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1 Introduction

Systems featuring interactions among multi-agents have attracted much attention of the
scientific community in recent years as they find applications in various fields. They are a
proper tool to study, e.g., biological aggregation as in flocks, swarms, or fish schools [14,
19, 37], crowd dynamics [2], emergent economic behaviors [16, 21], consensus in collec-
tive decision-making [13, 29], coordination and cooperation in robotics [17, 34]. In this
framework, mathematical analysis has played a role in the proof of well-posedness of the
models, in the derivation of mean-field limit, and in the analysis of optimal control prob-
lems for this kind of models [1, 3-7, 12, 24, 25, 30].

In this paper, we exploit the tools developed for the analysis of multi-agent systems to
study optimal control in a model for the prediction of maritime crime. The majority of
world’s goods is carried by sea [22], but the freedom of navigation is affected by the pres-
ence of modern maritime piracy, which poses serious threats to international traffic and
individual safety. It is a priority to prevent crimes and suppress them [23].
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To face this problem, we devise a model featuring three populations of agents, repre-
senting the types of ships. Our model is inspired by the macroscopic model (i.e., with
a large number of ships) introduced in [18], but it differs from it in that our derivation
starts from a microscopic model (i.e., with a finite number of ships). We briefly outline it
in this Introduction, referring to Sect. 3 for the precise description of all the features and
assumptions on the model.

We consider three populations: N commercial ships with trajectories Xj, ..., Xy, M pi-
rate (criminal) ships with trajectories Y3,...,Ya, and L coast guard (patrol) ships with
trajectories Z,...,Z;. The trajectory of each ship evolves in a time interval [0, T'] accord-
ing to a specific dynamical law based on its type and on the presence of other surrounding
ships, as we illustrate now.

Commercial ships tend to follow commercial routes, but their motion is affected by traf-
fic congestion: a commercial ship obstructed by a high density of commercial ships travels
slower than the one with free space. Moreover, in the presence of pirate ships, commercial
ships are repelled by them and adjust their trajectory to travel far from danger. Hence, the
nth commercial ship evolves according to

dX,
de¢

M
®) =Y (X(9)) (r(X,,(t)) + % D K (X (t) - Ym(t))>, (1.1)
m=1

where v is a suitable function depending on all the other commercial ships needed for the
congestion phenomenon, r is the vector field indicating the commercial route, and KP is
the term due to the repulsion from pirate ships that adjusts the direction of the trajectory.

Pirate ships are attracted by commercial ships and are repelled by coast guard ships.
Moreover, in the absence of other ships, they travel randomly in search of targets. Hence,
the mth pirate ship evolves stochastically according to

1< 1Y
av,,@) = [ = S kP (v,,(t) - Z,@)) — = S K (Y, (8) - X, () | de
(L; ( QY ; ( )) (1.2)

+ /2K AW, (2),

where KP¢ and KP€ are the repulsion and attraction terms with coast guard ships and com-
mercial ships, respectively. The term (W,,(¢)):c[0,7] is @ Brownian motion accounting for
the stochastic behavior mentioned above. Its effect is a white noise with coefficient ~/2x
added to the velocity of Y.

Finally, for coast guard ships, we only impose that they are repelled by each other and
that their trajectory is controllable, at a cost. Hence, the £th coast guard ship evolves ac-
cording to

dz 1
d—f“) =7 gmg(zz(t) — Zu(£)) + e (8),

where K®8 is the repulsion term among coast guard ships and the u,s are the control.
The search of coast guard ships for dangerous contacts between commercial and pirate

ships will be driven by the optimal control of the system based on the cost defined as

follows. The cost of a control u = (1, ..., u) takes into account the effort in modifying the
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trajectories of coast guard ships (it can be thought as the cost of fuel) and the total number

of dangerous contacts among commercial and pirate ships

T
Troarlu) = / )’ dt+E</ 2 ZZdeu) m(t>)dt>, (13)

n=1 m=1

where H? is a compactly supported convolution kernel used for counting dangerous con-
tacts and E denotes the expected value. We study the problem of finding a control that
minimizes Jy 1.

In Sect. 4 we prove well-posedness of the model that describes the evolution and we
prove the existence of an optimal control.

Next, we proceed with the derivation of the mean-field limit of the optimal control prob-
lem. We carry out this analysis in two steps: first, we let M — +00 (a large number of pirate
ships), and then N — +00 (alarge number of commercial ships). The reason thereof is that
the limit as M — +o0 is interesting per se, as we explain forthwith.

Under suitable conditions, in Sect. 7 (see Theorem 7.1 and Proposition 7.2) we show
that, as M — +oo, the mean-field behavior of pirate ships is described by a probability
distribution fiP. The trajectories of commercial ships X,, in this mean-field model satisfy

=V (X)) (r(Xu(0)) + K 5 2P (£) (X(2)))s (1.4)

which corresponds to (1.1) with the trajectories of pirate ships replaced by their mean-field
behavior. The probability distribution 1P of pirate ships solves the diffusive PDE

L N
1P — ke AyfiP + divy<(% D OKPE(- - Z,(1)) - % D OKP(- —Xn(r)))ﬁp) =0. (1.5
=1 n=1

This mean-field model is interesting per se when the precise location of pirate ships is
not known, but one can only predict the probability of finding them in certain regions of
the sea. Proving convergence of solutions of the original model to the mean-field model
as M — +oo requires some technical steps, mainly done following the guidelines in [9].
First, in Sect. 5 we introduce an auxiliary averaged model where the evolution of pirate
ships is replaced by a single stochastic process evolving according to the same dynamics
of (1.2), i.e.,

L N
dy(¢) = (% D O KPE(Y () - Zo(0)) - % D K (@) —X,,(t))) de + /2, dW (2),
=1 n=1

where X,, evolves according to (1.4), ji? being the law of the stochastic process (?(t))te[O,TL
In Sect. 5 we prove well-posedness for this averaged model using a fixed point argument.
Solutions to the original model converge, as M — +00, to solutions of this auxiliary av-
eraged model. To see this, in Propositions 6.1-6.2 we rely on a propagation of the chaos
principle [15], from which we deduce that the solutions to (1.2) are independent and iden-
tically distributed stochastic processes if so are the initial conditions. Then, a Glivenko—

Cantelli-type result allows us to deduce convergence of the empirical measures of the Y,s
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to their common law &P. The parabolic PDE (1.5) is then the Fokker—Planck equation for
pirate ships, as shown in Proposition 7.2.
After deriving the mean-field limit as M — +00, in Theorem 7.3 we show that the costs

JIn.um defined in (1.3) I'-converge, as M — +00, to the cost for the limit problem

1T o VT _
== dt + — HE(X,(¢) —y)di? dt. 1.6
=y [ uofac g3 [ [0 ) aioo)a (16)

As a consequence, optimal controls for the original problem converge as M — +o0o to
optimal controls for the limit problem, see Proposition 7.4. This concludes the analysis as
M — +o0.

The next step is to study the mean-field limit as the number of commercial ships is large,
i.e., when N — +00.In Theorem 8.1 and Proposition 8.3, we show that the mean-field limit
of commercial ships is described in terms of their distribution 1€, which solves a scalar
conservation law with a nonlocal flux, apt to describe traffic flow in sea. More precisely,

1€ is a solution to the PDE
e + divy (v(n 2 ) (r + KP % uP)u€) = 0,

where v(n *; 1€) arises from the limit of the congestion velocities and wP is the probability

distribution of pirate ships, evolving according to the parabolic PDE

L
1
e tP — ik Ay P + div, ( (Z D KPE(- - Z(1)) - KP° ,ﬁ) MP) =0.
=1

Under suitable assumptions, in Theorem 8.4 we prove the uniqueness of solutions to this
PDE system and, as observed in Remark 8.5, that the measures are absolutely continuous,
i.e, u°=p°dxand uP = pPdy.

We conclude the paper by finding in Theorem 8.6 the I'-limit of the costs Jy defined

in (1.6) as N — +o0. It is given by the cost for the following mean-field system:

T T
T () := %/0 |w(t)|2df-‘+/0 fRz W= @) uP O )

Also in this case, we deduce convergence of optimal controls as N — +00, see Proposi-
tion 8.7. The limit problem is an optimal control problem with a finite number of coast

guard ships driving the densities of commercial and criminal ships.

2 Notation and preliminary results
2.1 Basic notation and preliminary results
Given a matrix A, we let |A| its Frobenius norm. We shall often consider matrices of the
form A € R?*?, By writing A = (Ay,...,A,), we make explicit its columns A; € R?.

If Q, Q' are measurable spaces, 1 is a measure on 2, and ¥: Q — Q' is a measurable
map, then the push-forward ¥y u is the measure on Q' satisfying fQ, ¢(@') dyap(e’) =
fQ ¢ (¥ (w)) du(w) for every measurable function ¢.
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Throughout the paper, we systematically apply Gronwall’s inequality. We recall that if

u,v,w: [0, T] — R are continuous and nonnegative functions satisfying
t
u(t) < w(t) + / v(s)u(s)ds foreveryte[0,T],
0
then
t t
u(t) < w(t) + / v(s)w(s)efs vdrds  for every t € [0,T],
0

¢f. [32, Theorem 1.3.2]. If, in addition, w: [0, T] — R is continuous, positive, and nonde-

creasing, then
u(t) < w(t)efé V9 for every t € [0,T],

¢f. [32, Theorem 1.3.1]

If not specified otherwise, we let C denote a constant that might change from line to
line. We make precise the dependence of C on other constants when it is relevant for the
discussion.

2.2 Stochastic processes and Brownian motion
For the theory of stochastic processes and stochastic differential equations, we refer to the
monographs [27, 28, 31]. Here we recall some basic facts and definitions used in the paper.

We fix a probability space (€2, F,P) used throughout the paper. By a.s. (almost surely)
we mean P-almost everywhere. We let E denote the expectation.

A filtration on (2, F,P) is a collection of o -algebras (F;):e[0,r] increasing in ¢, i.e., F; C
Fi for s < t. When (2, F,P) is a complete probability space, (F):cjo,7] is said to satisfy the
usual conditions if it is right-continuous (i.e., Fs = (., F¢ for all s) and if Np C Fo, where
Np ={A C Qs.t. A C Bwith B¢ F and P(B) = 0} (if (2, F, P) is complete, this means that
Fo contains P-null sets).

A stochastic process is a parametrized collection of random variables (S(¢)):c[o,r] defined
on (2, F,P) and assuming values in R? (equipped with o -algebra of Borel sets). Given ¢ €
[0, T] and w € 2, we will write S(¢, w) = S(¢)(w) for the realization of the random variable
S(¢) at w. A path of the stochastic process is a curve in R? obtained as the realization ¢ >
S(¢, w) for some w € Q. A stochastic process (S(£)):e[0,r] is adapted to a filtration (F;)se[o,1)
if S(¢) is F;-measurable for every ¢ € [0, T].

Let (F¢)eefo,r) be a filtration. A d-dimensional Brownian motion (or Wiener process)
is an R?-valued stochastic process (W(8))¢efo,11, adapted to (F¢)sefo,r], a.s. with continu-
ous paths such that: W(0) = 0 a.s.;; W(t) — W(s) ~ N(0, (t — s)Id,); W(t) — W(s) is inde-
pendent of F; for t > s.! Equivalently, it has components W (¢) = (W, (¢),..., Wu(t)) with
(W1(@®)eero,115 - - - » (Wa(t))sejo,r) independent 1-dimensional Brownian motions.

1One can speak of a Brownian motion without introducing the filtration (F;);e(o,n; by replacing the condition that W(t)- W(s)
is independent of F; with the requirement that it has independent increments. In this case, one implicitly considers a
filtration constructed from (W(t));c(o,) by letting ]-‘rW be o -algebra generated by {W(s)|s < t}. If the filtration needs to satisfy
the usual conditions, then F}" is modified with the augmentation F; defined as the o -algebra generated by " and N,
see [28, p. 16] or [27, Proposition 2.7.7].
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2.3 Stochastic differential equation
For the general theory about SDEs, we refer to [27, 28, 31]. We recall here some basic
facts. Let (F;)eo,7] be a filtration satisfying the usual conditions, let (W (¢)).e[0,1] be a d-
dimensional Brownian motion, and let us consider an initial datum S° given by an Fy-
measurable random variable.?

However, in this paper we are only interested in a specific class of SDEs, i.e., those with

a constant dispersion matrix of the form

dS(2) = b(t,S(2)) dt + o AW (),

(2.1)
S(0)=8° as.
A stochastic process (S(£)):e[0,1] is a strong solution to (2.1) if (S(£)):e[0,r] has a.s. contin-
uous paths, it is adapted to the filtration (F;):e0,1], satisfies a.s. fOT |b(t,S(¢))| dt < oo, and
for every t € [0, T']

S@t) =5+ /t b(s,S(s)) ds + o dW(s).
0

For this class of SDEs, it is well known that the well-posedness theory is simpler [27,
Equation (2.34)] and requires weaker assumptions on the initial datum S° than those usu-
ally stated in general theorems. For the reader’s convenience, we state and prove the result
in the form needed in this paper, as we did not find a precise reference in the literature.
Besides, some of the tools used in the proof will be exploited later in the paper. The re-
sult is stated with the Euclidean norm | - | on R%, but we remark that it holds true when
replacing it with any equivalent norm, e.g., also maxy, |S;|, as long as the assumptions on b
are satisfied with that norm.

Proposition 2.1 Let b: [0, T]xR? — R? be a Carathéodory function satisfying:

o |b(t,S)] < Cp(1 +1S|) for every t € [0, T] and S € R%

« Forevery R > 0, there exists Cg such that |b(t,S) — b(t,S')| < Lipg(b)|S — S| for all

te[0,T] and S,S' € RY such that |S),]S'| <R.

Let o € R¥4, Let (W(8))eefo,1) be an R%-valued Brownian motion, and let S° be a random
variable such that a.s. |S°| < +00. Then there exists a unique strong solution (S@))zefo,1]
to (2.1). Moreover, if E(|S°|) < +o0, then E(||S||o0) < C(1 + E(|S°|)), where the constant C
depends on Cy, T, and W.

Proof The scheme of the proof is the classical one, see [28, Theorem 3.3].
Let us fix @ € Q such that |S°(w)| < +00 and t — W/(¢, ) is continuous, which occurs

almost surely. We consider the Picard iterations

St ) == S%(w) fortel0,T], (2.2)

'§/’+1(t, w):=S%(w) + /tb(s,:S:j(s, w)) ds+ W(t,w) forte[0,T],j>0. (2.3)
0

2If this is not the case, then the construction explained in Footnote 1 is modified by considering the o -algebra generated
by $°, {(W(s)|s < t}, and Np.
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Note that the curve t — ?(t, w) is continuous. First of all, let us prove that for all j and for
allt€[0,T]

S (t, )] < (e~ 1) + (|S°()] + [W(, )] ) e, (2.4)

where C,, is the constant appearing in |b(¢,S)| < Cy(1 + |S]). For j = 0, (2.4) is trivially sat-
isfied. Assume that (2.4) is true for j. Then, by (2.3) and by the linear growth of b,

|51t w)|
< |S%o)| + /LC;,(I +]S(s,0)]) ds + | W(t, )|
0

< Cpt+ |So(a))| + ” W(,w)

.
o (e = 1) + G| @) + [ W) ) e s
0

<Gt +|S%)| + | W(,0)||  + (6P —1) - Cpt
+H(IS@] + W) ) (e -1)
= (e =1) + (|S" @) + [ W @) )",

which proves (2.4). In particular,
el < (04[] + W) =R 25

Since b is locally Lipschitz, there exists a constant Lipg,, (b) such that |b(¢,S) - b(t,S')| <
Lipp,)(0)|S =S| forall £ € [0,T] and S, S € R? such that |S],|S’| < R(w). Thanks to this,
we show that

(Lipg(, (B)tY

!

sup |§*1(s,w) —Ej(s, a))| < C(w)

0<s<t

(2.6)

for a suitable constant C(w) depending on w. Indeed, for j = 0, by the linear growth of b,
we have that for every s € [0, T]

|Sl(s W) — S0 (s, / |b r,SO(w))| dr + |W(s,w)| < Chs(l + |S°(a) |) |W(s,
hence

sup [S'(s, ) - $°s, )| < Gy T (1 +[S°(@)]) + | W( 0)] , =: Clw). (2.7)

0<s<t
Moreover, by the local Lipschitz continuity of b, we have that for every s € [0, T]
S
‘S’*l(s, w) -3, a))‘ < / !b(r, S(r, a))) b(r, I (rw )| dr
0

< Lipp(,(b) /O s|’§f(r, ) =571 (r, w)| dr.
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Assuming (2.6) true for j — 1, we have that

t
sup |S/*1(s, w) - S(s, a))| < Lipp,)(b) sup |§(r, w) - S, a))| ds

0<s<t 0 0<r=ss

(Lipg,)(b)sy™ 45— Clo) (LipR((f))(b)t)j.

< LiPR(w)(b)/O Clw) -1 i

This implies that $/(-,w) is a Cauchy sequence in the uniform norm since for j > i
+00 .
5 ~ (Lipg(,)(b)T)" .
19¢,0) =S 0)| , < C(w)z % — 0 asi— +00. (2.8)
h=i

Thus there exists a continuous curve S(-, w) such that
|9¢,0) - SC, )|, —o.

We have constructed S(-,w) for a.e. w € Q. The stochastic processes (gj(t)):e[o,T] are
adapted to the filtration (F;).cj0,77 and have a.s. continuous paths. This implies that the
limit (S(2))ce[0,1) is a stochastic process adapted to the filtration (F¢).co,7] and has a.s. con-
tinuous paths. Moreover, passing to the limit in (2.2) for a.e. € Q, it is a strong solution
to (2.1).

Uniqueness is proven in a more general setting in [27, Theorem 2.5] via a stopping time
argument.

Assume now E(|S°|) < +0o and let us prove the estimate on (|| S| ). Passing to the limit
in (2.5), we get that for a.e. € Q

|G = @+ [S@)]+ [WE o))" (29)
By Doob’s maximal inequality [27, Chap. 1, Theorem 3.8-(iv)] we have that
E(IWI2) < 4E(w(D)[),

and thus, by Holder’s inequality,

D=

E(IW ) < (E(IW2))? < 2E(|W(T)[)*. (2.10)
Hence, taking the expectation in (2.9),

E(ISll) = (1+E(1s°]) + 2B(W(T)) e,
which concludes the proof, 0

Remark 2.2 A comment about the Picard iterations used in the proof of Proposition 2.1
is in order. If b is globally Lipschitz, i.e., |b(¢,S) — b(t,S')| < Lip(b)|S - §'| and E(|S°|) <
+00, then the convergence of the Picard iterations can be improved. Indeed, E(|S°|) < +o00
and (2.10) yield E(C(w)) < +00, where C(w) is the constant defined in (2.7). Then, taking
the expectation in (2.8) and replacing Lipg,, () with the global Lipschitz constant Lip(b),
we deduce that E(||Y - S||») — O.
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2.4 Wasserstein space
Given a complete metric space (B, d), we let P;(B) denote the 1-Wasserstein space, i.e., the
space of Borel probability measures © € P(B) such that

/d(x,xo) du(x) < +00,
B

where x; € B is fixed. The 1-Wasserstein space is equipped with the 1-Wasserstein dis-
tance defined for every w1, 1y € P1(B) by (see [39, Definition 6.1])

Wi, ) = il}’/lf/ d(x,x/) dy (x,x'),

BxB

where the infimum is taken over all transport plans y € P(BxB) with marginals 7}y = i
and 7}y = o, where ' is the projection on the ith component.

We shall often exploit the dual formulation of the 1-Wasserstein distance. By Kan-
torovich’s duality [39, Theorem 5.10], we have that

Wiur, 2) = sup (f v (+) duz(x/)—/w(x)dm(x)),
S ’

where ¥¢ is the d-transform ¥?(x') = infuep((x) + d(x,%')). Since d is a distance on a
metric space, a d-convex function v is a Lipschitz function with Lipschitz constant 1 and
it coincides with its d-transform, cf. [39, Particular Case 5.4]. Hence, if ¥ is a Lipschitz
function with Lipschitz constant Lip(y), then we have that

/B W) d(s — ) ®)| = Lip( )W (s ).

When in this paper we refer to Kantorovich’s duality, we apply this inequality. Note that
the condition ¥ € L (1) VL' (u5) is satisfied since | (x)| < | (0)| + Lip(¥)|x| and 1, o €
P1(B).

2.5 Wiener space

Given an interval [0, T], we shall consider the so-called Wiener space of R?-valued contin-
uous functions C°([0, T]; R%) equipped with the uniform norm. Given ¢ € [0, T], we con-
sider the evaluation function ev,: C°([0, T];RY) — R? defined by ev,(¢) := ¢(¢) for every
@ € C°([0, T]; R%). The family of evaluation functions {evi}eo, 1) generates a o -algebra on
C°([0, T); R¥), which coincides with the Borel o -algebra with respect to the uniform norm
in C°([0, T); R%).> This is generated by cylindrical sets of the form {¢ € C°([0, T];R%) :
ot1) €A, ...,0t) € Ar), where Ay, ..., Ar C R? are Borel sets.

Let (S(£))tefo,r] be an R?-valued stochastic process a.s. with continuous paths. This
means that there exists an event E € F such that P(E) = 1 and ¢ — S(¢, ) is continuous for
all w € E. We can redefine S(t,w) = 0 for all ¢ € [0, T] when w €  \ E. This new stochas-
tic process is indistinguishable from the previous one and satisfies S(-, w) € C°([0, T]; R%)

3The reason for this is that the evaluation maps ev; are continuous with respect to the uniform norm, thus Borel measurable;
conversely, open balls in the Wiener space (which is separable) are measurable with respect to the o -algebra generated by

{evileon since [[@lloo = SUPte(0,71nQ levi(e)].
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for all w € Q. The stochastic process (S(t)):co,r] can be regarded as the random variable
S: Q@ — CY([0, T];R?) such that w — S(-, ®).

The o-algebra generated by this random variable is the o -algebra generated by sets of
the form S~1(A) where A C C°([0, T];R?) is a cylindrical Borel set. This means that A =
{p € C°0, TI;RY) : o(t1) € A1,...,0(t) € Ai), where Ay,...,Ar C R? are Borel sets. For
these sets, we have that

SHA) ={weQ:S(,w) €A} = {w e Q:S(t1,w) € Ay,...,S(ti,0) € Ar},

and thus the o -algebra generated by S: Q — C°([0, T]; R?) coincides with the o -algebra
generated by the family {S(¢)}:c[0,7] of random variables S(¢,-): Q — RY, i.e., the o -algebra
generated by the stochastic process.

In particular, if (S1(2))sefo,77, - - - » (Sk(£))zejo, 1) are stochastic processes a.s. with continu-
ous paths, then they are independent as stochastic processes if and only if they are inde-
pendent as random variables Si,...,Sx: Q — C°([0, T]; RY).

Finally, we remark that a random variable S:  — C°([0, T]; R?) induces the probability
measure SgPP on the space C°([0, T];R?). We let Law(S) := SyP € P(C°([0, T]; R%)).*

If u € P(CO([0, T];R%)), then we let w(£) := (ev,)epe € P(RY).

2.6 Empirical measures
Given random variables X1,..., Xx: Q — R? with E(|X;|) < +00, we define their empirical
measure as the random measure® ux: Q — P;(R?) given by

L&
pur () = X ; 8xi(w)

for a.e. w € Q2. Note that indeed px € P;(R?) a.s. since

K

1
]E(Ad || dMI((x)) =X ;E(IX;J) < +00.

Empirical measures of independent samples from a law approximate the law itself. More
precisely, let us fix a law u € P;(R%) and (Xx)xen a sequence of i.i.d. random variables with
law p (which thus satisfy E(|Xk|) < +00). Let g be the empirical measure of Xj, ..., Xk.
Then EOV; (k, ) — 0as K — +00, see, e.g., [33, Lemma 4.7.1]. In fact, also precise rates
of convergence are available in the literature, see [26, Theorem 1].

2.7 T'-convergence
For the theory of I'-convergence, we refer to the monograph [20]. In this paper it will be
used to find the limits of optimal control problems.

4This discussion applies, in particular, to a Brownian motion (W(t))icjo7;- The probability measure Law(\¥) is known as
Wiener measure on C°([0, T]; RY).

5The map uy: Q — P; (RY) is indeed measurable with respect to the Borel o -algebra on the 1-Wasserstein space P, (RY).
To see this, we observe that P;(R%) endowed with the 1-Wasserstein distance is separable, see, e.g, [39, Theorem 6.18],
hence the Borel o -algebra is generated by balls {x € P, (RY) : Wi (14, o) < r}. The pre-image of such a ball through px

is the event {w € Q: W, (% ZL 8x,(w) o) < r}. This is measurable since the function (xi,..., Xk) = W (% Zf:w 8y o) is
Lipschitz continuous.
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Table 1 Summary of the notation for ships

Item Meaning Comment

[0,7] time interval fixed

X=0X,..., Xn) trajectories of N commercial ships unknown of the system
Y=(WY,..., Yin) trajectories of M pirate ships unknown of the system
7Z=(,....2) trajectories of L guard ships unknown of the system
-© related to commercial ships

-P related to pirate ships

.8

related to guard ships

3 Description of the model

To better describe the phenomena that we aim to capture, we introduce all the ingredients
that enter in the model step by step. For the reader’s convenience, all the unknowns, the
parameters, and the initial data of the model are summarized in Tables 1-5.

The model is an evolutionary system analyzed in a fixed time interval [0, T].

Ships. The system describes the evolution of N commercial ships, M pirate (criminal)
ships, and L coast guard (patrol) ships, whose trajectories are curves X,,: [0, T] — R? for
nefl,...,N},Y,: [0,T] > R*forme{1,...,M},and Z;: [0,T] - R? for £ € {1,...,L},
respectively.

We shall often collect the trajectories based on their type by considering the matrix-
valued curves X = (Xi,...,Xyn): [0, T] = RPN, Y =(Y1,...,Ya): [0,T] = R¥>M and Z =
(Z1,..., Zp): [0, T] — R?*L, The letters X, Y, Z will unambiguously indicate the type of
ship, even when decorated, e.g., as X, X, or with superscripts and subscripts.

Hereafter, whenever a variable is related to commercial, pirate, or guard ships, it is in-
dexed with the superscript ¢, p, or g, respectively.

Evolution of commercial ships.

Step 1. We start by describing the evolution of commercial ships in safe waters (absence

of pirate ships) and in the absence of congestion in the traffic. We assume that there is a
vector field r: R? — R? indicating safe commercial routes. In this ideal setting, commer-

cial ships evolve according to the ODEs

L (t) = 1(XA (1)),
X,(0)=X% n=1,...,N,

where X% = (X?,..., X%) € R¥N is the initial position of commercial ships.
We shall assume that r is globally Lipschitz continuous.

Step 2. To include congestion in the model, we introduce VN = (,...,W¥): RN —

[0, Vmax]™. The component v\ weighs the speed of the trajectory of the nth commercial

ship according to the presence of all the other commercial ships:

D (1) = W (X ()X (),
X,(0)=X, n=1,...,N.

The assumptions on ¥V needed throughout the paper are the following: vV is Lipschitz
continuous with respect to the max norm with a Lipschitz constant independent of N, i.e.,
N (X) - VN (X')| < Cmax,, | X, - X



Orlando Advances in Continuous and Discrete Models (2023) 2023:24 Page 12 of 68

For vV, we have in mind a precise expression that will be used in Sect. 8. We consider
a globally Lipschitz smooth convolution kernel n: R2xR? — [0, 1] satisfying n(X,0) = 0.
The quantity

M=

1(X(8), Xa(8) = X0 (£))

x\
il
LA

suitably counts® the number of commercial ships around the nth commercial ship at

time ¢. Hence, the quantity

N
1Zn a(0), X,() = X, (0))

n'=1

2

can be regarded as the density of commercial ships around the nth commercial ship at

time ¢. The precise expression of the scaling factor is relevant only to interpret the

N1
previous expression as a density and can, in fact, be replaced by a sequence converging
to zero with the same rate of 1%] Given a Lipschitz function v: [0,1] — [0, Vmax], the cor-
rected speed of the nth commercial ship depends on the density of its surrounding ships

as follows:

N
W(X(8)) = (N IZUX(L‘ X,(t) - Xn/(t))).
n'=1

To model congestion, v must be assumed to be nonincreasing in the density.

Step 3. Eventually, let us modify the dynamics of commercial ships in the presence of
pimips. We consider a globally Lipschitz vector-valued interaction kernel K : R? —
R? (here cp stands for commercial-pirate). To model repulsion of the nth commercial
ship from the pirate ships, we modify the direction of the trajectory X,,(¢) by averaging the
vectors KP(X,(¢) — Y,,(2)), i.e.,

= W (X)) + 55 Yooy KPX(B) = You(D))),
n(0)=X2, n=1,...,N.

For KP, we have in mind the following expression:
K (X, () = Yu(t)) = HP (Xu(t) = YD) (Xu(8) = You(2)), (3.1)

where H? has compact support with a radius given by the length for which the pres-
ence of a pirate ship at Y,,(¢) affects the trajectory X, (¢). An example of H? is HP(w) =

l\w‘l , where his compactly supported in (0, +00) so that KP(X,,(¢t) — Y,,,(¢)) = h(|X,.(¢) -
Y, (t)|)| Z and @g ;’: g‘ is, for X,,(¢), the direction pointing opposite to Y,(¢).

®For example, let 7 € C°(R?) be supported in a ball Bys of radius 28 with fj =1 on Bs. If n(X,X') = H(X — X'), then
ngzw (X, (1) = Xy (1)) (approximately) counts the number of ships in a §-neighborhood of X, (t) (around all directions).

Instead, if (X, X") = A(X =X = r(X)), then 3" _, A(X, (6) = Xy ()~ 8¥(X,(1))) (approximately) counts the number of commercial
ships obstructing the commercial route in front of X,(t).
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Table 2 Summary of functions used in the model for evolution of commercial ships

Item Meaning Comment

n kernel to compute the density of commercial ships smooth and globally Lipschitz

v velocity as a function of the density Lipschitz continuous

W= v obtained from i and v Lipschitz continuous, with Lipschitz

constant independent of N

Table 3 Interaction kernels used in the model

Item Meaning Comment

KeP effect of pirate ships on commercial ships Lipschitz continuous
KPS effect of guard ships on pirate ships Lipschitz continuous
KPe effect of commercial ships on pirate ships Lipschitz continuous
K88 effect of guard ships on guard ships Lipschitz continuous

Evolution of pirate ships.

Step 1. Pirate ships are repelled by guard ships and are attracted by commercial ships. To
mﬁhis, we consider globally Lipschitz vector-valued interaction kernels KP%: R? —
R? and K?¢: R? — R2. Then

Do () = L 30 KP8(Y,0(8) = Zo(8)) — & 30 KPS (Yr(8) = X (D)),
Y,(0=Y° m=1,..,M,

where Y0 = (Y7,..., Y} € R¥M is the initial position of pirate ships.

For the precise form of KP#, KP€, see the analogous discussion for commercial ships done
after (3.1).

Step 2. In the absence of commercial and guard ships, pirate ships explore the envi-
ronment in search of targets by navigating randomly. To model this, we add a stochastic
term in the evolution of pirate ships by considering M Brownian motions (W1 (¢)):ejo,77, - - -»
(W (8))eefo,11. The pirate ships then evolve according to the following SDEs:

de(t) = (% Zé:l I<pg(Ym(t) - Zﬁ(t))
— LN KPE(Y,,(8) - X,(£))) dE + /26 AW 8),
Yu(0)=Y? as,m=1,...,M,

where k > 0.

Evolution of guard ships. The last part of the system describes guard ships. In the absence
of other ships, guard ships tend to repel each other. To model this, we consider globally
Lipschitz vector-valued interaction kernel K8: R? — R2. In this setting, the guard ships
evolve according to

()= LY, KE8(Z,(2) - Zo(0)),
Z(0)=20, ¢=1,...,L,

where Z° = (Z),...,2?) € R**L is the initial position of guard ships. We do not require
more on the dynamics of guard ships as we want the global dynamics of the system to be
governed by the optimal control policy for guard ships.
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Table 4 Summary of initial data

Item Meaning Comment
XO=09,...x% initial positions of commercial ships points in R?, |X°| <Ry
Yo, vy initial positions of pirate ships random variables in R2
22=2,....29 initial positions of guard ships points in R?

Controls. We consider a set of admissible controls i/ ¢ R?*L. We assume U to be com-
pact. A fixed control u = (uy,...,ur) € L*([0, T];U) drives the evolution of guard ships as
follows:

Lo ()= LS KE(Zy(8) — Zo(t) + ue(D),
Z(0)=2, ¢=1,...,L

Full model. In conclusion, we are interested in the following ODE/SDE/ODE model:

X (8) = v XO)EX0) + 37 Yoy KP (X, (8) = Y, (),

Y, (8) = (7 272 KPE(You(8) = Ze(8)) = 35 2oy KP(Yon(8) = X, (1)) dt
+4/2 dW,,(2),

Bt = 3 X0y KE(Zu() - Zu (1)) + e 1),

X,(00=X2 as, Y,(0=Y2 as, Z(0)=2),

n=1,....Nm=1,...,M,£=1,...,L.

(3.2)

(The first equation is expressed as an SDE to stress that the solution X is a stochastic
process. However, given a trajectory Y, the first equation is, in fact, an ODE.)

We prove well-posedness for (3.2) in Sect. 4.1.

Initial data. The initial data in (3.2) will be given by X° = (X?,..., X¥) € R¥>N with | X?| <
Ry for some Ry > 0; R2-valued i.i.d. random variables Y?,...,Y9; Z° = (Z9,...,Z0) e R>*L,

Optimal control. As previously mentioned, the dynamics of guard ships will be driven
by an optimal control. To define the cost, we consider a bounded and globally Lipschitz
function H4: R? — R. If the quantity H (X, () = Y,,(2)) is significantly different from zero
when Y,,(¢) is close to X,(t) and is small when Y,,(¢) is far from X,,(¢) (e.g., when H¢ is
compactly supported), then this function can be used to count contacts between com-
mercial and pirate ships (the superscript d stands for “danger”). Hence we consider the
cost functional Jyar: L*°([0, T];U/) — R defined for every control u € L*°([0, T];U) by

T 9 T 11 N M
TInom(u) := = /0 |u?)] dt+E< i —— YN HY(X(t) - Yiu(2)) dt), (3.3)

where the stochastic processes (X(£))ejo,r) = (X1(), ..., Xn())eeo,r) and (Y(£))eepo,r) =
(Y1(2), ..., Ym(£)))eero,r) are given by the unique strong solutions to (3.2) corresponding
to the control  obtained in Proposition 4.1.

The objective is to minimize the cost Jy u.

4 Well-posedness of the ODE/SDE/ODE model
4.1 Well-posedness of the ODE/SDE/ODE model for a fixed control
In this section we prove well-posedness for the model presented in (3.2).
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Table 5 Summary of the items regarding control

Item Meaning Comment

U c Rt set of admissible controls compact

Hd kernel for dangerous contacts in cost functional bounded and Lipschitz continuous

N/ cost functional associated to (3.2), for fixed N, M defined in (3.3)

In cost functional defined in (7.16), for fixed N obtained as the I'-limit of Jyu as M — +o00
in Theorem 7.3

J cost functional defined in (8.58) obtained as the I'-limit of Jy as N — +o00

in Theorem 8.6

We remark that the solutions depend on N and M. Not to overburden the notation, in
this section we drop the dependence on N and M as we will not consider limits as N — +00

or M — +00.

Proposition 4.1 Assume the following:

o Let (W1 (8))eio, 1) - - - » (Wai(8))repo, 1) be independent Brownian motions;

o Let X° = (X),...,X%) € RPN,

o Let Y),..., Y3 be R*-valued random variables with |Y?| < +o0 a.s. form=1,...,M;

o Let Z° = (Z9,...,29) e R¥L;

o Letu e L*®([0, T;U).
Then there exists a unique strong solution to (3.2), (X(£))ejo,r) = X1(8), ..., Xn(8))zefo,11>
(Y (®)tero,r) = (Y2(8), ..., Ypr(E))eepo,r), and Z = (Z,,...,Z;). Moreover, ifIE(IY,%l) < +00 for
m=1,...,M, then E(max,, | Y, c0) < +00.

Proof We start by noticing that the ODEs involving the variables Z, are decoupled from
the equations involving X, and Y,,. Given a control u = (u1,...,u;) € L*([0, T];U), we

solve

Lo ()= LS KE(Zy(8) — Zo(t) + ue (D),
Z(0)=29, ¢=1,...,L

We observe that there exists a unique solution for all times ¢ € [0, T'] to the previous ODE
system. Too see this, we introduce the function f = f;, = (fi,1,...,f,.1): [0, T]xR>*L — R2xL

(we drop the dependence on u for ease of notation) defined by
1k
filt,Z) = 7 ;Kgg(zz ~Zo)+ut) fort=1,...,L,

and we notice that the system reads

() =f(t, Z(1)),

(4.1)
Z(0) = 2°,

where Z = (Z3,...,Z;). The right-hand side f(¢,Z) is a Carathéodory function, globally

Lipschitz continuous in the Z variable (with Lipschitz constant independent of £). These
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properties are sufficient for the well-posedness of the ODE.” We remark that solutions
to (4.1) are bounded. Indeed,

[F&.2)] <|f(60)]| +|f(£,2) - f(5,0)| < |K88|| _ + lulloo + CIZI <C(1+1Z]),  (4.2)
hence
Z0)| < |2°] + / C(1+|2()))ds < |2°] + CT + / 1Z(5)| ds
and, by Grénwall’s inequality, for ¢ € [0, T,
|z@®)| < (|12°] + CT)e“ < (|2°] + CT)e, (4.3)
where the constant C depends on K and U (compact).
We exploit the solution Z(t) to solve the ODE/SDE/ODE system, which now we write in

a more compact way. Let us introduce the R***+N)_yalued stochastic process (S())zeqo,m)
defined by

S@) = (Yi(®), ..., Yu(®), X1(8),..., Xn(2))

(we put the components Y1(2),..., Y (¢) in the first block for consistency later). We con-
sider the drift vector by = b = (by,...,byn): [0, TIxR>*MN) . R2XM+N) (we drop
the dependence on Z for the ease of notation) defined for every S = (S3,...,SmN) €
RZX(M+N) by

M+N

bi(,S) := ZI(Pg (Si = Zu(2)) - 1 Z‘ KP(S; - S)) (4.4)
] =M+1
fori= .,M and
1 M
bi(t,S) == v (St ) (r(S,») + Z KP(S; - 5,)) (4.5)
j=1

fori=M+1,...,M + N. Moreover, let o € R®*?*M+N) be the constant dispersion tensor

given by the collection o = (01, ...,01,n) of the matrices o;: R2*M*N) _ R2%2 defined by
0;:=+2«ldy fori=1,...,.M

and o;:=0fori=M+1,...,M+N.For W = (W1,..., War,n) € R2*M*N)\ye adopt the
short-hand notation o W to denote the element in R2XM*N) with columns (o W)y, ...,
(6 W)arn € R? given by (6 W), = o; W

"The result is classical: one considers the Picard operator S: CO([0, T, R?*t) — C°([0, T}; R?*!) defined by S(2)(1) = Z° +

[Or f(s,Z(s)) ds, which is a contraction with respect to the norm (equivalent to the uniform norm) ¢l = SUp;eo.1 (€ l(®I)
for suitable o > 0 (depending on the Lipschitz constant of f).
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By setting $% := (Y?,..., Y, X?,..., XY), the system reads

dS(e) = b(t, S@)) dt + o AW (),

(4.6)
5(0)=5° as,

R2*M+N)_yalued Brownian motion. Note that Wi (¢),..., Wa(¢)
correspond to the M independent R2-valued Brownian motions already introduced

where (W (£))ie(0,7] is an

for (3.2). This is the reason why we chose to put the Y,,s in place of the X,s in the first
block of S.

We are now left to check that the conditions for the existence and uniqueness stated
in Proposition 2.1 are satisfied by (4.6). By the continuity of Z(¢), the function ¢ — b(t, S)
is continuous for every S. Let i € {1,..., M}, so that b; is given by (4.4). By the Lipschitz
continuity of KP8, we have that

|KP8(z1 — 2)| < |KP8(21 — 2) — KP8(0)| + |KP8(0)| < Clz1 — 22 + |[KP(0)|

(4.7)
<C(1+|z1| + |z2]).
Reasoning analogously for K, it follows that
1L | M
[b:(t.5)| < £ > |KPE(Si - Zo(0)) | + 5 > KPS - )|

£=1 j=M+1
L M+N

1 1 (4.8)

SZHC (1+18i1 +|Ze(®)]) +K]l§lc 1+ S| +1S;1)

< C(l +m§1x|Sh|>,

where we used the continuity, and thus boundedness, of Z;(t) for ¢ € [0, T']. Let us check
the Lipschitz continuity condition. By the Lipschitz continuity of KP¢ and KP¢, we have

that
5069 -0 = | SR8~ 240) K45 200)|
1 M+N
+7 D KPS = 8) - K7(S; - 5))|
Jj=M+1
L M+N
= %ZC!&—SEH% 3 clsi-5 -8+ (4.9)
=1 =M1
1 L 1 M+N
szCISt—SZHN > c(si-Si|+1s-5)))
t=1 j=M+1

< Cm;lx|5h -5,

where the constant C depends on KP¢, KP¢, (In fact, b; is even globally Lipschitz continuous
forie{l,...,M}).

Page 17 of 68



Orlando Advances in Continuous and Discrete Models (2023) 2023:24 Page 18 of 68

Letnow i€ {M+1,...,M + N}, so that b; is given by (4.5). By the boundedness of vV, by
the bound r(x) < C(1 + |%|), and reasoning for KP as in (4.7), we have that

1 M
|bit,S)| < V], (C(l +1Si) + i > |KeR (S - S,-)|) < C(l +max |sh|). (4.10)

Jj=1

To check the local Lipschitz continuity of b;, let us fix R > 0. For ¢ € [0, T] and maxy, |Sy| <
R, maxy, |S;| < R. By the boundedness and the Lipschitz property of v (recall that it has
a Lipschitz constant independent of N) and by the Lipschitz continuity of r and KP, we
have that

|bi(t,S) - bi(t,S)|

M
1
K(S) + 22 D KPS =)

Jj=1

< [P0 (SN (S|

+ () )|
o o (4.11)
x [K(S) + +- ;KCP(S,» -§)-x(8) - ;KC"(SQ -5))

< mhax(c|sh =S,|(1+18ul) + C|Sk = S}|)

< m;lx(C|Sh = S,[(L+1Skl)) < Cm;lx|Sh -S| +R),

where the constant C depends on vV, r, and K (independent of N). Choosing Cz = C(1 +
R), we get the desired inequality.

Applying Proposition 2.1, we conclude the proof of existence and uniqueness. Moreover,
we also get E(maxy, [|Sy|loo) < +00 and, in particular, E(max,, || Y,llc) < +00. a

4.2 Existence of an optimal control for the ODE/SDE/ODE model
Let Jn m be the cost defined in (3.3). We have the following result concerning the existence
of optimal controls.

Proposition 4.2 Under the assumptions of Proposition 4.1, there exists an optimal control
u* € L*([0, T];U), i.e.,

T (") = )jN,M(u)~

min
ueL>® ([0, TTU

Proof The result is obtained via the direct method in the calculus of variations. We divide
the proof into steps for the sake of presentation.

Step 1. (Preliminary steps) Let W € L*([0,T};1{) be a minimizing sequence, i.e.,
Inam() — min Ty as j — +o0o. Since #/ is bounded in L*®([0, T];U), there exist
u* € L®([0, T];U) and a subsequence (not relabeled) such that z/ Ao weakly-* in
L*>([0, T];U). We claim that u* is an optimal control.

To prove the claim, let us fix (X ())weo,r] = X,(0),..., Xy @)ictory (Y (O)eeor) =
(Y{(t), cee Y;];A(t))ze[o,T], and Z/ = (Z]i, .. ,Z’i), the strong solutions to (3.2) corresponding to
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the controls 2/ obtained in Proposition 4.1. We adopt the notation of the proof of Propo-

sition 4.1 and let S = (Y1,..., Yar, X1,..., Xn). In this way, for every j, we have that

(1) = f,(6, 7)),
Zj(O) = ZO,

(we stress the dependence of f,; on the controls #/) and

dS/(t) = b,(t,S(t)) dt + o AW (2),
S0)=5" as,

(we stress the dependence of the drift vector R2*! on the trajectories Z/).
Step 2. (Identifying the limit of Z/) We remark that (4.3) yields ||Z/||», < C for every j,
where C depends on Z9, T, K, and U. Let us check that the Z/s are also equicontinuous.

By (4.2), for every j and for s < ¢, we have that
t t
20-26) < [ (20| ar < [ (K] + o] )] )&
S S

= (K% [ + ] + €1Z] o)1t =5l = Cle =],

where C depends on Z°, T, K8, and U (compact). By Arzela—Ascoli’s theorem, we obtain
Z* € CY([0, T]; R?) such that ||.Z/ — Z*| .. — O up to a subsequence that we do not relabel.

This together with the convergence 1/ A and

p L
zm=ﬁ+/<%2y%@wyzwm+@@)w
0

=1

yields, letting j — +00,

¢ L
3@:%+A<%Xy%@my-ﬂm+@@)m
=1

i.e., Z* is the solution to

$2(8) = fir (6, 27(0)),
Z*(0) = 2°.

Step 3. (Identifying the limit of §) We let (S*(£));c[o,r] be the R2-valued stochastic pro-

cess obtained as the strong solution to

dS*(¢) = bz=(t, S*(t)) dt + o AW (2),
S*(0)=S% as.
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We claim that a.s. max;, ||SL - S;llo = 0 as j — +oo. We start by observing that a.s. for
O0<s<t<Tandi=1,... M+N

|S£(s) —S?(S)| < / |bl-,2/' (r,Sj(r)) — bz (r,S*(r))|dr
/ by (7, S/ (r)) = by (r, S*(r)) | dr (4.12)

+ / |ij,l.(r,S*(r)) - bz*,l'("»S*(V))| dr.
0

We estimate the former integrand by exploiting the Lipschitz property of b;; obtained
in (4.9) and (4.11)

b, (r, () = b i(r, S*(r)|
<max(C(1+ BAGHIAGERHGI! )

< m}?x(C(l +[Sil..) 0sup ‘SL(;’) —SZ(V)’)

where the constant C depends on K2, KP¢, K°?, vV and r (independent of N). To estimate
the latter integrand in (4.12), we resort to the definition of b;. By (4.4), fori =1,...,M, we

get that
1< -
127,41, 8% () = bz i(r, " ()| = 7 D|KPE(S] = Z,() = KPS(S} = Z; ()]
Zzl (4.14)
<1y czn -zl <clz-z|,,
=1

where the constant C depends on KP8. For i =M + 1,...,M + N, by (4.5) we have instead
that |by; ,(r, S*(r)) — bz i(r, S*(r))| = 0. We observe that Proposition 2.1 also gives us that
E(max; [|Si o) < C(1 + E(maxy, |S)])), thus a.s. maxy, ||S} || < +00.

We are now in a position to prove that a.s. maxy ||SL — S} lloo = 0. For k > 1, let us con-

sider the events
Ag = {a) eQ :m}zlixHSZ(uw)”oo < k]~

We remark that P({_J; Ax) = 1 since a.s. maxy ||S} [l < +00. Let us fix @ € A and such
that (4.12)—(4.14) hold true. Then we have that

max sup ‘Si(s, w) - S (s, a))‘
0<s<t

= C(1+max| S, 0)] ) mfx sup |S},(r, @) - S} (r, )| ds + CT|| 2 - 2|
0

<r<s

Page 20 of 68
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Integrating on Ay, we get that

max sup ‘Si(s, w) - S (s, a))| dP(w)
A hooss<t

<CT|Z-z*|_+cCQ +k)/ max sup |Sh(r,w) Si(r, )| dP(w) ds.

0<r<s

By Gronwall’s inequality, we deduce that

max sup |S’ (s,w) — S (s, a))| dP(w) < CT”Z/ zr ” et
Ay M oos<s<t

and, in particular,

Lk me”SL('»w) =S5 0)|  dP(w) < CT | Z - z*|| e 0T

By Step 2 we have that || Z/ — Z*|| o, — 0 as j — +00, and thus max;, ||S’,;(~, ) =S5 0) oo —
0 for a.e. w € Ay. Since P(|J; Ax) = 1, we conclude that a.s. max;, ||SL - Sillc = 0.
Step 4. (Limit of the cost) Let us show that

In (%) < liminf Jy pr ().

j—>+00

Since #/ is a minimizing sequence, this will be sufficient to conclude that Jy (u*) =

miny, Jy,m(u).

By sequential weak semicontinuity of the L2-norm, we get that

1 /7
5,/ ’u |dt<l1m1nf /|u’ |dt
0 ]‘)‘FOO

From Step 3 we have that a.s. max;, ||S},; - Sillco = 0, thus a.s. max,,, || YZ,, —Y!|loo = 0and
max,, | X, = X}lloo = O (recall that S = (Y3,..., Yar, X1,...,Xn)). Then, using the fact that

HYis bounded, by the dominated convergence theorem

’ d (v i ’ 1 1 d [y *
]E(/O ZH (X)) - Y (t))dt>—>E</ ZH (X -Y, (t))dt>

as j — +00. By the superadditivity of the liminf, we conclude the proof. O

5 An averaged ODE/SDE/ODE system

5.1 Introducing the averaged ODE/SDE/ODE system

To study the mean-field limit of (3.2) as M — +00, we consider an averaged ODE/SDE/
ODE system, where the trajectories Y,,(t) are replaced by a single trajectory Y (¢) interact-
ing with the other agents via its probability distribution. More precisely, let (W (£)):c[0,1]
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be an R?-valued Brownian motion and consider the problem

W (1) = VN (X)X (X(8)) + KP % 2P ()X (1)),
dY(8) = (} X0, KPE(Y () - Zo(8))

— LN KT (E) - Xa(1))) dt + V2 AW (D),
(1) = 1YL KS(Zy(e) - Zo () + e (2),
X,0=X%  Z0)=20 n=1,..,N,t=1,..,L

Y0)=Y° as., P = Law(Y).

We start by giving a precise definition for the notion of solutions to the previous system.

Definition 5.1 A strong solution to (5.1) is given by a curve X = (X,...,Xy) € C°([0, T];
R2*N), an R2-valued stochastic process (Y (£));c(o,7] a.s. with continuous paths, and a curve
Z=(Z1,...,Z;) € C°([0, T]; R**L) such that

(1) as.forallt€[0,T1],

(2) setting jiP := Law(Y) € P(C°([0, T];IR?)), the curves X and Z satisfy
%0 =X+ [ Y RO () + K 5 220 (Ro(s))) ds
0

and

¢ L
Z(t) = Zg + / (% Z[(gg(Z[(S) - Z,y(s)) + Mg(S)) ds
0

=1

forall t € [0, T7].

5.2 Well-posedness of the averaged ODE/SDE/ODE system

Let us prove the following well-posedness result.

Proposition 5.2 Assume the following:

o Let (W (2))telo,1) be a Brownian motion;

o Let X° = (X9,...,X3) € RPN,

« Let YO be a random variable with E(|Y°|) < +00;

o Let Z°=(Z9,...,Z0) e R¥L;

o Letu e L*([0, T);U).
Then there exists a unique strong solution to (5.1). Moreover, E(||Y ||s) < +00 and jiP €
P1(CO([0, T;R?)).

Page 22 of 68
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Proof As recalled in the proof of Proposition 4.1, for every control u = (u3,...,u;) €
L*>([0, T];U), there exists a unique continuous solution to

¢ L
Zy(t) = Z? + /(; (2 ZI(gg(Zg(S) - Zy (s)) + M[(S)) ds, tel0,T], (5.2)
v=1

hence Z,(t) will be treated as fixed in the following.

The proof now mainly follows the lines of [9, Theorem 3.1]. For the sake of brevity, we
let C° = C°([0, T]; R?).

Step 1. (Decoupling the system) Let us fix 1 € P;(C°) (i plays the role of P in the equa-
tion and is used to apply a fixed point argument). Let us consider the decoupled system

o (1) = N (X (O) 2 (Ko (8) + KP 5 u(0)(Kn(2))), 5.3)
X,0=X% n=1,...,N, '
dY () = (2 Y5 KP8(Y(t) - Z,(t))

— LS KXY (8) - X (2)) dE + /2 AW (), (5.4)
Y(0)=Y° as.,

where the Z,(¢) are obtained in (5.2).

Substep 1.1. We start by commenting about the existence (and uniqueness) of contin-
wous curves X = ()?1,...,,7(1\;) e C°([0, T]; R?*N) solutions to (5.3). For this, we need to
check the conditions for well-posedness of ODE systems. Let us consider the function
2= (g1 gun): [0, TIXRPN — RN defined by

Zun(t, X) =V (X) (x(X,0) + KP s p(£)(X0) (5.5)

forn=1,...,N. The system then reads

d_X~ _ ~
@ () = gu (£, X(2)), 56)
X,(00=X°% n=1,...,N.

The dependence of g, on the time variable ¢ is only due to the terms

KP4 u(006) = [ K206, - 0)dn(0) = [ K20, -0 d(evon) 0

_ f K (X, —evi(g)) dual) = f K (X, - p(0)) duslg),
CO CO

which are continuous in ¢. This follows from, e.g., the dominated convergence theorem by
observing that the Lipschitz continuity of KP yields

|KP (X, — (1) | < |KP0)| + C|Xu — ()| < C(1 + Xl + llllo)

and ch l@lloo dit(g) < +00 since u € P1(CP). The functions g, , are locally Lipschitz in X,
i.e., given R > 0, there exists Cy > 0 such that for ¢ € [0, T'] and max,, |X,,| < R, max, |X),| <R
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it holds that
m;?x|gﬂyn(t,X) - gun(6X)| < Cr my'flx|Xn - X, (5.7)
The computations are analogous to those in (4.11), the only difference being in the term
|ch * u(t)(X,) = K % u(t) (X;)| < / |K°p(Xn —x) - KCP(X;, - x) | du(t)(x)
R2
< / C|X, - X,| du(d)(x) < C| X, - X,
R2
In conclusion, g, (¢, X) is continuous in ¢ and locally Lipschitz in X with respect to the max
norm. By Picard—Lindelho6f’s theorem, the ODE system (5.6) admits a unique solution for
small times. For the existence for all times, with computation analogous to those in (4.10),
we observe that we have linear growth for g, i.e.,

max|gﬂ,n(t,X)| < C(l + max |X,,|),
n n

the constant C above depending on |[¥V| s, r, and K. This upper bound allows for a
Gronwall inequality. Indeed,

e [
Ko) =i+ [[| G20

ds = |X7| +/0 |g,4,,,(s,)?(s))|ds

t ¢
5max|X2, +/ C<1+max |X,,/|) ds:max|X2, +CT+C/ max |X,,| ds,
n 0 n n 0o

which yields
max|X, ()] < c(max|xfj| + T)ecf forall £ € [0, T], (5.8)

and, in particular, the boundedness of solutions in terms of the initial datum X0 and final
time T (in addition to ||V | s, r, and K°P). This is enough to deduce global existence in
time.

Substep 1.2. Given the continuous curves X and Z obtained previously, we consider
SDE (5.4). We rewrite this SDE by introducing the drift vector b3: [0, T]xR? — R? (de-
pending on X)

L

N
bx(t,Y) = % D KPE(Y - Zy(t) - % D OKP(Y = X (1)) (5.9)
=1 n=1

and by considering the constant dispersion matrix o = +/2«Id;, so that the SDE reads

dY(t) = b (t, Y(£)) dt + o AW (2),

~ - (5.10)
Y(0)=Y° as.

For the existence and uniqueness of a strong solution to this SDE, we check that the as-
sumptions of Proposition 2.1 are satisfied. The drift b3 is continuous in ¢: it follows from
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the continuity of the curves X,, and Z;. The drift b is globally Lipschitz continuous in Y.
Indeed, we have that

|b,~((t, Y)- by((t, Y/)}

L
%;U@g (Y = Zy(£)) = KP8(Y' = Zo(0))| (5.11)
1 & -
+NZ|KPC(Y—X,,(L‘)) —KP(Y' =X, ()| <
n=1

the constant C only depending on the Lipschitz constants of K8 and K. Finally, b3 sat-
isfies the linear growth condition. This follows from (4.7) and the analogous condition for
KP<, which yield

L N
|bx(t,Y)| < % D IKPE(Y - Zo(0)) | + % D OIKP(Y - X, (0)) |
=1 n=1

L N
< |K?5(0)] + % > o Cly -z, + |K*(0)| + % > ClY =X, (0)]

(=1 n=1

< [KPE(0)] + [KP(0)] + [1Z]| oo + max | X, [loc + Y] < C(1+ Y1),
n

where the constant C depends on KP¢, KP¢, || Z||», and max, ||)~(n||Oo and we used the
boundedness of X obtained in (5.8).
We are in a position to apply Proposition 2.1, which also gives us that

E(1Y ) < C(1+E(]Y?))). (5.12)

This implies that Law(Y) € P;(C°). Indeed,

[ 11 dtaw@io) = [ |19l d@BN0) - [ [7C00]., dPe)
co co Q
=E(||Y ]loo) < +00.

Step 2. (Fixed-point argument) Let us implement the machinery to carry out a fixed
poinﬂgument.

Substep 2.1. (Definition of Picard operator) We consider the functional £: P;(C°) —
P1(C% defined as follows: given u € P(CP), we let X = (X,,...,Xy) and (Y(£))sejo.7] be
the unique solution to (5.3)—(5.4) obtained as explained in the previous step. Then we set
L) := Law(Y), which belongs to P;(C?), as explained in the previous step. We shall show
that £ is a contraction with respect to a suitable auxiliary distance on P;(C°) to deduce
the existence of a fixed point.

Substep 2.2. (Definition of equivalent Wasserstein distance) The auxiliary distance we
consider on P;(CP) is defined as follows. We let a > 0 (its choice is made precise later
in (5.22)) and we define on C° the norm

llellly := SUP( “e()]). (5.13)

te[0,T



Orlando Advances in Continuous and Discrete Models (2023) 2023:24 Page 26 of 68

Then we define the auxiliary distance on P;(C°) by

Wie (1, t2) := ir}}f/

CY%

0 lle =il dy (@, ),

where the infimum is taken over all transport plans y € P(C°x C°) with marginals 73y =
1 and Jrgy = Wy, where 7' is the projection on the ith component. Since the norm ||| - |||,,
is equivalent to the usual uniform norm | - || on C?, the distance W, , is equivalent to
the usual 1-Wasserstein distance W, on P;(C°).

Substep 2.3. (Start of the proof of the contraction property) Given u, 1’ € P;(C°), let us
estimate W ,(L(un), L()). Let X = ()N(l,...,)?N), Y and X' = ()7’,...,)?1/\[), Y’ be solutions
obtained in Step 1 corresponding to x and p/, respectively. By Kantorovich’s duality, there
exists a functional ¥: C° — C° Lipschitz continuous with respect to ||| - |||, with Lipschitz
constant 1 such that, using the fact that £(u) = Law(Y) and £(u') = Law(Y"),

Wi (L. £)) = [ w0t - [ w(6)£0)(e) o1

=E(v®) - (V) <E([Y - ¥l,)

The following substeps show how to estimate the term E(||| Y-Y Mo)-

Substep 2.4. (Estimate of 1Y () - Y'(£)]) We start by observing that from (5.10), from the
definition of b3 in (5.9), by the Lipschitz continuity of KP¢, and by the Lipschitz continuity
of by obtained in (5.11), we have that a.s.

[Y(0)-Y'(¢)|

[ et T as- [ o T o) s
0 0

< /(; (}b} (S, ?(S)) - b)N(/ (S; ?(5))} + }b}’ (S’ ?(S)) - b)?’ (S’ ?/(s)) |) ds (5.15)

t{q N N _ _ N 5 ~
5/0 (ﬁ D KP(Y () - Xo(9)) = KP(Y () - X;,(9)) | +C|Y(s)—Y/(s)’) ds

n=1

= [ cmaxl% - X0 + |70 - T &

the constant C depending only on the Lipschitz constants of KP® and KP¢.

Substep 2.5. (Estimate of |)~(,,(s) - )N(;(S)D The curves X and X' are solutions to (5.6). As
obtained in (5.8), they are bounded by a constant R > 0 depending on the initial datum X°,
the final time T, and the parameters of the problem (||v|| o, r, and KP), i.e., max,, ||)?,, oo <
R, max,, ||)~(;l lloo <R.Werecall that g, and g, are locally Lipschitz, hence there exists C > 0
(depending on R) such that (5.7) is satisfied. It follows that forn=1,...,N

|X,1(5) = X (s)|

= [l X00) ~ga X )
’ (5.16)

< /0 (182 X)) = G (X )| + g1 (1, X)) = g (n X)) dr
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< [ (Cmax(% ) - Xy )] + g (X)) =g X ) )
0
Let us now apply the definition of g, and g,/ in (5.5) to estimateforn = 1,...,N and r € [0, 5]

|81 (1, X' (7)) = 8 (1, X (1)) | < Vlloo | KD 5 () (X, (7)) = KP s 1/ (r) (X, (7)) |
(5.17)
<C

’

[RSCATRCEAOE

where the constant C depends on ||v||. We observe that by the Lipschitz continuity of
x = K°P (56;1(”) —x) and by Kantorovich’s duality,

< CW (), 1/ (7)), (5.18)

[ K E) =) 4 - 1))

where C is the Lipschitz constant of K. To bound this term, let us fix an optimal plan

y € P(C°xC®) with marginals 7}y = u, 77y = 1’ and satisfying

Wi (1 1') = / e - ¥l dy (o, ).

COxCO
We remark that y(r) = (ev,)sy € P(R>*xR?) has marginals 7} (ev,)sy = (ev,)smiy = u(r)

and né(ev,)#y = (evr)#niy = u/(r), hence, by the optimality of W, and by the definition of
Il - llq in (5.13), we obtain for r € [0, s]

Wi (1(r), 1/ ()
< /I;ZX]RZ |x—x’| dJ/(r)(x,x/) - /RZXRZ |x _x/| d(evr)#y(x,x’)
) / lo(r) = ¥ (n] dy (¢, ) < 6‘”/ e |o(r) =y (r)| dy (@, ¥)
COxCo OO

< / o = ¥l dy (0, 9) = € Wi (1o 1)-
CcOxCO

Integrating in r, we get that

&% —

[ i w ) ar < Wit ). (5.19)

Putting together (5.16)—(5.19), we conclude that
max|)~(n(s) —)N(;,(s)| < C(/ max})N(,,(r) —)N(,;(r)| dr + e—WLa (M, M/)) dr.
n 0 n o
By Gronwall’s inequality, we conclude that

~ ~ eas eas
max|X,,(s) — X, (s)| < C—e“Wia (1, 1t') < CeT—Wio (1, 1)
" ¢ ¢ (5.20)

S

= C%Wl,ot (//L, M/)'
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To sum up, the constant C in the previous formula depends on X°, T, ||V||o, T, and
K°P,

Substep 2.6. (Concluding the estimate of |1~/(t) - }N”(t)l) Substituting (5.20) in (5.15), we
obtain that

|Y(s)-Y'(s)| < c/ <%Wm (o) + Y (r) - ?/(r)|) dr

s
0

o

< c(e‘” I Wra (i) + /0 709 - 7' dr)

§C(e—2W1,a(u,u/)+/ |17(r)-i7/(r)|dr).
0

o

Multiplying both sides by e™** and using that e™** < e™*", we get that a.s. for s € [0, £]
~ ~ 1 § ~ ~
e“”| Y(s) - Y'(s)| < C<a_2WLa (,u, u’) + / e“"|Y(r) - Y’(r)| dr)
0

1 ! T
< ¢ GWiatwn) o [ s (70~ F0] o).
0

0<r<s

Taking the supremum for s € [0, ¢] and the expectation, we deduce that

E( sup e"”|?(s) - T’/(s)|)

0<s<t

< C(iWL‘,(pL, ,u/) +/(; E( sup e_"”|)~’(r) - )N//(r)|) ds),

052 0<r<s

and thus, by Gronwall’s inequality,

- - C
]E( sup e **|Y(s) - Y’(S)I) = Wie (1, 1),

0<s<t

which for ¢ = T yields
v _ v c N ,CT c /
E([Y - Yl,) = 5 Wil w)e™ = = Wia (i 1). (521)

Keeping track of the constant C, it depends on X°, T, ||v|| o, r, KP, KP8, and KP€,
Substep 2.7. (Choice of o and end of the proof of the contraction property) We choose
a >0 in such a way that
C
Coi=— <1, (5.22)
o
where C is the constant obtained in (5.21). In this way, by (5.14) and (5.21) we conclude
that

Wl,a (L(/J«); ‘C(M/)) =< Ca Wl,a (I'Lr /’L/);

i.e., L: P1(C% — P1(C°) is a contraction with respect to the equivalent Wasserstein dis-
tance W . As such, it admits a unique fixed point 1P € P;(C°).
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Step 3. Given the fixed point iP € P, (C°) of £, we define X = (X1, ..., Xy) as the solution
toﬁcorresponding to jiP, and then we let ¥ be the solution to (5.4) corresponding to
X. Since P is a fixed point, we have that £(jiP) = P, i.e., Law(Y) = iP. Hence we found
the unique strong solution to the coupled system. This concludes the proof. 0

Remark 5.3 By (5.8), it follows that max,, || X,||« is bounded by a constant depending on
the initial datum X°, the final time T, ||V || s, 1, and KP.

By (5.12), it follows that E(|| Y ||lo) < C(1 + E(|Y?])), where the constant C depends on
KP2, KPC, (| Z ]l o) MaXy, | X, lloo, T, and W.

6 Propagation of chaos
Proposition 6.1 Assume the following:
o Let (W1(2))scjo,r) and (Wa(t))re(o,) be two R%-valued Brownian motions.
o Let X° = (X),...,X3) € RPN,
o Let Y?,Y7) be identically distributed R*-valued random variables with E(|Y?|) < +00;
o Let Z° = (Z9,...,29) e R¥L;
o Letu e L*®([0, T;U).
For m=1,2, let X, = X1+ XonN)s (Ym(t))te[O,T]; Z =(Zy,...,2Z1) be the unique strong
solution to®

dX'””(t) W (X () (X(X,0()) + KP s 17 (8) (Ko (£))),
Yult) = (1 Ze IK"g(Y () = Z(9))
L KR (Y0(0) = Xon(0))) dE + v/26 AW, (2),

dZ N (6.1)
TO=1 Ze/ KB8(Zy(t) = Zy () + Me(t);
m,n(o) = n’ ZZ(O) = Zg, n= LN, 0=1,...,L,

Y,(0=Y% as, @b =Law(¥,).

Then the stochastic processes (1_/1(t))te[o,T] and (}_’g(t))te[o,ﬂ are identically distributed and
X,(t) = X,(t) for t € [0, T.

Proof We fix Z =(Zy,...,Z;) as the solution to

Loy = L0 KE(Zy(8) - Zo (1) + ue (D),
Z(0)=2), ¢=1,...,L,

which is independent of m since it is decoupled from the first two sets of equations.
Letm € {1,2}. Weresort to some tools already considered in Step 2 in the proof of Propo-
sition 5.2. As in that proof, we set C° := C°([0, T];R?).
Step 1. (Exploiting the decoupled system) Given u € P;(C°), we let X-= ()~(1, ... ,)~(N) and
()N’me [0,7] be the unique solution to the decoupled system

s (1) = WX () x(Fo(8) + KP 5 u(0)(K (1)),

N (6.2)
X,(00=X% n=1,...,N,

8This corresponds to the averaged ODE/SDE/ODE system (5.1) with initial data X°, Y9, Z°, with Brownian motion W,
and with control u provided by Proposition 5.2.
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dY,, ()

(% Zﬁ:} I<pg(?m(t) - Zl(t))
— L3N KR (Y,,(0) - X, (1)) dt + /2 AW, (0), (6.3)
Y,,(00=Y° as,

obtained as explained in Step I in the proof of Proposition 5.2. We claim that
Law(Y;) = Law(Y5). (6.4)

Using the short-hand notation introduced in (5.9), we have a.s. for ¢ € [0, T]
t
Y,.(¢) = YWOI + / b;((s, Ym(s)) ds + /2 W, ().
0

Substep 1.1. (Proof of claim (6.4) for Picard iterations 17,’;,) We consider the Picard iterations
(used in the proof of Proposition 2.1) constructed as follows for m = 1,2: for w € €,

YO(t,w):= YO (w) forte(0,T], (6.5)

t
Y (t,w):= Y2 () + / by(s, Y (s,0)) ds + V2 Wyu(t,0) forte[0,T],j>1. (6.6)
0

We observe that Law(}~’1°) = Law(?f), as by (6.5) they coincide with the common law of
the identically distributed random variables given by the initial data Y7, Y7. This is the
base step of an induction argument. Let j > 1 and assume Law(?{_l) = Law(?é_l). Let
U: R2xCOx CY% — C° be the continuous map defined by

VE,ow)(t):=§+ /0 by (s, () ds + v/2icw(t).

With this notation, (6.6) reads an(~,w) =W(Y2(w), 17,’;1(~, ), W,,.(-, w)) for w € Q such that
W, (-, @) is a continuous path (this occurs a.s.). Then we have that

Law(T)) = (V}), = W3, T, W, P
Since Y7, Y3 are identically distributed, by the induction assumption, and since Law(W;) =
Law(W5) (it is the Wiener measure), we have that (Y2, Y], W1),P = (Y2,Y} ", Wa)4P.
Thus, repeating backward the same computations for }~’é, we conclude that Law(?{) =
Law(}N’é).

Substep 1.2. (Convergence of Picard iterations to Y, By Remark 2.2 we have that
E(]| Y’f,, -Y, loo) = 0. (Note that by is globally Lipschitz continuous, as proven in (5.11).)

Substep 1.3. (Proof of claim (6.4)) The convergence E(llf’fn ~Yulloo) = 0 implies that
Y, — Y, in law, hence Law(Y;) = Law(Y5), which is our claim (6.4).

Step 2. (Exploiting the fixed point) For m = 1,2, we consider the functionals £,, =
EY%—Wm P1(C% — P1(CP) defined as in Step 2 in the proof of Proposition 5.2 (we stress
here the dependence on m to keep track of the dependence on the initial datum Y, and
the Brownian motion W,,). Given u € P;(C°), we let X = (X, ..., Xx) and (?m(t))te[O,T] be
the unique solution to the decoupled system (6.2)—(6.3). Then we set L,, (i) := Law()N/m).
By the discussion in Step 1, we have that £1(u) = Lo(u).
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Let us now fix an initial guess for the law u, e.g., 1 = 8o € P1(CP) (it is enough that it
satisfies W (1, fih,) < +00). We apply iteratively L0 (w) = p, U}n(,u) = £m(ﬁj,;1(u)). Since
L,, is a contraction with respect to the modified 1-Wasserstein distance W) 4, E’;n(u) —
jih, as j — +00, where jib, is the unique fixed point i}, = £,,(jih,). Since £ (i) = L2(11), we
conclude that i} = i}, i.e., the law given by the solution Y,, to (6.1) does not depend on 1.
In conclusion, Y3, Y; are identically distributed. We let iiP denote their common law.

The solution X,,, = (X,,,1, ..., X,,n) is then obtained as the solution to (6.2) corresponding

to jiP. Thus it does not depend on 1, yielding X, = X;. O

Proposition 6.2 Assume the following:
o Let (Wyu()sepo,r), m = 1,..., M be M independent R*-valued Brownian motions;
o Let X° = (X),...,X%) € RPN,
o LetYD,..., Y\ be i.id. R?-valued random variables with E(|Y?|) < +00 and
independent of the Brownian motions (W, (t))zejo,1);
o Let Z° = (Z9,...,70) e R¥L;
o Letu e L*([0, T);U).
For every m = 1,...,M, let X = (X1,...,XN), ()_/m(t))te[o,T]; Z =(Zy,...,7Z1) be the unique

strong solution to°

W (1) = N (X)X (8)) + KP 5 2P (2) (X, (2))),
Y, () = (F Xpy KPE(Vou(8) - Zu(8))

— L3N KT, (8) = X (8))) de + v/2k AW (£)
Loty =130 KEB(Zy(t) — Zo(2)) + ue(8),
X,00=X°%  Z(0)=2% n=1,..,Nt=1,..,L,
Y,(0=Y2 as, P = Law(Y,,).

(6.7)

Then the stochastic processes (1_/1(t)):e[o,T], oo (YM(t))te[O,T] are independent.

Proof The leading idea of the proof is to write Y, in terms of the initial datum Y2 and the
Brownian motion W,,.
We consider the solution operator S: R2x C% — C° defined by S(&,w) := ¢, where ¢ is

the unique solution to the integral equation

<p(t)=g+/tbx(s,¢(s))ds+mw(t), te[0,T).
0

The fact that there exists a unique solution to the previous problem follows from the fact
that the operator W: R?2x C%x C% — C° defined by

W(E, ow(t):=§&+ /Otbx(s,w(s)) ds + v2kw(t) forte[0,T)

9This corresponds to the averaged ODE/SDE/ODE system (5.1) with initial data X°, Y9, Z°, with Brownian motion W,
and with control u. The solution is provided by Proposition 5.2. Note that we applied Proposition 6.1 to deduce that

(2 (Oreto1s- - (VM(r))rEm are identically distributed with common law fiP and the curve X is independent of m.
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issuchthat W (£, -, w): C° — Cisa contraction with respect to the auxiliary norm || ¢/, :=
Sup,c(o,r1(e"**1¢(#)]) for suitable « > 0. Indeed, by the Lipschitz continuity of by,

e |W(E, g1, w)(0) - W(E, 00, w)(t)]|

< e_a[fo |3 (s, 019)) = b (s, 2(5)) | ds

ot

t
e
< Ce“”/ e |p1(s) — ¢a(s)| ds < Ce™llo1 — @2l

< —lle1 = @2lllg>
0 o

hence, choosing « > 0 such that C, = % <1,

|||\IJ(€7 »1, W) - \Ij(é) §02:W)|”a = Cot”"pl - (p2|||on

and thus it has a unique fixed point.

We now observe that the solution operator S: R?xC°® — C? is continuous. Indeed, it
is Lipschitz with respect to both variables. Letting ¢1 = S(&1, w) and ¢, = S(§;, w), by the
Lipschitz continuity of b3, we have that

lo1(8) — p2(8)] < 161 - & +/0 |bx (s, 01(5)) — bx (s, 2(s)) | ds
<l -6+ C/(; |1(s) — a(s)| s,

thus, by Gronwall’s inequality,

l01(t) - ()| < 161 - 206 = ||SELW) - SEw)| <161 - &l

Analogously, letting ¢; = S(§,w1) and ¢ = S(§, w,), by the Lipschitz continuity of bz, we
have that

t
l1(0) - 0a(0)| < /O b3 (5,01(5)) - by (5,92(5)) | ds + [wa(6) - wa o)
t
< C/ |01(5) — @a(s)| ds + [lwy = wa oo
0
thus, by Gronwall’s inequality,

01(8) = 2(8)] < w1 —walloce™ = [ SE,w1) = SE W), < lwr —walloce

We are now in a position to write the stochastic processes (Ym(t))te[O,T] as Y, (-, w) =
S(Y2(w), Wyn(-,w)) for a.e. w € Q. Note that Y?,...,Y5: @ — R?and Wy,..., Wi Q —
C° are independent random variables. It follows that (Y; (E)eelo, 115+ - (YM(t))tE[O,T] are in-
dependent stochastic processes. This concludes the proof. 0

7 Mean-field limit for a large number of pirate ships

In this section we study the limit of the problem as M — +o00. For this reason we will stress
the dependence of initial data and solutions on M. Still, we do not stress dependence on
N, not to overburden the notation.
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7.1 Mean-field ODE/SDE/ODE limit model as M — +oo

In the following theorem we shall describe convergence of solutions in terms of empirical
measures. Given stochastic processes (S1(£))eo, 7). - -» (Sp(£))eefo,r] @.s. with continuous
paths, we associate the empirical measure!® vy : Q — P(C([0, T]; R?)) defined for a.e.
w € Q by

1 M
vM(~,a)) = M Z‘Ssm("‘”)'
m=1

(The first placeholder is kept free for the time variable.) If max,,, E(||S;||«) < +00, then a.s.
var € P1(CO([0, T); R?)). Indeed,

=l

M
ZE(/ ||<o||oodasm)
CO([o, TJ;R2)

m=1

E o dup (-, - -
( fc N )(w))

N
M=

E(I1Smllos) < +00.

3
0

We set vp(f, w) := (ev)svp (-, w) forallw € Q2 and ¢ € [0, T']. With a slight abuse of notation,

we let vy () denote the random measure vy (2): Q — P(R?).

Theorem 7.1 Assume the following:
o Let (Wu(®))sepo,r, m > 1, be a sequence of independent R*-valued Brownian motions;
o Let X0 = (X?,...,X%) € RPN,
o Let YO=(YD,..., YY), where Y}, ..., Yy, are i.i.d. R*-valued random variables with
E(1Y2]) < +00 and independent of the Brownian motions (W, (£))seio,11;
o Let Z°=(Z9,...,Z0) e R¥L;
Let (W(t))tejo,1) be a Brownian motion;
o Let Y° be an R?-valued random variable identically distributed to Y?,...,YY,.
Let uM,u € L®(0,TU) be such that w™ = u weakly* in L®([0, T;U). M Let
MO eior) = M@, .., XDcio.r1 VP O)rctorr) = VD, .., YO repo,r1, and ZM =
(ZZIVI, .. ,Z’LV[) be the unique strong solution to?

.

XM (e) = v M) (XM (@) + & Yoo KPXN () - Y2I(2)) dt,
dYM(e) = (2 Y07 KPs(YM(e) - Z(2))

— & L KPE(YM(e) - XM (2)) dE + /26 AW, (8),
P )= LY Kes(ZM(0) - Z(0) + i o),
XM0)=Xx° as., YM0)=Y? a.s, zM(0) =20,
n=1,....Nom=1,...,M,£=1,...,L.

(7.2)

19The measurability of these random variables is proven with an argument analogous to the one in Footnote 5, keeping in
mind the separability of C°([0, TT;R?).
1n fact, by the boundedness of U, this is equivalent to requiring that u" — u weakly in L' ([0, T;UA).

12This corresponds to the original ODE/SDE/ODE system (3.2) with initial data X°, ¥, Z° and with control u™. The solution
is provided by Proposition 4.1. We stressed the dependence on M since we are interested in the limit as M — +o0.
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Let v}& be the empirical measures associated with (wa(t))te[o,n,...,(YAA/f(t))te[o,T]. Then
there exist X = (X1,...,Xn), (Y(t))te[O,T]: and Z = (Z1,...,2Z1) such that

T
B(man ! -El.) ¢ [ EOVGR@ ) a2 2] 0

as M — +oo.

Moreover, X = (X1,...,Xn), (Y(L‘))te[o,T], and Z = (Z1,...,Z;) are the unique strong solution
to (5.1).13

Proof To prove the result, we need to exploit an intermediate problem. For m =1,...,M,
let X = (X,..., Xn), (YM(£))sefo,r), and Z = (Zy, ..., Z1) be the unique strong solution to'*

W (1) = W (X @) (1K (8)) + K 5 1P () (X, (£))),
dYM () = (3 S0 KPS (YD) - Zo (1))

— LN KP(T(E) - X (1)) dE + /26 AW (),
0 () = 1YL KS(Z,(8) — Zo(8) + uele),
X,000=X°%  Z(0)=2% n=1,..,Nt=1,..,L,

YM0)=Y2 as, AP = Law(YM).

(7.4)

Our first task is to prove that
E(max [ X3~ X, | ) + B (max | Y2 - 72| ) +|2¥-2] , > 0 asM > +oo, (7.5)

from which (7.3) will follow as shown in Step 5.
As in the previous proofs, let C° := C°([0, T];R?). Let us also consider the empirical
measures'® v, : Q — P(C°) associated with (YM(£)),c(0,1), - - - » (Y(£))1e[0,7)- To be precise,

we have that for a.e. w € Q

1 4 1 <
o) i= ) ey THG@) = 31 D 05y
m=1 m=1

(The first placeholder is kept free for the time variable.) Notice that, in fact, a.s. v}, €

P1(C° and v}, € P1(C°) by (7.1) and since by Proposition 4.1 and Proposition 5.2 we have
that E(max,, [| Y||«) < +00 and E(max,, || Y| ) < +00, respectively.

Step 1. (Estimate of |YM — }_’,‘)fl) Using the fact that Y and }_’,’,‘f are strong solutions
toﬁand (7.4), respectively, and by the Lipschitz continuity of K% and K?¢, we have

13Corresponding to the initial data X°, Y°, 7% with Brownian motion W and control u. We recall that the solution is provided
by Proposition 5.2.

This corresponds to the averaged ODE/SDE/ODE system (5.1) with initial data X°, Y%, Z°, with Brownian motion W,,,
and with control u. The solution is provided by Proposition 5.2. Note that we applied Proposition 6.1 to deduce that
M eeion, - - (V¥ (©)reron are identically distributed with common law fiP and the curve X does not depend on m and M.
15The random measure Pf,: 2 — P(C°) (empirical measure of Y}/,...,¥¥) must not be confused with vf,: & — P(C?)
(empirical measure of Y/",..., YAAAA) or it? € P(C°) (common law of the stochastic processes (W‘”(r))re[m ..... (\_/M(t)){e[oﬂ, and

(Y(O)reto1)-
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thatas. forO<s<tandm=1,...,.M
Yl (s) = Yl (s)|

s L
= /0 (% > KPE(YM(r) — Z2 (1)) — KPE (Y, (r) — Ze(r)) |
£=1
N

+]%]Z|KPC(Y%(r)—X2W(r)) K> (Y (r) - X(r))|)

n=1
* M VM 1 - M 1 ad M Y
5[0 C |Ym(r)-1/m(r){+z;]z,z (r)—Zg(r)|+ﬁ;|Xn (r) = Xu(r)] | dr

t
5/ C(max sup ’X (r-X (r)‘ +max sup |YM(V) YM r)’)
0 . 0<r<s

+CT|z"-Z| .,

the constant C depending on KP® and KP¢. Taking the supremum in s € [0, ¢], the maxi-

mum in m and then the expectation, we obtain that for every t € [0, T']

E(max sup ’YM (s) - YM( )‘)

m 0<s<t

=< C/t (max sup |YM(r) YM(r)| +max sup |XM(r) X, (r)|> (7.6)
0

m 0<r<s

+CT|z"-Z| ..
[e]

Step 2. (Estimate of |XM — X,,|) To estimate | X (s) — X,(s)|, we rewrite

M
[T{IZI(CP(XZW(t)—Yy’:’(t)) - /R K20 —) v 00) = K2 (0 (X 0). 77)
m=1

Then we exploit the properties of ¥V, r, and K? and (7.7) to get from (7.2) that a.s. for
0<s<tandmn=1,...,N

|X2/I(S) —)_(n(s)|
‘ 1
< / o (XM () (r(XT )+ ;KCP (X0 -, W)

=V (X)) (X (1) + KP 5 2P (r) (X, (1))

dr (7.8)

< [ V100 - (30|

+ \KCP s vy (r) (X (r)) — KP % ,tlp(r)()_(,,(r)) |)
+ \VQI(XM(I”)) - V,[)[()_((r))| |r()_(,,(r)) —KPx [Lp(r)()_(n(r))| dr.
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To estimate the term involving |KP x vg,f(r)(Xy (r)) = K % 1P (r)(X,,(r))| in (7.8), we exploit
Kantorovich’s duality and the Lipschitz continuity of K to get that a.s.

|KP vy (r) (XA (r)) = K % 2P (r) (X ()|

/ KX (r) - y) dvy (r) () - / K®(X,(r) - ) dllp(’”)()’)‘
R2 R2

=

[RSCHERIECICR ﬁp(r))(y)‘

+

[ 06401 -9) - K2 (300 =) a0
< W (v (r), 5P (7)) + C| X0 (r) = Xou(r)|

< Cmellx|XnA4(r) —)_(,,/(r)\ + CWl(vf\)/[(r), \_)}f,I(r)) + CWl(f)[I\’,[(r),ﬁp(r)).

We bound W (v¥,(r), bb,(r)) using for a.e. @ € Q as an admissible transport plan the diag-

onal transport y (») = 1 ¥ S(vM (1), 7M (7)) tO ODtain that a.s.

1 N
Wi (v (r), iy (r)) < / ly=y|dy(»y) = B e - )|
R2xR? m=1 (7.10)
< max|Yf,\,4(r) - )_/f,\l/[(r)|.

To estimate the term involving KP % iP(r)(X,,(r)) in (7.8), we use the fact that |[KP(z)| <
|KP(0)| + C|z] to get that

|KP % 2P (r) (X (r)|
< / K (X,(r) = )| d2P (D)
RZ
< / C(1+ [X,()] + ) dAP() ()
R2

< C(l +max | Xy [l + sup (/ Iyl dﬂ"(f)()f)))
n 0<r<T \JR2

< C(l + max | Xy [loo + fo Ilfplloodﬁp(w)),
n C

where in the last inequality we used that

/ 1y P () (5) = / 1 d((ev)nii?) ) = / lev, ()| diiP () < f 10l dEP(0),
R2 R2 Cco co

which is finite since P € P;(C°) by Proposition 5.2. By Remark 5.3 we recall that
max,, || X,||« is bounded by a constant depending on max,, X2l 00s T VN [l o> 1, and K<P.
Hence

|KP % 2P (r) (X4 (r)| < C. (7.11)

Page 36 of 68
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Then we can proceed with the estimate in (7.8): By (7.9)—(7.11) and by exploiting also
the Lipschitz continuity of r and vV, we obtain that

| X2 () = X (s)|

< C/Smglx‘Xy(r) —)_(n/(r)}dr+ C/smax|anW(r) — )_/ff(r)‘ dr
0o o "
+ C/S Wl(f)}f/[(r),ﬁp(r)) dr

<C | max sup |X (r) = X,y (r)‘ ds + C max sup |Y,’,\,’I(r) - )_/fr\l’[(r)| ds

0 n 0<r<s 0<r<s
T
+C/ WI(EIFCI(S),[TLP(S)) ds.
0

Taking the supremum in s, the maximum in #, and then the expectation, we obtain that
for every t € [0, T']

E(max sup | XX (s) - X, (S)|>

no0<s<t

< C/Ot (max sup |XM(r) X, (r)|) (7.12)

no0<r<s

t T
+ C/(; E(max sup ‘YM r) — M(r)‘)ds+ C/O E(Wl(ﬂ}f,[(s),/lp(s)))ds

m 0<r<s

Step 3. (Gronwall’s inequality) Putting together (7.6) and (7.12), we have that for every
e [0,T]

(max sup |XM(s) X, (s)| +max sup |YM(s) YM(S)D

no0<s<t <s<t

< C/ E(max sup |X (r) - )_(y,(r)| +max sup ’Yff(r) — Yy(r)’) ds
0

no0<r<s " 0<r<s
T
+CT||z"-Z|_ + c/ E(Wi (05(s), 4P (s))) ds
0
By Gronwall’s inequality, we deduce that for every ¢ € [0, T']

E(max sup |XM X,,(s)| +max sup !YM }_’M(S)D

no0<s<t m 0<s<t "
< CeCt<CTHZM -Z| + /O TIE(W1 (Di(9), /1P (5))) ds).
In particular,
B (max | X3 - X1, + max|| YA - V21| )
< C(||ZM -Z|+ /0 TE(Wl(a;}(s),@P(s))) ds) = a(M),

where the constant depends additionally on 7.

Page 37 of 68
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Step 4. (Convergence to zero of a(M)) To conclude the proof, we show that (M) — 0
as M — +o0.

Substep 4.1. Let us show that ||ZM - Z| ., — 0 as M — +00. We start by observing that
by (7.2) and (7.4)

|Z(8) - Zo ()|

L t
< % ZZI/O ‘I(gg(ZéM(s) — Z%(s)) - I(gg(Zg(s) —Zy (s))‘ ds + /0 (L/ZV[(S) — ug(s)) ds

t " ~ t ” ~
5/0 C|Z (s) Z(s)|ds+ /O(Ll (s) u(s))ds

’

where the constant C depends on K®8. By Gronwall’s inequality, it follows that
¢ T
| ZM(t) - Z(#)| < Ru(t) + / Ry(s)Ce“9 ds < Ry (2) + Ce<” / Ru(s)ds,
0 0

where Ry (¢) = | [y (u™(s) - u(s)) ds|, hence
12" - Z| . < ClRulloo-

Since uM = y weakly* in L*°([0, T];U{), we have that Ry(¢) — 0O for every ¢ € [0, T']. More-
over, by the boundedness of U, Ry(t) are equibounded and equi-Lipschitz. It follows that
1Rt lloo — 0, thus | ZM = Z||« — O.

Substep 4.2. Let us show that fOT E(WI(D,LC,I(S), i1P(s))) ds — 0 as M — +o0.

To show this, we apply the discussion in Sect. 2.6 about the approximation of a law (here
played by jiP(s)) with empirical measures on independent samples of the law (here played
by v}h,(s)). Let us check that all the assumptions hold true. For every s € [0, T], we have that
P (s) € P1(R?). This follows from the fact that, by Proposition 6.1, jiP = Law(YM) = ... =
Law(Y?) = Law(Y), thus

/ 1y dZP(5)(y) = / 1 d((evn(D)eP) ) = / 17(s, )| dP(w)
R R o (7.13)

=E(|Y(s)]) <E(IIY[le0) < +00,

where the finiteness of E(||Y ) follows from Proposition 5.2. Moreover, the random
variables Y(s),..., Y (s) are i.d. with law (YX(s,))sP = (eve)s(YM)4P = (evy)sfaP = iiP(s).
Finally, by Proposition 6.2 we have that (YIM (t))tg[OyT],...,(Y%(t))te[o,T] are independent
stochastic processes, thus, in particular, }_’IM (s),..., }_’}{,I” (s) are independent random vari-
ables. By [33, Lemma 4.7.1] we conclude that

E(Wi1(0}y(s), 2P(s))) = 0 for every s € [0, T,
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as M — +00. Let us now show that s — E(Wl(f)}:,f(s), [P (s))) is dominated. Indeed, since
Y1(s), ..., Ya(s) are identically distributed and by (7.13), for every s € [0, T], we have that

E(Wi (75,(5), 2%(5))) < E(Wi (75105, 80)) + Wi (2P (s), 80)
= E(/R 4 d"’%s)(y)) + /R D14 6)0)
1 M
vM -
=31 2 E(T6D - /R 1P (s)0)
<E(|Y()]) + /R D14AP(5)0) < 2E( Vo) < +00,

where the finiteness of the last term follows from Proposition 5.2. We conclude that

T
/ E(Wi (0 (s), 2P(s))) ds — 0 (7.14)
0

as M — +oo. This concludes the proof of (7.5).
Step 5. (Conclusion with the proof of (7.3)) By (7.10), we have that

T
/ E (Wi (vh(s), v(s))) ds < TIE(max” YM_ Y,y”oo)
0 m
Combining this with (7.14) and (7.5), we obtain (7.3) and we conclude the proof. a

Proposition 7.2 Under the assumptions of Theorem 7.1, the curve X =(Xy,...,Xn), the
law P € P1(C°([0, T); R?)), and the curve Z = (Z,,...,Z;) from (7.4) are solutions to the
ODE/PDE/ODE system

%(t) = YN (X)) (XX, (2) + KP x 2P (£)(X,1(2))),
Q1P — ke AP + divy (2 S0, KP8(- — Z,(2))
— L3N K- X(£)iaP) = 0,
() = (2 300 KB(Zo(t) - Zo (8)) + e (£)) d,
X,(0) = X2, Z(0)=2% n=1,...,N,t=1,...,L,
[1P(0) = Law(Y?),

(7.15)

where the parabolic PDE is understood in the sense of distributions.'®

Proof We exploit the fact that P is the law of stochastic processes (Y(t))te[O,T]; where
(Y(£))zefo,1) solves the SDE

dY(t) = (3 0 KPB(Y () = Zo(8) — & S0 KP(Y () — X, (2))) dt + /26 AW (1),
Y0)=Y° as.

16To be precise, we regard fiP € P;(C°([0, T];R?)) as the distribution defined by the duality

0 T
/ E(r,y)dﬂp(O)(y)dtJrf / E(ty)daP(D)y)dt  for every & € C°((~0o, T)xR?)).
-00 JR2 0 JR?
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Let us fix a test function & € C>°((~o0, T)xR?). By It6’s formula [28, Theorem 6.4], we
have that (£ (¢, ?(t)))te[o,ﬂ is an It6 process solving the SDE

a(E (7))
= 0,£ (6, Y1) de + K AE(L, Y (0)) de

L N
+ (% Z[(Pg(l_/(t) - Zg(t)) - % Z[(PC(Y(t) —}_(n(t))) - VyE (t, 1_/(1:)) de
£=1 n=1
FVE(L T () - WD)

with initial datum & (0, Y°). This means that a.s. for every ¢ € [0, T]
£(t,Y ()
=£(0,Y°) + /0 |:8t§ (5, Y(9)) + kA& (s, Y (5))
(Xy%m)a ——ZW”W—MW>%%ﬂW%S
+ / V,E(s, Y (s)) - dW(s).
0

By [28, Lemma 5.4] we have that

]E(/ V,é (s, }_’(s)) . dW(s)) =
0

Thus, taking the expectation, we obtain in particular that

E(§(T, Y(1))

T
=E((0,7°) + fo E[ats (6 Y(0) + 188 (6 Y(0)

L
( ZKPg Y(t —Z(t) - _ZKPC ? - Xa(t ))) -VyE(t Y(t))j| dt

=1

Note that the function t > [p, &(t,y) djiP(t) jﬂ] onz2) & (6 @) du(p) is continuous in t, e.g, by the dominated conver-
gence theorem. A solution to the PDE in the sense of dlstrlbutions satisfies

/SOydLaw(Y0 //[BSIerKAySIy

1 ] - i
+ (Z ;K"g(y ~Ze0) - ;Kpc(y—)(n(r))> . vyg(r,w} diP(0()dr=0

for every & € C°((-00, T)xRR?)).
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Using the fact that iP(¢) = Law(Y (£)) and &(T,-) = 0, we get that
- [ &
R2

_ T
_ / £(0,7) dLaw(F9) () + f / [atat,ynmﬁ(t,y)
R2 0 R2

L N
1 1 o s _
+ (Z ;:1 KP(y-Zu(0) + ;:1 KP(y —Xn(t))) : Vys(t,y)} diaP (6)(y) dt
This concludes the proof. d

7.2 Limit of optimal control problems as M — +o00
Let us consider the following cost functional for the limit problem obtained in (7.1). Let
In: L*°([0, T];U) — R be defined for every u € L*°([0, T];U) by

T N T
In(u) = %/0 |u(e)|” de + % 21:/0 /Rz HY(X,(t) - y) diz(£)(y) dt, (7.16)

where X = (X3,...,Xy) and (Y(t))[e[o,ﬂ are the unique strong solutions to (5.1) provided by
Proposition 5.2. Notice that the definition of Jy does not depend on the particular initial

random datum Y° but only on its law since this is also the case for jiP by Proposition 6.1.

Theorem 7.3 Let us fix N > 1. Under the assumptions of Theorem 7.1, the sequence of

Sfunctionals (Tnm)m=1 T -converges to Jn as M — +00 with respect to the weak* topology
in L=([0, T1;U).Y

Proof Step 1. (Asymptotic lower bound). Let us fix a sequence of controls ()=, u €

L>([0, T];U) such that uM 2w weakly* in L*°([0, T'];Uf) as M — +oo. Let us show that
In(w) <lim inf Jyvar (u). (7.17)

On the one hand, by Definition (3.3), we have that
M ! 11 d(yM M
T (16 |u @) de+E ZZH (XN -Ya)de ),
n=1 m=1

where the stochastic processes (X™(£))ico,r) = XM, ..., XY ())eeio 1y YM@))icior) =
(YM(@),..., Y (®))ieio,r) (and the curve ZM = (ZM, ..., ZM)) are the unique strong solution
to (7.2). On the other hand, we have that

1T o VT _
== dt + — H(X,(t) —y)diP dt,
=y [ ol ac g3 [ [ R0 ) aioo)a

7Note that the weak* convergence in ([0, T];Uf) is metrizable since U is bounded, hence we can use the sequential
characterization of I"-limits, cf. [20, Proposition 8.1].
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where the curve X = (X1, ..., Xy), the stochastic process (Y(t))te[o,ﬂ with law P (and the
curve Z = (Zy,...,Z;)) are the unique strong solution to (5.1).

By the weak sequential lower semicontinuity of the L2-norm, we have that
T 2 r 2
/ |u(t)| dt < liminf/ |uM(t)} de.
0 M—+00 Jq

Let us prove the convergence

</ ZZHd (xXM(2) ())dt)

nlml

(7.18)

N T
5 Z/ [ 140 -5) i) d

as M — +o0. This will conclude the proof of (7.17).
We exploit the equality

M
1\—14 Y OHYX @ - Yl) = HE 5 v (0 (X (2)
m=1

to deduce that

‘ </T L ZZHd (XM - YM(t))dt>

nlml

-—Zf [ (500) - 5) die)) d

1L T o
=N ;/0 [E(H® + v3(6) (X)) = HE 5 2P(6) (X (0)) | de (7.19)
N -
N2 [ B (o) -1 o)) @
=1
1 & T _ )
N Z/ E(H 5 o5y (0)(%,(0) - B 220 (%,0) ) de

We estimate the first term on the right-hand side of (7.19) by using the fact that, by the
Lipschitz continuity of H d a.s. for every t € [0, T]

|[HE % v () (XM (1)) — HY 5 v} (0) (X (0)) |

= Az [HA (X3 (0) - y) = HA(X, () - y) | dvp (D)

< CIX @) - ()] < Cmax | X - X |
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We estimate the second term on the right-hand side of (7.19) by Kantorovich’s duality,
which by the Lipschitz continuity of H(X,,(£) - -) yields a.s. for every ¢ € [0, T

|HY 5 v () (X (8)) — HY % 2P (8) (X (2)) |

/Hd('n(t)—y)d(v}i[(t)—ﬂp(t))(y)‘
< CW (v (8), 2P (2)).

Putting together the previous inequalities, we conclude that

N —

n=1 m=1
1L T _
-— HY(X,, () - y) d® d
N;:lfo fRZ (Xu(t) — y) AP (£)(y) de

_ T
< CE(max|x) - X, ) + C / E(Wi (u2,(0), () de
" 0

whence (7.18) by Theorem 7.1.
Step 2. (Asymptotic upper bound). Let us fix u € L*°([0, T];U). For every M > 1, let us
set uM = u. As in Step 1, we have that

jN,M(MM)=%/OT|M( de + E(/T L1 ZZHd (xM(2) ())dt),

nlml

where the stochastic processes (X™(t))ef0,r1, (YM(£))scio,r) (and the curve ZM) are the

unique strong solution to (7.2) corresponding to the control ™ = u and
1T VST e
== H| dt+ — HY(X,(t) —y) diuP (¢ dt,
= [ o aee 532 [ [ a0 -) a0

where the curve X, the stochastic process (}_’(t))tE[O,T] with law 1P (and the curve Z) are the

M

unique strong solution to (5.1). Trivially, we have u X u, hence we deduce (7.18) once

again and, in particular, the asymptotic upper bound
lim Iy m(u) = In(w).
M— +00
This concludes the proof. O

As a byproduct, we obtain the following result.

Proposition 7.4 Under the assumptions of Proposition 5.2, there exists an optimal control
u* € L*([0, T];U), i.e.,

In(*)=  min_ Jy(w).

ueL>([0,TT;U)
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Proof The proofis standard in the theory of I'-convergence. Let us consider a sequence of
independent Brownian motions (W,,,(£));cjo,r;, m > 1 and Y7,..., Yy, i.i.d. random variable
with the same law of Y°. Let (#™),>1 be a sequence such that Jy 41(#™) = inf Jy 4. Since
(uM)pr=1 is bounded in L*°([0, T;U), there exist #* and a subsequence (not relabeled) such

that uM > 1+ weakly-* in L*°([0, T];Uf). By Theorem 7.3 we have that

T (") < liminf Ty (1)

= liminfinf Jy < limsupinf Jy
M—+00 M—>+00

<limsup Jnu(u*) = jN(”*)'

M— +o0

(Here we used the fact that the recovery sequence for u* is the constant sequence given

by u*, see the proof of Theorem 7.3.) O

8 Mean-field limit for a large number of commercial ships
In this section we study the limit of the problem as N — +c0c. For this reason we will stress

the dependence of initial data and solutions on N.

8.1 Mean-field limitas N - +o00

In this section, we will use the explicit formula for the velocity correction

1 N
v (X) = v(N_ - gn(xn,xn —Xn/)>

N
1
= V(ﬁ ZnN(Xan _Xn’))r

n'=1
where we set

. (8.1)
N = N_1 n. .
In what follows, we shall use the symbol *; to indicate that the convolution is done with

respect to the second variable, i.e., i *; v(x) = fRZ n(x,x —x')dv(x').

Theorem 8.1 Assume the following:
o Let (W(2))efo0,1) be an R*-valued Brownian motion;
o Let XN = (X0,...,XY) € RPN and assume that max,, | XY0|| s < Ry with Ry
independent of N;
o Let YO be an R2-valued random variable with E(|Y°|) < +00;
o Let Z° = (Z9,...,29) e R¥L,
o Let u§ € P1(R?) with supp(uf) C BRO be such that Wl(% Z],Y:l 5)(,9’“8) — 0as

N — +00;
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Let uN,u € L®([0, T};U) be such that uN -~ u weakly* in L>([0, T);U).'® Let XN =
XN, XN, YN®))ieto,r), and ZN = (ZV,..., ZN) be the unique strong solution to"

B (0) = NGV O) XY (1) + K 5 B (N (@),

dt
dYN(e) = (2 30 KPs(YN () - ZNV(8)) — L 30 Koe(YN(e) - XN (2))) dt
+ /26 AW (1),
azy N N N (8.2)
SE(8) = 10 K (ZN () - ZN () + ul (8),
ng(o) =X,  ZN0)=2°, n=1,...N,t=1,...,L,
YNy =Y° as, Py = Law(YN).
Let us consider the measures
1 N
vi(0)= ;axy@. (8.3)

Then there exist u° € C°([0, T]; P1(R?)), (Y(£))repo,1), and Z = (Zy,..., Z1) such that

sup Wi (va(t),uc(t)) + ]E(H yN - 1_/Hoo) + ”ZN —Z||OO -0 asN — +00.
te(0,T]

Moreover, i € C°([0, T]; P1(R2)), (Y(£))ic(o,1), and Z = (Zy, ..., Z1) provide the unique so-

lution to

Op € + dive (v(n o o) (r + KP % puP)uc) = 0,

dl—’(t) = (2 Y00 KPe(Y () = Zo(0)) — KPS % p(O)(Y (1)) dt + /26 AW/ (),
GL) = § 0o KE(Zo() = Zu () + ue0),

2 (0) = Koy

Y0)=Y° as, uP = Law(Y),

Z(0)=2), ¢=1,...,L

(8.4)

Proof Step 1. (PDE solved by the empirical measures) In terms of v§(¢), V¥ (XN(#)) reads

N
W EY() - (% > (X 0.0 —ngu)))

n'=1

(8.5)
([ (RO 50 ) b5 0) ) = vl 5 O D).

181n fact, by the boundedness of U, this is equivalent to requiring that u¥ — u weakly in L' ([0, T;;UA).

19This corresponds to the averaged ODE/SDE/ODE system (5.1) with initial data X"°, ¥, 7°, with Brownian motion W/
and control u". The solution is provided by Proposition 5.2.
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Let us derive the PDE solved by v§(¢) in the sense of distributions.”” Let us fix & €
C((~o0, T)xR?). By (8.2) and (8.5) we have that

d/[° T
=% (foo . &(t, x) dvy (0)(x) dt +/0 » &(t,x) dvy (2)(x) dt)

N

AL o
N

— 3£ (6,X2)d
SN

T - dxN -
N n N
+ /0 <8t§(t,Xn (t) + TS () - V& (6,X) (0)) dt)

Z

(8.6)

T
= — Z( £(0,X°) /0 (3:& (6 XN (®) + v(nn %2 v () (XN (1))

% (£(RV(0) + K 5 A% (0(XV (D) - Vit (6, XN (1)) dt)

1 T
= /sz;‘(o,x)d(ﬁ ;6X2)(x)+/; /Rz(a,é(t,x)+v(nN *g vﬁ,(t)(x))

(r(x) +K?Px 1 (t)(x)) V.E(t, x)) dvy,(£)(x) dt.

This means that vy, is a distributional solution to

9 vx; + dive(v(ny o Vi) (X + KP % N)vN) 0,

(8.7)
vy (0) = N Zn:l X9

Step 2. (Convergence of empirical measures vy) To show the compactness of the se-
quence of curves vy, € C°([0, T1;P1(R?)), we rely on the Arzela—Ascoli theorem for
metric-valued functions. We split the proof in substeps.

Substep 2.1. (Equiboundedness of supports) By Remark 5.3, we have that max, ||)_(£:’ oo <
R, where the constant R depending on the initial datum X0, the final time T, ||"V]|s, I, and
K*P. This implies that supp(vy;(£)) are contained in the closed ball By for every t € [0, T].

Substep 2.2. (Equicontinuity) Let us prove that v§;, € C°([0, T; P1(R?)) are equicontinu-
ous.

We observe that the sequence || ZV ||, is bounded. Indeed, by (8.2),

t 1 L
ol=ia- [ (|} o)) as
=1

t t
5|z°|+/ C(1+|ZN(s)|)ds§|Z°|+CT+/ C|ZN(s)| ds,
0 0

= Z(s))

20We use here the duality introduced in Footnote 16.
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the constant C depending on K and the set of admissible controls ¢/ (bounded). Taking
the norm of ZN and by Gronwall’s inequality, we obtain that

1ZN@)| < (|12°] + CT)e <R,

where the constant R’ depends on K88, U{, and T.
By Remark 5.3, for every r € [0, T'], we have that

/R DIdRR()0) = E(7V0]) = €1 +B( 7)), 8.9)

where the constant C depends on KP8, KP¢, ||ZV|,, (bounded by R'), max, ||)_(£,V||OO
(bounded by R), T, and W. Then the Lipschitz continuity of K¢ and (8.8) yield

K W] = [ Ko=) dik 00

= /RZ(V“"(OH + Clxl + Clyl) dizk () ) (8.9)
< C(L+E(|Y?]) + Ixl) = C(1 + Il),

where the constant C additionally depends on E(|Y?]).
By (8.2) and (8.9), fors <tand n =1,...,N, we have that

|)_(y(s) —)_(y(t)| < /t|vy()_(N(r)) (r()_(,]lv(r)) + K % ﬁf\[(r)()_(ﬁ[(r)))\dr
< /tC(l + |)_(£[(r)|) dr <Clt-s|,

where the constant C depends on the constant obtained in (8.9) and additionally on
["V|l« and r. Using as a transport plan between v§(s) and v§(¢) the measure y =
& >N 8 (%N (5),XN (i)» We obtain that

N
Wl(vf\,(s), vf\,(t)) < /R2 o |x—x/| dy(x,x/) = % Z|)_(flv(s) —Xﬁ’(t)! <C|t-s|,
X n=1

i.e., the curves v§, € C°([0, T]; P1(Bg)) are equi-Lipschitz with respect to the 1-Wasserstein
distance.

Substep 2.3. (Compactness) Since the ball By is compact, the Wasserstein space P; (Bg)
is compact too [39, Remark 6.19].2! Hence the Arzela—Ascoli theorem for continu-
ous functions with values in a metric space guarantees the existence of a curve u° €
C°([0, T1; P1(Bg)) and a subsequence Nj such that

sup W, (vf\,k(t),uc(t)) — 0 as Ny — +00. (8.10)
te[0,T]

Zn fact, the curves v§ € C°([0,T];Pi(R?) take values in a compact set of P;(R’) independent of N even un-
der weaker assumptions. This is the case, e.g, when g-moments of v§(t) with g > 1 are uniformly bounded, i.e.,
supy sup; fRZ [x|9dvf (D) < +oo for some g > 1 (this can be proven based on [39, Theorem 6.9]. A uniform bound on
the g-moments follows from the analogous assumption on the distribution of initial data by a Grénwall inequality.
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Without loss of generality, we do not relabel this subsequence and denote it simply by N.
This does not affect the proof as in Theorem 8.2 we shall prove the uniqueness of solutions
for the limit problem.

Step 3. (Convergence of ZN) We let Z = (Z1,...,Z;) be the unique solution to

Loty = L3 KE(Zy(t) — Zo(8)) + ue(8),
Z(0) = ZY.

As in Substep 4.1, in the proof of Theorem 7.1 we get that
||ZN—Z||OO—>0 as N — +oo. (8.11)

Step 4. (Convergence of YV) Let us consider the SDE

dY (#) = (2 Yo7, KP8(Y (£) - Zo(8)) — K % () (Y (1)) de + /26 AW (2), (8.12)
Y0)=Y° as. '

We will show that Y converges to Y.
Substep 4.1. (Well-posedness of (8.12)) There exists a unique strong solution to (8.12).
Indeed, let us consider the drift

L
b(t,Y):= % S KPE(Y — Zy(t)) - K % p(e)(Y)

=1

and the constant dispersion matrix o = +/2«1dy, so that

dY () = b(t, Y () dt + o AW (2),
Y0)=Y° as.

Let us observe that b is continuous in ¢ and Lipschitz continuous in Y (with Lipschitz
constant independent of £). Indeed, Z is a continuous curve, while by Kantorovich’s duality

KR s pu(£)(Y) = K % 11 (s)(Y)|
(8.13)

[ K =0 - )

< O (u“(8), 15(s)),

and ¢ — uS(£) is a continuous curve in the Wasserstein space P; (R?). Moreover, the func-
tion Y > KP8(Y — Z,(¢)) is Lipschitz continuous, and so is ¥ — KP¢ % u°(£)(Y) since

‘KPC * wC()(Y) — KP€ % pLC(t)(Y/) | < / ‘KPC(Y —x) — KPC(Y/ - x) | dus(t)(x)
RrR2
5/1CW—YWMHMM:CW—Y¢
RrR2
Moreover, we have that

|b(t, Y)| < |b(£,0)| + |b(£,0) - b(t, Y)| < |b(t,0)| + C|Y
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and

L
|b(£,0)| < % Z‘Kpg(—Zg(t))! + |KP¢ % pf(2)(0)]
=1
<C(1+[z®)]) + / C(1+ %) duf(O)(x) < C(1+ [ Zlloo) + C1+R) < C,

R

where the last inequality follows from the fact that Z is bounded and () has support in

the ball B(0) for every ¢ € [0, T]. We conclude that
(8.14)

|b(t, V)| < C(1+]Y]),

where the constant C depends on KP8, KP¢, || Z||, R. Thus the assumptions of Proposi-

tion 2.1 are satisfied. Proposition 2.1 also gives us that

E(IYl) <C, (8.15)
where the constant C depends on KP8, KP°, || Z||, R, Y°, T, and W.
Substep 4.2. (Convergence of YN to Y) Let us prove that
(8.16)

E(|YN-Y|_)—>0 asN— +oo.
We start by noticing that
1 ¢ pe (N SN (AY _ 1PC o 1€ (£\ (TN
~ ;K (YN(8) - XN (2)) = KP % v5,(0) (YN (2)).
Hence, by (8.2), (8.12), (8.13), and by Kantorovich’s duality, we have a.s. for0 <s <t <T

[ YN(s) - Y (s)]
1 [°
=< Z Z/; |Kpg()_/N(r) —Zé\[(r)) _](Pg(}_/(r) —Z[(V))| dr
=1

+ /(;S|I(PC * vf\,(r)(l_/N(r)) — KP€ % y,c(r)(l_/(r)) | dr
< /SC]YN(r) _¥0)|drecr|zV - Z|
0
+ /OS|I(pc * vf\,(r)(l_/N(r)) — KP€ % u,c(r)(l_/N(r))| dr
+ /OS|KpC 1 (r) (YN (r)) = K2 () (Y (r)) | dr

5/ C|YN(r)—1_/(r)|dr+ CT||ZN—Z||OO+CT sup Wl(v]f,(r),,u,c(r))
0 rel0,T]
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Taking the supremum and the expectation, we deduce that

E( sup ‘}_’N(s) - ?(s)‘) < /tCE( sup })_/N(r) - )_’(r)’) ds
0

0<s<t 0<r<s

+ CT||ZN —ZHOO +CT s;.lp]Wl(vl‘i[(r),,uc(r))
re(0,T

and, by Gronwall’s inequality,

]E( sup |7 (s) - Y(s)|) < CT(||ZN ~Z|| + sup W1(vf\,(r),uc(r)))ea.
rel0,T]

0<s<t
In particular,
(|7 - 7] ) = (|2 - 2], + sup Wi(v§()i())),
rel0,T]
the constant C depending also on 7. By (8.11) and (8.10), we obtain (8.16).
Step 5. (Limit problem) With (8.10), (8.11), and (8.16) at hand, we are in a position to

pass to the limit as N — +00 in (8.7) and prove that u° is a distributional solution to

0p € + dive (v(n 2 u€)(r + KP % uP)uc) = 0,

(8.17)
ne(0) = us,
ie.,
0= /Rzg(o,x)dué(x)
T

. (8.18)

QE(t,

+/0 ./Rz( £(t,x) +v(n %2 n(£)(x))

X (r(x) + KP % puP(£)(x)) - Vi& (£,%)) du(6)(x) dt.

We divide the proof in substeps.
Substep 5.1. (Convergence of initial datum term) By the Lipschitz continuity of x
£(0,x) and by Kantorovich’s duality, we have that

1 N
’fﬂ@;(a@d(w > —MB)(x)

By the assumption on the initial data, we have that Wi (5, YN8 x9» 45) — 0, hence

N
1 § c
S CWl (ﬁ - 8X9,’ /L0>

1 N
/Rzé(o,x)d<ﬁ;5)(2)(x) — /sz(o,x)duf). (8.19)

Substep 5.2. (Convergence of time-derivative term) Since x — ;& (¢, x) is Lipschitz con-
tinuous with a Lipschitz constant independent of ¢, by Kantorovich’s duality we have that

< CWL (v (@), 14(1)

fR (2 (50 - 1 O) )
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for every t. By (8.10) it follows that fR2 0:£ (2, %) dvg (£) (%) — fRZ 0. (t,x) du(t)(x) as N —
+00 uniformly in ¢, thus

T T
/ / 3:£ (¢, %) dvg, (£) (x) dt — / / 0:& (¢, x) dp(2) (x) dt. (8.20)
0 JRr? 0o JRr?2

Substep 5.3. (Convergence of divergence term — I) Let us show that

T
/0 /11;2 v(n *9 vf\,(t)(x))r(x) - V& (8, x) dvg (2)(x) de

- (8.21)

— / / V(1 #2 1€ () (x))r(x) - V& (£,%) duc(t)(x) dt - as N — +oc.

0o JR?2
We start by splitting
T
/ f v(n %9 v]’i,(t)(x))r(x) - V& (t,x) dvg (£)(x) de
0o JR?2
T
[ [ @) Ve o

o (8.22)

T
< / / (i #2 v (O0) = v %2 1O )| [F DIV (6 0)] vy (0)(x) e
0 R2

+

T
| [ vl ne @) - 9.0 (5.0 - 14 (0) ) dt‘.

By the Lipschitz continuity of v, by (8.1), by the Lipschitz continuity of 7, and by Kan-
torovich’s duality, we have that for every x € R2?and t € [0, T]

V(i #2 v (@) = V(1 %2 n(B) ()|
< Clan #2 vy (@) = 1 %2 1 () ()|

< Clin 2 v (O)(x) = 0 %2 v ()®)| + Cln 2 v (D)%) — 7 %0 1 (0) ()|

= C/Rz [ (s = &) =, = &) | Ao (8) () (8.23)

+C

/]RZ n(x,x - x’) d(vf\,(t) - uc(t)) (x/)

1
< C(N + sup Wl(vlf,(s),MC(s))>,
-1 5o,

where the constant C depends on v and 7. Integrating in time and space and using the fact
that |r(x)] < C(1 + |x|), thus it is bounded on the compact support of &, we obtain that

T
/ / vy #2 v (O0) = v %2 10 )| [F DV (6 0)| vy (0 dit
o R (8.24)

sc( o sup wl(v;,(sxw(s))),

s€[0,T]

where the constant C dependson v, n,r, &,and 7.
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Moreover, the function x > v(n %3 u¢(£)(x))r(x) - V.&(¢ x) is Lipschitz continuous with
a Lipschitz constant independent of ¢ and depending on v, 1, r, and &. For x > v(n) *;

1E(t)(x)) satisfies the latter property since

[v(n 2 O @) = v(n %2 1O (%)) |

< Clna nS(B)) = 12 1) ()| (8.25)

= Cf n(xx -2") = n(x,x' - ") [ duc(@)(x") < Cla -],
]RZ

where the constant C depends on v and 7. As above, r is bounded on the support of
&. By the Lipschitz continuity of r and V,&, we conclude that the product x > v(n *;
wE(6)(x))r(x) - V& (¢ %) is also Lipschitz continuous. Thus by Kantorovich’s duality we ob-
tain that for every ¢ € [0, T

/2 (1 %2 1S (D)) r(x) - Vié (6,x) d(v5 () — n(0) (%)
R (8.26)

< C sup Wi(v5(s), n()),
s€[0,T]

where C depends on v, 1, r, §. Combining (8.22), (8.24), and (8.26), by (8.10) it follows that

T
‘/0 /]1;2 v(n *g Vf\[(t)(x))r(x) VL& (%) dvS () (x) de
T
_ /0 ,/1;2 V(U % ,uC(t)(x))r(x) VLE (%) duc () (%) dt‘
T
- f / Clvlm 22 5O = vl 1 O@)| DO de
0 R2

+

T
[ [ s n @) - viete D ang o)

T
— /0 ,/RZ V(n ) Mc(t)(x/))r(x/) -V,E (t,x/) d,LLC(t)(x/) dt‘
1

< C( + sup Wl(vf\,(t),uc(t))) —0 asN — +o0,
N-1 o1

where the constant C dependson v, n,r, &, and 7.

Substep 5.4. (Convergence of divergence term — II) Let us prove that

T
fo /R v e W O)KP 5 A (0() - Vot (1) v (0)(0) e

T
=[] s m WK ¢ 200 Vo) i e (8:27)
0 JR?2

as N — +o0.
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We start by splitting

T
[ v @) ¢ 06 - Vo) o 00

T
_ /(; ./1R2 v( 2 L)) KP 5 1P (£)(x) - Vi (£, %) A () () dt

T
< [ [ oo s s 00) = vl )

X |KCp * 1% (£) () - Vx‘;‘(t,x)| dvy, (1) (x) dt

T
[ o o))

X |(KCp * ﬂi,(t)(x) — K % Mp(t)(x)) . Vxé(t,x)‘ dvg,(t)(x) dt

(8.28)

+

T
[ [ o o) curow

X VxS(t,x)d(vf\,(t) — ,uc(t))(x) dt|.

For the first term on the right-hand side of (8.28), we argue analogously to (8.24) to obtain
that

T
/0 /R vl 5 ) ~ V{0 1 OW) [P 5 RO - Vi (60)] dofy () de

1
< C( + sup Wl(vf\,(s),uc(s))) —0 asN — +o0,
N-1 o1

where the constant C depends on v, , K?, £, and T. The only difference consists in the

fact that we have KP % lli,(t)(x) in place of r(x). For this, we need to observe that

ki 0] - | [ ko6 a0

: /Rz ([K®©] + Clxl + Clyl) dak () (8.29)

<C (1 + |x|).
In the last inequality, we used the fact that, since ﬂﬁ,(t) is the law of YN (z),
[, mai oo <B(|7],) <c.

where the boundedness follows from the convergence (8.16).
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For the second term on the right-hand side of (8.28), we start by observing that KP is
Lipschitz, thus we have for every x € R? and ¢ € [0, T

|KP s iR (£) (%) — KP % 1P (£) (%)
=‘/ K”M—ykM&GXﬁ—:/<K”@—y3duﬁﬂ03
RZ ]RZ
= |[E(KP(x - YN (1)) - KP(x - Y(1))| < CE(|]YN() - Y(0)]) <E(| YV -7 ).

By (8.16), it follows that

//| v(n %o u( x))HKCP* £)(x) — KP % uP(t)(x HVx?;‘(tx’va (x) dt
< CTIVloo IV B (| 7Y = 7] ) > 0 as N = +o0o.

For the third term on the right-hand side of (8.28), we observe that the function x
V(1 *o n(£)(x))KP x uP(£)(x) - V E(¢,%) is Lipschitz continuous with a Lipschitz constant
independent of ¢ and depending on v, n, K°?, uP, and &. This follows from (8.25), from the
fact that £ is compactly supported, and the inequality

’KCP * up(t)(x)| < C(l + |x|)

obtained as in (8.29). By Kantorovich’s duality,

V(1 %2 () (%)) KD 5 P (2)(x) - Vi (8, %) d(vR (8) — 1 (8)) () de

<CW (vﬁj(t),uc(t)) < sup CWl(v,‘;',(s),,uC(s)) —0 asN — +00o,
s€[0,T]
by (8.10).
Substep 5.5. (Conclusion) Combining (8.6), (8.19), (8.20), (8.21), and (8.27), we conclude
the proof of (8.18).
We prove the uniqueness of the solution in Theorem 8.2. 0

Theorem 8.2 Uinder the assumptions of Theorem 8.1, the solution u° € C°([0, T]; P1(R?)),
(l_/(t))tE o1, and Z = (Zy,...,Z;) to (8.4) is unique.

Proof The uniqueness of Z is direct as the ODE for Z is decoupled from the first two
equations.

Assume now that u¢ € C°([0, T1; P1(R?)), (Yi(£))icfo,r) for i = 1,2 are solutions to (8.4)
with the same initial data, i.e.,

dypa§ + divx(V(n kg 1) (1 + KP s puf) ) = 0,

dYi(t) = (3 oy, KP(Yi(£) — Zy(8)) — KP 5 pu () (Vi(8))) dt + /2 AW/ (£)
L) = (L0 KB(Zo(t) - Zo () + ue(2)) dt,

wi(0) = ug,

Y:(0)=Y° as, 1P = Law(Yy),

Z(0)=2), ¢=1,...,L,

(8.30)
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where supp(us(0)) = supp(ug) C Bg. As customary in uniqueness proofs for evolutionary
problems, we will temporary neglect the assumption that the initial data ¥;(0) and ¥5(0)
are a.s. equal and u$(0) and u5(0) are equal in order to carry out a Gronwall-type argument
to deduce stability with respect to the initial data. The objective is to prove the following

pair of estimates:

E(|1Y1 - Yalleo) < ( (I11(0) /Wl 1S(s), 1S (s ))ds), (8.31)

(Ml(t) Mz( )) (Wl (.Uq( ) 1 ( )) +E(”ifl - YZ”OO)) (8.32)

These two inequalities provide uniqueness when combined. Indeed, if Y7 (0) = Y° = Y5(0)

a.s. and u§(0) = u§ = u5(0), then (8.31) simply reads

B(IT: - Tal) = C [ Wi (50, 156) &

Substituting into (8.32), we get that

Wi (1), 15(8) < C /O Wi (1 (5), 15(5)) s,

which by Gronwall’s inequality yields W (u$(#), u5(¢)) = 0 for all £ € [0, T]. Then (8.31)
gives B(|| ¥ - Yals0) = 0.

We divide the proof of (8.31)—(8.32) into several steps.

Step 1. (Estimate of E(|| Y1 — Y2 |)) By (8.30) we have thata.s. for0<s<t<T

|Y1(S)—Y2(S)|

s L
(% S KP(Y1(r) - Zor) - KP % M;m(ﬁm))
=1

L
) <% ZKPg(YZ(r) - Z[(l")) — KP¢ % /Lg(r)()_’z(r))) dr
=1

(8.33)
K s
< (10 - 70|+ 7 3 [ KO (Fi0) - 2e0) - K94 (Fatr) - 2,0
=1

+ /0 ’KPC * ,ui(r)()_/l(r)) — KP¢ % ,ui(r)()_’g(r)) ’ dr

+ / |KpC * ,ui(r)()_’z(r)) — KP¢ % ,ug(r)()_’z(r)) | dr.
0
The first integrand in (8.33) is bounded using the Lipschitz continuity of KP¢ by

|KP&(Y1(r) = Zo(r)) = KPE(Ya(r) = Zo(r))| < C|Ya(r) = Ya(r)|. (8.34)
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The second integrand in (8.33) is estimated using the Lipschitz continuity of K?¢ as fol-

lows:

[KP 1 (1) (T1.) = KP° 5 15 (1) (T |
_ B _ B (8.35)
< /RZ |KPC(Y1(r) —x) —I(pC(Yz(r) —x)| dui(r)(x) < C‘Yl(r) - Yg(r)}.

The third integrand in (8.33) is estimated using the Lipschitz continuity of KP¢ by Kan-

torovich’s duality

K5 15 () (Fa) = K 5 a5 () (Ta0)|

(8.36)

| K (0) - 2) d50) - 5 0) 0

< CWL (1§ (r), 15 (7).

Combining (8.33)—(8.36), we infer thata.s. for0 <s <t <T
171(65) - Ta(s)| < | 740) = 2(0)] + / 17:0) - 7o) dr + € / W (S0, 15 .
0 0

Taking the supremum in s and the expectation, we deduce that

E( sup | Y1 (s) - Y2(5)|> <E(]|Y1(0) - Y2(0)|) + C/o W (15 (), 15(s)) ds

0<s<t

+C/o sup E(|f’1(r)—}_’2(r)|)dr.

0<r<s
By Gronwall’s inequality,

E( sup [¥i(s) - Fals)]) = (]E(}YI(O) ~1(0)]) + C/o Wh(1(9), 115(5)) ds)eCt

0<s<t

for t € [0, T] and, in particular,

E([1Y1 - Yalloo) < C(IE(|Y1(0) - Y>(0)[) + /0 Wi (145(s), 15 (5)) dS)

for t € [0, T'], where the constant C also depends on T.
Step 2. (Introducing the flow for the transport equation) Following an idea in [35, 36], we
prove uniqueness by regarding the solutions of the transport equation from a Lagrangian

point of view. Let us consider for every x € supp(u.7(0)) the flow

3 Di(t,x) = v(n %2 w§(O(Pi(t, 20))) (K(Pi(t, ) + KP s 17 ()(Pi(2, %)),
CI)L'(O,JC) =X.

(8.37)

Then pf(£) = ®,(t, -)x15(0), see [38, Theorem 5.34].
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Let us show that the flows ®; are bounded. We notice that
K % 1P (1)(X)] < / (K] + [KP0C=5) - K20)]) i (0))
R

< [, X1+ ) 4 00) = C(1+ X] + (1)
<c+Ix)),

where we used bound (8.15). By (8.37) and by the estimate |r(X)| < C(1 + |X|), we deduce
that for every x € B

| @i, %)| < |x] + fo 1Vlloo (| (®i(s,)) | + |KP s paf (s)(Dis, %)) |)

t t
< |x|+/ C(1+’<Di(s,x)|)ds=|x|+Ct+f C‘CID,'(s,x)|ds.
0 0

By Gronwall’s inequality and since x € By, we obtain that
|@i(t,%)| < (x| + Ct)e < R+ CT)e“" <C forte[0,T], (8.38)

where the constant C depends on ||v|, r, K, R, and T (in addition to the constant
in (8.15)).
In what follows we will show that

|<D1(t,x)— ¢2(t,x/)|

¢ ¢ (8.39)
<l ¢ [ W6.120) s+ [ W ohm59) )
0 0
for x, ' € Bg and t € [0, T.
We start by observing that
|q)1(t)x) - (DZ(t)x,)i = |¢1(t’x) - ¢2(t’x)| + |d>2(tyx) - dD2 (tyx/)| (840)

for every x, x' € R? and t € [0, T].
Step 3. (Estimate of |1 (£, x) — P, (¢, x)|) We estimate the first term on the right-hand side
of (8.40) as follows:

|®1(2,%) — D2(t,%)]

/ v(n %2 15 () (P1(5,%))) ((P1(s, %)) + KP s ] () (P1(s,%))) ds

0

- ,/o v(n %9 ,ug(s)(cbg(s,x)))(r(d>2(s,x)) + KP % Mg(s)(éz(s,x))) ds
< /0 v(1 %2 15 () (P1(5,%))) = v( 2 15 () (Pa(s,2))) | [ (@1 (s,)) | s

+ /0 V(%2 1S () (®1(5,)) = v(n 52 15(5) (@a5,)))| (8.41)
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X |I(CP * u‘f(s)(d>1(s,x))|ds
+/ [Vlloo|£(P1(s, %)) — 1 (P2(s,x))| ds
/ ||V||OO|I<CP*/L1(S <I>1 s,x)) KCP*,LLlf(s)(CDz(s,x)ﬂds

/ Vo KD 5 1262l ) = K 1 (5) (@05, | .

In the following substeps we estimate the five terms on the right-hand side of (8.41).
Substep 3.1. Let us estimate the first term on the right-hand side of (8.41). For x €
supp(u5(0)) and s € [0, T'], we split

V(1 %2 15 (8)(P1(5,%))) = v(1 2 p5(8)(P2(s,%))) |
< [v(n %2 1§ () (P15, %)) — v(n #2 15 (5)(Pa(s, %)) | (8.42)
+ |v(n 52 w5 (8)(Pals,%))) — V(1 2 w5 (s)(P2(s,%)))|-

We exploit the Lipschitz continuity of v and 7 to obtain that

V(152 156) (@105, 0))) = V(1 52 15 (5) (@2 (s, ) )|

(8.43)
< Cln g 1§(8)(Pr(s, %)) — 1 k2 w5 (8)(P2(s,%)) | < | P1(s, %) — Pals,x)|.

Moreover, we use the Lipschitz continuity of x' > n(®y(s,x), Da(s,x) — &') and Kan-

torovich’s duality to deduce that

V(1 32 15 () (Pals, %)) = (1 52 115(5) (Pa(s, %)) ) |

< Cln %2 15(6)(@a(s,2) = 1 42 15(5) (D2 (s, )|

(8.44)
<C fRz 1(Pa(s, %), Paols,x) — &) d(p5(s) — u5(s)) ()
< Wi (15 (9), 115(5)).
By (8.38) we have that for x € Brand t € [0, T]
’r(@l(s,x))’ < C(l + ‘Cbl(s,x)‘) <C. (8.45)
By (8.42)—(8.45) we get that for every x € Bg and ¢ € [0, T']
/ v(1 %2 15 () (P1(5,%))) = v( 2 15 () (Pa(s,2))) | [ (@1 (s,)) | s
0 (8.46)

= C/O (|®1(s,%) = Pals, )| + Wi (15(s), 5(s))) ds
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Substep 3.2. Let us estimate the second term on the right-hand side of (8.41). By the
Lipschitz continuity of KP, we observe that for x € Bz and s € [0, T']

K s 28 (5) (@1 (s, ) | < /R K (@1(52) - 9) | drd () )

< /R ([KP©)] + C|@1(s,2)] + Clyl) dub(5)0)

<C(1+|P:(sw)|) =C,

where we used (8.15) and (8.38). Then, as for (8.46), we have that

/0 [v(1 %2 15 () (P1(5,%))) = v(1 %2 15 () (Pa(s,2)) ) | [KP 5 425 (5) (@1 (s,0)) | s
(8.47)

<C /0 (| 1(5,2) — Bl )| + Wi (15(5), 125(5))) .

Substep 3.3. Let us estimate the third term on the right-hand side of (8.41). By the Lips-
chitz continuity of r, we get that

/ ||v||oo|r(d>1(s,x)) - r(<1>2(s,x))|ds < C/ |<I>1(s,x) - Cbz(s,x)| ds. (8.48)
0 0

Substep 3.4. Let us estimate the fourth term on the right-hand side of (8.41). We exploit
the Lipschitz continuity of KP to deduce that

|KP 11} () (D1 (s,%)) = KP s} (5) (Dals, %)) |

’

< /1;2 |KCP(<1>1(s,x) —y) = KP(Dy(s,x) - y) | dub(s) < C|<I>1(s,x) - Dy(s,x)

from which it follows that

[ IR 260 (105,20) = K s 9 (5. &
0 t (8.49)
5(7[ |1 (s,%) — P(s,%)| ds.
0

Substep 3.5. Let us estimate the fifth term on the right-hand side of (8.41). By the Lips-
chitz continuity of y > KP(Py(s,x) — ¥), we have that

|KP % uf (5) (a5, %)) — K x ub(s)(as, %)) |

/R KP(a(s,9) =) (1 5) ~ 1369)0)
< ]E(‘I(CP(Qg(s,x) - )_/l(s)) —KCP(CDZ(S,x) - )_/2(5))’)
< CE(|Yi(s) - Ya(s)|)

< CE(IY: - Yallo),
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from which we infer that
t - —_
/ Voo | KP 5 1} () (Pa(s, %)) = KP s ub(s)(Pa(s,%)) | ds < CE([| Y1 - Yallso),  (8.50)
0

the constant C depending also on T
Substep 3.6. Combining (8.41), (8.46), (8.47), (8.48), (8.49), and (8.50), we obtain that

|(I>1(t,x) - (I>2(t,x)| = C]E(”YI - YZ”OO) + C/(; Wl (ME(S)’MS(S)) ds
+ C/t|CI>1(s,x) - <1>2(s,x)‘ ds.
0

By Gronwall’s inequality this yields

@1 (6,%) = Pty )| < Ce© (E(HYI CBle) + fo W (4 (), (5) ds)

for t € [0, T] and, in particular,

|1 (£,%) — B(t,x)| < c(xa(nia ~Talleo) + /0 Wi (15(5), 15(s)) ds) (851)

for t € [0, T] with C depending also on T.
Step 4. (Estimate of |®(f,x) — P,(t,«)|) Let us estimate the second term on the right-
hand side of (8.40). By (8.37), we have that

| @ (%) — Do (8,4)| < |0 — |

+ / V(1 9 13 (6)(P2(5,%))) (x(D2(s, %)) + KP 5 5 (s) (Pa(s, %)) ds
0

[l (@) e2(5) 4 K7 0 2(5))) s

= el [ o e 50(16.9) v 521500 (0a(5)) et ) |
[ W 5 (0(@36620) = vl 22 5O @2l DK 5 186 052 &
[ e (@at62) - (@264 s
R /0 Voo | K 5 12(6) (a5, ) — K0 5 13(6) (@ (s,)) | .

Reasoning similarly to Step 2 (i.e., exploiting the Lipschitz continuity of v, 1, r, and K*P),
one shows that for x, ¥ € Bg and ¢ € [0, T]

t
| @a(t,%) = Do (8,4) | < [ - '] + Cf | @ (s, %) — Da(s,2') | ds,
0
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which by Gronwall’s inequality yields |, (2,x) — ®o(t,4')| < |x — | for x, x' € Bg and
t € [0, T] and, in particular,

|@s(t,%) — D2 (8,4)| < Cla - | (8.52)

for x, x' € Bg, where the constant C depends also on T..

Putting together (8.40), (8.51), and (8.52), we conclude that (8.39) holds true.

Step 5. (Estimate of Wi (u§(¢), 115(2))) Let y € P(R*xR?) be an optimal transport plan
satisfying 7iy = u$(0) and

Wi (ui(O),ug(O)) = /R2 o |x - x/’ dy (x,x’). (8.53)

We observe that since 14§(0) and 15(0) have both supports contained in the closed ball Bg,
the measure y is also concentrated on a set contained in B xBg, see [39, Theorem 5.10-
(ii)-(e)]. We consider the map (x,x') > (®1(t, 71 (x,x')), Po(t, 72(x,%))) and the trans-
port plan (®;(f, 1), @o(¢,7%))sy, observing that it has marginals u$(¢) and w$(¢) since
we have that 7(®1(¢, 1), Da(t, 72))ey = Du(t, Jarrly = Di(t, )uus(0) = s (2). From (8.39)
and (8.53) it follows that

Wi (15 (8), 15(2))
< [ -xld(@uen). @a(er)p) (6X)
R2xR2

_ /B @162 - Ba(6,x) | dy (6,2

R%BR

t
scﬁ ) |x_x’|dy(x,x')+CE(||?1—?2||OO)+C/ Wi (15 (s), p5(s)) ds
B 0

RXBR

t
- W (u5(015(0) + CE(1Ts - Tall) + € | W(u5(0)15(6) .
0
By Gronwall’s inequality

Wi (15 (8), u5(2))
< Ce“' (Wi (15(0), u5(0) + E(1Y1 - Yalloo )

< C(W1(115(0), 15(0)) + E([1Y1 = Yalloo))

for ¢ € [0, T], where the constant C also depends on T'. This concludes the proof of (8.32)
and of the theorem. O

Proposition 8.3 Under the assumptions of Theorem 8.1, the curve u¢ € C°([0, T]; P1(R?)),
the law P € P1(C([0, T);R?)), and the curve Z = (Zy,...,Z1) from (8.4) are solutions to
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the ODE/PDE/ODE system

Op € + dive (v(n o o) (r + KP % pP)uc) = 0,
QP — ke Ayi® +divy (2 o0 KPE(- — Zy(£)) — KP % u)uP) = 0,
dZy(t) = (2 Y0 KB(Zy(t) - Zo (1)) + ue (1) dt,

(8.54)
©e(0) = ug,
1P(0) = g,
Z(0)=2), ¢=1,...,L,

where the PDEs are understood in the sense of distributions and u is the law of Y°.

Proof The proof consists in deriving the PDE solved by uP using Itd’s lemma and is ob-
tained as in the proof of Proposition 7.2 mutatis mutandis. d

Theorem 8.4 Under the assumptions of Theorem 8.1 and further assuming that:
o up € Pa(RY);
o Wb has finite entropy, i.e., ub = ps (x) dx for some function pl € L'(R?) satisfying
Sz p6 () 1og(pg (x)) dx < +00;
o ub =Law(Y?);
the solution to (8.54) is unique.

Proof Step 1. Let us fix u¢ € C°([0, T); P1(R?)) and Z = (Z,,...,Z;) € C°([0, T]; R?) solu-
tion to the ODE in (8.54) involving Z. We start by observing that the PDE

P — Kk AyuP + divy((% Zﬁ;l KP8(- — Z,(2)) — KP€ % u)uP) =0,

(8.55)
1P(0) = g,

has at most one solution uP € P;(C°([0, T]; Bz)), where By is a closed ball of radius R > 0.
As done in [9, Theorem 3.7], we apply the result [10, Theorem 3.3]. To check all the
conditions, let us write the PDE using the same notation of [10]. Let A(¢,y) = Id; and
b(t,y) = %Zﬁzl KP8(y — Zy(t)) — KP€ % uc(t)(y). Let us define the operator L& = 9,& +
tr(AV2E) + b - VE. If uP € P1(CO([0, T1; R?)) solves (8.55), then it is a Radon measure®? on
(0, T)xR? solving L*uP =0, ie., Jo.ryxm2 LE AP = 0 for every & € C*((0, T)xR?). Triv-
ially, A is bounded and Lipschitz in the y variable. By the Lipschitz continuity of KP8 and
the boundedness of Z,

1 L
=C D ly=20] = Clyl+ CliZllo = C(1+ Iyl).
£=1

L
I—

t=1

Moreover, by the Lipschitz continuity of KP¢,

|1<pc*u“(t)(y)|§/ IK"C(y—x)Iduc(t)(x)E/ C(Iyl + Ix]) dpe(B)(x) < C(1 + Iyl),
R2 R2

2ndeed, (P can be seen as a Radon measure on (0, T)xR? since the duality & € C2((0, ) xR?) foT Sz ECYP@)) dt is
a linear and continuous operator, ¢f. [8, Corollary 1.55].
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where the constant C also depends on R. In conclusion,

b(t,y)-y| < C(1 +1y).

By the assumption pf € P>(R%), we have that [ [y*> dug(y) < +00. Finally, the initial con-
dition is attained also in the sense

tim [ €0)aw©0) = [ €0)au0)

sincet € [0,T] — fRZ E(y)duP(t)(y) is a continuous function, ¢f. also Footnote 16.

By [10, Theorem 3.3] we conclude that there is at most one family (P(£))ic[o,7] that
solves (8.55).

Step 2. Let now u$ € CY([0, T]; P1(R?)), nb e Pi(C°([0,T;R?)), i = 1,2 (and Z =
(Z1,...,2Z;) € CO([0, T]; R?)) be two solutions of (8.54), i.e., fori=1,2

epas + diva(v(n %o ) (X + KP s pul)uf) = 0,
atl’b? - KA;V/“L? + diVy((% Zé;l KP8(- — Z,(t)) — KP€ % M,C)Mf))
dZu(t) = (L Y0 KS(Zo(t) - Zo(8) + ue(0)) dt,

07
(8.56)
ui(0) = ug,
17 (0) = g,
Z(0)=29, ¢=1,...,L

Let Y° be an R?-valued random variable with law 4" (0) = u5(0) = b, and let us consider
for i = 1,2 the solutions to

dYi(0) = (} 2oy KPE(Yi(8) = Zo(2)) = KP 5 s (6) (Yi(0))) dt + v/2 AW (),

T (8.57)
Y;(0)=Y° as.,

which exist and are unique by Substep 4.1 in the proof of Theorem 8.1. Let us set i} =
Law(Y;). (Notice the temporary difference between Y and u!.) By deriving the PDE solved
by the law i} using It&’s lemma (see the proof of Proposition 7.2), we obtain that for i = 1,2

Ot — e Ayt + divy((F Yo7y KP8(- = Zy(£)) = KP° % pu)jaf) = 0,
(2} (0) = pg.

However, by (8.56) and by the uniqueness proven in Step I, we deduce that /1? = ,uf for
i =1,2. Combining (8.56) and (8.57), we obtain that, for i = 1,2,

Beu§ + divy(v(n *o u$)(x + KP s puf) ) = 0,

dY;(t) = (2 Y5 KPE(Yi(t) - Zo(t)) — K 5 S (£)(Yi(2)) At + /26 AW (),
G = | 0o KE(Z() = Zu () + ue0),

wi(0) = ug,

Y:(0)=Y° as, 1P = Law(Yy),

Z(0)=2), ¢=1,...,L
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By Theorem 8.2, the problem above has a unique solution, hence u$ = S and Y; = Y5 as.,
yielding u} = Law(Y;) = Law(¥,) = u5. This concludes the proof. O

Remark 8.5 Thanks to Theorem 8.2, if there exist absolutely continuous solutions
to (8.54), then € and uP are a fortiori absolutely continuous by uniqueness. Under suitable
conditions, the solutions are, in fact, absolutely continuous.

If 1(0) = p§ d, then by [36, Theorem 2] the measure ;1°(¢) is absolutely continuous for
all £ € [0, T], hence there exists a density p°(¢) € L'(R?) such that 1(¢) = p°(¢) dx. This is
a consequence of the Lagrangian representation of the solution to the nonlocal transport
equation.

By [10, Theorem 2.5] (see also [11, Corollary 3.9]) there exists a function pP locally
Hélder continuous on (0, T) x R? such that uP = pP(¢,y) d¢dy.

In conclusion,

3 p® + dive(v(n %2 p°)(r + K x pP)p) = 0,

;0P — Kk Ay pP + divy((% Zézl KP8(- — Z,(t)) — KP€ % p°)pP) =0,
GO = | 0o KE(Z(8) = Zu () + we8),

p<(0) = pg,

pP(t)dy — /Lg ast— 0,

Z(0)=29, ¢=1,...,L

8.2 Limit of optimal control problems as N — +o00
Let us consider the following cost functional for the limit problem obtained in (8.4). Let
J: L*([0, Tl;U) — R be defined for every u € L*°([0, T];UA) by

T T
= [uePaes [ [ He-pdeoxirow s (858)

where ;1€ € C°([0, T]; P1(R?)), (Y (£))sc[o,r] are obtained by Theorem 8.1 as the unique so-
lution to (8.4) and uP is the law of ()_/(t))te[o,T].

Theorem 8.6 Under the assumptions of Theorem 8.1, the sequence of functionals (Jn)n=1
I'-converges to J as N — +00 with respect to the weak* topology in L>°([0, T];U).?

Proof Step 1. (Asymptotic lower bound). Let us fix a sequence of controls (uN)y=1, u €

L°([0, T];U) such that uN S weakly* in L*°([0, T];U/) as N — +00. Let us show that
J (u) < liminf Ty (™). (8.59)
—+00

On the one hand, by Definition (7.16), we have that
N I N |2 1 Y r d( N
== B dt+ — HY XN (@) - y) digk () (y) de,
I () 2/0|u()\ +Nn§=1f0 /RZ (X5 () - y) dizx ()

Z¢f. Footnote 17.
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where XN = (XY, ..., XX), YN(£))repo, 1), and ZN = (ZY, ..., ZN) are the unique strong solu-

tion to (8.2) and ji}; is the law of (YN (£))tefo,r7- On the other hand,

T T
= [uePaes [ [ He - deoxnr©w s

where u¢ € CO([0, T]; P1(R2)), (Y (£))e [0,7] are obtained by the unique solution to (8.4) and
P is the law of (Y(t))te[o,n.

By the weak sequential lower semicontinuity of the L?-norm, we have that
T 2 r 2
/ |u(t)| dt < liminf/ |uN(t)| dt.
0 N—+o0 Jq
Let us prove the convergence

1 & T _
= HY(XY(2) - y) dja}, (0)(9) it
N;fo /Rz ( s (8.60)

T
S / / (= 9) dpc(0) x 1P (0, y) d,
0 R2xR2

as N — +00. This will conclude the proof of (8.59).

Setting H4(w) = HY(-w) and considering the empirical measures in (8.3), we get that
1N
N 2 HAXY 0 —y) = H 5 00).

n=1

Moreover, by Fubini’s theorem

f (= 9) dp (6 1P(0) (. 9) = f FI 5 10 0) duP(O)).
R2xR2 R2

These equations allow us to estimate

1 (T _
— HY(XY (®) - y) dik d
Nzlfo | 0 -5) di 00

T
- / / H (=) dp(6) x 1P (8) (x,9) dt
0 R2xR2

T
_ ’ | ( [0 oo - [ o) dup(t)(y)> dt‘ (8.61)

T
< / / 5 v (0) — F 5 10 0)] A (00) e
0 R2

T
/
0

dt.

[ it n @000 - [ At o) dee)
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We estimate the first term on the right-hand side of (8.61) using the Lipschitz continuity
of H4(y — ) and Kantorovich’s duality by

|18 5 v (000) ~ HY 5 (00| = ‘ fR -0 (50 - 1 0) @)

< O (050, 15(0) < sup CWL(u5(6), 1°(6)).

s€[0,T]

For the second term on the right-hand side of (8.61), we observe that Hé% uc(t) is Lipschitz

continuous as
|1 (O 0) — H 5 ns@0)(y)| < /R 0=~ (Y ) [ A0 = Cly -y .

Hence, since iy (t) is the law of YN(¢) and pP(t) is the law of Y (¢),

/ G pf (00 AR (00) - fR HY 5 pf(@0)(y) du(0) ()

<E(|H* % n<@)(YN(0) - H % 1) (Y (0))])
<E(YN0) - Y@) <E(|YY-Y])

Combining the previous inequalities, (8.61) reads

T
- / / HA(x— ) du (6)x 1P (6) (e, ) dt
0 JRZxR2

< CT( sup CWi (v (s), n(s)) + E(| YN - }_’”oo)) —-0 asN — +oo,
s€[0,T]

where the convergence follows from Theorem 8.1. This proves (8.60).
Step 2. (Asymptotic upper bound). Let us fix u € L*([0, T];U). For every N > 1, let us
set uN = u. As in Step 1, we have that

T N T
I (u) = %/0 |u(t)|2dt+%;/o Asz()_(ﬁ](t)—y) iR (£)(y) dt,

where XN = (XN, ..., XY), (YN(£)teio, 1, and ZN = (ZV,..., ZN) are the unique strong so-
lution to (8.2) corresponding to the control #V = u and ,tlﬁ, is the law of (YN () tefo,1)-
Moreover,

T T
J () := %/0 |u(t)|2dt+f0 fRz Rsz(x—y)dw(t)xup(t)(x,y)dt,

where u¢ € CO([0, T]; P1(R2)), (Y (£))e [0,7] are obtained by the unique solution to (8.4) and

N

P is the law of (Y(t)):e[o,T]. Trivially, we have u A u, hence we deduce (8.60) once again
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and, in particular, the asymptotic upper bound

lim Jn(u) = J(u),

N—+00

concluding the proof. d

Proposition 8.7 Under the assumptions of Theorem 8.1, there exists an optimal control
u* € L*([0, T);U), i.e.,

J(u*) = m

= in  J(u).
ueL®([0,T1iU)

Proof The proof is completely analogous to the proof of Proposition 7.4, as it is a general
result about I"-convergence. O
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