) ) o xt

and observe that 77 — 0 as k — co. Thus

T
L (o), B(t) () = °(£))) o x it

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

T T
=L (‘P(t)_(l’k(t):B(t)(u(t)—”O(t))>x*,xdt+J0 (i (), B(t) (u(t) = u’(1)) ) x» xdt

T n
= 7’]k+L (BE(6) = I5(8), y(0) o x4 (BT, y(T)) o x = 2 (B (1), Ary (1) ) - x

i=1

(4.48)
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for Ay € p(A*) > 0. Taking the limit k — oo, we find that

T
L (p(), B() (u(t) — u(£)) ). ydlt

T n
= |, 40200 - B0, 0) e et + (D) g = 3 () By () e

0 i=1
(4.49)

Further,

JOT (L (t,x°(1),u’ (1)) + B*(£)(), u(t) = u’(t)) y. ydt =0, Vu € Upg. (4.50)

Thus, we have proved all the necessary conditions of optimality given by (4.23)—(4.25).
O

At the end of this section, an example is given to illustrate our theory. Consider the
following problem:

92
wx

0 0 : 12
:A&x(t,y)+,/x2(t,y)+1+ (&x(t,y)> +1+u(t,y), yeQ,te(O,l]\{g,g},

x(0,y) =0, x(§+0,y>—x(§—0,y>=x(§,y), i=12,yeQ,

(t,y)

e) 0 d 0 .
&x(t,y)h:o =0, gx(t,)/)h:z‘/ﬂo - ax(f»y)h:i/a—o = gx(t,)’)h:i/s) i=12,yeQ,

0
x(t,)10,11xa0 = 0, gx(t,yﬂ[o,l]xaﬂ =0,
(4.51)

with the cost function

= [, e

where Q C R3? is bounded domain, 0Q € C3.
For the problem (4.51), one can show the following theorem.

a 2 1
L x(t8) dfdt+L L)|u(t,f)|2d£dt, (4.52)

THEOREM 4.5. In order that the pair {x°,u’} € PC]([0,1], Ly(Q)) X Ly([0,1],L2(Q)) be
optimal, it is necessary that there exists a ¢ € PCL([0,1],L,(Q)) such that the following
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evolution equations and inequality hold:

2

9 oty A9 0 0 2 J(a 0 )2 0
52 (t,y)—Aatx (ty)+(x0(Hy) +1+ 5 (ty)] +1+4d°(t,y),

12
yeQ,te(o,l]\{g,g},

x°(0,y) =0, x0(§+0,y) —xo(é—o,y) :xo(é,y), i=1,2,y€Q,

0 0 0 0
gxo(l‘,}’)mo =0, atxo(t:}’)|t=i/3+0 — =x"(t, ) lsmisz—0 = gxo(f,y)h:w,

ot
i=12,yeQ,
0 a 0
(6 ) o11xe0 = 0, T (&, ) 0,110 = 05
0* 0 0/0t)x°(t, y)g(t,
ﬁ<p(t,y)=—g(mp(t,y)+ (9/08)x"( y)w(zy) )
J(@/00)x0(8, ) +1
0 2
# DD 500, - &0y, yea et {l2],
(x0(t, )" +1 t 33

¢(§—0,y>—¢<§+0,y> =0t ) =i, =12, y€Q,
Q(P(ty”_y _g(p(ty)|“ :2[¢(ty)+2x0(fy)]| e i=1,2,y€Q
o’ e o’ (=it ot ’ > t=i/3> >4 ,

0 0
§0(17)’) :0) &GD(t:)/)h:l Zzax(ﬁ)’)h:b )/EQ,

0
o(t, ¥)l10,17x00 = 0, &<p(t,y)|[o,1]xao =0;

1
L L} (Qu(6,8) + (1, ),u(t,) — 1(6,8)) 1 0, 1 dEdE= 0, Vi€ Upa,
(4.53)
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