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1 Introduction
In this work, we investigate the oscillation of solutions to a class of fourth-order half-linear

differential equations with p-Laplacian like operators
(r@&) | @[ (0) + o) |x(z () [P x(z () = 0 (1)

under the condition

e 1
‘/to rlT_l(s)dSZOO. (2)

Also, we establish new criteria for the oscillatory behavior of fourth-order differential

equations with middle term
(r@) | @) 2" (@) + o |2 5" (1) + q@) |2 (z @) [ x(2 () = 0 (3)

under the condition

ol 1 SU(’?) 1/p1-1 B
/to [@exp<—/tomdn>] ds = oo. (4)
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Throughout this paper, we assume that p; > 1, i = 1,2, are real numbers and j > 1,
r,o,q € C([t(),OO), [Or OO)), r(t) > 07 q(t) > O! V/(t) + G(t) > O! ‘L’(t) S C([t01 OO),R), 'E(If) < t,
lim;_, o T(£) = 00.

Definition 1.1 A nontrivial solution x of (1) and (3) is termed oscillatory or nonoscillatory
according to whether it does or does not have infinitely many zeros.

Definition 1.2 Equations (1) and (3) are called oscillatory if all their solutions are oscil-
latory.

Half-linear delay differential equations arise in a variety of phenomena including mixing
liquids, economics problems, biology, medicine, physics, engineering and automatic con-
trol problems, as well as vibrational motion in flight, and human self-balancing, see [1-6].
In particular, differential equations with p-Laplacian like operators, as the classical half-
linear or Emden—Fowler differential equations, have numerous applications in the study of
non-Newtonian fluid theory, porous medium problems, chemotaxis models, etc.; see [7—
10]. We can also refer to [11-13]for models from mathematical biology where oscillation
and/or delay actions may be formulated by means of cross-diffusion terms.

In what follows, we state some background details that motivate the analysis of (1) and
(3). In recent years, numerous significant results for the oscillation of delay differential
equations have been shown in [14-26].

Chiu and Li [4] considered the oscillatory behavior of a class of scalar advanced and
delayed differential equations with piecewise constant generalized arguments, which ex-
tended the theory of functional differential equations. The authors in [27-34] studied the
asymptotic properties of different orders of some differential equations. For more details
on this theory, we refer the reader to the papers [35-43].

In 2014, Li et al. [44] presented some open problems for the study of qualitative prop-
erties of solutions to differential equations, and the authors used the Riccati technique to
find oscillation conditions for the studied equations.

Zhang et al. [45] investigated a higher-order half-linear/Emden—Fowler delay equation
with p-Laplacian like operators

(O V@) + o (@) V@) 224D (@) + go)f (x( (1)) = 0.

In particular, the authors in [46] used the integral average technique and obtained several
oscillation criteria of the delay equation

(O OF @) + g (+(x ) =0,

where k is even and under the condition

o 1
————ds=o00.
/UO P(s)

The motivation for this article is to continue the previous works [23, 31].

On the basis of the above discussion, we will establish criteria for the oscillation of (1)
and (3) by Riccati and comparison techniques under (2) and (4). Finally, two examples are
presented to show the significance of the conclusions.
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2 Auxiliary results
To establish oscillation criteria for (1) and (3), we give the following lemmas in this section.

Lemma 2.1 ([33]) Let h € C"([ty,0),(0,00)). Suppose that h™(t) is of a fixed sign on
[to, 00), K" (¢) not identically zero and that there exists t, > ty such that, forall t > t,,

KD (@OR" () < 0.
If we have lim;_, o h(t) # 0, then there exists t;, > t such that

A n— n—
h(t)zmt Hr V()|

forevery . € (0,1) and t > t,.
Lemma 2.2 ([32]) Ifthe function x satisfies x(t) > 0,i=0,1,...,n, and x"*V(t) < 0, then

x(t) - x'(¢)
/!~ - (m - 1)

Lemma 2.3 ([34]) Let V >0. Then

K

Uy — VM(K+1)/K < K
T (ke + 1)k

UK+1 V—K . (5)
Lemma 2.4 Let (2) hold. If x is an eventually positive solution of (1), then x' > 0 and x" > 0.

Proof The proof is obvious and therefore is omitted. O

Lemma 2.5 If

(e A ORI A O (G O)g
[ (o - s ©

for some p € (0,1), then x” < 0.

Proof Let x”(t) > 0. From Lemmas 2.2 and 2.1, we find

) -8 @)
and
X () > %ﬂx”’(t). (8)
Let
/" 1-1
£ = ploy T ©)

xP171(t)
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From (7), (8), and (9), we find

’ 3(p1-1)
') = 5 0000 - a0 5y (1(0)
_ (Pl - l)lu tz ;.1+(1/(p1—1))(t). (10)

2 ﬂl/plfl(t)rl/plfl(t)

Since x'(t) > 0, there exist £, > #; and a constant M > 0 such that x(¢) > M for all ¢ > ¢,.
Using inequality (5) with U = B'/8, V = i ut?/(2r'/* (£) Y*(¢)) and u = ¢, we get

/ - IO A OOV
; (t) =< —MP27P ﬂ(t)q(t) t3(171—1) + p}lal ;LPI—lﬂ(Pl‘l),BPl‘l(t)'

This implies that

[ yprm D) 221l p(s)((s))
/n (Mp "AS) 53¢ - pi? N}’l—lsz(m—l)ﬂpl—l(s)) ds < ¢(t),

which contradicts (6). The proof is complete. d

For convenience, we denote

0/ q o0 1/(p1-1)
= — d dn,
ro= | <r<n)/,, 4 s) L
N ) 00 p2-1 1/(p1-1)
st [ ()4 e
t n
ﬂto(t):zexp</ %dn),

and

Sy -y [Cf 1 % z(s) pa-1 )1/@1_1)
R(t) ke’ /; (’”(ﬁ)ﬁzo(t)/,, 0to(t)q(s)( B ) ds dr],

where u; € (0,1).
We shall establish oscillation conditions for (3) by converting into the form (1). It is not
difficult to see that

d n p1-1 _ L " p1-1\/ ’ " p1-1
ﬁto(t)a(ﬂ(t)r(t)(x )" = PO [0 ) (re) (" )" ) + 0, Or(&) (¢ ()" ']
07, (®)

= (@) + 0Z(t)

- (OO +o@ @),

}"(t) (x///(t))pl —1,

which with (3) gives

(9O (")) + 94 (Vg7 (x(8)) = 0.
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3 Main results
In this section, we establish oscillation criteria for (1) and (3) by the Riccati transformation
and comparison technique.

Theorem 3.1 Ifthe equation

ap2-1 qi(t)‘l.'s(mfl) (®)
6r2-1 r2-D/(e1-1) (7 (£))

n'(t) + nP2 Ve (z(5)) = 0 (11)

is oscillatory, then (1) is oscillatory.

Proof Let (1) have a nonoscillatory solution in [¢y, 00). Then there exists ¢; > ¢, such that
x(t) > 0 and x(z;(£)) > O for £ > #1. Let

n(t) :=r(t) (x/”(t))m_1 >0 [from Lemma 2.4],
which with (1) gives
n'(6) + q(O)x"> 7 (z(2)) = 0. (12)

Since x is positive and increasing, we see lim;_, o, x(¢) # 0. So, using Lemma 2.1, we find

xpz—l (r(t)) - P21

> rB(pg—l)(t)(x///(t(t)))pzfl (13)

for all » € (0,1). By (12) and (13), we see that

p2-1

X
’
N+ o

GO0 (x(0))” 0.
So, n is a positive solution of the inequality

P21 q(t)rs(m*l)(t)
6121 p2-D/1-D (7 (¢))

n'(t) + 21N (7(8)) < 0.

By using [40, Theorem 1], we find that (11) also has a positive solution, which is a contra-
diction. The proof is complete. d

Corollary 3.2 Let p; = py and (2) hold. If

AT g(s)T () 1
lim inf o 67271 re2- DD (¢ (s)) ds > e’ (14)

then (1) is oscillatory.

Theorem 3.3 Let py > py and (6) hold for some n € (0,1). If
u'(t) + MP>PIR(t)u(t) = 0 (15)

is oscillatory, then (1) is oscillatory.
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Proof Assume to the contrary that (1) has a nonoscillatory solution in [£y, 00). Without
loss of generality, we only need to be concerned with positive solutions of equation (1).
Then there exists #; > £y such that x(¢) > 0 and x(z;(¢)) > 0 for ¢ > t;. From Lemmas 2.2
and 2.4, we have that

x'(t) >0, x"(t)<0 and x"(t)>0 (16)

for t > t,, where £, is sufficiently large. Now, integrating (1) from ¢ to [, we have

!
r) (") = rO (" @) - / q(s)x2 7 (2(s)) ds. (17)

Using Lemma 3 in [34] with (16), we get

which with (17) gives

! -1
meW*JwﬂwWHvﬂ/%@G?fawmmsa

It follows, by «" > 0, that

I 2-1
r) (") =@ (" @) + a2 (g / q(s)(T(S)>p ds <0. (18)

N

Taking [ — 0o, we have

S

00 2-1
_r(t)(x///(t))Plfl : )‘pz_lxpl_l(t)f q(s)<@>p ds <o,

that is,

Aw2-D/(p1-1) o0 (s) p2-1 1/(p1-1)
/" ~f  p2-Dlp1-1)
G o([Ta("2)" )

Integrating the above inequality from ¢ to 0o, we obtain

o/ q o0 . p2-1 1/(p1-1)
_¥(f) > A2 Do1-D) o211 ) / (_ f q(s)(@> ds) dn,
t r(’)) n N

hence
&' (t) < —R(t)xP>" V=D (p), (19)
Letting
o0 =22

x(t)’
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then ¢(¢£) > 0 for t > t; and

LR (K0
0= " (x(t)) '

By using (19) and the definition of ¢ (), we see that

(pz—l)/(m—l)(t)

’ ~ X
¢'(t) < —R(2) 20

- (). (20)

Since x'(£) > 0, there exists a constant M > 0 such that x(¢) > M for all £ > £,. Then (20)
becomes

&' (8) + p2(t) + MP21R(¢) < 0. (21)

From [39], we obtain that (15) is nonoscillatory if and only if there exists ¢3 > max{t;, t;}
such that (21) holds, which is a contradiction. Theorem is proved. O

Theorem 3.4 Let py > p1, T/(t) > 1 and (6) hold for some p € (0,1). If

< L u’(t)) + M@V P12 (1) y(£) = 0 (22)
/()

is oscillatory, then (1) is oscillatory.

Proof From the proof of Theorem 3.3, we find that (17) holds. So, it follows from z/(¢) > 0
and x(¢) > 0 that

l
r) (") = O (" @) + 227 (2(0) / q(s)ds <0. (23)

t

Thus, (16) becomes

&' (t) < ~R(OxP2 V1D (1)), (24)
Letting
_ ¥
5() = x(z ()’ @5

then §(¢) > O for t > t1, and

BEAOREL0)
S (@) *2(z(@)

PO ELOR%
=) © (t)(x(r(t))) '

8'(t)

& (z(8)7'(2)

From (24) and (25), we find that

8'(8) + M2V P1=2R() + /(£)8%(t) < 0. (26)

Page 7 of 12
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From [39], we find that (22) is nonoscillatory if and only if there exists 3 > max{t;, £,} such
that (26) holds, which is a contradiction. Theorem is proved. O

Corollary 3.5 Let p; = p; and (6) hold. If

1 / t(H(t,s)k(s) - %hz(t,s)> ds = o0

lim
t—>ooH(t, t()) to

or

o 1
lim inf¢ / R(s)ds > 7 (27)

t—>00 t
then (1) is oscillatory.

Corollary 3.6 Let p; = py and (6) hold. If ¢ € (0,1/4] such that
£*R(s) >
and

t [e’¢)
limsup(tslf s R(s)ds + tl’s/ SR(s) ds) >1,

t—00 to t

where € = %(1 —+/1—4e¢), then (1) is oscillatory.

Corollary 3.7 Let py = py and (4) hold. If

ds> —,

liminf
0 6271 9PV ()i N(z(s) e

t—00

/t ol 91(8)q(s)7 > (s) 1

then (3) is oscillatory.

Corollary 3.8 Let py = ps, (4), and

s 227 r(s)(B(s) )ds — oo, (28)

/,:0 (MPZ‘PI’B(s)ﬁtO(s)q(S) $3K p1Pt pupr-1g2e1-1) gri-1(s)

hold for some p € (0,1). If

1 /t<H(t,s)ﬁ(s) - ih%t,s)) ds =00

lim
t—>ooH(t, tO) 0

or

© 1
liminff R(s)ds > —,
‘ 4

t—00

then (3) is oscillatory.
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Corollary 3.9 Let p; = p; and (28) hold. If ¢ € (0,1/4] such that
£*R(s) > ¢

and

t [e%e)
limsup(tg1 / sz’sf?\(s)ds+ T / s‘ﬁ%\(s) ds) >1,

t—00 to t

where € is defined as in Corollary 3.6, then (3) is oscillatory.

4 Examples and discussion
Two examples are presented to show the applications of our results. The first example is

given to demonstrate Corollaries 3.2 and 3.5.

Example 4.1 For t > 1, consider the equation
/ 3 90
(FE"®)) + 7200 =0 (29)

we see that p; = py = 4, r(t) = £, T(t) = yt and q(t) = qo/t’, ¥ € (0,1] and go > 0. So, we
obtain

1/3
~ qo 1
R(t) =1 — —.
(®) (6) Yo

By Corollary 3.2 and Corollary 3.5, equation (29) is oscillatory if

63
> ——,
e(In %)y6

qgo>\ = )
2 )y°

and

1\3
6 - ’
7= (41/)

respectively. Thus, equation (29) is oscillatory if

34\ 1 1\3 34\ 1
& >ma"{(3)ﬁ’6(@) } - <?>F‘ (30

Now, we give the second example to demonstrate Corollary 3.8.

q0

Example 4.2 Consider the equation

B ®)°) + (") + %x%/z) =0, t>1,q0>0. (31)
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Letp=py =4, r(t) =3, 0(t) = 1, T(t) = /2, and q(t) = qo/t>. Thus, it is easy to verify that

00 i s ﬂ 1/p1-1
[ Lo )] e
oo s 1/3
:/ |:sl3 exp(—/ S%dx)] ds = oo.

Using Corollary 3.8, equation (31) is oscillatory.

5 Conclusion

The oscillation conditions of the fourth-order differential equations with p-Laplacian like
operators are obtained in this study. In order to improve and simplify prior results in the
literature, we expanded the results in [23, 31] to fourth-order equations and used the Ric-
cati transformation and comparison techniques. It is interesting to extend our results to

even-order damped differential equations with p-Laplacian like operators

(r(t)(x("_l)(t))pfl)/ + a(t)‘x’”(t) |p172x’”(t) + q(t)f(x(t(t))) =0

under the condition

00 1 so,(n) 1/p1-1
/;0 [@exp(—/to m x>i| ds < 0.
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