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1 Introduction

During recent years, fractional Calculus draws increasing attention due to its applications
in various applicable fields such as physics, mechanics, chemistry, engineering, etc. The
reader interested in the subject should refer to the papers [1-10]. In the literature, one can
find that there are many definitions of fractional derivatives [11-15].

In [16], the authors introduced a new generalized derivative involving exponential func-
tions in their kernels that, upon considering limiting cases, converges to classical deriva-
tives. They solved Cauchy linear fractional-type problems within this derivative. One of
the generalizations of the well-known Riemann-Liouville and the Hadamard fractional
integrals was introduced by Katugampola ([17-19]) in a new fractional integral operator
given by

N pl—a t ‘L'p_ly(l')
PT [y)(t) = F(a)/; o) dr.

Matar et al. investigated the existence and uniqueness of solutions for a p-Laplacian

boundary value problem defined by a semilinear fractional system that involves Caputo—
Katugampola fractional derivatives (C-KFD) [20]. The Mathieu equation (ME) is an im-
portant equation of mathematical physics as it has many applications in several fields of
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the physical sciences [21-31]. In 1868, Emile Léonard Mathieu introduced for the fist time
the second-order differential equation and had encountered them while studying vibrating
elliptical drumheads, of the form

Dy(¢) + [a -2b cos(2t)]y(t) =0, (1)
where
dy?
D?y:= —,
AT

a and b are real or complex constants [32]. The solution of Equation (1) is built in the form

y(8) = explio )p(2), 2)

where p is a periodical function with period 7 and o is the so-called characteristic index
depending on the values of  and b. The function y(£) = exp(—io t)p(—t), represents the sec-
ond solution. In 2010, Rand et al. studied for the first time ME in fractional settings and
used the method of harmonic balance to obtain both a lower- and a higher-order approx-
imation for the transition curves [33]. Ebaid et al. established the approximate analytical
solution of the fractional Mathieu equation (FME) by using Adomian decomposition and
a series methods [34]. Recently, Harikrishnan et al. considered the problems of differential
equations with the Hilfer—Katugampola fractional derivative (H-KFD),

PDYEy](8) + p(t)y(t) = w(t, y(2)),
PTY ()| tea = iy gi¥(er),

for t,e; € (a,b], where #D%# is H-KFD of order 0 < o < 1 and type0 < <1,and PTI-Y
is a generalized fractional derivative of order (1 — y) with y =a + § —f and p > 0 [35].
Here, w: (a,b] x R — R is a given continuous function, e;, (i = 0,1,...,m) are prefixed
points satisfyinga < e; <e; <--- <e, < b, and g, are real numbers. They also established
the existence of solutions by using Krasnoselskii’s fixed-point theorem.

Our objective in this work is to study the existence and uniqueness of solutions of the
Mathieu fractional differential equation (MFDE) with H-KFD,

DU [y)(8) + p(e)y(e) = w(t,3(8), " D*P [y)(2)), 3)

for t € Iy = [0, T'], with the initial condition

PTHI0) = ) giyles, (4)

i=1

for e; € (0, T], where p(t) = a — 2bcos(2t), a, b are real constants, »D*# is H-KFD of order
o, type 0 < B <1, and PTIV jga generalized fractional derivative of order (1 — y), here
y =a+ B —aB, p>0. The map w: Iy x R — R is a given continuous function, e; for i =
0,1,...,mare prefixed points satisfying0 < e; < ey <--- <e,, < T,and g; are real numbers.
Also, we consider the existence and uniqueness of Problem (3) and (4).
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The plan of the work is as follows. In Sect. 2 we begin with some definitions and lemmas
that will be used to prove our main result. In Sect. 3, we prove the existence and uniqueness
of the solution. In Sect. 4, we provide two examples to illustrate our main results. We show
an application to examine the validity of our theoretical results on the fractional-order

representation of the motion of a particle along a straight line in Sect. 5.

2 Essential preliminaries
For the convenience of the reader, we present here some basic definitions and lemmas,

which are used throughout this paper.

Definition 1 ([19]) Let] = [4, b] be a finite interval on the half-axis R*, C(J) be the Banach
space of all continuous functions from J into R* with the norm ||y||¢c = max,; |y(¢)| and
the parameters p >0,0 <y < 1.

(1) The weighted space C,,(J) of continuous functions y on (a, b] is defined by

o

_ 14 _
i ) y(r)ecm},

_ tP
C,,0J)= :y: (a,b] > R: (

with the norm

_ y
llc,, = H (tp “p) 20
0

= max
led te]

’

_ v
(t" a”) 50
0
where Co ,(J) = C(J).

(2) Leté, =(z° %). For n € N, we denote by Cfsqp,y (J) the Banach space of functions y that
are continuously differentiable on /, with operator 8,, up to order (n — 1) and that
have the derivative 67y of order n on (a, b] such that §7y € C, , (), that is,

Cg’p,y(j)= {y:(a,b] —>R:8’; €C(),k=0,1...,n-1,80y€C, ,())},

where n € N, with the norms

n
- sk ,
lylley, ;rrtlgﬂ p&(%)
n-1
ey, = ekl + I3l .
k=0

For n = 0, we have C((s)p,y ) =C, ,0).

Definition 2 ([17, 18]) The generalized left-sided fractional integral *Z¢, [y](-) of order
@ € C, (Re(a) > 0) is defined for y € C} () by

PT5 @) =

l1-a t
o[-, ®
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fort > aand p > 0, provided the integral exists. Similarly, the right-sided fractional integral
PLy [y]1(-) is defined by

PTy-1y)e) =

l-a b
1% a-1.,1

P —EP) EPTy(E)dE, V<D (6)
tw ), -8
Definition 3 ([17, 18]) Let o € C, with Re(x) > 0, n = [Re(«)] + 1 and p > 0. The gener-
alized fractional derivatives, corresponding to the generalized fractional integrals (5) and
(6), are defined for0 <a<t<b<ooandye€ C)l/(j) by

a-n-1 d " t n-o+ -
Dbl - o (1) [ -y e e, o)
and
a-n-l1 d " b n—-o+ —
P10 = g (1) [ o ®

if the integrals exist.

Definition 4 ([36]) Let order o and type B satisfy 0 <@ <1 and 0 < 8 < 1. The H-KFD
(left sided / right sided), with respect to ¢, with p > 0 of a functiony € C;_,,, (J) is defined
by

o o) f o1 d _B)(1-a
D10 - (£ 20 (07 4 )2 o

= (£ T8, T o), ©
where *Z", is the generalized fractional integral given in Definition 2.

Properties 1 ([17]) We recall some properties of ”D;“;ﬁ as follows:
P1) The operator ”D*’ can be written as

o S W s Nl VS

where y =a + B(1 — ).
P2) The fractional derivative ? D:;ﬁ is an interpolator of the following fractional
derivatives:
« Hilfer (p — 1),
« Hilfer—Hadamard (p — 0),
+ generalized (8 =0),

.

generalized Caputo-type (B = 1),

o Riemann-Liouville (=0, p —> 1),
o Hadamard (8 =0, p — 0),

o Caputo (B=1,p— 1),

o Caputo—Hadamard (B =1, p — 0),
o Liouville (=0, 0 — 1,a=0),

e Weyl (B=0,p— 1,a=-00).
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First, we state the following key lemma.

Lemma 5 ([37]) Let *Z%, and D5, as defined in Egs. (5) and (7), respectively, for t > a.
Then, for o > 0 and ¢ > 0, we have

ng+[<tp_ap)f-l](t): X(9) (tﬂ_ap)‘“f-l’
J Clae+)\ p

-1
[(55%) Jo-o
0

for almost all « € (0,1).

and

Theorem 6 ([6, 17]) Leta>0,8>0,1<p<o00,0<a<b<oo,and p,c R, p >c, Then,
forye cz\,
T, pzﬁ [yl = pIZ:ﬁ Iy, "’DZZ'”DQ [y] = pDZfﬁ [y].

a

Lemma 7 ([36]) LetO<a<1,0<y<1l.IlfyeC,(J)andye C},(f), then

1-a a-1
”I:fDmy](t):y(t)—pzﬂ;(a)](“)(tp;“p> . Vae)=(ah).

Lemma 8 ([17]) Leta>0,0<y <1l,andye Cy(j). Then,
DI Y1) = 4(2),
foreachte].

Lemma 9 ([36]) LetO<a<b<oo,a>0,0<y<1l,andye Cy,p(f). Ifa>y,then "I, [y]
is continuous on J and

"I @) = lim "I 1(6) =0.

Throughout the remainder of this paper, we consider the following function spaces de-
fined in [36]. We consider the parameters «, 8, v, and u satisfying y = o + 8 — af, for

0=<pu<l,
C(le’rp(j) = {y € Cl*V:P(j)’pDZ;ﬂ [)/] € Cp.,p(j)}; (10)
Ci/—yvp(j) = {j/ €Ciy,()," Dy € Cl—y,p(j)}r (11)

and C_, () C C3* ().
Lemma 10 ([36]) LetO<a<1,0<B<l,andy=a+B(l-a). Ifye Cffy(f), then

TV PDY, [y) =PI DL ), (12)



Berhail et al. Advances in Continuous and Discrete Models (2022) 2022:44 Page 6 of 32

and

DT [y) = DIy, (13)
Lemma 11 ([36]) Letg € L}(J]). prfol_a) ly] exists on L'(]), then

rDePrTe [y] = P I P DI ).

Lemma 12 ([36]) Let O0<a <1, 0<B<l,and y =a+ Bl -a). Ifye Cl_y(j) and
pI;Iﬁ(lfa) € Cl_,()), then PDYPOTY, exists on ] and

PDUPPTE Y](6) = y(8), Vel (14)

The following key theorems are used in the remainder of the paper.

Theorem 13 ([36]) Lety =a+pB(1-«), whereO<a <land0<p <1.Ifg:(a,b)] xR —> R

is a function such that g(-,y(-)) € C1_y,,(J) foranyy € Ci_, ,. A function y € CLW (J) is the

solution of the fractional initial-value problem

PDUL @) = gt (1)),
P yl(a) = ¢,

if and only if y satisfies the following equation

¢ (t-a -1 1 trge —gp\ o1
y(t)_F(y)( P ) +m/< P ) €7 g(60(6)) ds.

Theorem 14 (Banach’s fixed-point theorem [38]) Let ) be a nonempty closed subset of a

Banach space X and F : Y — Y be a contraction operator. Then, there is a unique y € )
with F(y) = y.

Theorem 15 (Schauder’s fixed-point theorem [38]) Let ) be a nonempty closed subset of a
Banach space X and F : Y — Y be a continuous mapping such that F(Y) C X is relatively

compact. Then, F has at least one fixed point in ).

Theorem 16 (Arzela—Ascoli theorem [38]) A subset Y of C(X) is relatively compact iff it

is closed, bounded and equicontinuous.

3 Main result

In the following, we present a significant lemma to show the principal theorems.

Lemma 17 Let w: Iy x R? — R be a function such that

w(-y0), D’ [y]() € Ciy,plo), Lo = [0, T1,
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forally € Cy_, ,(Iy). We give y € Cf,%p(fo), then Problem (3) and (4) is equivalent to the

fractional integral equation

A e\ e
0= (5) [Z‘“/( ) e

x [w(&,y(), " D*P[y1(€)) - p(€)y(&)] ds}

(Y e
() Jo P

x [w(&,5(8),"D*Py(€)) - p(&)y(§)] d&, (15)
where
p?r
- . 6
A T Y, @) (16)
Proof

(=) Wemay apply Theorem 13 to reduce the FME (3) to an equivalent fractional integral

equation. Then, we obtain

y-1
o _PTe
o) p ) (pyl(®)

y(t) = a0 (tp

1 Litr —gP a-1 B iy
+@/O(T> 577 w(E,5(6), D [p1(8)) d. )

Now, we replace t by e; in equation (17) and multiply by g;, and obtain

Py [¥1(0) elp
qgy(e) = ——=—— z’(

y-1
Zi — g T" ;
M) ) ) q:"Z%pyl(e:)

1

§i e;f)_é_-p a-1 B y
) <T) 67 w(&,(6), D" y(6)) .

From *Z'77 [y](0) = 3", giy(e;), we write easily

0

P T4 [5](0) N\
quy(el = r(;[/y)]( Z%(e—‘> = @ T [pyl(er)
i=1

i=1 p

1 el —gP\“
gzl (50) e

X W(S:y(%_)’ pIDaYﬂy(S)) dg»
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and

"\~ 1
( ) }p:ﬂymm)

e; %.p a-1 .
/ ( ) P Lw(E,y(8), "D [y](€)) dé

- Zq fo YT [pyl(en),

1
N

i

which implies

L(y)pr!
C(y)pr=t =37 qie])r!

[ a)z"’/( ) e

x w(E,y(€), "D [y)(&)) d&

m e /P _gp\ 91
-4 fo (%) sﬂ-lp@)y@)ds].

i=1

T [5)(0) =

Hence,

a-1
p7l- }/[y](o AF(V) Z / ( éﬂ) %—pfl

x [w(&,y(&), " D*P[y1(€)) - p(€)y(€)] dé. (18)

Replacing Eq. (18) in Eq. (17), we obtain Eq. (15).
(<) Letye Cffy(lo) satisfy Eq. (15). We prove that y also satisfies the problem (3) and
(4). Therefore, we apply the operator * D& on both sides of (15), and from Lemmas 5

and 10, we obtain
*Dy 1®) = "D [w(t, 90, D 1)) - pe)y()]. (19)
From the hypothesis y € C{_, ,(Io) and (11), we have *D y € C1_,, ,(Ip) and

DR [w(6,7(8), "D [(8)) - p(e)y(0)]
=8,y " [w(t,y(0), "D (1) - POy (®)]

S Cl—y,,o(IO)' (20)
From [36, Lemma 5] and

[w(-.9(), PP [y1()) = (¥ ()] € Croy (Do),

Page 8 of 32
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it follows that

P00 (F () DPul) = p(Ju() € Croyp o). (21)
By Eq. (20), Eq. (21), and Definition 1, we have

2Ty PO w30, "D y)()) - p( ()] € CL,, (o).
Applying pIgfka} on both sides of Eq. (20) and Lemma 7, we have

IR AN
= [w(t.@), D [ul (1)) - p(£)y(2)]

P w(0,%(0), "D [51(0)) - p(0)y(0)]
F(B(1-a))

£0\ Bl-0)-1
y (_) .
P

By Lemma 9 and property (P1) of operator pDZ;’S , we obtain

PD*Py](e) = w(t, y(t), "D [y1(0)) - p(O)y(2),

that is, equation (3) holds. To this end, applying "I&:y of both sides of Eq. (15):

. B A . P y-1 m e ef_gp a-1
oy (2) [$0 [ (459)

x £P7w(E, (€), "D*P[y](8)) - p(€)y(€)] ds]

+ 0Ty 7 (PT2 [w(t,3(2), "D (1)) - p(Oy(®)]),

then, applying Lemma 5 and Theorem 6, we obtain

- AT N ([ -\
L0 - 5 leq/0< =) e

x [w(&,9(8),"D*P[y1(8)) - p(&)y(€)] d&
+ 2T [w(t,9(0), P DP [y] (1)) - pO)y(®)],

and we can write

- AT N~ [ =8N\,
b0 e e [ (457) ¢

0

x [w(&,y(&),"D*P[y1(8)) - p(&)y(€)] d&
+ 7Ty P [w(6,9(0), P D ) 0)) - p(e)y(®)]-
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By Lemma 9 and since 1 — y <1 - B(1 — «), we have

1- _AT'(y) ¢ “ile] —&" ot -1
1 b0 = S Zlq/0< ) e
x [w(&,5(8),"D*P[y1(§)) - p(§)y(€)] dE. (22)

Substituting ¢ = e; and multiplying by ¢; in Eq. (15), we obtain

() — qiA (i)y—l i ' ei<e;7_—§-p)a—1 -
W= ra o ;q,/(; p £

x [w(&,5(6),"DP[y1(8)) - p(§)y(©)] d%‘}

qi e ejﬂ_gp)(yl o
+F(0l)/o ( ) ) °

x [w(&,y(&),"D*P[y1(£)) - p(€)y(£)] dE, (23)

then,

m ‘ ’_im 'iyfl m ‘ e; el{’_gp a—lp_l
;qzy(el)—r(a);qz(p> [;%/0( - ) .

x [w(&, (&), "D’ [y)(€)) - p(&)y(&)] dé}

1 m e e;)_%_p a—1 .
rgref ()

i=1

x [w(&,5()," D*P[y)(§)) - p(§)y(€)] d&,

and

m

;qme,)-r(a)z%[/o( ; ) &

i=1

x [w(&,y(&), " D*P[y1(§)) - p(€)y(E)] ds}

foe(d) ]

which implies

m

AT N~ [,
Z%J’(ei)—mg%/o gt

i=1

x [w(&,y(&),"D*P[y1(€)) - p(€)y(£)] d&. (24)

Page 10 of 32
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From Egs. (22) and (24), we obtain

Ty 910) = > ailyl(en.
i=1

The proof is completed. O

Now, we will prove our first existence result for the problem (3) and (4) that is based on

Shauder’s fixed-point theorem.
Theorem 18 Assume the following hypotheses hold.

(A1) w:ly x R? — R is a continuous function such that w € Ciypforally e Ci_, ,(lo).
(A2) Forally, z € R there exists a constant K > 0 such that

|wit,y,2)| <K, Vtel. (25)
Then, the problem (3) and (4) has at least one solution.

Proof To prove the existence result, we will transform the problem (3) and (4) into a fixed-

point problem. We define the operator F : Cy_, ,(ly) = Ci_y ,(ly) by

A p\YV-L[ 7 e /P _gp\ o1
o= ()| o () e

i=1

x [w(&, y(&),"D*P[y1(§)) - p(€)y(E)] dé‘}

1 (-
mf( P ) :

x [w(&, y(&),"D*P[y1(§)) - p(€)y(€)] dé. (26)

Note that Fu € Ci_,,,(lo), Yu € Cy_, ,(I). Since the problem (3) and (4) is equivalent to
the fractional integral equation (26), the fixed points of F are solutions of the problem
(3) and (4). We establish that F satisfies the assumption of Schauder’s fixed-point Theo-
rem 15. This could be proved through several steps.
Step 1. We prove that F is a continuous operator. For any bounded set Y C Ci_, ,(lo)
there exists ¢ > 0 such that

Y={yeCiy,llo): yllc,_,, <¢}-
Let (¥,)nen € ) be a real sequence such that

nli)l{.lo 1y _y||C1—y,p =0.
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Then, for each ¢t € Iy:

P\
‘(fyn)m (fy)(t)( : )

A Oy il g\
srg 2] (5F) e

w(E,ya(6), D*P [¥1,(5))|
+ |w(&,5(€)," D [y1(€)) | + |pE)|(|ya©)] + |y(&)])] d&

(YT (Y
+F(a) p) /o( e ) 5
x [|w(&,yu(€), " D*Py,(&))]
+ |w(&, &), "D [y)©))] + |p&)|(|9a(&)| + |9(&)])] d&

%.p a-1
—r(a)zq/< ) £

x [2K -+ la+ 21 (|yn(®)] + |(€)])] d&

1 P 1-y t tp_gp a-1 i
+F(a)<p) /0< o ) :

x [2K + |a + 20| (|ya(&)] + |y(©)[)] d&

“ria2e[a(5)

T T ,0 a+y-1
+la+ 26 (”( ) (||yn||c1W+||y||c1y,p)}

I(a+y)
1 (tp>1_y|:21(<t”>°‘
+— (= sy
INGY) ap \ p

T()C(y) (P \*7 !
+ |a +2b| Faty) (;) (Ilynllcl_y,p+IIy||c1_W)]

2A ef o K ef yo1
SW;‘IZ'(;) [%+ﬁ(%a)§|a+2b|<;) }
TP\ K / TP\
+%(7) [?(7) +ﬂ(%a)§|a+2b|],
2 m e;o o . . é__lp y-1
oSl ) (o (4))
o 1—
() () )
p P

where a° = £ and
ap

b° = B(y,a)¢la +2b|.
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Then, Lebesgue’s dominated convergence theorem asserts that

|(Fy)® = (FNO],_, 00 = ©-

Consequently F is continuous.

) and for each ¢ € Iy, we

have

P\
‘(fy)(t)( )
LINCORS

< [W(E,3(E), P D IE)) - pEN(E)] ds}

1 P 1-y t t'o—gp a-1 ot
+F(a)(p> /o( P ) :

x |w(&,5(€),"D*F[y](€)) - p(§)y(€)| d&

N R A 1 N
fr(a)[;%/o< ) e
x [|w(&,5),"D*P[y1(&))| + [pE)y(&)|] d&}

1 tp 1-y t tp—fp a-1 o
+F(a)(p> /o( p ) :

x [|w(&,y(&),"D*P[y1(§))] + |p(&)y(E)|] d&
e el _%.p -1 .
Sr(a)[qu/( ) d

X [K+ la + 2b||y(s)}]dé]

ply ttp palpl
rwl(5) =)

(=
x [K + |a + 2b||y(s)|] d&
)

O\ o
1

" K [é;
r(a)[z"‘ (?
p a+y-1
zb|r(0l)F Z ( ) llyllclw,}
=1

ﬁ(%)l L)

0
r P a+y-1
+la+ 2bI1 (@) (” ( ) ||y||c1_y,,,]

I /\
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A & *
<rm2e(h)
-1
X |:£ +,B(y,a)§|a+2b|<§>y :|
ap o
+L(E)“
L)\ p

1-y
X |:K (ﬁ) +,3(y,oz)§|a+2b|i|
ap

|a+2b|,3 la+2bB(y, ) ” p arr-t (ﬁ)a
<T@ |:21: (5 ¢
m p o TP a+l-y
vara| 2 2e(2) (5]

We obtain that

M +M] <
ﬂ[ ’
0 { g

1-
170)lc,.,, =Mo+Ms <

where

elp o TP a+l-y
apr(a)[ Zq’<_> +<7> }

My M[ 23 (e”)“yl(g)“}. @)
=1

Then, F()) C ).
Step 3. We show that F is uniformly bounded. For any y € ), it follows that

P\
‘(fy)(t)( )
A m %_p a-1 .
F—|:th/ ( ) ‘é;"p
x |w(€,5(8),"D*P[y1(§)) - p(&)y(€)| d&}

1 P 1-y t tp—f'o a-1 ot
+F(a)<p> fo( P ) :

x |w(&,y(&),"D*F[y](€)) - p(&)y(€)| d&
%.p a-1 o
= Tle) {Zq’/ ( ) d

x [|w(&,y&),"D*P[y1(&))| + [pE)y(E)|] dé}

Page 14 of 32
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1 P 1-y t P _'Ep a-1 o
+F(a)(p> /o( P ) ¢

x [|w(&,y(&),"D*P[y1(§))] + |p(&)y(E)|] d&
e el _'Ep a-1 .
—r(a)[qu/( ) d

X [K+ la + 2b||y(s)’]dé]

(tp>” - 5'°)a e
F(a)

(=
x [K + |a + 2b||y(s)|] d&
)

O\ o
1

" K (e
—r(a){z" (?
p a+y-1
2b|r(0l)F ( ) llyllcl_w,}
+y) 5\ p
AN AN
F(a)( ) [@( )
a+y-1
( ) IIyllcl_V,,,}

2b|
A & e;
fm?ﬁ(;)
-1
X |:£ +,6(y,a)§|a+2b|(ﬁ>y ]
ap P
1 TP\
F—a)(_>
1-y
|:£(—p) +,3(y,oz)§|zz+2b|i|.
o
o -1
=Tl [ (4) ]
o 1-
(B (5) )
o o

which implies that F(}) is uniformly bounded.
Step 4. We prove the equicontinuity of F. Lety € Y and t1, t, € Ip with ¢; < t,. Therefore,

[(Fy) (&) = (Fy)(@)]

A (BN N
|7 () |:21:q/0( )

14

x [w(€,5(6),°D*Py(§)) - p(§)y(§)] dé}
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L (Y
+F(Ol)/0 ( , ) ¢

x [w(&,5(€),"D*P[y1(§)) - p(§)y(€)] dE

A F A
() S [(5F)

L

x [w(&,5(6),"DP[y1(5)) - p(§)y(6)] dé}

f —EP\*T 1 .
F(a)/ ( o )
x [w(&,y(), "D*P[y1(£)) - p(€)y(E)] ds’
tg y-1 tf y-1
(5) -(3)
P a-1
|:qu/ ( —¢ ) £°” !
x |w(€,5(8),"D*F[y1(§)) - p(&)y(€)| ds}

1 t tg_é.p)a—l_<ti)_%.p)a—1:| i
‘@ [( , , :

x |w(€,5(8),"D*Py(£)) - p(&)y(£)| d&

L[y
T J, ( , ) ¢

x [w(§,5(8), "D’ y(§)) - p(§)y(€)| d&
tg y-1 tf y-1
(5) -(5)
p p\ o1
|:th/ ( 5 ) £r” !
X [K+ |a+2b||y($)|]d$:|

1 t tg_g__p)al_(tf_%_p)al}
+F(0l)/o [( o p

x £P7H[K + |a + 2b|y(£)|] d&

t: p a-1
+ 1 2 (tZ B qp ) qp—l
F(a) 15} P

x [K +la +2b||y(¢)|] d&

ONOE

A

')

IA

A
[(«)

IA

A
F(a)
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i K [e\* e’ \ @t
TS (5) v D) )]
[; ap \ p o
ral(5) ()]
+— = p— —_
apl(a) |\ p P

P _ P\ atr-1
+ ¢B(y,a) |a+2b|‘(t2 tl)
I"(er) P

We deduce that

|(Fy)(t2) - (Fy)(#1)| — 0,

as |t — t1] — 0, which implies that F()) is equicontinuous.
Thus, by the Arzela-Ascoli theorem, the operator F is completely continuous. By the
Schauder fixed-point theorem the operator F has a fixed point y € Y. Now, we will use
the Banach contraction principle to prove the uniqueness of the solution. d

Theorem 19 Assume that the hypotheses (A1), (A2), and
(A3) foranyy,z ¥,z € Rand t € [0, T], there exist positive constants A >0, B < 1 such
that

|w(t,y,z) —w(t,ji,é)| <Aly-9|+Blz-Z|

hold. Then, the problem (3) and (4) admits a unique solution in Cy_, ,[0, T], whenever

,3()/,0[) m ef a+y-1 TP o
B ) [A;q’(ﬂ +(7> }1’ )

where C = /%fb‘.

Proof Lety,z € Ci_, 1o, be such that

PD*P[y)(t) = w(t, y(t), "D*P[y1(8)) - p(O)Y(E),
PDUP[2](t) = w(t, 2(8), "D*P [2](2)) - p(t)z(2).

Thus, we have

P\
|[(Fy)(t) - (Fz2)(0)] (;)

= F(d)(ﬂ ;ql /0 P s

x |(w(&, &), "D*P[y1(£)) - p(€)y(&))

~ (e, 2€), " DPNE)) - p(E)2(0))| ds]

1 tP 1-y t tp—ép a-1 i
+F(a)(p> ./0< p > ¢

Page 17 of 32
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x |(w(&, &), " D*P[y1(£)) - p(€)y(&))
— (w(&,2(8), " D*P[2](§)) - p(£)z(€))| d&.

Then, for all ¢ € I, we have
P\
|[(fy><t> _(FD0)] (;)

A §>H - [ ei(‘ff—é")a_l p-1
= F(a)(p ;ql /0 P :

x |PD*F[y)(s) - *D*F [z]($)|d$]

1 tP 1-y t tp_sp a-1 -
wle) [(50)

x [PD*P[y)(s) - "D*P[2] (€)] dé&.

By (A3),

[P D*P1y](§) - *D*P[2](5))|

= |(w(&,5(5), " D*P[y1()) - p(§)y(£))
- (w(&,2(8),"D*P [2](§)) - p(&)z(8))|

< |w(&, (&), "D’ [y](§)) - w(€, 2(€), "D’ [2](£)) |
+ |p(®)||y(2) - 2(2)|

< Aly@) - z(0)| + B D*’ )1(€) - *D*[2](8)]|
+|p(0)]|y(8) - 2(2)|

< (A +1]a+2b])|y() - z(2)|
+ B! D*P[y](§) - *D*P[2](£)).

Thus,

"D Ly)(&) - "D [2)(€)] < Cly(e) - 2(t)

’

and

p

P\
‘((fy)(t) _(F20) (;)

A " € e;’_ép a-1 o
EC@;""/O( P ) 07 y(0) - 2(1)| de

C oN1-Y pt sep _gp\ -1
+m(%> /0<t p$> £97|y(0) - 2(0)| dé,
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where C = %ﬁb‘. This gives

|F»)-Fale,_,,

Bl 5~ (T (T
) [qu"(ﬂ +<7) }”y_z”c”'”

<Xly-zlc.,,-

Due to Eq. (28), the operator F is a contraction mapping. Using the Banach contraction
mapping theorem, we deduce that F has a unique fixed point that is the unique solution
of the problem (3) and (4). a

4 Some illustrative examples

Now, we illustrate some examples that guarantee our main results. In this case, we use a
computational technique for checking the solutions of MFDEs with the H-KFD problem
(3) and (4), and applying a tiny step / by the implicit trapezoidal PI rule, which, as we will
see, usually shows excellent accuracy [39].

Example 1 Consider the MFDE with H-KFD

sin(y(1))

12193,% =
DTEIO) +p0y() = 1 exp(£) [10 +sin’(y(t))

12D%,§ ¢
| 3[YS]()I } (29)
45 + [12D7°8 [y] ()|
for t € I = [0, ], with the initial condition
21 [(2m 19 /3w 22 (8w 28 (14w
278 10) = Sy = ) + 2y )+ Sy =)+ oy — ), 30
IO =793 ) 5N\ 7 )52\ ) 9\ 55 (30)
where
115 24/329
plt)=— - cos(2t), Vte(0,7].

83 15

Clearly,a = 2 €(0,1), B = 2 € [0,1],

11
y:a+ﬁ(1—a):ﬁe[0,1),

21 19 2 28 2 3 8
p=12>0,q1=7,q2= %, q3 = 13,and g4 = 5 arereal numbers, e; = 33, e2 = 7, €3 = 77,

ey = 1;;_; € (0,7),and

115 329
a=—-, b=——.
83 15

We define the map w: [0,7] x R? — R by

4 sin?y |z|
w(t,y,z) = - 5+
15 + exp(;) 10 +sin“y 45 + |z
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for y,z € R. Then, by Definition 1, we have

(115)12

12 &
Cy (0] - {y (@ b] >R (T) »(0) € C(10,7)) }

andsow € C%'u([O,n]) forally e C%,IZ([O,H]). Also,

| ¢ )| 4 sin®y . |z|
w(t,y,2)| =
4 15+exp(£) [ 10 +sin®y 45+ 2|
’ 4 sin?y |z]
- +
10 +sin?y 45+ |z]
1
<-
-2

fort € [0,m]. PutK = % Therefore, w satisfies the conditions (A1) and (A2) of Theorem 18.
On the other hand, by employing Eq. (16), we obtain

Then, by using Eqs. (27), we obtain

m o oa+1—

T° ¥

[2() ()]
) % 2_ zn12 (%)J,E 37,,12 )

2 x12I' 4 5\ 12
87r12 ) 147112 ©) 212\ (1)

+ —_
( > ( ) (%)

~ 64.87685,
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and

LR LIOZO I ql(i)w ', (ﬁ)a
I'(a) P o

212 (3
115 2«/§|’B(1_4 %) I:A|:21(21_3 )(7)

r?)

19 /NG gg /BN G)
"5 ( 12 ) 15 (1_)

0g / lx 12 ) 7127 (12)
S0) (&)

A 6775.715045.

Take

¢ > ~ —0.0095763.

1-M,;

Table 1 shows the numerical results of My, M7, and ¢. These results are shown graphi-
cally in Fig. 1. By employing the Algorithm 1, one can obtain all numerical results in this
example. Hence, all conditions of Theorem 18 hold, and so the problem has a solution.

Table 1 Numerical results of Mg, My, and ¢ in Example 1

t Mo My ¢

0.00000 —24314E-01 —2.5393E+01 -9.2100E-03
0.10472 —24314E-01 -2.5393E+01 -9.2100E-03
0.20944 —24314E-01 —2.5393E+01 -9.2100E-03
031416 -24313E-01 -2.5393E+01 -9.2100E-03
0.41888 —24312E-01 —2.5392E+01 -9.2100E-03
0.52360 —2.4307E-01 -2.5386E+01 -9.2100E-03
0.62832 —24287E-01 —2.5365E+01 -9.2100E-03
0.73304 —24227E-01 -2.5302E4+01 -9.2100E-03
0.83776 -24071E-01 —2.5139E+01 -9.2100E-03
0.94248 -2.3711E-01 -24764E4+01 -9.2000E-03
1.04720 —2.2955E-01 —2.3974E+01 -9.1900E-03
1.15192 —2.1480E-01 -2.2433E4+01 -9.1700E-03
1.25664 —1.8769E-01 —1.9602E+01 -9.1100E-03
1.36136 —1.4032E-01 —1.4655E+01 -8.9600E-03
1.46608 —6.1020E-02 —6.3734E+00 —-8.2800E-03
1.57080 6.6950E-02 6.9923E+00 -1.1170E-02
167552 2.6702E-01 2.7888E+01 -9.9300E-03
1.78024 5.7122E-01 5.9658E+01 -9.7400E-03
1.88496 1.0225E+00 1.0679E+02 -9.6700E-03
1.98968 1.6775E+00 1.7520E+02 -9.6300E-03
2.09440 2.6098E+00 2.7257E+02 -9.6100E-03
2.19911 3.9136E+00 4.0874E4+02 -9.6000E-03
2.30383 5.7082E+00 5.9616E+02 -9.5900E-03
240855 8.1425E+00 8.5040E+02 -9.5900E-03
251327 1.1401E+01 1.1908E+03 —-9.5800E-03
261799 1.5712E+01 1.6409E+03 —-9.5800E-03
2.72271 2.1349E+01 2.2296E+03 —-9.5800E-03
2.82743 2.8646E+01 2.9917E+03 —-9.5800E-03
293215 3.8001E+01 3.9689E+03 —-9.5800E-03

3.03687 4.9891E+01 5.2106E+03 -9.5800E-03
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(b) ¢ versus t

Figure 1 Graphical representation of variables Mo, My, and ¢ fort € (0, 7] in Example 1

3.5

Example 2 Consider the MFDE with H-KFD

~

DRI + e = 5 )2[ o)

4+(1+ =%

wiNg §

sin?(

+

DEEy](1) ]
34 +sin? (¢ DY [y)(0) ]

for t € I = [0, ], with the initial condition

7_7 13 [ 10 /37 9 6
51 [y](0) = Zy<ﬁ) + 7)’(7) + Ey<7),

16 + | cos(y(2))|

Page 22 of 32
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where
3
75 15
p(t) = - 1 cos(2t), Vte(0,m].
Clearly,a =:€(01),8=2€[01],y =a+B(l-a)=%€[0,1),p=1>0,q1=2,qo=2
and g3 = 35 are real numbers, e1=17, €= 3?, and e3 = 6” belong to (O ) and
3
75 15
= —, b= .
12 14

We define the map w: [0, 7] x R2 — R by

Wit,3,2) = | cos y| N sin?z ]

24+ (1+ L) [16 +|cosy| 34 +sin’z
for y,z € R. Then, by Definition 1, we have

£ _(91_3—5)%
Cz z([0,7]) = {y: (a,b] > R: <7

7
5

>4l ® < c(l0, n])}

andsowe Cz 7([0,7]) forally € Cz 7([0,r]). Also,

77 77
43’5 43’5

A 5 | cosy| sin?z
w(t,y,2z) - w(t,3,2)| =
[wt,5,2) — wit,5,2)| ’24+(1+£)2|:16+|cosy| 34 +sin’z
5 | cos 7| sin?Z
- —+
24+(1+£)2[16+|cosj| 34 +sin’2

_ 5 | cosy| | cos |
T 24+ (1+£)2[[16+|cosy| 16+ |cos)|

)

‘ sin’z sin®2

34 +sin’z 34 +sin’%

= 85|y yl+ m|2 zl,

for t € [0,7]. Put A = % and B = 5

rem 19. Furthermore,

70 Therefore, w satisfies the condition (A3) of Theo-

A+ |a+2b|
C=—— ~6.409488.
1-B

On the other hand, by employing Eq. (16), we obtain

1
m
A=prt [F(y)py‘l -2 alef )H} ~-0.181048,

i=1
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Table 2 Numerical results of X for t € [0, 7] in Example 2

t )

0.00000 -2.8519E+00
0.10472 -1.0688E+00
0.20944 -8.3886E-01
0.31416 —-6.9083E-01
041888 -5.7925E-01
0.52360 —-4.8875E-01
062832 -4.1213E-01
0.73304 —-3.4542E-01
0.83776 -2.8616E-01
0.94248 -2.3273E-01
1.04720 -1.8399E-01
1.15192 -1.3912E-01
1.25664 -9.7490E-02
1.36136 -5.8640E-02
1.46608 -2.2180E-02
1.57080 1.2190E-02
167552 4.4720E-02
1.78024 7.5620E-02
1.88496 1.0505E-01
1.98968 1.3316E-01
2.09440 1.6007E-01
2.19911 1.8590E-01
2.30383 2.1073E-01
240855 2.3465E-01
2.51327 2.5772E-01
261799 2.8002E-01
2.72271 3.0159E-01
2.82743 3.2248E-01
2.93215 3.4275E-01
3.03687 3.6243E-01

and by using Eqgs. (28), we obtain
ﬁ()/,Ol) m <e/'J)a+V—1 (Tp>a
»=C AN g & +(—
INGY) Z "\ o

1, 41 1
BEALH & e\ G o\ @)
SycuAT:ikis DN S i i
) 2l "\
~0.970123 <1,

Table 2 shows the numerical results of ¥. These results are shown graphically in Fig. 2. By
using the Algorithm 2, we can obtain all numerical results in this example. Therefore, all

conditions of Theorem 19 hold, and hence this problem has a solution.

5 An application of a particle in the plane
Linear motion is the most basic of all motions. According to Newton’s first law of motion,
objects that do not experience any net force will continue to move in a straight line with a
constant velocity until they are subjected to a net force.

Here, in this section, we consider an application to examine the validity of our theoretical
results on the fractional-order representation of the motion of a particle along a straight

line. In this case, we consider a constrained motion of a particle along a straight line re-
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0 0.5 1 1.5 2 25 3 3.5

Figure 2 Graphical representation of X for t € [0,77] in Example 2

7 I [/
F 7

7

¢

7

¢ 2

Figure 3 A particle along a straight line restrained by two linear springs with equal spring constants

strained by two linear springs with equal spring constants (stiffness coefficient) under an
external force and fractional damping along the ¢-axis (Fig. 3).

The springs, unless subjected to a force, are assumed to have free length (unstretched
length) and resist a change in length. The motion of the system along the ¢-axis is inde-
pendent of the initial spring tension. The springs are anchored on the ¢-axis at £ = -1 and
t = 1, and the vibration of the particle in this example is restricted to the ¢-axis only.

The vibration of the system is represented by a system of equations with the first equa-
tion having a similar form to simple harmonic oscillator, which cannot produce instability.
Hence, the existence solution of the system depends on the following equation represented
as MFDEs with H-KFD

PDOTSOA 1 (£) + 1 [2 —20-6%0-0%cos t]y(t)
8 (33)
= v17 D704 [y](¢) - vy sin(y(2)),

for t € Iy = [0,2], here 0, v1, v, are constants and ¢ is the unstretched length of the spring,
with the initial condition

PTO3[y](0) = éy(o.l) + éy(O/L) + éy(0.9) + éy(l.?)) + éy(1.6) + éy(1.9), (34)
where

1
plt) = g(2 - 2060 -6*Ccost),
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for ¢ € (0,2]. Consider particular values of the parameters £ = 1.5 m and 6 = 0.5. It is clear
that p=3>0,0=0.75€(0,1), 8 =0.4€[0,1],

y=a+p(l-a)=085€(0,1),
1 1
a= §(2 -20-6°0) =-0.171875, b= Eezz = 0.0234375,

and

q=— q2=—> q3=—>» q4 ’ 95 = < 9e

5 6 7 9 T 10
e; =0.1, ey =04, e3=0.9, e, =1.3, es = 1.6, e =1.9.

32 26 25 24 22 19
- ==

The general integral solution of (33) is the fractional integral equation

A o\ 015 6 Gl _gn\ OB
y(t)zr(o.%)(?) |:Zw/0< ) ) ¢

i=1

x [w(&,y(&)," D> 4y1(&)) - p(E)y(€)] ds}

1 Lo g0\ 0B
+F(0.75)/o< P > g

x [w(&,y(&)," D*Py(€)) - p(§)y(§)] d&, (35)

where

-0.15
0

A = )
I(0.85)p7015 — 37 | g;(ef)~015

(36)

e;, fori=0,1,...,6 are prefixed points satisfying
O<ey<ey<es<e;<es<es<2,
and g; are real numbers. We define the map w: [0,2] x R? — R by

sinz,

(t ) V1 V2
w(t,y,z) = -
4 35(vy + vz)y 15(v1 + v9)

for y,z € R, where nu; and nu; are positive constants. Then, by Definition 1, we have
Cos53([0,2])
=1y: 1(2—25—925) Loe| S r:
“\8 " 16 '

(t3 - (§(2-2¢-6%0))?
3

0.85
) ¥ e (o, z])}

3 - (-0.171875)3

= {y: (-0.17187,0.02343] — R: ( 3

0.85
) y(t) € C([o, 2])},
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and so w € Cyg53([0,2]) for all y € Cyg53([0,2]). Also,

|w(t z) — w(t,) 2)| = e - 2 sinz
4 4 35(v; + Ug)y 15(vy + vy)

V1 A V2
35(v; + vz)y 15(v; + 1y)

sinz

V1
35(v1 + v7)

ly =71+ |z -2,

V3
< [
- ‘ 15(1)1 + \)2)

for t € [0,2]. Put A = ”—1) and B = # Therefore, w satisfies the conditions (A3)

35(vy +vy V] +vy
of Theorem 19. Furthermore,

A+ |a+2b|
c-2-2=
1-B
Ty 15v; + 141, 7
=| —— +|-0.17187 + 2 x 0.02343| || ———
| 35(v1 + vy 15(vy + vg)
i 1501 + 141, 7"
I D S YA | P St}
| 35(v1 + vy) 15(v1 + 1)
B [5.375v1 + 4.375v, | 15(v; + v7)
- 35(v1 + 17) 15v; + 14,

16.125v; + 13.125v,
105v; +98v,

We consider particular values of the parameters v; = 7.25 and v, = 0.3. On the other hand,
by employing Eq. (16), we obtain

m -1
A=prt |:F(V)Py_l - Zqi(ef)y_l}

i=1

6 -1
=37015 |:1"(0.85)30'15 - Zqi (ef)_0'15:| .

i=1

and by using Eq. (28), we obtain
,B(J/,Ol) m <ef)a+y—l (Tp>oz
x=C A il — +(=—1) |o
M) Zl" P P
~ 7 T(0.75) ; “\ 3 .

=1

Table 3 shows the numerical results of ¥ for £ = 1,1.25,1.5, and 1.75. These results are
shown graphically in Fig. 4. Therefore, all conditions of Theorem 19 hold. Thus, the MFDE
with H-KFD (33) has a solution.

6 Conclusion
Over the last several years, the study of FME has drawn increasing attention due to its ap-

plications in various fields of the physical sciences, in applied mathematics, and in many
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Table 3 Numerical results of X for £ =1,1.25,1.5,and 1.75,and t € [0,2]

t )
£=10 £=125 £=15 £=175

0.00000 -9.1500E-03 ~2.9990E-02 -5.0830E-02 ~7.1660E-02
0.06667 -9.1100E-03 —2.9880E-02 -5.0640E-02 —-7.1400E-02
0.13333 -8.9900E-03 -2.9460E-02 -4.9930E-02 ~7.0400E-02
0.20000 -8.7500E-03 -2.8670E-02 -4.8590E-02 -6.8520E-02
0.26667 -8.3800E-03 -2.7470E-02 -4.6560E-02 -6.5650E-02
033333 —7.8800E-03 -2.5830E-02 -4.3780E-02 -6.1730E-02
0.40000 ~7.2400E-03 -2.3720E-02 -4.0200E-02 ~5.6690E-02
0.46667 -6.4400E-03 -2.1120E-02 —-3.5800E-02 -5.0480E-02
0.53333 ~5.5000E-03 ~1.8010E-02 -3.0530E-02 -4.3050E-02
0.60000 -4.3900E-03 —-1.4380E-02 -2.4370E-02 -3.4370E-02
0.66667 -3.1100E-03 ~1.0210E-02 ~1.7300E-02 ~24390E-02
0.73333 -1.6700E-03 -5.4800E-03 -9.2800E-03 -1.3090E-02
0.80000 ~5.0000E-05 ~1.7000E-04 -3.0000E-04 -4.2000E-04
0.86667 1.7400E-03 5.7100E-03 9.6800E-03 1.3640E-02
093333 3.7200E-03 1.2190E-02 2.0650E-02 2.9120E-02
1.00000 5.8800E-03 1.9270E-02 3.2660E-02 4.6050E-02
1.06667 8.2300E-03 2.6960E-02 4.5700E-02 6.4440E-02
1.13333 1.0760E-02 3.5290E-02 5.9810E-02 8.4330E-02
1.20000 1.3500E-02 4.4250E-02 7.4990E-02 1.0574E-01
1.26667 1.6430E-02 5.3850E-02 9.1270E-02 1.2869E-01
1.33333 1.9560E-02 6.4100E-02 1.0865E-01 1.5320E-01
1.40000 2.2890E-02 7.5020E-02 1.2716E-01 1.7929E-01
146667 2.6420E-02 8.6610E-02 1.4680E-01 2.0699E-01
1.53333 3.0160E-02 9.8870E-02 1.6758E-01 2.3630E-01
1.60000 3.4110E-02 1.1182E-01 1.8953E-01 2.6724E-01
1.66667 3.8270E-02 1.2547E-01 2.1266E-01 2.9985E-01
1.73333 4.2650E-02 1.3981E-01 2.3696E-01 3.3412E-01
1.80000 4.7240E-02 1.5486E-01 2.6247E-01 3.7008E-01
1.86667 5.2050E-02 1.7062E-01 2.8918E-01 4.0775E-01
1.93333 5.7080E-02 1.8710E-01 3.1712E-01 4.4714E-01

Figure 4 Graphical representation of X fort € [0,2] and £ =1.0,1.25,1.5,and 1.75
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engineering fields. To the best of the authors’ knowledge, there are no paper studies on
ME with H-KFD. Motivated by the importance of these equations, we investigated the
existence and uniqueness of solutions for MFDEs associated to H-KIFDs. The Schauder
fixed-point theorem was the key of our analysis to establish the existence of solutions.
However, by adding un extra condition, we succeeded in obtaining a unique solution by us-
ing the Banach fixed-point theorem. Finally, we present two examples with application to
validate our main theoretical results. We were able to produce a computational technique
for checking our problem and two algorithms for numerical approximation of solutions

with excellent accuracy.

Appendix: Supporting information

Algorithm 1 MATLAB code for Example 1

1: clear;

2: format long;

3: alpha = 1/8;

4: betavar = 5/6;

5. gammavar= alpha + betavar * ( 1 - alpha);

6: rho = 12;

7 g 1= 1/16; g 2= 23/18; g 3= 16/15; g 4= 3/19;

8 e 1= pi/18; e 2 = 7*pi/18; e_3 =13*pi/18; e_4 =17xpi/18;
9: a=115/83; b=sqrt(329)/15;

10: Result(1,1)= rho” (gammavar-1)/...

11: (gamma (gammavar) * rho” (gammavar-1) -
12: (a1l » (e_1"(rho))" (gammavar-1)
13: + @ 2 * (e_2”(rho))” (gammavar-1)
14: + a3 x (e_3"(rho))” (gammavar-1)
15: + g 4 x (e_4”(rho)) " (gammavar-1) ));

16: Result(1,2)= 0.5/ (alpha * rhox gamma(alpha)) x(Result(1l,1)

17: * (g1l * ( e_1"(rho)/rho) " (alpha)

18: + g2 * ( e_2”(rho)/rho)” (alpha)

19: + g3 x ( e_3"(rho)/rho) " (alpha)

20: + g4 x ( e_4”(rho)/rho) "~ (alpha) )

21: + (pi”(rho)/rho) " (alpha + 1 - gammavar) );
22: Result(1l,3)= abs(a+2+*b) *beta(gammavar, alpha)/gamma (alpha)
23: * (Result(1l,1)

24: * (g1l * ( e_1"(rho)/rho) " (alpha)

25: + @2 * ( e_2”(rho)/rho)” (alpha)

26: + g3 x ( e_3"(rho)/rho) " (alpha)

27: + g4 » ( e_4”(rho)/rho)” (alpha) )

28: + (pi”~(rho)/rho)”(alpha + 1 - gammavar) );

29: Result(1l,4)= Result(1l,2)/(1l-Result(1l,3));
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Algorithm 2 MATLAB code for Example 2
1: clear;

: format long;
: alpha = 1/8;
: betavar = 5/6;

2
3
4
5. gammavar= alpha + betavar » ( 1 - alpha);
6: tho = 1.4;

7. g 1= 13/4; g 2= 10/7; g 3= 9/10;

8 e_1= pi/ll; e_2 = 3*pi/8; e_3 =6x*xpi/7;

9: a=75"(1/3); b=15/14;

10: Result(1l,1)= rho” (gammavar-1)/...

11: (gamma (gammavar) x rho” (gammavar-1) -
12: (g1l » (e_1"(rho)) " (gammavar-1)

13: + g 2 * (e_2"(rho))" (gammavar-1)

14: + @3 * (e_3"(rho)) " (gammavar-1)

15: )) i

16: A=1/85;

17: B=1/170;

18: C= (A+abs(a+2+*b))/(1-B);
19: Result(1l,2)= Cx Dbeta(gammavar, alpha)/gamma(alpha)...

20: * (Result(1l,1)

21: * (gl x ( e_1"(rho)/rho) " (alpha+gammavar-1)
22: + g2 % ( e_2"(rho) /rho) " (alpha+gammavar-1)
23: + g3 % ( e_3"(rho) /rho)” (alpha+gammavar-1)
24 ) + (pi”~(rho)/rho) " (alpha) );

Acknowledgements

The authors would like to thank the editors and the anonymous reviewers for their constructive comments and
suggestions that have helped to improve the present paper. J. Alzabut is thankful to Prince Sultan University and OSTIM
Technical University for their endless support. The fourth author was supported by Bu-Ali Sina University.

Funding
Not applicable.

Availability of data and materials
Data sharing is not applicable to this article as no datasets were generated or analyzed during the current study.

Declarations

Ethics approval and consent to participate
Not applicable.

Consent for publication
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

AB: Actualization, methodology, formal analysis, validation, investigation, and initial draft. NT: Actualization, methodology,
formal analysis, validation, investigation, initial draft, and supervision of the original draft and editing. JA: Actualization,
validation, methodology, formal analysis, investigation, and initial draft. MES: Actualization, methodology, software,
simulation, initial draft, and was a major contributor in writing the manuscript. The authors declare that the study was
realized in collaboration with equal responsibility. All authors read and approved the final manuscript.



Berhail et al. Advances in Continuous and Discrete Models (2022) 2022:44

Author details

'Department of Mathematics, 08 May 1945 University, Guelma, Algeria. *Department of Mathematics and Sciences,
Prince Sultan University, Riyadh 11586, Saudi Arabia. >Department of Industrial Engineering, OSTIM Technical University,
06374 Ankara, Turkiye. “Department of Mathematics, Bu-Ali Sina University, Hamedan, Iran.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 10 May 2021 Accepted: 29 May 2022 Published online: 11 June 2022

References

1.
2.
3.

17.
18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

Baleanu, D, Machado, JAT, Luo, A.C.J:: Fractional Dynamics and Control. Springer, New York (2012)

Hilfer, R.: Applications of Fractional Calculus in Physics. World Scientific, Singapore (1999)

Hilfer, R.: Experimental evidence for fractional time evolution in glass forming materials. Chem. Phys. 284, 339-408
(2002)

. Kilbas, A.A, Srivastava, H.M,, Trujillo, J.J: Theory and Applications of Fractional Differential Equations. Elsevier,

Amsterdam (2006)

. Podlubny, I.: Fractional Differential Equations. Academic Press, San Diego (1999)
. Tarasov, V.E.: Fractional Dynamics: Application of Fractional Calculus to Dynamics of Particles, Fields and Media.

Springer, New York (2011)

. Samei, M.E, Hedayati, V., Rezapour, S.: Existence results for a fraction hybrid differential inclusion with

Caputo-Hadamard type fractional derivative. Adv. Differ. Equ. 2019, 163 (2019).
https://doi.org/10.1186/513662-019-2090-8

. Hedayati, V., Samei, M.E.: Positive solutions of fractional differential equation with two pieces in chain interval and

simultaneous Dirichlet boundary conditions. Bound. Value Probl. 2019, 141 (2019).
https://doi.org/10.1186/513661-019-1251-8

. Rezapour, S, Mohammadi, H., Samei, M.E.: Seir epidemic model for Covid-19 transmission by Caputo derivative of

fractional order. Adv. Differ. Equ. 2020, 490 (2020). https://doi.org/10.1186/513662-020-02952-y

. Mishra, SK, Panda, G, Chakraborty, S.K, Samei, M.E, Ram, B.: On g-bfgs algorithm for unconstrained optimization

problems. Adv. Differ. Equ. 2020, 638 (2020). https://doi.org/10.1186/513662-020-03100-2

. Angstmann, CN., Jacobs, B.A, Henry, B, Xu, Z.: Intrinsic discontinuities in solutions of evolution equations iivolving

fractional Caputo-Fabrizio and Atangana-Baleanu operators. Mathematics 8(11), 1-16 (2020).
https://doi.org/10.3390/math8112023

. Giusti, A: A comment on some new definitions of fractional derivative. Nonlinear Dyn. 93, 1757-1763 (2018).

https://doi.org/10.1007/511071-018-4289-8

. Tarasov, V.E.: No nonlocality. No fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 62, 157-163 (2018).

https://doi.org/10.1016/j.cnsns.2018.02.019

. Boutiara, A, Benbachir, M., Alzabut, J,, Samei, M.E.: Monotone iterative and upper-lower solutions techniques for

solving nonlinear y-Caputo fractional boundary value problem. Fractal Fract. 5, 194 (2021).
https://doi.org/10.3390/fractalfract5040194

. Adjabi, Y, Samei, M.E, Matar, M.M,, Alzabut, J.: Langevin differential equation in frame of ordinary and Hadamard

fractional derivatives under three point boundary conditions. AIMS Math. 6(3), 2796-2843 (2021).
https://doi.org/10.3934/math.2021171

. Jarad, F, Abdeljawad, T, Alzabut, A.: Generalized fractional derivatives generated by a class of local proportional

derivatives. Eur. Phys. J. Spec. Top. 226, 3457-3471 (2017). https://doi.org/10.1186/513661-019-1251-8
Katugampola, UN.: New approach to a genaralized fractional integral. Appl. Math. Comput. 218, 860-865 (2011)
Katugampola, UN.: Existence and uniqueness results for a class of generalized fractional differential equations. Bull.
Math. Anal. Appl. 6(4), 1-15 (2014)

Katugampola, U.N.: New fractional integral unifying six existing fractional integrals. (2016). arXiv:1612.08596

Matar, M.M., Lubbad, A.A,, Alzabut, J.: On p-Laplacian boundary value problem involving Caputo-Katugampula
fractional derivatives. Math. Methods Appl. Sci. 62, 157-163 (2018). https://doi.org/10.1002/mma.6534

Campbell, R: Contribution I'etude des solutions de I'equation de Mathieu associe. Bull. Soc. Math. Fr. 78, 185-218
(1950)

Marathe, A, Chatterjee, A: A symmetric Mathieu equations. Proc. R. Soc. A 462, 1643-1659 (2006).
https://doi.org/10.1098/rspa.2005.1632

Buren, V., Arnie, L, Boisvert, J.E.: Accurate calculation of the modified Mathieu functions of integer order. Q. Appl.
Math. 65(1), 1-23 (2007). https://doi.org/10.1090/50033-569X-07-01039-5

Tabouche, N., Berhail, A, Matar, M\M,, Alzabut, J,, Selvam, A.G.M., Vignesh, D.: Existence and stability analysis of
solution for Mathieu fractional differential equations with applications on some physical phenomena. Iran. J. Sci.
Technol. Trans. A, Sci. 45, 973-982 (2021). https://doi.org/10.1007/540995-021-01076-6

Hajiseyedazizi, S.N., Samei, M.E,, Alzabut, J, Chu, Y.: On multi-step methods for singular fractional
g-integro-differential equations. Open Math. 19, 1378-1405 (2021). https://doi.org/10.1515/math-2021-0093
Alzabut, J, Selvam, A.G.M,, EI-Nabulsi, RA,, Dhakshinamoorthy, V., Samei, M.E.: Asympitotic stability of nonlinear
discrete fractional pantograph equations with non-local initial conditions. Symmetry 12(3), 473 (2021).
https://doi.org/10.3390/sym13030473

Samei, M.E,, Rezapour, S.: On a fractional g-differential inclusion on a time scale via endpoints and numerical
calculations. Adv. Differ. Equ. 2020, 460 (2020). https://doi.org/10.1186/513662-020-02923-3

Ahmadian, A, Rezapour, S, Salahshour, S., Samei, M.E.: Solutions of sum-type singular fractional g-integro-differential
equation with m-point boundary value using quantum calculus. Math. Methods Appl. Sci. 43(15), 8980-9004 (2021).
https://doi.org/10.1002/mma.6591

Page 31 of 32


https://doi.org/10.1186/s13662-019-2090-8
https://doi.org/10.1186/s13661-019-1251-8
https://doi.org/10.1186/s13662-020-02952-y
https://doi.org/10.1186/s13662-020-03100-2
https://doi.org/10.3390/math8112023
https://doi.org/10.1007/s11071-018-4289-8
https://doi.org/10.1016/j.cnsns.2018.02.019
https://doi.org/10.3390/fractalfract5040194
https://doi.org/10.3934/math.2021171
https://doi.org/10.1186/s13661-019-1251-8
http://arxiv.org/abs/arXiv:1612.08596
https://doi.org/10.1002/mma.6534
https://doi.org/10.1098/rspa.2005.1632
https://doi.org/10.1090/S0033-569X-07-01039-5
https://doi.org/10.1007/s40995-021-01076-6
https://doi.org/10.1515/math-2021-0093
https://doi.org/10.3390/sym13030473
https://doi.org/10.1186/s13662-020-02923-3
https://doi.org/10.1002/mma.6591

Berhail et al. Advances in Continuous and Discrete Models (2022) 2022:44 Page 32 of 32

29.

30.

31.

32.

33

34.

35.

36.

37.

38.
39.

Rezapour, S., Samei, M.E.: On the existence of solutions for a multi-singular pointwise defined fractional
g-integro-differential equation. Bound. Value Probl. 2020, 38 (2020). https://doi.org/10.1186/513661-020-01342-3
Subramanian, M., Alzabut, J., Dumitru, D., Samei, M.E., Zadaf, A Existence, uniqueness and stability analysis of a
coupled fractional-order differential systems involving Hadamard derivatives and associated with multi-point
boundary conditions. Adv. Differ. Equ. 2021, 267 (2021). https://doi.org/10.1186/513662-021-03414-9

Samei, M.E,, Rezapour, S.: On a system of fractional g-differential inclusions via sum of two multi-term functions on a
time scale. Bound. Value Probl. 2020, 135 (2020). https://doi.org/10.1186/513661-020-01433-1

Mathieu, E.: Mmoire sur le mouvement vibratoire d'une membrane de forme elliptique. J. Math. Pures Appl. 13,
137-203 (1868)

Rand, RH, Sah, S.M, Suchorsky, MK.: Fractional Mathieu equation. Commun. Nonlinear Sci. Numer. Simul. 15,
3254-3262 (2010)

Ebaid, A, ElSayed, D.M.M., Aljoufi, M.D.: Fractional calculus model for damped Mathieu equation: approximate
analytical solution. Appl. Math. Sci. 82(6), 4075-4080 (2012)

Harikrishnan, S., Kanagarajan, K., Elsayed, E.M.: Existence of solutions of nonlocal initial value problems for differential
equations with Hilfer—-Katugampola fractional derivative. Rev. R. Acad. Cienc. Exactas Fis. Nat,, Ser. A Mat. 2019(16),
1757-1763 (2019)

Oliveira, D.S,, Capelas de oliveira, E.: Hilfer-Katugampola fractional derivative. Commun. Nonlinear Sci. Numer. Simul.
37,3672-3690 (2018)

Almeida, R, Malinowska, B.A., Odzijewicz, T. Fractional differential equations with dependence on the Caputo -
Katugampola derivative. J. Comput. Nonlinear Dyn. 11(6), 061017 (2016)

Granas, A, Dugundiji, J.: Fixed Point Theory. Springer, New York (2003)

Garrappa, R.: Numerical solution of fractional differential equations: a survey and a software tutorial. Mathematics
6(16), 1-23 (2018). https://doi.org/10.3390/math6020016

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/s13661-020-01342-3
https://doi.org/10.1186/s13662-021-03414-9
https://doi.org/10.1186/s13661-020-01433-1
https://doi.org/10.3390/math6020016

	Using the Hilfer-Katugampola fractional derivative in initial-value Mathieu fractional differential equations with application to a particle in the plane
	Abstract
	MSC
	Keywords

	Introduction
	Essential preliminaries
	Main result
	Some illustrative examples
	An application of a particle in the plane
	Conclusion
	Appendix: Supporting information
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Consent for publication
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


