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1 Introduction
In this paper, we investigate the well-posedness of switched systems consisting of linear
hyperbolic balance laws and algebraic differential equations and having the form

deu(t, x) + Ag (£, x)0,u(t, %) = 86 (£,%,u(t, %)), (1a)
ut,0)\

B, (t) (u(t, 1)> = By, ()W(¢) + b, (2), (1b)

E,w=How + Ko, ()u(t,0") + Ky o (D)u(s,17) + £(2). (1c)

Here the unknown u, defined for ¢ > 0 and x € [0, 1], satisfies the system of linear hyper-
bolic partial differential equations (1a), briefly PDEs, and w, defined for ¢ > 0, is the solu-
tion to (1c), a linear differential algebraic equation (DAE) with index one. The functions u
and w are linked together through the boundary conditions (1b) of the PDE and the vector
field of the DAE (1c). The complete system (1a)—(1c) is subject to some external switch-
ing governed by the parameter o. For various examples of coupled systems PDE-DAE,
see [7]. Systems like (1a)—(1c) occur in many real applications such as networks for water
supply, electrical power distribution [3, 20], or gas transport [3, 15, 16]. Similar systems,
but with nonlinear PDE, are used also for modeling the human circulatory system [25-27]
or controlling traffic flows [13, 17] with autonomous vehicles.

In the literature the coupling between hyperbolic PDEs and ODEs at the boundary has
been studied in different settings; see [5, 6, 10—12, 18, 19] and the references therein. In
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the case on nonlinear systems of hyperbolic balance laws, only results local in time and
with small total variation have been obtained [4, 5]. Instead, the present setting allows us
to prove the existence of a global in time solution without any restrictions on the total
variation of the initial datum. This is in accordance with the results obtained in the Ph.D.
thesis by Hante [21] about the well-posedness of switched linear balance laws on bounded
domains. We remark that the results by Hante do not cover the case of the present paper.
This is due to the fact that (1a)—(1c) is a so-called loop system, i.e., the boundary condi-
tion (1b) at one side can depend on the trace of the solution at the other side.

Here we treat only the particular case of DAEs of index one. This is due to the fact that
solutions to DAEs with index more than one are distributions in general, in particular,
Dirac distributions and their derivatives; see [28]. This exceeds the regularity we need for
boundary terms of the hyperbolic PDEs. Coupled systems with linear transport equations
and linear switched DAEs of arbitrary index are investigated in [7].

In the present paper, we prove the well-posedness of (1a)—(1c) by using an iterative con-
verging procedure based on the solutions to both PDEs and DAEs. As regards the hyper-
bolic balance laws (1a)—(1b), we use the well-known definition of broad solutions (see,
e.g., [8]) based on the concept of characteristic curves. Using the Banach fixed point the-
orem, we extend the results on bounded intervals, contained in [21], to the case of looped
systems. Moreover, we obtain suitable bounds on the total variation, which allow us to
consider the traces of the solution at the boundaries. Regarding the DAEs, we use well-
known results and estimates; see [24].

The paper is organized as follows. In Sect. 2, we summarize several results about the
well-posedness of linear hyperbolic balance laws and about the solutions to algebraic dif-
ferential equations. In Sect. 3, we investigate the coupled problem (1a)—(1c). The supple-
mentary technical details are collected in Sect. 4.

2 Separate systems

In this section, we briefly recall the theory for both linear hyperbolic PDEs with two
boundaries and linear DAEs. For the PDEs, the existing results are extended to include
looped systems. These are the basic steps to produce solutions to the complete switching
system (la)—(1c).

2.1 Hyperbolic PDEs
Consider the following semilinear initial boundary value problem IBVP:

deu(t,x) + A(t,x)d.u(, x) = s(t,% u(t, %)), (2a)
Bj(t) By()\ (u(t0)) _

(B?(t) B%(t)) (u(t,l)) =P (2b)

u(0, %) = a(x), 20)

where ¢ € R* and x € [0, 1]. We underline that the boundary conditions (2b) are not in-
tended in classical sense (see, e.g., [2, 14]), so that we do not prescribe that the traces of
the solution at x = 0 and x = 1 strictly satisfy (2b). Roughly speaking, condition (2b) pre-
scribes the value of the solution only on the incoming components; see, for example, [23,
Sect. 2]. Hypotheses (H-4) and (H-5) below introduce noncharacteristic conditions for
this reason.
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We introduce the following assumptions:

(H-1) The map A:R* x [0,1] — R"*" is a C? function.

(H-2) The source term s:R* x [0,1] x R” — R” is bounded, measurable with respect
to t, and Lipschitz continuous with respect to x and u. In particular, there exists
Lg > 0 such that

|s(t,x,0)| < Ly, |s(£, %1, 1) — (2,50, )| < Lg|wy — %3] + Lg|ug — uy

forall t > 0, x,x1,%, € [0,1], and w,ug, uy; € R”.

(H-3) The system is strictly hyperbolic, i.e., the matrix A(¢,x) has # real and distinct
eigenvalues A1 (£, %) < - -+ < A4(f, %) for all £ € R* and x € [0, 1]. We denote by
L;(t,x) and r;(¢, %), i € {1,...,n}, the left and right eigenvectors of the matrix A,
respectively. Without loss of generalities, we assume that

1 ifi=j,

|I',‘| =1, lj'l‘i =
0 ifi#].

(H-4) There existc>0and £ € {1,2,...,n— 1} such that Ay(¢,x) < —c and A1 (£, %) > ¢
for every (£,x) € R* x [0, 1].

(H-5) BY,B} € CO(R; R"-9>") and B, B! € C°(R; R**") are locally Lipschitz
continuous and satisfy

d BO(0)[re41(2,0) - - 1,(2,0)]  By(6)[ry(t,1)---1e(2,1)]
et Z0
B(l)(t) [l’g+1(l’, O) toe rn(t7 O)] Bi (t) [rl(tr 1) I ¥ (t7 1)]

for every t € [0, T].

Remark 1 Under the previous assumptions, system (2a)—(2c) can be rewritten in a diago-
nal form. Indeed, define the n x n matrices

L(t,x) = [L(6%)---LEx)] and R2) = [0(6%) - .(69)],
whose components are, respectively, the normalized left- and right-eigenvectors of the
matrix A(¢,x) and the n x n diagonal matrix A(¢,x) composed by the eigenvalues of A(t, x).

Note that (H-3) and (H-4) imply that the matrices L, R, and A are nonsingular. Defining
the characteristic variables

v(t,%) = [1(6%) - vu(t,%)] 1= LG x)u(t, ),

VLR =[nen) ven] Vi) = [veaa) vt
equation (2a) takes the diagonal form

vi(£,%) + At %)V,(t, %) = h(t,,v(£, %)), (3)
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where

h(s,x,v) := L(t, x)s(¢, %, R(£, x)v) W
4
+ [Lt(t,x) + A(t,x)Lx(t,x)]R(t,x)v.

Finally, defining
R_(t»x) = [rl(trx) te rﬂ(t’x)] and R+(t’x) = [r“l(t,x) te r,,(t,x)],

we rewrite the boundary condition (2b) in the form

<N0(t) Mo(t)) (vi(t, 0)> b - o (v‘(t, 0)> -
M) Ni@) ) \v(t,1) vi(t, 1)
with

No(t) = BY(®)R*(£,0),  Mo(t) =By()R (£, 1),  Mi(t) = BY()R*(£,0),

N.() =BIOR (4,1) and N(t):(BgR(t’O) Béw(t’”).

BJR (£,0) BIR*(£,1)

Due to (H-5), the n x n matrix

(D) = No(t)  Mo(?)
M) Ni(®)

is invertible, and so (5) can be rewritten as

viE,0)\ e PR v~ (¢,0)
<V_(t’1)>_(M(t)) b(t) - (M) 'N() (v%l)), ®6)

that is,

(v‘(t, 0))
vt (£,0) =b*(¢) + N*(¢) ,
vt(t, 1)

(7)

v~ (£,0)

v (t,1)=b () + N~ (¢) ,
(v*(t, 1))

with appropriate choices of b= () € R, b*(t) € R" ¢, N~(¢) € R®", and N*(t) € R-9x7,
Expressions (6) or (7) have the same form of the general boundary conditions considered
in [23, Sect. 2]. The right-hand side represents the boundary datum, which is given since
v~ (£,0) and v* (¢, 1) are the exiting components of the solution. On the left-hand side of (6)
and (7), the values of the entering components v~ (¢,1) and v*(¢, 0) of the solution are pre-
scribed.

Remark 2 Since the map A is of class C2, we deduce that the eigenvalues and eigenvectors
have the same regularity. In particular, the source term h defined in (4) for the diagonal



Borsche et al. Advances in Continuous and Discrete Models (2023) 2023:19 Page 5 of 31

equation (3) satisfies the following estimates. For every T > 0, there exists a constant Ly, > 0
such that

‘h(t,x,v)| < Lh(l + IVI),

[h(z,%1,v1) — h(t, 2, v2)| < Ly |vi||x1 — %3] + Ln|v1 — V2
fora.e. t €[0,T] and all x,x1,%, € [0,1] and v,v;,v, € R”.

Solutions to (2a)—(2c) are to be intended in the sense of broad solutions, which are based

on the concept of characteristic curves.

Definition3 Givent € R*,0 €[0,1],and i € {1,..., n}, an absolutely continuous function
t — Xi(¢;7,0) defined in a possible one-side neighborhood of 7 is called the ith charac-

teristic curve if it satisfies

d
&Xi(t;r,o) =Li(t Xi(t;T,0))

for a.e. t where X;(t; 7,0) is defined, and X;(z;7,0) = 0.

Remark 4 By assumption (H-4) the function ¢ — X;(¢;T,0) is invertible. We denote the

inverse function by x — Ti(x;7,0).

Definition 5 Fix T > 0. A function u : C°([0, T]; L1((0,1); R")) is a broad solution to
(2a)—(2c) if, defining for every i € {1,..., n} the ith component v; of u as in Remark 1 and,

consequently, writing u as

u(t,x) = Z vi(t,x)r;(t,x) = R(¢,x)v(t,x) on[0,T] x [0,1], (8)

i=1

the following conditions hold.
1. Forallie {1,...,n} and 7 € [0, T] and for a.e. o € [0, 1], the equation

%Vl(t;Xl(t; T, G)) = hl(t)Xl(t; T, O'),V(t,Xl‘(t; T, U)))

is satisfied for a.e. £ where the characteristic curve X;(t; 7, o) (see Definition 3) exists.
2. The boundary condition (2b), in the sense of formulation (6), is satisfied for a.e.
tel0,T].

3. Forevery i€ {l,...,n}, the initial condition
vi(0, %) = 1;(0, %) - u(x)
is satisfied for a.e. x € [0, 1].

We have the following well-posedness result for (2a)—(2c).
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Theorem 6 Fix T > 0 and let hypotheses (H-1)-(H-5) hold. For every t, € [0, T], there

exists a process
P, [te, Tl X Dy, — Ll((O, 1);R"),
where
Dy, = {(w,b) € L'((0,1);R") x L*((t,, T);R") : TV(@) + TV(b) < +00}
satisfying:
1. u(t,-) = Po(t,u,b) is the solution to (2a)—(2c) in the sense of Definition 5.
2. P, (ty,u,b) = u for every (u,b) € D;,.
3. Forallt, <t <t, <T and (a,b) € Dy, we have:
Ptg (t21 ﬁy b) = Ptl (tZ’ Ptg(tl’ ﬁ: b): b\(tl,T))'
4. There exists L > 0 such that

”PO(t, a,b) — Po(t, uo, f)) HLI(OII) = L[”ﬁ - l_10||Ll(0,1) +|b— I~)”Ll((),T)] )

fora.e. t €0, T] and for all &, 6y € L}(0,1) and b,b € LY(0, T).
5. There exists L > 0 such that for a.e. t € [0, T,

TVio1)(Po(t,@,b)) < Le"“[1 + TVo1)(@) + TV[o(b)]

(10)
+ Le[allux o, + [blli=s]-
6. There exists L > 0 such that for a.e. t € [0, T],
[Po(:,@,b)(0%) = Po(-, ﬁo,f))(0+) HLl(O,t) <Lllu-uoll 1,y a1
11
+L|[b=bll 1 1)
7. There exists L > 0 such that fora.e. t € [0, T],
”PO(‘r ﬁ: b)(l_) - 7DO(’: ﬁO) B)(l_) ||L1(0,t) = L”l_1 - l_10||L1(O,1)
~ (12)
+L|[b=bll 1 1)
8. There exists L > 0 such that for a.e. t € [0, T],
[Pt 8,1)] 0. < L[l + 20bllieos + 7], (13)

Theorem 6 is in the same spirit as [8, Theorem 3.2], where the result is proved in the
case of no boundaries. The proof in the case of two separate boundaries, contained in [21],

does not cover the situation in this paper. The proof of Theorem 6 is given in Sect. 4.3.
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2.2 Linear DAE

Consider, for T > 0, the linear differential algebraic equation

Ew =Hw +f (1),
(14)
w(0) =w,

where w: [0, T] — R™ is the unknown, E,H € R"*" are given coefficients, f: [0, T] —
R™ is the nonhomogeneous term, and w € R™ is the initial condition. In the case E is
an invertible matrix, (14) clearly is a classical system of ordinary differential equations;
see, for example, [22] for the basic theory. The case of a singular matrix E is more tricky.
Following [24], we introduce the following assumptions on the matrices E, H.

(D-1) The matrix pair (E, H) is regular, i.e., the map s +> det(sE — H) is a nonzero

polynomial.
(D-2) The matrices E and H commute, i.e., EH = HE.

Remark 7 Assumption (D-2) can be omitted by using a manipulation of (14). Under as-
sumption (D-1), there exists s € R such that (SE — H) is nonsingular. Multiplying equa-
tion (14) from the left by (SE — H)™!, we obtain that

Ew = Hw + GE - H) 'f(2),

where E = GE — H)"'E and H = SE — H)"'H. We note that SE — H is the identity matrix,
and hence the matrices E and H commute.

If (D-1) holds, then according to [24, Theorem 2.7], we can transform E and H into its
Weierstraf$ canonical form, i.e., there exist invertible transformations S, T € R"*" such
that

(1 o J] o
(SET,SHT)-((O N),(() Iz))’ (15)

where I; € R">*™ and I, € R"2*™2 are the identity matrices, J € R”1*™1 js a matrix in
Jordan canonical form, and N € R”2*"2 is a nilpotent matrix, i.e.,, N’ = 0 for some v €
N\ {0}. The integers m; and m, satisfy m; + my = m. For later use, we decompose S into
S; e R">*™ and S, € R"2*" and define the variables y € R and z € R™2 such that

(Sl) -s, (‘/> ~ T lw. (16)
Sz z

Thus we can write (14) in the form

Y = f t ]
y=Ty + 6 (y(0)> g, (17)
Nz =z +f£,(t), z(0)

where Sf = (f,,f,)7.
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Following [24, Chap. 2.2], we can give an explicit formula for the solution of (14):

t
w(t) = eE H'EPEw, + / EPHI=IEDE (6) ds
0

v—1 (18)
(I-E”E) ) (EH) "HPEO (p),
i=0
where wy solves
v-1
=EPEw, - (I-E°E) ) (EHP) "HPEO(0). (19)
i=0

Here the matrices EP and HP are the so-called Drazin inverses of E and H, respectively;
see [24, Chap. 2].

Definition 8 A function w € C°([0, T];R™) is a solution to (14) if for every ¢ € [0, T},
equations (18) and (19) hold.

We have the following result about the existence and uniqueness of solution for (14).

Theorem 9 ([24, Theorem 2.29 and Corollary 2.30]) Assume that hypotheses (D-1)
and (D-2) hold. Let fe C'Y([0, T); R™), where v is the smallest natural number such that
N = 0. Then there exists a unique solution to (14) in the sense of Definition 8.

Remark 10 In the case v = 1, Theorem 9 remains valid also in the case where f is a
bounded-variation function. In this setting, we need to relax the regularity of w to the
class of bounded-variation functions and the expression of the solution to (14) is, for a.e.
telo,T],

t
w(t) = e W EPEw, + / ¢ HEIEPR(5) ds — (1- EPE)HPE(2),
0

where w = EPEw, — (I — EPE)HP£(0").

3 The coupled problem
Now we consider the coupled problem of switched hyperbolic PDE and switched DAE
(swDAE). The complete system is

deu(t,x) + Aq (5, x)0,u(t, ) = sq (¢, % u(t, %)), (20a)

B, (1) (““’ 0)) = By (OW(0) + b, (), (20b)
u(t, 1)

u(0,x) = u(x),

E,w =H,w + Ko, ()u(£,0") + Ky, (0)u(t, 17) + £(2), (20c)

w(0) =w,
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wherex € [0,1],£ € [0, T] for T > 0, u: [0, T] x [0, 1] — R” is the solution of the PDE (20a),
A,:[0,T] x [0,1] = R"™",s,[0,T] x [0,1] x R” — R" is a source term, B, : [0,T] —
R"2" and By, : [0,T] — R"™"™, b,: [0,T] — R" constitute the boundary or coupling
conditions, u: [0,1] — R” is the initial condition for system (20a), w: [0, T] — R™ is as
solution of the swDAE (20c), o : R — N is a switching signal with finitely many switching
times, E,,H, € R"™ and Ko, K, : [0, T] = R™", f: [0, T] — R” form the DAE, and
w € R are the initial condition for system (20c). In the following, we restrict ourselves to
the case of an sSwDAE system with index v = 1.

Note that (20b) is an algebraic equation and (20c) contains algebraic equations. There-
fore the coupled problem cannot be addressed simply as a combination of the two separate
subsystems. Equations (20b) and (20c) have to be chosen such that the PDE provides only
information via the outgoing characteristics and sufficient data is given as boundary con-

ditions, as the following trivial example illustrates.

Example 11 Consider the system

oru + du =0, t>0,x€0,1],
u(t,0) = w, >0,
0-w=w-u(t0), t>0.

The PDE equation is a simple transport equation with characteristic speed 1; hence its
solution is completely determined by specifying the initial and left boundary data. In this
example, the algebraic differential equation is unable to select the boundary datum, since
the DAE and boundary conditions coincide. In other words, the boundary condition does

not contain any information; thus the transport equation has infinitely many solutions.
To avoid settings like those of Example 11, we rewrite the PDE into characteristic vari-

ables and decompose the DAE into algebraic equations and ODEs. The resulting system
has the form

0;v + A(t,x)0,v = h(¢,x,v),
vi(£,07)\ _ (Byolt) Boo(0)) (y(0) . by (t)
v (t17) By1(t) Bii(t)) \z(t) by (t)
N-0)\ [v-(£,0)
"\~ \vien )

v(0,x) = v(x),
.
§0) = Jy(0) + SIKo(OR(E,0) (:Ei 0;) (21)

+SIK(OR(E, 1) (:Ei 1:;) + (),

) v (t,0%)
z(t) = =S, Ko (£)R(¢,0) (v*(t, 0+)>
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— $,K; (R 1) (V &1 ;) _S,£(8),

vi(t, 1™

y(0) =y.

The algebraic conditions do not conflict with the boundary conditions, provided that
1. (C-1)] For the coupled system (21),

Szl(o(t)R+(t, 0) =0 and Szl(l(t)Ri(t, 1) =0,

where S, is chosen as in (16). We further we assume that S;Kq(£), S1K;(¢), and £(z)

are measurable in time and bounded.

Remark 12 Note that if this assumption is not satisfied, then it might be possible transfer

these algebraic relations into the formulation of the coupling conditions.

With assumption (C-1), we can decouple the algebraic equations and replace z in the

boundary conditions so that the new system reads

;v + A(t,x)0,v = h(t, x,v),

vi(£0)\ _ (Byo®) bo@®)\ (N-@)\ (v (0%
= y@) + | - +1 -
v (£ 1) By,1(2) by () N*(@#) ) \v*(t,17)

v(0,x) = v(x), (22)
o v (2,0%)
§(0) = Jy() + ST (R, 0) (w(t’ 0+)>

+ S (OR(E, 1) (:_g 1;) +S£(0).

Note that the terms N~ and N* in (22) can be different from zero, even if N~ = 0 and N* = 0
in (21). Moreover, the dependencies on v*(£,0*) and v~ (£, 17) in the ODE can be replaced
by boundary conditions.

We finally rewrite system (22) in the more compact form

deu(t,x) + A(t, x)0.u(t, x) = s(t, %, u(t, x)),

P() (“(t’ 0)) ~,(0)y(0) + p(t),

u(t, 1)
u(0,x) = u(x), (23)
10 =10+ (Go @) (zg ?;) +g0),

y(0) =¥,

Page 10 of 31
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with

-N; 1 -N; B b
P(f) = 1:10 0 1211 , P, - v.0(t) , p- l?o(t) ’
-N; 0 I -Nj By,(t) by (¢)
and Go = S;1Ko, G; = S1Kj, g = S1f. System (23) is equivalent to (20a)—(20c) thanks to (C-

1). For this system, we provide analytical results.

Definition 13 Fix T > 0. A pair (u,y) is a solution to (23) on the time interval [0, T if the
following conditions hold.
1. wis a broad solution on [0, T] to

osu + A(t,x)0u = s(,x,u),

u(t,0)

P(¢) =Py (D)y() + p(1),
u(t, 1)

u(0,x) = u,

in the sense of Definition 5.
2. y € C([0, T); R"™) satisfies

v =3+ [ (v6)+G0)ds
0
for every ¢t € [0, T], where
G(t) = Go(D)u(2,0%) + Gi(H)u(t, 17) + g(?)
fora.e. t€[0,T].

We have the following existence result.

Theorem 14 Assume that (C-1), (D-1), (D-2), and (H-1)-(H-5) hold. Then, for every T >

0, there exists a semigroup
S:[0,T] x D— D,
where
D ={(w,y) e L'((0,1);R") x R™ : TV() < +o0}

satisfying:
1. (u(t,x),y(t) = St u,y)(x) for every (0,y) € D is a solution to the coupled
system (20a)—(20c) (or to the alternative form (23)) in the sense of Definition 13.
2. S(0,u,y) = (u,y) for every (u,y) € D.
3. Forall0 <t <t, < T and (0,y) € D, we have

S(ty,1,y) = S(t, - 11, S(t1,1,)).

Page 11 of 31
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4. There exists L > 0 such that
ISt 0,y) = SERY)| 11, < LR =AllL101) + ¥ = VllLi0s)] (24)
fora.e.t €0, T] and for all (w,y) € D and (u,y) € D.
Proof First, introduce the sets

Dy = {ue ([0, THLY((0,15R")) : sup TV(u(®) + ul~ < +oc],
te[0,T]

Dy = {y e C°([0, T R™) : TV(y) < +00}.

We construct the solution to system (23) by passing to the limit of an approximating se-
quence of solutions. The proof is divided into several steps.

Construction of approximate solutions.

Set ug(¢,x) = u(x) and yo(t) =y. For every k > 1, given ux_; € D, and yx_; € Dy, recur-
sively define u, as the solution to

orur(t, x) + AL, %) dur(t, x) = s(t,x, ug),

llk(t, O)

P(¢) = Py(t)yx-1(2) + p(2), (25)
llk(t, 1)

w;(0,x) = u.

Note that Theorem 6 applies to system (25), and hence the solution u; exists, is unique,
and belongs to D,. Moreover, define y; € C°([0, T];R”) as the solution to the linear non-
homogeneous system

Yi(8) = Jyi(t) + Go(Dw1(£,0%) + Gr(H)ue1 (¢, 17) + g(2),
yk(0) =y.

(26)

Classic theory of ODEs implies that the previous system admits a unique solution, since
by Theorem 6 and (C-1) the function

t— Go(Owe1 (£,0%) + Gr(®)w1 (£,17) + g(2)
is measurable; see [9, Theorem 3.1]. The same function is also bounded by (C-1) and the
definition of D,. Hence y; belongs to Dy.

Vi is a Cauchy sequence.
For k > 2 and ¢ € [0, T, using (26), we obtain

[¥(0) = yea ()] < /0 1(¥(8) - yer ()] ds
+ f 1Gols) (w1 (5,0) — g a(5,0)) | ds
0

. / 1G1(5) (wet (5, 1) — wya(s, 1)) | ds
0
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t
<01 [ e - yica(9)] s
0
t
+Lg / |ue1(s,0) — x_(s,0)| ds
0
t
‘Lo / a5 1) — wia(s, 1) ds,
0

where Lg := max{sup,o 71 |Go(®)|l, sup;c(o,r) |G1(£)[I}. By the Gronwall lemma, for k > 2
and t € [0, T], we deduce that

v @) = yi1 ()] < e L lwes (5 0) = wea(, 0 11 o,
(27)

+ e”]”tLG ” uk—l('; 1) - uk*Z('r 1) ||L1(0,t)'

By (11) and (12) we obtain that for k > 3,

lyx(®) = yio1(8)| < eV LGL | Py(yr-2 — yaos) ||L1(0yt)

t
fe”]HtLGL”Py”f |yk,2(s)—yk73(5)|d5-
0

We apply [5, Lemma 4.2], i.e., Lemma 16 with & = 0, B = el'I'LGL|| Py ]|, and hy(¢) = |yx(£) —
Yi-1(2)|, to the inequality

ho(®) <+ / b () de
0

and obtain that for all 7 > 1,

n-1

max {hy,(¢), hyu1 (1)} <o Z

i=0

itz’ ngn
ﬂA + Yﬁ ,
i! n!

where Y > max{|hg||, |hy]|}.
Thus there exists a positive constant C; such that

(eMTLaL||Py[)*T*
lyx = Ye-1llcoqo,rpy < Cr 7 Y

for every k > 3. Therefore, for every k > j > 3,

k

Iy = Yillcogo,ry < D Vi = Vit llcogo,y
i=j+1

k . .
(T LGL|Py ) T
G2 i ’
i=j+1
proving that y; is a Cauchy sequence in C°([0, T]). Thus there exists y* € C°([0, T]) such
that y; converges to y* in Co([0, T]) as k — +00.

Page 13 of 31
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uy is a Cauchy sequence.
Using (9), we deduce the existence of a constant C > 0 such that for all k and k', we have
the estimate

||u/<(f» D) —up (L, ')”Ll(oll) < Cllyk-1 = Yr-1 ||L1(0,T)

< CT\lyk-1 = Yr-1llcogo, 1)

for every t € [0, T]. Thus uy is a Cauchy sequence in C°([0, T];L1(0, 1)), proving the ex-
istence of u* € C°([0, T];L(0,1)) such that u; converges to u* in C°([0, T];L'(0,1)) as
k — +o0.

The couple (u*,y*) is a solution to (23).

First, we show that y* is a solution to the ODE with the input from u*. Due to (26), for
every t € [0, T], we have

v =y + /O Jy(s)ds + /0 [Go(s)ux-1(s,0") + Gi(s)me1(s,17) + g(s)] ds.

Using again (11) and (12), we deduce that both sequences u(-,0") and ui(-, 1) are Cauchy
sequences in L1(0, T) and the limits are respectively u*(-,0*) and u*(-, 17), since the non-
characteristic condition (H-4) holds; see [1]. Passing to the limit as k — oo, we thus obtain
t t
Y@)=y+ / Jy*(s)ds + / [Go(s)u* (s, O*) + G(s)u* (s, 1’) + g(s)] ds,
0 0
proving that y* satisfies condition 2 of Definition 13. Moreover, note that the last integral in
the previous equation is uniformly bounded because of (13) and (C-1). Hence the previous

equation implies that y* has finite total variation.
Conversely, we define u as the solution to the hyperbolic system

dea(t,x) + At,x)o.u(t, x) = s(t, x, w),

a(z, 0)

p) | "7 | =By y ) + p0),
u(t, 1)

a(0,x) =,

which exists and is unique by Theorem 6. Due to (9), for ¢ € [0, T] and k > 1, we have that

|2 - w() ||L1(0,1) < L[y ~yi “LI(O,t)

for some positive constant L. Since y is a Cauchy sequence and u; converges to u* in
C°([0, T];L1(0, 1)), we deduce that @ = u* in C°([0, T];L1(0, 1)), proving that u* satisfies
condition 1 of Definition 13.

Well-posedness estimate. Consider two initial conditions (u,y) and (a,y) with TV(a) +
TV(u) < +00. Denote by (u, yx) and (tik, yx) the sequences constructed as in the first part
of the proof for the initial conditions given by (u,y) and (@, y), respectively. By (9) there
exists a constant C; > 0 such that

t
[ 8(6) = 5®)] 11 0,y < Coll = ll10 + o / [94(s) - F(s)]| ds (28)
0
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for a.e. t € [0, T]. Moreover, there exists C, > 0 such that for every ¢ € [0, T],
t
70510 = 751+ Ca [ [7:6) 3209 &
0
t
+Cy / |ti(s,0) — T (s,0)| ds (29)
0
t
+ sz |ﬁk(s, 1) — u(s, 1)| ds.
0
Using (11) and (12) in (29), we deduce that there exists C3 > 0 such that
L
Ve () V@] < Iy =¥ + C, / |Vi(s) = Yi(s)| ds + Cslla =l L1 q, (30)
0

for every t € [0, T], and so by the Gronwall lemma

[¥6(®) = Vi (®)] < [Iy = ¥1 + Call@ = @llgao 1) [ o
=< [h_' -yl +Cslla— l~1||]41((),1)]‘5'C2T
for every t € [0, T]. Inserting (31) into (28), we deduce that for a.e. ¢ € [0, T,
- ~ C3 CoyT - ~
|8 () — e(2) ”Ll(o,l) =|G+ E(e = 1) )18~ @l
2
c (32)
1o = CT
+ —=ly- -1).
LRl (e )
Passing to the limit as k — +o0 in (31) and (32), we obtain (24). O

Corollary 15 Let T > 0, and let o: [0, T] — N be a given switching signal with finitely
many switching points. Then, under the above hypotheses, system (20a)—(20c) has a unique
solution (u,w) on [0, T].

A proof can be obtained by iteratively applying Theorem 14.

4 Technical details
4.1 Lemma4.2

Here we repeat Lemma 4.2 from [5].

Lemma 16 Assume that the sequence h,, € C°([0, T]; R*) satisfies
t
h,(t) <o+ ,3/ hu_o(t)dr  with ho(t) € [0, H] and hy(¢) € [0,H]
0

for positive numbers o, B, and H. Then for alln > 1,

n-1

max{hgn(t),hzml(t)} yed Z

i=0

iti ngn
'B, +H'B .
i! n!
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4.2 A priori estimates
Lemma 17 Assume hypotheses (H-1)—(H-5) hold. Define \y,x as in (52). Let v be a broad
solution to (3) with initial condition v and boundary conditions (7). Then, for every 0 < t <

ﬁ, there exists a constant C > 0, depending on hyax, h, N*, and N~, such that
[v®]| o < C[IVllL + b ”LOO(O,t) + ¥ HLOC(M +1] (33)

and

TV(v(£)) < C(1+ TVE) + TV(b*) + TV(b~)) exp(Ct) .
34
+ C(IVle + b7 o + b7 ) exp(CD)-

Proof First note that the choice ¢t < ﬁ implies that the characteristic curves starting

from one boundary do not reach the other boundary within time ﬁ Denote by L a
uniform bound and a Lipschitz constant for h in [0, ﬁ] x [0,1] x R”; see Remark 2.

Since v is a broad solution to (3), then forall i € {1,...,£} and 0 < ¢t < ﬁ,

Vi(Xi(052,%)) + [y hi(T, Xi(T5£,%),¥(1, Xi(7; £,%))) dt
if x < X;(£;0,1),
vi(t,x) = , (35)
mi(Ti(L;4,2)) + [1.1,.0 1i(T, Xi(T58,2), v(z, Xi(T3 8, %)) dT

if x > X;(£0,1),

whereas forallic {£ +1,...,n}and 0 <t < /\niaX’
m?(Ti(O; t,x)) + f]t",(
ifx < X;(£;0,0),
Vi(trx) = ¢ (36)
vi(X;(0;t,x)) + fo hi(t, Xi(t;t, %), v(7, Xi(7; £, %)) dT

if x > X;(£;0,0),

y hi(t, Xi(T;8, %), v(7, Xi(758,%))) dT

0st,x

where T; denotes the inverse of the ith characteristic curve (see Remark 4), and

0 _ 1t + V7(t, O)
m; (t) = bi (t) " |:N " (V*(t, 1)>i|i’

1 o ~ vf(t,o) .
m; (t) = bi (t) ¥ |:N v <V+(t, 1)>i|i’

see (7).
First consider the L* estimates. Fori € {1,...,£} and 0 < ¢t < ﬁ, we have

37)

vi(t,0)| < [7:(X:(0;£,0))| + /t|hi(r,Xi(t;t,x),v(r,Xi(t;t,x)))| dr
0

t
< V||Vl +Lt+L/ Iv©) | de,
0
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and so

V(60 < mylsl et st V@) .
An analogous computation yields

IV (¢, 1)| < nv/n||Vllpe +nLt + nL/OtHv(r)HLOO dr.

Forie{l,...,£},0<¢t < ﬁ, and x € (0, X;(£;0,1)), we have

t
Vit )| < V¥l +LE+ L / [v()] . dr,
0
whereas for x € (X;(¢;0,1), 1), using (38) and (39), we have
t
lvit,x)| < |m} (Ti(1;6,%))| +/ (7, Xi(z5 £,%), v(T, Xi(T5 8,%)) ) | do
T;(L;t,x)
< |bl7(Ti(1;t,x))| +L|v‘(Ti(1;t,x),O)| +L|v+(T,-(1; t,x),0)|
t
+L(t— T,'(l;t,x)) +L/ ||v(1:)||LoO dr
Ti(Litx)
< V|6 gy + 20N/AL P

T;(L;t,x)
+2nL%Ty(1; 8, %) + 2nL2/ Hv(t)”Loc dr
0

t
+L(t - Ty(1;4,%)) +L/ [v(D)] . dz
Ti(Litx)

t
< Vb7 ooy + 2V/ALIV L + 20t + 2L / [v(@) ] dr-
’ 0

A similar computation holds in the case i € {¢ + 1,...,n}. Hence
V@) o < 1/ + 4n/nL) ¥l + n/m([ 57| oo *+ 157 | 0)
+ (nL + 4nL*)t + (nL + 4nL?) /0 t V(D) | dz
< 5n/nL |Vl + n/n([b7 [ g + b7 1 00)

t
+5nL% + 5nL2/ ”V(‘L’) ||Loo dr.
0

The Gronwall inequality implies that

[v@) [ = e [5n/mLIRIS + /(107 o) + 107 ) + 51L7]

<5/l [Vl + b7 | o + D' i *+ £

so that (33) holds.

(38)

(39)

Page 17 of 31
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Consider now the total-variation estimate (34). For i € {1,...,£} and 0 <t < ﬁ, we

have

TV(vi(t,-)) = TV (vilt,-); [0, Xi(t;0, 1))
+ TV (vi(t,); (Xi(;0,1),1]) (40)

+ ’Vi(t,Xi(t; O, 1)+) — Vl'(t,Xi(t; 0, 1)_)

’

whereasforie {{ +1,...,n}and 0 <t < ﬁ,

TV(Vl‘(t, )) = TV(Vl‘(t, '); [O,Xi(t; 0, 0)))
+ TV (vi(,); (Xi(£:0,0),1]) (41)

+ |vi (t;Xt(t; 0) O)+) - Vi(t)Xi(t; O; 0)_) |

Consider the first term in the right-hand side of (40) and points 0 <xp < --- < xy <
Xi(t;0,1). Using (35), we deduce that

N
Z|Vl'(t,x]‘) - Vi(t;xj—l)|

j=1
N ot
S TV(l_/l) + Z/ ’hi(T,X,‘(O; t, x,),v('c,Xi(O; t,x}')))
j=1 70
—hi('[,Xl'(O; t,xl'_l,V('C,X[(O; t,x]'_l)))|df
§TV(1_/i)+L/O ||v(r)||oodr +L/O TV(v(t,~)) dr,
and so by (33) we have
TV (vi(t,); [0, Xi(£;0,1)))
TV@,)+L | TV ,9))d
<TV@) + /0 (v(r,))dt (42)

_ 1
(T L O L e
max

Here and in the following part of the proof, the Landau symbol O(1) denotes a constant.
Similarly the second term in the right-hand side of (41) can be estimated by

TV(vi(t,); (Xi(£0,0),1])

<TVy)+ L/Ot TV(v(r, ~)) dr. (43)

) ) 1
; 0(1><||vllw L P | o K)t

Page 18 of 31
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Consider now the second term in the right-hand side of (40) and points X;(¢;0,1) < xp <

.-+ <xy < 1. Using (35), we get
N
> " |vilt, ) = vilt x0)|
j=1

N
< Z|mil(Ti(1;t,xj)) - m%(Ti(l;t,xj—l))}
=1

N

t
/ (7, Xi(w; 6,%), v (T, Xi(T3 8,%)) ) dT

Ti(l;t,xj)

j=1

t
_/ hi(T;Xi(r;t’xjfl);V(T’Xi(T; trxjfl))) df .

T;(Litx-1)

Defining K = SUPte[o,ﬁ]{SUPgeR"\[O} %,supéew\m IN (g?(é)l} and using (35), (36),

1
ma

and (37), we deduce that

N
2 i (Ti(16,37)) = mi (Ti(1s 6,350
j=1
<TV(b") + KnTV(V) + 2KnLt

t
+I(an TV(v(z;-))dr,
0

whereas, using the assumptions on h and triangle inequalities, we have

N

2

t
/ h,'(r,X,'(r;t,xj),v(r,Xi(r;t,xj))) dr
B

i(Lityxy)

t
—/ hi(T, Xi(tst,%521), v(T, Xi(t3 6, %121)) ) do

Ti(Ltxj-1)

t
<2Lt+ L/ TV(V(‘L’; -)) dt
0

_ N 1
e e L O
Therefore the second term in the right-hand side of (40) can be estimated by

TV (vi(t, ); (Xi(5:0,1),1])

<TV(b") + KnTV(V) + 2(Kn + 1)Lt

+(Kn+1)L /tTV(v(r; ) dr
0

i ) 1
+LO(1)(||V||L°° +[b ||L°°(0,t) +[[b* “L“’("’” ¥ m)t

(44)
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Similarly, the first term in the right-hand side of (41) can be estimated by

TV (vi(t,); [0, Xi(t;0,0)))
<TV(b") + KnTV(V) + 2(Kn + 1)Lt

+ (Kn + l)LftTV(v(r; ) dr. (45)

0

_ . . 1
T L O L

Consider now the third term in the right-hand side of (40). Using (35), (36), (37), and
the assumptions on h, we obtain

|vi(t Xi(£:0,1)*) = vi(£, Xi(£:0,1)") |

=

tim, ()| + [74(1°)|

7—0%

+

/th,»(r,Xi(r;t,Xi(t; 0,1)),v(t, Xi(;£, X:(£0,1)) ")) de
. (46)
—/ hi(7, Xi(758, X:(50,1)), v(z, Xi(75 6, Xi(£0,1)) ) ) dr
0

<|b7(0")] + (2K + 1)[[V]|L + L/Ot TV(v(z,))dt
+LO(1)<||\_I||L00 +|b ||Lw(olt) +|b* ||LOC(OJ) + i)t
Similarly, the third term in the right-hand side of (41) can be estimated by
|vi(£, Xi(£:0,0)") — vi(£, Xi(£;0,0)7)|
<|b"(17)][ + @K + D)[[V[Le + L /OtTV(v(t, ))dr (47)
R L I [ e
Inserting (42), (44), and (46) into (40), we get
TV(vi(t,")) <TV(#) + TV(b™) + KnTV(V) + (2Kn + 3)Lt
rtwrs 3 [ TV (v(es) us)
(T L O e
A similar estimate of (41) holds. Consequently,

TV(v(t,-) < (1 +Kn?) TVE) + LTV(b) + (n - O)TV(b")

t
+ (2Kn + 3)nLt + (2 + Kn)nL/ TV(v(z,))dr
0

Page 20 of 31



Borsche et al. Advances in Continuous and Discrete Models (2023) 2023:19 Page 21 of 31

_ 1
e L O L e
max

An application of the Gronwall lemma implies (34). 0

4.3 Proof of Theorem 6
This subsection contains the proof of Theorem 6, which is based on the Banach fixed point
theorem.

Proof of Theorem 6 By Remark 1 the proof is focused on the diagonal version of sys-
tem (2a)—(2c) and is divided into two steps.

Step 1. Local existence and uniqueness of solution. Fix an initial condition & € L1((0, 1);
R") with finite total variation and a boundary condition b € L1((0, T); R") with finite total
variation. Denote by v(x) = L(0, x)u(x) the corresponding initial condition for the diagonal

system (3) with the corresponding boundary conditions b~ and b*; see (7). Define

K= sup { sup IN‘(t)(E)I’ sup IN*(2)(&)] } (49)
tefo,1] leermygoy 1§ eerm\fo) &1

M =2n(2K +1)TV(0) + 21TV (b") + (2 + K)n| V] (50)
+2n|b|leo + 1,

My =1 +K)|[vlleo + [Iblloc + 1, (51)

Amax = max{ |14l oo, 71xjo1) £ € {Ls-- ., 1}}, (52)

A = max{|[Aillcro,ryxony 8 € (1. n}} (53)

Note that both A, and A are finite because of (H-1) and (H-3). Choose £ € (0, T] such

that
_ . 1 1
f<min{ —, (54)
Amax PL(5K +4)(1 + 2M; + M)
and
aipz_ L
n(2 + nK)eLt < 3 (55)

where L is a uniform bound and a Lipschitz constant for h in [0, T] x [0,1] x R”; see
Remark 2.

Note that the choice of  implies that every characteristic curve starting form a boundary
does not arrive at the other boundary within time ¢. Now we aim to construct a map whose
fixed points are solutions to the diagonal IBVP and so to (2a)—(2c). First, introduce the

space

sup sup TV(v;(t)) <M

i€{L,...n} te[0,]

X =1{veC’([0,z;L([0,1;R")) (56)

“v(0)=v

Vil oax10,1)) < M1
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equipped with the norm

n n 1
IVl =D Ivilleogozst omy = D, Sup / |vilt )| dax, (57)
0

i=1 i=1 t€l0]
so that X is a complete metric space. Now define the operator

M: X — X
vi— M(v) = (MI(V):-“’M”(V))’

according to the following four cases.
(cl) Forallie({1,...,£},0<t <t and x € [0,X;(£0,1)], we define

M;(v)(t, %) = v;(Xi(0;2,%)) + /thi(r,X,-(t;t,x),v(r,Xi(r;t,x))) dr. (58)
0
(c2) Forallie{€+1,...,n},0<t <t and x € [X;(£;0,0), 1], we define
M;(v)(t, %) = ;(X:(0;, %)) + /thi(r,Xi(r;t,x),v(r,Xi(t;t,x))) dr. (59)
0

(c3) Forallie({l,...,£},0<t <t and x € (X;(;0,1),1], we define

M), %) = m} (Ti(1;t,%)) + /Tf(r )hi(r,Xi(t;t,x),v(r,X,-(t;t,x)))dr, (60)

where T; denotes the inverse of the ith characteristic curve (see Remark 4), and

; (61)

. ~ M, 0(v)(2)
m;(t) =b™(¢) + N () <M1,,1(V)(t)>

see (7), (67), and (70).
(c4) Forallie{¢+1,...,n},0<t <t andx € [0,X;(£0,0)), we define

M;(v)(t,x) = m?(Ti(O; £,x)) + /T%(o )hi(T,Xi(l';t,x),V(‘L',Xi(T;t,x))) dr, (62)

where

; (63)

mO(E) =b7(0) + N*(0) (Mf”‘)(v’(t))

My, (v)(2)

see (7).
We proceed now to estimate the L™ norm and the total variation of M(v) according to
four cases.
Case (c1). By Remark 2 we easily deduce that

|MiW)]| oo < 1Willoe + L(1 + M)E. (64)
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We claim that for every 0 < ¢ <7,

TV(M;(vV)(t,);[0,Xi(£:0,1))) < TV(;) + L(M; + M)t (65)
and that
TV(M;(v)(-,0+); [0,£]) < TV(¥:) + L(1 + 2M; + M)L. (66)

For later use, for 0 < ¢ < t, we denote

M;(v)(t,0+)
Myo(v)(2) = : ) (67)
M, (v)(£,0+)

which is well defined by (58) and has a finite total variation by (66).
To prove (65), fix N € N\ {0}, a time 0 < # <, and points 0 <xg < --- < xy < X;(£;0,1).
Using the notation ¥;(t) = X;(t; £, x;), we have that

N
D M) (& %) - M) (2,11

j=1

N
= 2_[7(®0) - ¥i(%-10)]

j=1
I
N t
+Z/O hi(7,%(0),v(7,%(1))) = hi(7, %1 (0), v(7,%1(2)) ) dr |-
j=1

I

Clearly, the term I is estimated by TV(¥;). For the term I, we have

N ot
I, < Z/o | (7,%(0), v(7,%(1))) = ha(T, %1(1), v(7, %(2)) ) | dT
j=1
N ¢
+ Z/o |hi(t,5cj_1(t),v(t,fcj(r))) —h,'(r,ij_l(r),v(t,icj_l(t)))| dr
j=1

N ot
< LZ/ (|5c,-(r) —56,»,1(1)|M1 + |v(r,5c,-(r)) —v(r,icj,l(r))|) dr
j=1 *0
< LMt + LMt,
and so we deduce (65).

To prove (66), fix N € N'\ {0} and times 0 < £y < - - - < ty < £. Using the notation %;(t) =
Xi(7;1,0), we have that

N
> M), 0) - Mi(v) (-1, 0) |

j=1
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N
Z 17 x, 0) —Vl x, 1(0))|
j=1

I3
N | et
+ Z /0 (hi(7,3(2), v(7,%(1))) = (T, 1 (2), v(7,%1(7))) ) d
j=1

Iy

N 1
+Z‘f0 (hi(7,3-1 (1), v(T,35(1))) = hi(7, 321 (1), v (7,31 (7)) ) ) dT

j=1

I5

N | g
+Z/¢ h,-(f,fcj(t),v(t,fcj(r)))dr

j=1 1741

Is

Clearly, the term I3 is estimated by TV (¥;). For the remaining terms I3, I5, and I, we have

N 41 _
I ELZ/ i&j(T)_&j—l(f)iMl dt < LM;t,
j=1 0

Is <LZ/ v(1,Xi(138,0)) - v(1, Xi(t34-1,0)) | dT < LME,
Is <L(1+ Mg

so (66) is proved.
Case (c2). Similarly to Case (c1), we deduce that for every 0 < ¢ < £, (64) holds,

TV(M;(v)(-); (Xi(:0,0),1]) < TV() + L(M; + M)E,
and

TV(M;(v)(,1-);[0,2]) < TV(@;) + L(1 + 2M; + M)E.
For 0 < ¢ <t, we denote

M (V)(¢,1-)
M, (v)(¢) = : ,
M, (v)(t,1-)

which is well defined by (59) and has a finite total variation by (69).
Case (c3). By Remark 2 we easily deduce that

|M:(v) ||LDO <|m}| Lo + L1+ My)E.

(68)

(69)

(70)

(71)
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We claim that for every 0 < ¢ <7,

TV(M;(V)(t,); (Xi(£0,1),1]) < TV(b~) + 2KTV(¥;)
+L(2K +1)(1 + M + 2M, )t

(72)
To prove (72), fix N € N\ {0}, a time 0 < £ < £, and points X;(;0,1) <xp < --- <an < L.
Using the notations %;(t) = X;(t; £, %) and ; = T;(1;¢,%;), we have that fy < - - - < Zy and

N

DMt 3) = Miv) (6 251)|

Ig

[ (hi(t,fcj(r),v(t,icj_l(t))) - h,-(t,icj_l(t),v(t,fc/_l(r)))) dr

j=1 174

Ig

N i
+Z /t hi(t, %1(2), v (T, %1(0))) de |-

j=1""4-1

Lo

Using (49), (66), (69), and (61), we get

I; <TV(b7) + KTV(Mo(v)(-)) + KTV(M,,1(v)(-))

<TV(b") + 2K[TV(¥;) + L(1 + 2M; + M)Z].

For the remaining terms I3, Iy, and 1o, we have
N ot
I3 §L2ﬁ |v(1:,5cj(7:)) —v(t,a?j_l(r))|df < LMzt,
j=1 7Y
N ¢
Iy fLZ/: |92j('()—52/‘_1(‘[)|M1 dr §LMIZ,
j=1 VY
N g )
hho = Z‘/: |hi(T,5Cj_1(T),V(T,5Cj—1(T)))|dT <L(1+M)t,
j=1 V-1

proving (72).
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Case (c4). Similarly to Case (c3), we deduce that for every 0 < ¢ <, (71) holds, and

TV(M;(v)(t,-);[0,Xi(2;0,0))) < TV(b") + 2KTV(%;)

) (73)
+L(2K +1)(1 + M + 2M;)t.
Moreover, using (58) and (60), note also that for all i € {1,...,£} and 0 < ¢ <,
lim  MWEx) - lim M), x)‘
x—X;(¢0,1)~ x—X;(£;0,1)* (74)

< 2|Vl + 2||bllco +K(||\7||oo +L(1 +M1)Z) +2L(1 + M)t

The same inequality holds in the case i € {€ + 1,...,n}.
Using (65), (68), (72), (73), and (74), we deduce that forall0 <t <fand i€ {1,...,n},

TV(M;(vV)(t,-)) < 22K + DTV(;) +2TV(b7) + (2 + K) [V
+2|blloo + LK(1 + M;)E (75)

+4L(K + 1)(1 + M + 2M,),

and so, by the choice of Z as in (54),

which implies that the operator M(v) is well defined. Note that the proof that ¢ — M(v)(¢)
is continuous from [0, #] to L1((0, 1); R") is straightforward and so omitted.

Fixv,v* € X.Forallt € [0,] and i € {1,..., £}, we have
||Mi(v)(t1 ) - Mi (V*) (t; ) ” L1
1
= / ’M,»(v)(t,x) - Mi(v*)(t,x)‘ dx
0

X;(t:0,1)
<[ M6 - M) )]
0

1
+ / ’Mi(v)(t, x) — M; (v*)(t, x)‘ dx.
X;(£:0,1)

Using (58) and the change of variable £ = X;(7;¢,x), we deduce that
X;(£:0,1)
f |M(v)(£, %) — M (v*) (&, %) | dx
0

X;(£01) pt
< / / |hi(7, Xi(z5 £,%),v(T, Xi(T5 8, %))
0 0

- hi(t,Xi(r; t,x),v" (t,Xi(r; t,x))) | dr dx

X;(£0,1) t
<t [ [ eXitrim) - (e Xt 0) | de d
0 0

et ]
§eAtL/ / |v(r,$)—v*(r,§)|d§ dr SeAth”v—v* ||X
o Jo
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Using (60), we obtain that

1
/x |M,'(v)(t,x) —Mi(v*)(t,x)’ dx

i(£0,1)

1
<K / My oW)(Ti(152,%)) = Mo (v¥) (Ti(1;,)) | dx
X;(£0,1)

In

1
+I(/( )|Mb'l(V)(Ti(1;t’x))_Mbvl(V*)(Ti(l;L‘,x))!dx+]13,
X;i(£0,1

h2

where
1 t
113 = / / |hi(f,Xi(T;ttx))v(T,Xi(T;trx)))
Xi(£:0,1) J T;(L;t,x)
- hi(t, Xi(t3:6,%), v* (1, Xi(t3 8,%)) ) | dT dw.

For the term I3, using (58) and (67), we have that

¢ 1

In < Z/ |M;(v)(Ti(1;£,%),0) — M;(v*) (Ti(1;¢,%),0)| dx
o1 JXi0)
¢ 1 T;(Ltx)
< Z/ / hi(7, X;(7; Ti(1;£,%),0), v(7, Xj(7; Ti(15,%), 0)) )
o1 JxiwonlJo

— (7, X;(7; Ti(158,%),0), v (7, X;(7; Ti(1;£,%),0)) ) | dr dx

4 1 T;(1;¢,%)
<L *(7,Xi(t; T:(1;t,%),0
<Ly [ W ExEnaseo)

v (0, Xi(z; Ti(1;t, %), 0)) } dr dx

< LEeAzz_f”v -v* ”x
Similarly, we deduce that
Iy < L(n - 0e™E|v—v*| .

For the remaining term I3, using the change of variable & = X;(7;¢,x), we get
1 t
Iis §L/ / [v(z, Xi(t; t,%)) = v¥ (7, Xi(t; 8,%)) | dT doe
X;(t:0,1) i(1;8%)
- t 1 -
SeAtL/ / |v(t,&) - v*(r,€)| dr d& SeMLZ”V—v*”X.
o Jo

Therefore for all £ € [0,£] and i € {1,..., £}, we obtain

|Miw)(e, ) - M (v ;)

|1 < @+ KmeMLE[v—v*| . (77)
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Analogous calculations allow us to prove that foralli € {£ + 1,...,n} and £ € [0, ],
|M)(E, ) = Mi(v) ()| 1 < 2+ KM LE|[v —v¥ . (78)

Hence, using (55), (57), (77), and (78), for every ¢ € [0, ], we have

M) -M(v) | = Z sug] | i), ) = Mi(v*) (. ) ”Ll([O,l];]R)

i=1 telot

. 1
<n(2+ Kn)eAtLt”v —v* ||X < 3 ||v —v*| o
proving that M is a contraction. Hence a unique solution exists in the time interval [0, Z].

Step 2. Global existence in [0, T]. Assume by contradiction that the solution v does not

exist on the whole time interval [0, 7] and define
T= sup{t € [0, T : v is defined in [0, £] } (79)
By contradiction, T<T. Moreover,

lim TV(v(z,)) = +00; (80)

t—>T-

otherwise, the construction in the first part of the proof can be applied, violating the max-
imality of 7.

IfT < ﬁ , then Lemma 17 implies that TV(v(, -)) is bounded in the time interval [0, 7],
contradicting (80).

If7T < ﬁ, then we can apply the previous considerations on time intervals of length

1
Amax

Step 3. Stability estimates in [0, T]. Here we briefly sketch the proofs for the L!-

obtaining a contradiction with the definition of T.

estimates (9), (11), and (12). We only consider the case ¢ < t; the final estimates follow
by an iterative procedure. We start with four cases in the construction of M. Let v and v*
be the solutions to the diagonal system (3) with the initial and boundary conditions v, b
and, respectively, v*, b*.

1. Forie{l,...,£},t <t and x € [0,;], where X; = X;(;0, 1), we obtain

f i’M,»(v)(t,x) —Mi(v*)(t,x)‘ dx
0
X t
S ||‘_’_‘_,*||L1(0,1)+/ /. |hi(T1Xi(T;t:x)rv(T)Xi(T;t)x)))
o Jo
—hi(r,Xi(t;t,x),v*(t,Xi(t;t,x)))|drdx

t
<[5 o L [ IV ) =0 g
0
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Similarly, for £ € (0, £), we deduce the estimate for the trace:

ft|Mi(v)(t,0+) —M,'(V*)(‘L',O+)| dr
< [t|f/i(Xi(1~f;r,0)) -V (Xi(&7,0))| dr

AT " (81)
+/z /O (7, Xi(057,0),v(7,X;(0;7,0)))

- hi(r,Xi(Q; 7,0),v* (r,Xi(Q; T, 0))) | dodr

= ”‘_'_‘_'* ”Ll(o,l) +L (0,1) dr

2. In the same way, fori € {¢ + 1,...,n}, t <, and x € [x;, 1], where x; = X;(£;0,0),

f\M W63) - Mi(v) (6] dx = [-7

t
+L/|
0

and, for £ € (0,t),
ﬁt|M,r(v)(1:, 1-) = M;(v¥)(r,1-)|dt

t
< 7= s L [ I¢

3. Forie{l,...,¢}, t <t and x € [¥;, 1], where X; = X;(£0, 1), using (81) and (82), we
deduce that

(82)

1) dr

/|M(v)(tx) M;(v*)(t,%)| dx
/|ml i(1;8,%)) — m (Ti(1;¢,%)) | dx

+ / / |hi(t, Xi(z:£,%), v(7, Xi(15 £, %))
xi T;(L;t,x)

— hi(t, Xi(v; 6,%),v* (1, Xi(7; £,%)) ) | dT dot

<||b b||L10T +I<Zf v)(t,0+) — M( t0+|dt

ltx,

n

, J1-) = M; * 19)|d
+KJ;+1/T(1M,)|M1(V)(T 1) = M;(v")(x,1-)|d

+L/0 ||v(r, ) —

= ”b -b’ ”Ll(o,T) + ”K”‘_' -V ||L1(0,1)

(’)dr
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t
+nKL/ HV(T,')—V(T")”LI(OJ) dz.
0

4. Analogous calculations imply that for i € {¢ + 1,...,n}, t <, and x € [0,x;], with
X = X,(£,0,0),

/Oxi ’Mi(v)(t’x) —Mi<V*)(t,x)‘ dx

= ”b -b ”Ll(o,T) + ”K”‘_' -V ||L1(0,1)
t
+ nKL/O Hv(r, ) —v(r,~)HL1(0Y1) dr.
Combining the estimates obtained in the previous four cases, we have

[V ) = v (@) = 2] b= b7 s gy + @K+ D[V =¥ 1y

0,T)

+ (2nKL + 2)/0 |v(z,) = v(z, ')HLl(o,l) de

for everyt < t. Using the Gronwall lemma, we obtain (9). Moreover, estimates (11) and (12)
follow from (81), (82), and (9).
Step 4. Total variation and L™ estimates. The total variation (10) and the L™ esti-

mates (13) follow from Lemma 17. a

5 Conclusions

We proved the well-posedness of a switched system composed by a system of linear hy-
perbolic balance laws and by a system of linear algebraic differential equations. The results
are global in time in the case of the initial data with finite total variation. We do not need
to impose any additional hypothesis on the smallness of the total variation.

The present setting includes networks and looped systems of hyperbolic balance laws.
Moreover, it can describe many real applications: for networks for water supply, electrical
power distribution, or gas transport. Similar systems, but with nonlinear PDE, are used
also for modeling the human circulatory system or controlling traffic flow through au-
tonomous vehicles.
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