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Abstract

The aim of the manuscript is to present the concept of a graphical double controlled
metric-like space (for short, GDCML-space). The structure of an open ball of the
proposed space is also discussed, and the newly presented ideas are explained with a
new technique by depicting appropriately directed graphs. Moreover, we present
some examples in a graph structure to prove that our results are sharp compared to
those in the previous papers. Further, the existence of a solution to the boundary
value problem originating from the transverse oscillations of a homogeneous bar
(TOHB) is obtained theoretically.
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1 Introduction

To resolve many problems in mathematics, we require to use fixed point theory. This the-
ory is also considered a remarkable tool in applied sciences and several other disciplines.
The Banach fixed point theorem [1] is known as the essential theorem in the metric fixed
point theory. This theorem has been generalized and extended in several directions using
different topologies and/or variant contractions. Among these generalizations and exten-
sions, we cite [2—10].

On the other hand, graph theory is a branch of mathematics that deals with networks
of elements connected by lines. A graph is considered a structure amounting to a set of
objects in which some pairs of objects are related in some sense. The beginning of the
graph theory field originated in number games. It has a significant contribution to mathe-
matical research, with applications in social sciences, operations research, chemistry, and
computer science. For more details, we refer to [11-14].

In 2005, Echenique [15] initiated the combination of graph theory and fixed point the-
ory by presenting a proof of the fixed point result of Tarski via graphs (using ordinal num-
bers). A year later, Espinola and Kirk [16] gave some fixed point theorems via graph theory.
Precisely, they established some fixed point results for nonexpansive mappings defined
on R-trees and used the obtained theorems to give some results in graph theory. Note
that metric graphs correspond to spaces followed by considering a connected graph and
metrizing the nontrivial edges of the graph as bounded intervals of R. Going in the same
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direction, a fruitful contribution was made by Jachymski [17] in 2008 and Beg et al. [18]
in 2010. Namely, variant generalizations of the Banach contraction principle to mappings
on a metric space equipped with a graph have been provided. For further investigations
of fixed point results using a graph, see [19-23].

Among the generalizations of a metric space, there is the concept of a double controlled
metric-like space introduced by Mlaiki [24]. In this setting, double controlled control func-
tions are considered on the right-hand-side of the modified triangular inequality. Also,
self-distance may not be equal to zero. In this paper, we construct a suitable double con-
trolled metric-like metric space equipped with a graph and some suitable graphical con-
traction mappings. We prove some related fixed point theorems. We also present some
concrete examples and an application by ensuring the existence of a solution to a bound-

ary value problem originating from TOHB.

2 Basic facts and primary definitions

This part is intended to review primary definitions of a controlled metric-type space, a
double controlled metric-type space, and a double controlled metric-like space and some
facts about the graph theory, which are very important for most of the statements of our

paper.

Definition 2.1 ([25]) Consider 8 # @ and a function p : 82 — [1,00). Assume that a func-
tion & : B2 — [0, 00) satisfies the assumptions below for all k, [, € B:

¢ EkD)=06k=1

(2) &k 1) =& k);

(&3) §(k,0) < p(k, m)&(k,m) + p(m, D& (m, 1).

Then (8,&) is called a controlled metric-type space.

Abdeljawad et al. [26] extended the above definition to double controlled metric-type
spaces as follows:

Definition 2.2 ([26]) Consider 8 # # and noncomparable functions p, ¢ : 2 — [1,00).
Let the function o : 82 — [0, 00) satisfy the assumptions below for all k,/,m € B:

(01) olk,) =0 k=1

(09) ok, ) =0o(lk);

(03) o(k,l) < plk,m)o(k,m) + ¢ (m,l)o(m,]).

Then (B, 0) is called a double controlled metric-type space (DCMT-space).

In 2020, Mlaiki [24] introduced the concept of a double controlled metric-like space
(DCML-space) and showed that any DCMT-space is a DCML-space, but the opposite is
not true. He also obtained the related Banach contraction principle under mild conditions

and presented his definition as follows:

Definition 2.3 ([24]) Consider a set 8 # ¢ and noncomparable functions p,¢ : 82 —
[1,00). Let the function 6 : 2 — [0, c0) satisfy the hypotheses below for all k,/,m € B:
61) 0k, )=0x k=1
(62) O(k,1)=06(l,k);
63) 0(k, 1) < plk,m)0(k, m) + ¢ (m,1)0(m, ).
Then (8,0) is called a DCML-space.
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Based on the results of Jachymski [17], let a set ] # ¥ and A be the diagonal of the Carte-
sian product J x J. Also, assume that © = (v(9), #(D)) is a directed graph without parallel
edges, where v(9) is the vertex set of O so that it coincides with the set J, and the set of
edges will be denoted by #(0) so that it contains all the loops of 0, i.e., A C ?(©).

The undirected graph is obtained from o by ignoring the direction of edges denoted by
the letter o. Actually, it will be more convenient for us to treat O as a directed graph for
which the set of its edges is symmetric. Under this convention,

9©)=3E) U™,

where 07! is the graph obtained by reversing the direction of #(9).

Assume that k and [ are vertices of the directed graph o, a path in © described as a
sequence {k;}”, containing (m + 1) vertices so that k, = k, k,,, = [ with (ki_1, k;) € () for
i=1,2,...,m. Further, if there is a path between any two vertices, then a graph o is called
connected, and © is weakly connected if O is connected. A graph Y = (v(7), (X)) is called
a subgraph of © = (v(©), #(0)) if v(T) C v(©) and ¥(Y) € (D).

The symbols below are due to Shukla et al. [27]:

A relation ) on J is defined by: (k)/), if there is a directed path from & to / in o, and
we write t € (k)5 if ¢ contained in some directed path from & to [ in ©. Moreover, they
denote [k]% = {/ € : there is a direct path from k to / in o with the length n}.

Recall that a sequence {k;} C J is called O-termwise connected (9-TWC) if (k;Nk;11)o,
for all i € N. Henceforward, we shall consider all graphs are directed unless otherwise
stated.

Chuensupantharat et al. [28] applied a directed graph in metric fixed point theory by
introducing a graphical b-metric space to generalize a b-metric space. They were able to
study the topological properties of this space and get examples and results about the fixed
points that contribute significantly to the development of graph theory. For more examples
and explanations, see [29].

3 Graphical double controlled metric-like spaces
Most of the results in metric fixed point theory depend on the fact that if the contractive
condition holds for comparable elements p and g, and for g and r, it necessarily holds for
p and r. Transitivity can be avoided while working in the structure of the graph.

Because of the importance of graphs in the metric fixed point, we commence the graph-
ical version of double-controlled metric-like spaces as the following:

Definition 3.1 Assume that /] # ) endowed with a graph © and noncomparable functions
0, :] x ] — [1,00). Let the function ang :J x J — [0, 00) verify the following assertions
Vk,,me]:

(do1) do, (k,))=0= k=1

(ds2) do,, (k1) =do,, (I, k);

(do3) (kN)o, m € (kN)o = db,. (k1) < o(k,m)do,, (k,m) + & (m, D)o, (m, ]).

Then (J,d5,, ) is called a graphical double-controlled metric-like space (GDCML-space).

Remark 3.2
(i) If we take o =&, then we have a new space called a graphical controlled metric-like
space.
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(ii) Itis clear that a GDCML-space is more general than a DCML-space.
(iii) Every DCML-space is a GDCML-space.

To illustrate the above remark (iii), we give the following examples:

Example 3.3 Let] ={1,3,5,7,11}. Define 0,& : ] x ] — [1,00) by

k, ifkil>1, max{k,l}, ifk,[>1,
ok, 1) = and &(k,0) =

1, otherwise, 1, otherwise.

Assume the set ] is equipped with
ifk=1,

ifk=0and /=0,
ifk>1and0<I/<1,

ds, . (kD) =

ifl>1and0<k<1,

=~ e e O

otherwise.

The proof that the pair (/,d5,, ) is a DCML-space comes directly from paper [24].
Now, let the set of vertices be J = v(D) and the set of edges be described as

) =A+ {(1, 3),(1,5),(3,5),(3,11),(5,7),(5,11),(7,1),(7,3),(11,1), (11, 7)},
then (/,do,, ) is a GDCML-space. The sketch of the graph o is illustrated in Fig. 1.

Example 3.4 A GDCML-space is not necessarily metric space. Assume that / = ® U Q,

where ® = {% :9 =1,2,3,4} and Q = {2,3}. Define the GDCML d5 : ] x ] — [0,00) as
follows:

0, iftk=1,

(k+10)?, otherwise,

do (k1) =

Figure 1 Graph describing DCML-space

Page 4 of 16
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Figure 2 Graph associated with Example 3.4

equipped with the graph © = (v(©), #(9)) so that J = v(9) with #(0) as illustrated in Fig. 2.
Explicitly, we can find that (/,d5, ) is a DCML-space endowed with a graph o by setting
o(k,l)=kl+26and &(k,1) =13 + Kkl.

It should be noted that (/,d5,,) is not a graphical metric space and hence not a metric
space because

do,.(2,4) =36 >d>,.(2,1) + d>,.(1,4) = 34.
Remark 3.5 A GDCML-space can be obtained from its ordered version.
Let d. . be an ordered double-controlled metric-like and O4,, = (v(94,,), ¥ (D4,,)) be
a graph so that v(9g4,,) =/ and ¥ (Dg4,.) = {(k,]) € ] x J : k = [}. It is clear that (/,d.,,) is
a GDCML-space. Hence, we conclude that every ordered double-controlled metric-like

space (ODCML-space) is a GDCML-space.
The following example confirms Remark 3.5.

Example 3.6 Consider ] = {2,4,6,8,10} equipped with the partial order > described as
F=AU{(kD)e]x]: kle],l>k}

Define dkgg :J x J — [0,00) as follows:

0, ifk=1,
(k+10?, kL

d

7o

(k1) =

Surely, (J,ds,,) is an ODCML-space with the functions 0,& : J x /] — [1,00) given as
ok, ) =~k+Iland E(k, ) =1 +k + 1.

Now, assume the graph 0, is endowed with the partial order = as illustrated in Fig. 3.
Then (/,d;.,.) is a GDCML-space with the same functions o and §.

It should be noted that a GDCML-space is not necessarily a DCML-space. In order to
confirm this statement, we will explain the following example.
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Figure 3 Graph associated with Example 3.6

Figure 4 Graph Describing GDCML-space

Example 3.7 Assume that J = {0,1,2,3} is furnished with the GDCML d,, : ] x ] —
[0, 00) described as

0, ifk=1
daas (k’ l) =
(k+0? k#l,

including the graph o = (v(9), ¥(9)) so thatJ = v(9) with ¥ () as spanned in Fig. 4. Clearly,
(J,d>,.) isa GDCML-space endowed with a graph o by taking o (k, /) = vk + [ and gk, 1) =
V1+k+1
Note that
d>,.(2,3) = 25
> 4+/2 +2(9)
= 0(2, O)dagg (2’ 0) + E(Or B)dagg (O’ 3)

Hence, a GDCML-space is not necessarily a DCML-space.

To summarize the above results together with the remarkable work that has been com-
pleted in lead manuscripts [24, 27, 30, 31], we present the next flow diagram (Fig. 5) in
order to gain a better understanding of the corresponding concepts.

Definition 3.8 Suppose that (/, dans) is a GDCML-space. Then for k € J and ¢ > 0, the
d>,.-open ball with radius o and center m is

Ou,, (k,8) = {m € J : (k%tm),8 > do,, (k, m)}.
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Metric spaces #>| Metric-like spaces ﬂﬁed Metric- |=> DCML-spaces
like space:

|

Graphicl metric Graphical metric- Graphical extended ~
spaces = like spaces = metric-like spaces

GDCML-spaces

Figure 5 Flow digram stand for the inclusions. The reverse is not true

Because ?(0) 2 A, then m € Od@ag (m, 5), so this proves that for k € J, Oﬂla(ré (m,8) # 0
and § > 0.

Encompassed by a GDCML, the set & = {Odaag (k,8) | k € J, 8 > 0} forms a neighborhood
system for the topology 75 on /.

Furthermore, if for every k € Q, there is § > 0 so that Q D Od@ns (k, 8), then the subset Q

of J is open. Certainly, a subset Q of ] is closed if its complement is open.

Proposition 3.9 Let (/,d>,.) be a GDCML-space with o (k,m) = p € [1,00) and & (k, m) =
Le[l,00)so0that p #L fork,me]. If me Odaag (k,8) for & > 0, then there is w > 0 so that
Odans (k;(s) ) Odaof (}’I’l, w)

Proof Assume that m € Od@gg (k, %). If m = k, then we select w = %. Now, suppose that
m # k, then we get dp . (m, k) # 0. Selecting 0 < @ = %(8 —td>,, (m, k)) and consider [ €
Odané (m, @), then based on the given assertions, we have (k%im)o,, and (mdil),,, and
hence (kdl)5,,, . According to the property of the GDCML-space, we get

do,. (LK) < o(l,m)ds, (I, m) + & (m, k)do>, (m, k)
< pw +Ldy, (m, k)
5 ¢
=p (_ - _daag (m:k)> + Edagg (m’k)
o P

= 4.

That is, do,. (1,k) < §, ie, l € Odans (k,8). Hence, Odaag (k,8) 2 Odans (m, ). This com-
pletes the proof. d

Definition 3.10 Let (J,d5,,.) be a GDCML-space. The sequence {k;} €/ is called:
(a) convergent to k € J if lim;, o do, (ki, k) = Ao, (k, k);
(b) ©-Cauchy sequence if lim;j_, oo d@gE (k;, k;) exists and is finite.

Definition 3.11 A GDCML-space (/,db,,) is called O-complete if for every 0-Cauchy
sequence {k;}, there is k € J so that

]lm dagg (kl’k) = daag (k! k) = hm dagg (ki) k})'
1,]—>00 Lj—>00
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4 Recent fixed point theorems

Assume that O = (v(D), #(9)) is a weighted graph containing all the loops. We say that
a sequence {k;} € J with the initial value ky € J is an Q-Picard sequence (2-PS) for an
operator Q:] — J if k; = Qk;_; = Qiko, Vi e N.

Furthermore, © = (v(9), ¥ (D)) is said to justify the property (P) [27] if a O-termwise con-
nected Q2-PS {k;} converging in J guarantees that there are a limit k € J of {k;} and kp € N
so that (k;, k) € 9(©) or (k, k;) € 9(D), for all i > i.

Now, we demonstrate our first main results by defining a graphical O, -contraction as

follows:

Definition 4.1 Let (/,do,,) be a GDCML-space endowed with a graph © containing all
the loops. A mapping 2 :J — ] is called a graphical O,¢-contraction on a GDCML-space
(J,d>,.) if the stipulations below hold:
(D5£S1) J preserves edges of o, i.e.,, Vk,I € ], If (k, 1) € ¥ (D), then (Q2k, QI) € ¥ (0);
(D5£S2) therearen €[0,1) and o (k,1),&(k, ) € [1,00) for all k, [ € J with (k, ) € 9 (D), we
get

do, . (2K, QD) < nds,, (k, 1). (4.1)

Theorem 4.2 Let (J,dp,,) be a O-complete GDCML-space and 2 : ] — ] be a graphical
Dot -contraction. Assume that the hypotheses below hold:

(1) the graph O verifies the property (p);

(2) for some n €N, there is ko € ] so that QU € [kol% and

. ok, kiga) 1
1 ——————&(kis1, k) < —, 4.2
ivmlgloo o (ki kis1) Slk1rkn) < n (42)
where {k;} is Q-PS with initial value ko;
(3) forevery k € ], we have that lim;_, o o (k, k;) and lim,_, , & (k;, k) exist and are finite.
Then there is k* € ] so that the Q-PS {k;} is O-TWC and converges to both k* and Qk*.

Proof Assume that ko € J so that for some n € N, Qky € [ko]%. Because {k;} is a 2-PS
with initial value ko, there is a path {lj};’zo with ko = lp, ko =1, and ([;_1,];) € 9 (©) for
j=1,2,...,n. Based on (Os¢S1), for j = 1,2,...,n we have (Q/;_, /;) € ¥(9). This implies
that {Qlj}l’io is a path from QI = Qky = k; to Q1,, = Rk = k, having length #, and thus k, €
[k1]5. By repeating the same approach, we find that {€2'/;}"", is a path from Q'ly = Q'ko = k;
to Q'[, = Q'Qky = ki,1 of length #, and thus ki, € [k;]%, for all i € N. This proves that {k;}
is a O-TWC sequence.
Now, (Q'_1,Q'l;) € () forj=1,2,...,nand i € N. By (9,¢52), we get

Ao, (1, QL) < ndo, (71, Q71).
By continuing with the same scenario, we have

doe (1, Q) < ndo, (@711, 27')
< 0o, (X7, Q7))
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=< ﬁidagg (-1, ). (4.3)
Since {k;} is a O-TWC sequence, by (4.3), we can write

do, ¢ (kiy ki)

= do,, (Q'ko, 2" ko)

=do,, (Q'l, 'L

<o (Qlo, Qh)do,, (R, Q1) +E (N, Q) do,, (21, QL)

<o (Q, Q'h)do,, (o, QL) + £ (L, QL) o (L, QL) do,, (1, ')
+E(Q, QL)E(QL, Q') do,, (', QL)

<o (Qlo, Q) do,, (o, AN +E(QN, Q)0 (N, QD) ds,, (1, Q')
+&(QL, Q'L)E (R, QL) o (', Qls)ds,, ('L, Q')
+E(Q, QL) E(QL, Q1) & (Qs, QL) do,, (s, QL)

<...

< O’(Qilo, Qill)dacg (Qilo, Qill)

n-2 r
> (]—[ (', szl‘ln))a (L, Q) o, (R, l41)
r=1 \j=1

n-1

+ [ [6(QL QL) do, (i, QL)
=1

o (Qly, Qill)daas (lo, 1)
<n'{ + X0, £(Q, QL))o (L, Q)do, (L)
+ T (L, QL) nids, (b1, L)

Since r is finite, letting

O—(Qil()i Qill)dagg (101 ll)
Qo =1+ X0 () £, Q1)) (Qly, ) do, oy 1) 5
+ 1) 6, Q)" (lo, 1)

a finite quantity, we have
o, (Kiskiv1) <0' Qo (4.4)
Again, since {k;} is a O-TWC sequence for i,m € N, i < m and using (4.4), we obtain

dDUS (kis k) < o (ki ki+1)dD,,§ (ki» kiv1) + & (Kiv1, km)dagg (kis1 kim)
< ok kis1)do,, (ki) Kis1) + & (Kis1, kim)o (Kiv1, Kiva)do . (Kis1, Kivo)
+ E(ki+1; km)g(ki+27 km)daog (ki+27 km)

Page 9of 16
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< o (ki kis1)do,, (ki Kis1) + & (Kis1, ki) (ki1 Kiv2)do . (Kiv1, Kiva)
+ & (Kis1, kin)§ (K2, k)0 (Kivz, Kiv3) o, (Kivz, Kis3)
+ é(kﬂl; km)é (ki+27 km)%- (ki+3¢ km)dagg (ki+3¢ km)

m-2 q
< o (ki ki )do e (KipKis1) + ) (1‘[s(ks,km)>o(kq,kq+1)dagg (kg kge1)

q=i+1 \s=1

m—1
+ 1_[ ‘i: kp!km da(,%- m— 17k )

p=i+l

m-2
=< O(knkHl)’] Qagg + Z (Hé(ks’ km)>a(/(q: q+1)77 Qagg

gq=i+1 \s=1
i-1
+ [ &l kn™ Qo
p=m+1

i-2
= a(km:kmﬂ)r] QDUE + Z (Hg(ksrk)>a(kq:kq+l)n QDGE

g=m+1 \s=1

m-1
+ ( 1_[ E(kpr km)) nm_la(km—b km)QE)Ug

p=i+l

m-1
(kl! kz+l n QD{,g + Z (1_[5 Kss K ) (kq: kq+l)77qQD[,e§-

g=i+1 \s=1

m-1 q
< ok ki)' Qo + ) (Hs(ks,m)o(kq, kg0 Qo

gq=i+1 \s=0
Note that, we used the fact o (k, ), & (k,[) > 1. Assume that
wh-2<1"[s ko Ko ) g+’
q=0

Then, we get

do,¢ (kiskim) < Qo (Uiff(ki,knl) + (g — 1Y), (4.5)

From condition (4.2) and using the ratio test, we find that lim,_, », V; exists, and hence and
the real sequence {¥;} is a ©-Cauchy.
At the last, letting m,i — oo in (4.5), we have

lim do é(k,,km) 0.

lm—)OO

This proves that the sequence {k;} is a ©-Cauchy in (J,d5,, ). The completeness of (/,d, )

implies that there is a sequence {k;} converges in / and from stipulation (1), there is k* € J,
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iop € N so that (k;, k*) € 9(©) or (k*, k;) € (D), Vi > ig and
lim d,, (ki,k*) =do,, (k, k*) = lim dp,, (ki ky) = 0.

This assures that {k;} converges to k*.
If (k;, k*) € ¥(0), then by stipulation (D,¢S2), we get

daaé. (ki+1, Qk*) = dang (Qki, Qk*) < Ldaas (ki, k*), for i > iy.
This implies that
l]_l)r(l)lo daas (ki+1; Qk*) =0.
Also, if (k*, k;) € ¥ (), then with the same arguments as above, we find that

lim daas (Qk*,ki+1) =0.

i—00
Therefore, {k;} converges to both k* and ©2k*, and this finishes the proof. O

In order to achieve the existence of the fixed point, we introduce the following results:

Definition 4.3 Let (/,d5,,) be a GDCML-space and Q : ] — J be self-mapping. A trio
J,do,,$2) is said to satisfy the property (H) if: corresponding to two limits k* € J and
I* € Q(J) of a O-TWC Q-PS {k;}, we get k* = [*.

Theorem 4.4 Assume that all hypotheses of Theorem 4.2 hold and suppose that a trio
J,do,, 2) verifies the property (H). Then, Q possesses a fixed point.

Proof In Theorem 4.2, we were able to prove that the Q2-PS {k;} with initial value ko con-
verges to both k* and Qk*. As k* € ] and Qk* € Q(J), therefore by our assumption, we
have k* = Qk*. Hence, €2 has a fixed point. d

The below example supports Theorem 4.2.

Example 4.5 Let] = {0} U {% :i € N} be endowed with a GDCML dy,,, described as

0, ifk=1
do, (k1) =

(k+02 kI,
including the graph O so that / = v(©) and ¥(©) = A U {(k,]) € J? : (kR])5,k — [ > 0}. It
is obvious that (/,do,,) is a GDCML-space with o'(k,/) =2 + k + l and &(k,]) =3 + k + L.
Define a self mapping 2 :J — J by Q(k) = %, for all k € J. It is obvious to see that there is
ko = % so that Q(%) = % € [%]la, ie., (%Sﬁ%)a and the contraction (4.1) is fulfilled with n = %.
Hence, €2 is a graphical 0, -contraction ona GDCML-space (/,do,,. ) with o (k,[) = 2 +k +1,
Ek,)=1+k+landn= é.
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Figure 6 Weighted graph for Example 4.5

Since {k;} is a ©2-PS, for each k € J, Qi(k) = £, such that, we get

=§’

ki1, ki Qi ko, Q2K
. Mf(km, km) = lim w
i,m—> 00 U(ki:/<i+1) i,m—>00 U(Qlk(), Qz+lk0)

ko ko
. U(3i+1 » 3042 ko ko
; lim ko ko é: i+17 Qm
imco o(k, Ja) "\ 33

%. (Qi+1k0, kao)

0,0 1
_909 60391,
c(0,0) n
Moreover, since kg = % and Qi(k) = g, we see that lim;_, o, o (k, k;) and lim,_, o, & (k;, k)

exist and are finite. Therefore, all hypotheses of Theorem 4.2 are fulfilled, and 0 is
the unique fixed point of Q on J. Figure 6 presents the weighted graph for v*(0) =

{0,%,3%, 3%,3%, 3%,3%} C v*(©), where the wight of edge (k,[) is equal to the value of
do ¢ (k,1).

5 The existence of a solution for transverse oscillations

In this section, we apply the obtained theoretical results to discuss the existence of a so-
lution to the boundary value problem originating from transverse oscillations of a homo-
geneous bar (TOHB).

The TOHB is a problem of paramount importance. Suppose that we have a homoge-
neous bar that is fixed at one end and free at the other one so that the axis of the homoge-
neous bar corresponds to the segment (0, 1) of the x-axis and the deviation parallel to the
z-axis at the point c¢. The differential equation that describes the TOHB is written as:

THI _ N k() cel=1[0,1],
k(0) = k'(0) = k"(1) =k""(1) =0,

(5.1)

where £:[0,1] x R — R is a continuous function and X > 0 is a constant.

Problem (5.1) is written as an integral equation as follows:

1
k(c) = N4/ e, u)h(u,k(u)) du, (5.2)
0
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where J(c, u) is the Green function described by

Assume that J = C(I,R) is the set of real continuous functions on I. Let
0= ke]:icrgk(c)>0&k(c)§ 1,061}.

Let O be a graph defined by / = v(©) and
@) =AU {(k,k*) eJ?: k,k* € U, k(c) < k*(c),Ve e I}.

Suppose that daos :J x J — [0,00) is a GDCML described as

2

)

do, (k, k*) = sup|k(c) + k*(c)

cel

for all k, k* € J with o (k,k*) = s + k + k* and o (k, k*) = t + k + k*, such that s, >2 and s # £.
Then (J,do,,) is a GDCML-space.

Now, we consider Problem (5.1) under the following hypotheses:

(Hy) There is a lower solution y € J of Problem (5.2), i.e.,

1
y(c) < R4/ e, u)h(u, k(u)) du;
0

(H2) Select N suitably so that

4
inIfJ(c, u)>0, 0< sup(-I(N, c))2 <1 and I(cu)h(u,1) < (é) ,

cel

where (R, ¢) = %(%);

(H3) The stipulation below holds, for each c e I and k,l €]
|h(c, k(c)) + h(c, l(c))| < |k(c) + l(c)‘.
Theorem 5.1 Under assumptions (Hy)—(Hs), Problem (5.1) governs TOHB has a solution.
Proof Let Q:] — ] be an operator described by

1
Q(k(c)) = N4/0 e, u)h(u, k(u)) du, Vuel.

It is clear that the operator J is well-defined. Based on the given assumption, for (k,/) €
?(0) with &, € J, we have

1 1
|Q(k(c)) + Q(l(c))| = N4/0 e, u)h(u, k(u)) du + N4./o e, u)h(u, l(u)) du
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1
< R4/ e, u) | n(u, k(w)) + 1(u, L(w)) | due
0
1
<! /0 e, u) (sctgm(c, k() + (e, 1)) ) du

1
= N4<sup|h(c, k(c)) + h(c, Z(C))D/o e, u)du

cel

Rt (¢t —4c3 + 6¢2
< Z(#)(scg)\k(d +1(c) )

which implies that
sclg)|9(k(c)) +Q(l(c) |2 < sclg)(-[(& c))2 5612)|k(c) + l(c)|2.

Using our assumptions, we take sup,.;(7(X,¢c))? = n € [0, 1), such that we get
do,. (K, Q) < nd>,, (k,1).

This verifies the stipulation (9,¢52) of Theorem 4.2.
Now, for all &,/ € © so that (k,[) € 9(0), we find that k,/ € U and k(c) < I(c), forallc € I.
By the assertion (H,), we obtain inf.c; Q(k) > 0,

1 1
Q(k)(c) = &4/ e, u)h(u, k(u)) du < N“/ e, u)hlc,)du<1
0 0
and
1 1
Qk)(c) = &4/ e, u)h(u,k(u)) du < N4/ e, u)h(u, l(u)) du = Q(I)(c).
0 0

In other words, 2(k)(c) € U and (2(k)(c), 2())(c)) € v (©).

Moreover, by condition (H;), the existence of a lower solution of the integral equation
(5.2) confirms that there is a solution, say » € U, so that () € [»]}. This implies that
the hypothesis (2) of Theorem 4.2 is fulfilled. Also, the remaining conditions of Theo-
rem 4.2 can be verified easily. So, the mapping 2 has a fixed point, which is a solution of
the ordinary differential equation (5.1). a

6 Some open problems

« Is it possible to expand the triangle inequality to become quadrilateral or rectangular
to obtain new spaces under the same topological properties?

« Is it possible to extend the contraction condition given in our basic theorem, such as
the equivalent results of Reich [32], Meir—Keelar [33], Kannan [34], Hardy—Rogers
[35], Ciric [36], Edelstein [37], and De la Sen [38] in a GDCML-space?

+ Can we apply the theoretical results to discuss the existence solution of the following
integro-differential equation:

k(c) = i / e, u) [h(u, k(u),k/(u)) + p(u,k(u))] du,



Hammad et al. Advances in Continuous and Discrete Models (2022) 2022:46 Page 15 of 16

for ¢ € [s,r], where 3 : [s,7] x [s,r] = [1,00], i : [s,r] x [0,00) X [0,00) — [0, 00) and
g :[s,r] x [0,00) = [0, 00) are continuous functions?

+ What happens if the graphical O,¢-contraction mapping 2 : J — J is a cyclic mapping,
and/or we add the notion of a-admissibility?

Acknowledgements
The authors thank the Basque Government for Grant IT1207-19.

Funding
This work was supported in part by the Basque Government under Grant IT1207-19.

Availability of data and materials
The data used to support the findings of this study are available from the corresponding author upon request.

Declarations

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly to writing this article. All authors read and approved the final manuscript.

Author details

' Department of Mathematics, Unaizah College of Sciences and Arts, Qassim University, Buraydah 52571, Saudi Arabia.
2Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt. *Institut Supérieur
d'Informatique et des Techniques de Communication, Université de Sousse, H. Sousse 4000, Tunisia. *China Medical
University Hospital, China Medical University, Taichung 40402, Taiwan. °Department of Mathematics and Applied
Mathematics, Sefako Makgatho Health Sciences University, Ga-Rankuwa, South Africa. ®Institute of Research and
Development of Processes, Department of Electricity and Electronics, Faculty of Science and Technology, University of the
Basque Country, 48940 Leioa, Bizkaia, Spain.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 14 July 2021 Accepted: 2 June 2022 Published online: 17 June 2022

References
1. Banach, S.: Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fundam.
Math. 3, 133-181 (1922)
2. Czerwik, S.: Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1, 5-11 (1993)
3. Wardowski, D.: Fixed points of a new type of contractive mappings in complete metric spaces. Fixed Point Theory
Appl. 2012, 94 (2012)
4. Aydi, H, Lakzian, H., Mitrovic, Z.D., Radenovic, S.: Best proximity points of MF-cyclic contractions with property UC.
Numer. Funct. Anal. Optim. 41(7), 871-882 (2020)
5. Patle, P, Patel, D,, Aydi, H., Radenovic, S.: On H*-type multivalued contractions and applications in symmetric and
probabilistic spaces. Mathematics 7(2), 144 (2019)
6. Samet, B, Vetro, C,, Vetro, P: Fixed point theorems for ¢ — y-contractive type mappings. Nonlinear Anal. 75,
2154-2165 (2012)
7. Nadler, SB.: Multivalued contraction mappings. Pac. J. Math. 30, 475-488 (1969)
8. de Cabral-Garcia, G.J,, Baquero-Mariaca, K, Villa-Morales, J.: A fixed point theorem in the space of integrable functions
and applications. Rend. Circ. Mat. Palermo Ser. (2) (2022). https://doi.org/10.1007/512215-021-00714-7
9. Soo Kiim, K.: Coupled fixed point theorems under new coupled implicit relation in Hilbert spaces. Demonstr. Math.
55,81-89 (2022). https://doi.org/10.1515/dema-2022-0010
10. Hammad, H.A, De la Sen, M.: Fixed-point results for a generalized almost (s, g)-Jaggi F-contraction-type on
b-metric-like spaces. Mathematics 8, 63 (2020). https://doi.org/10.3390/math8010063
11. Balakrishnan, V.K:: Graph Theory, 1st edn. McGraw-Hill, New York (1997)
12. Jensen, JB, Gutin, G.: Digraphs: Theory, Algorithms and Applications. Springer, Berlin (2010)
13. Edward, A.B, Williamson, S.G.: Lists, Decisions and Graphs. With an Introduction to Probability (2010)
14. Bollobds, B.. Modern Graph Theory, 1st edn. Springer, Berlin (2002)
15. Echenique, F.: A short and constructive proof of Tarski's fixed point theorem. Int. J. Game Theory 33(2), 215-218 (2005)
16. Espinola, R., Kirk, W.A.: Fixed point theorems in R-trees with applications to graph theory. Topol. Appl. 153, 1046-1055
(2006)
17. Jachymski, J.: The contraction principle for mappings on a metric space with a graph. Proc. Am. Math. Soc. 136,
1359-1373 (2008)
18. Beg, I, Butt, AR, Radojevic, S.: The contraction principle for set valued mappings on a metric space with a graph.
Comput. Math. Appl. 60, 1214-1219 (2010)


https://doi.org/10.1007/s12215-021-00714-7
https://doi.org/10.1515/dema-2022-0010
https://doi.org/10.3390/math8010063

Hammad et al. Advances in Continuous and Discrete Models (2022) 2022:46 Page 16 of 16

20.

21

22.

23.

24.
25.

26.

27.

28.

29.

30.

31

32.
33.
34.
35.
36.
37.
38.

. Ameer, E., Aydi, H., Arshad, M., Alsamir, H., Noorani, M.S.: Hybrid multivalued type contraction mappings in

ak-complete partial b-metric spaces and applications. Symmetry 11(1), 86 (2019)

Sultana, A, Vetrivel, V.: Fixed points of Mizoguchi-Takahashi contraction on a metric space with a graph and
applications. J. Math. Anal. Appl. 417(1), 336-344 (2014)

Sistani, T, Kazemipour, M.: Fixed point theorems for az-1r-contractions on metric spaces with a graph. J. Adv. Math.
Stud. 7(1), 65-79 (2014)

Karapinar, E., Czerwik, S., Aydi, H.: (&, ¥)-Meir-Keeler contraction mappings in generalized b-metric spaces. J. Funct.
Spaces 2018, Article ID 3264620 (2018)

Afshari, H., Aydi, H.,, Karapinar, E: On generalized o — y-Geraghty contractions on b-metric spaces. Georgian Math. J.
27,9-21(2020)

Milaiki, N.: Double controlled metric-like spaces. J. Inequal. Appl. 2020, 189 (2020)

Kamran, T, Samreen, M., Ul Ain, Q.: A generalization of b-metric space and some fixed point theorems. Mathematics
5, Article ID 19 (2017)

Abdeljawad, T, Mlaiki, N., Aydi, H., Souayah, N.: Double controlled metric type spaces and some fixed point results.
Mathematics 6, Article ID 320 (2018)

Shukla, S., Radenovi¢, S, Vetro, C.: Graphical metric space: a generalized setting in fixed point theory. Rev. R. Acad.
Cienc. Exactas Fis. Nat. 111, 641-655 (2017)

Chuensupantharat, N., Kumam, P, Chauhan, V., Singh, D., Menon, R.: Graphic contraction mappings via graphical
b-metric spaces with applications. Bull. Malays. Math. Sci. Soc. 42, 3149-3165 (2019)

Younis, M., Singh, D., Petrusel, A.: Applications of graph Kannan mappings to the damped spring-mass system and
deformation of an elastic beam. Discrete Dyn. Nat. Soc. 2019, 1315387 (2019)

Hammad, H.A,, De la Sen, M.: Solution of nonlinear integral equation via fixed point of cyclic ozzl’—rationa\ contraction
mappings in metric-like spaces. Bull. Braz. Math. Soc. New Ser. 51, 81-105 (2020)

Hammad, H.A, De la Sen, M., Aydi, H.: Analytical solution for differential and nonlinear integral equations via
Fa.-Suzuki contractions in modified @.-metric-like spaces. J. Funct. Spaces 2021, Article ID 6128586 (2021)

Reich, S.: Some remarks concerning contraction mappings. Can. Math. Bull. 14, 121-124 (1971)

Meir, A, Keeler, E.: A theorem on contraction mappings. J. Math. Anal. Appl. 28, 326-329 (1969)

Kannan, R: Some results on fixed points. Bull. Calcutta Math. Soc. 60, 71-76 (1968)

Hardy, G.E, Rogers, D.E.: A generalization of a fixed point theorem of Reich. Can. Math. Bull. 16, 201-206 (1973)
Ciric, L.B.: A generalization of Banach's contraction principle. Proc. Am. Math. Soc. 45, 267-273 (1974)

Edelstein, M.: An extension of Banach contraction principle. Proc. Am. Math. Soc. 12, 7-10 (1961)

Hammad, H.A, De la Sen, M.: Generalized contractive mappings and related results in b-metric-like spaces with an
application. Symmetry 11,667 (2019)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Graphical structure of double controlled metric-like spaces with an application
	Abstract
	MSC
	Keywords

	Introduction
	Basic facts and primary deﬁnitions
	Graphical double controlled metric-like spaces
	Recent ﬁxed point theorems
	The existence of a solution for transverse oscillations
	Some open problems
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


