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1 Introduction
Throughout this paper, let #{ be a real Hilbert space with an inner product (-, ) and the
induced norm || - ||. Let R and N be the set of real numbers and the set of positive integers,
respectively. Let I denote the identity operator on H. The symbols — and — denote the
weak and strong convergence, respectively.

In this work, we are interested in solving the convex minimization problems of the fol-

lowing form:
minimize 1 (x) + ¥ (%), (1)
xeH

where ; : H — R is a convex and differentiable function with a L-Lipschitz continuous

gradient of ¥, and ¥, : H — RU {00} is a proper lower semi-continuous and convex func-
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tion. If x is a solution of problem (1), then x is characterized by the fixed point equation

of the forward—backward operator

xX= ProxX,y, (x - O[VI/fl(x)), 2)
—_—— ——
backward step  forward step

where & > 0, prox,, is the proximity operator of yr,, and Vi stands for the gradient of
Y.

In the recent years, various iterative algorithms for solving a convex minimization prob-
lem of the sum of two convex functions were introduced and studied by many mathemati-
cians, see [1, 4, 7-10, 14-16, 18, 21, 25] for instance.

One of the popular iterative algorithms, called forward—backward splitting (FBS) algo-
rithm [8, 16], is defined by the following: let x; € H and set

Xns1 = ProX, . (x,, — cnvwl(x,,)), VneN, (3)

where 0 < ¢, < 2/L.
In 2005, Combettes and Wajs [8] introduced the following relaxed forward—backward
splitting (R-FBS) algorithm, which is defined by the following: let & € (0, min(1, %)), x € RN

and set

Vi =% — Cu V1 (%), X4l = Xp + B (prOch,/,z(yn) - xn); VneN, (4)

where ¢, € [¢, % —¢land B, € [¢,1].

To accelerate the forward—backward splitting algorithm, an inertial technique is em-
ployed. So, various inertial algorithms were introduced and studied in order to accel-
erate convergence behavior of the algorithms, see [3, 6, 11, 26] for example. Recently,
Beck and Teboulle [3] introduced a fast iterative shrinkage-thresholding algorithm (FISTA)
for solving problem (1). FISTA is defined by the following: let x; = y € RN, #; = 1 and

set

1++/1+482 ta-1
lps1 = ) ’ On =5 17
Yn = ProxXi,, (%n — %le(xn))» (5)

Xn+l :yn"'an()/n_yn—l); neNlN.

Note that «,, is called an inertial parameter which controls the momentum y, — y,_1.

It is observed that both FBS and FISTA algorithms need to assume the Lipschitz conti-
nuity condition on the gradient of ¥/1, and the stepsize depends on the Lipschitz constant
L, which is not an easy task to find in general practice.

In 2016, Cruz and Nghia [9] proposed a linesearch technique for selecting the stepsize
which is independent of the Lipschitz constant L. Their linesearch technique is given by

the following process:
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Linesearch. Fixx e H, 5 >0,6 >0,and 9 € (0,1).
Inputo =o.
While

|V (prox,,, I —aVyn)(x)) - Vi ()| > 8| prox,,, I —aVyn)(x) - x|,

do

End
Output «.

The forward—backward splitting algorithm where the stepsize ¢, is generated by above
linesearch was introduced by Cruz and Nghia [9] and defined by the following:

(FBSL). Letx; € H,0 >0,8 € (0,1/2),and 6 € (0,1). For n > 1, let
Xue1 = ProX,, . (%n — cu V1(%)),
where ¢, := Linesearch(x,, 0,0, §).

Moreover, they also proposed an accelerated algorithm with an inertial technical term
as follows.

(FISTAL). Letxo=x; € H,00=0 >0, € (0,1/2),0 € (0,1),and £; = 1. For n > 1, let

1+/1+4z2 ti—1

t}’l+1 = A a}’l = ’
2 L1

Yn =%n + an(xn _xn—l);

¥n+1 = PIOX, v, (yn - Cnvl//l()/n)):
where ¢, := Linesearch(y,, ¢,-1,0, ).

For the past decade, various fixed point algorithms for nonexpansive operators were
introduced and studied for solving convex minimization problems, problem (1), see
[11, 13, 17, 23]. In 2011, Phuengrattana and Suantai [23] introduced a new fixed point
algorithm known as SP-iteration and showed that this algorithm has a convergence rate
better than that of Ishikawa [13] and Mann [17] iterations. The SP-iteration for nonex-
pansive operator S was defined as follows:

Vi = (1= Bu)xn + BuSxu,
Yn = (1 - Vn)Vn + )/nSan
Xp+l = (1 - gn)yn + ensym ne N;
where x1 € H, {84}, {y»}, and {6,} are sequences in (0, 1).

Motivated by these works, we combine the idea of SP-iteration, FBS algorithm, and a
linesearch technique to propose a new accelerated algorithm for a convex minimization
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problem which can be applied to solve the image restoration problems. We obtain weak

convergence theorems in Hilbert spaces under some suitable conditions.

2 Preliminaries
In this section, we give some definitions and basic properties for proving our results in the
next sections.

Let ¢ : H — R U {oo} be a proper, lower semi-continuous, and convex function. The
proximity (or proximal) operator [2, 19] of ¥, denoted by prox,,, is defined for each x € H,
prox,, x is the unique solution of the minimization problem

miniize /) + 3 I ©
The proximity operator can be formulated in the equivalent form
prox,, = (I + )L H - H, (7)
where 0y is the subdifferential of i defined by
oY (x) := {ue?—l:gﬂ(x)+(u,y—x)51&()/),\7’3/67-[}, Vx e H.

Moreover, we have the following useful fact:

w € 81p(proxw(x)), VxeH,o>0. (8)

Note that the subdifferential operator 9 is maximal monotone (see [5] for more details)

and the solution of (1) is a fixed point of the following operator:

x € Argmin(yy +¥2) = x=prox,, ([ - cVyi)(x),

wherec>0.If0<c< %, we know that prox,,, (I — ¢Vi) is a nonexpansive operator.

An operator S: H — H is said to be Lipschitz continuous if there exists L > 0 such that
[Sx =Syl < Llix=yll, Vx,yeH.

If S is 1-Lipschitz continuous, then S is called a nonexpansive operator. A point x € H is
called a fixed point of S if x = Sx. The set of all fixed points of S is denoted by Fix(S).

The operator I — S is called demiclosed at zero if for any sequence {x,} in H which con-
verges weakly to x and the sequence {x, — Sx,} converges strongly to 0, then x € Fix(S).
It is known [22] that if S is a nonexpansive operator, then I — S is demiclosed at zero. Let
S :H — H be a nonexpansive operator and {S, : H — 7} be a sequence of nonexpansive
operators such that  # Fix(S) C (2, Fix(S,). Then {S,} is said to satisfy NST-condition
() with S [20] if for each bounded sequence {x,} in H,

lim ||x, —Syx,|| =0 implies lim ||x, — Sx,| = 0.
n—00 n—oo
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Let x,y € H and t € [0, 1]. The following inequalities hold on #:

e+ (1 =)y = ellxl® + (1 = B)llyll* = (1 = B)l|x = yII%, )
e = y12 = [l £ 20, ) + Iyl| (10)

The following lemmas are crucial for our main results.

Lemma 2.1 ([6]) Let ¥ : H — R be a convex and differentiable function with an L-
Lipschitz continuous gradient of 1, and let Y, : H — R U {oo} be a proper lower semi-
continuous and convex function. Let Sy, := prox,, y, (I — ¢, V1) and S := prox., (I - cVy),
where c,, ¢ € (0,2/L) with ¢, — ¢ as n — oo. Then {S,} satisfies NST-condition (I) with S.

Lemma 2.2 ([24]) Iff : H — RU{oo} is a proper, lower semi-continuous, and convex func-
tion, then the graph of of defined by Gph(df) := {(x,y) € H x H :y € df (x)} is demiclosed,
i.e., if the sequence {(xx,yx)} in Gph(df) satisfies xx — x and y, — v, then (x,y) € Gph(df).

Lemma 2.3 ([12]) Let ¥y, ¥ : H — R U {o0} be two proper, lower semi-continuous, and
convex functions. Then, for any x € H and ¢y > ¢1 > 0, we have

o= proxe, (2= @1 VY1 )] = [ = proxey, (v~ Vv )|
= [ prox,y, (v~ VI ) -

Lemma 2.4 ([11]) Let {a,} and {t,} be two sequences of nonnegative real numbers such
that

ana < (1 +t,)a, +t,a,.1, VneN.

Then ay., <M - ]_[;’zl(l + 2tj), whereM = max{ay, a,}. Moreover, if Y .- t, < 00, then {a,}
is bounded.

Lemma 2.5 ([27]) Let {a,} and {b,} be two sequences of nonnegative real numbers such
that ay, < a, + b, foralln e N. IfZZil b, < 0o, then lim,,_, o, a,, exists.

Lemma 2.6 ([22]) Let {x,} be a sequence in H such that there exists a nonempty set Q C H
satisfying:

(i) Foreveryp € 2,lim,_,« ||x, — p|| exists;

(i) wy(x,) C R,
where w,(x,) is the set of all weak-cluster points of {x,}. Then {x,} converges weakly to a
point in Q.

3 The SP-forward-backward splitting based on a fixed point algorithm
In this section, we introduce a new accelerated algorithm by using FBS and SP-iteration
with the inertial technique to solve a convex minimization problem of the sum of two
convex functions ¥; and /5, where
« Y1 : ' H — Risa convex and differentiable function with an L-Lipschitz continuous
gradient of yy;
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Algorithm 1 SP-forward—backward splitting (SP-FBS)
Take xo,x; € ‘H arbitrarily and calculate x,,,; as follows:

Uy = Xp + (X = Xp-1),
Vi =ty + B (Prox,,,y, (4n — ca V1 () — 1),
Yn=Vu+Vn (pl‘oxc}ﬂ//2 (Vn - CnVI/f1(Vn)) - Vn)y

Xn+l =Yn + Qﬂ(proxcnl//z (yi’l - CnVVfl()’n)) _yn)¢ Vn = 1.

o Y H — RU {00} is a proper lower semi-continuous and convex function;

o Q:=Argmin(y + V) # 0.
Now, we are ready to prove the convergence theorem of Algorithm 1 (SP-FBS).

Theorem 3.1 Let {x,} be the sequence generated by Algorithm 1. Assume that the se-
quences {a,}, {Bn}, {vn} {On}, and {c,} satisfy the following conditions:
(C1) ¥us0n €[0,1], By € [a,b] C (0,1);
(C2) ay >0, oy < 00;
(C3) 0<cy, ¢ <2/L such that lim,_, o c, = c.
Then the following statements hold.:
@) lloener —p*I < M- TTZ (1 + 204), where M = max{|lx1 —p*[l, [|x2 - p*|I} and p* € Q.
(il) {x,} converges weakly to a point in Q.

Proof For each n € N, set S, := prox, . (I — ¢,V{1)andS := prox,,, (I — ¢Vyr). Then the
sequence {x,} generated by Algorithm 1 is the same as that generated by the following
inertial SP-iteration:

Up =Xp + an(xn _xn—l)r

vy=(1- ﬁn)un + BnSuthn,
(11)

Yn = (1 - yn)vn + ynSnVn,

Xn+l = (1 - en)yn + enSnyn'

By condition (C3), we know that S,, and S are nonexpansive operators with (-, Fix(S,) =
Fix(S) = Argmin(y; + ¥3) := Q. By Lemma 2.1, we obtain that {S,} satisfies NST-condition
(I) with S.

(i) Let p* € Q. By (11), we have

|0 =27 || < [0 =27 || + tulln = 20 (12)
and
“Vn -p* || <(1- ,Bn)”un -p" || + Bn ||Snun -p ” = H”n -p H (13)

Similarly, we get that

=Pl < [va-p*| and |xus—p*| < J3n - 27| -

Page 6 of 18
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From (12), (13), and (14), we get

e =P = 9 - 77|

< |va-r7|
< un-p7|
< |n = 2*|| + ctullotn — % . (15)
This implies that
||xn+1 _p* || < (1 + an)”xn _p* || + 0oy ”xn—l —P* || (16)

Apply Lemma 2.4, we get ||x,,1 —p*[| < M- [, (1 +2cj), where M = max{||x; — p*||, [lx> -

Pl
(ii) It follows from (i) that {x,} is bounded. This implies Y >, o ||, —%,1]| < 00. By (15)
and Lemma 2.5, we obtain that lim,,_, » ||x, — x*| exists. By (10), we have

et =2 |* < tw = 1)) + 021160 = e I + 200 60 = 17| 160 = 2l (17)
From (9), we also have

[va =2 = 0= Bo)ttn = 2" | + Bul| Suttn = " |*
- Bu(1 = B lluy, - S,,,M,,,HZ

< |t = p*|* = Bu1 = Bu)lltt — Syt (18)

By (14), (17), and (18), we obtain

2 2
[ne1 = 2" < 3 - 27|
2
< [va-r7|
2
= ||un -p || = Bu(1 = Bu)llun _Snun”z
2
=< ”xn _P* ” + af,”xn —Xn-1 ”2 + 20y ”xn —19* ” I — %1l
—,3,,(1—/3,,)””,,—5,,%,,”2. (19)
Since0<a < B, <b<1,Y 2, aullxy, —x,1] < 00 and lim,_ [|l¥, — p*| exists, the above
inequality implies lim,,_, ||ty — Syu, || = O. Since {u,} is bounded and {S,,} satisfies NST-
condition (I) with S, we have lim,,_, « || %, — Su,|| = 0. By the demiclosedness of I — S, we
have w,,(1,)) C Fix(S) = Q. Since lim,,_, o, ||, =%, || = 0, we have w,,(x,,) C w,,(1,,) C Fix(S) =

2. By Lemma 2.6, we can conclude that {x,} converges weakly to a point in €2. This com-
pletes the proof. O

Remark 3.2 If we set o, =0, S, = S for all n € N, then Algorithm 1 is reduced to the SP-
algorithm [23]:

Vi = (1= Bu)xy + BuSxy,
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Yn = (1- Vn)Vn + VSV,

Xn+l = (1 - en)_yn + gnsym
where B, Vu, 6, € (0,1).

Remark 3.3 1If we set o, = y, =6, = 0 for all n € N, then Algorithm 1 is reduced to the
Krasnosel’skii-Mann algorithm [8]:

X1 = (L= Bu)xy + BuSpxns, n>1,
where 8, € (0,1).

4 The SP-forward-backward splitting algorithm with linesearch technique
In this section, we introduce a new accelerated algorithm by using the inertial and line-
search technique to solve a convex minimization problem of the sum of two convex func-
tions yr; and 5, where

(B1) ¢1:H — Rand v, : H — RU {oo} are two proper, lower semi-continuous, and

convex functions and € := Argmin(V := ¥, + ) # 0;

(B2) 1y is differentiable on H. The gradient V; is uniformly continuous on H.

We note that assumption (B2) is a weaker than the Lipschitz continuity assumption on

V.
Lemma 4.1 ([9]) If {x,} is a sequence generated by the following algorithm:
Xn+l = PTOXW/,Z (xn - Cnvwl (xn));

where c,, := Linesearch(x,, 5,0, 8). Then, for eachn>1andp € H,

96 = PII* = 121 = PI* = 2¢,[ (Y1 + ¥2)@1) — (Y1 + ¥2) (0)]
+ (1 - 25)”xn+1 - xn”2'

Now, we are ready to prove the convergence theorem of Algorithm 2 (SP-FBSL).

Algorithm 2 SP-forward—backward splitting with linesearch (SP-FBSL)
Take xo,x; € H arbitrarily and calculate x,,,; as follows:

Up = %y + 0y (X = 2Xp-1),

o = thy + B (P10 1 (160 — LV (1) — 18,),

I =V T (PrOx 2, (v — VIR () — Vi),

%1 = Y + Ou(Prox sy, (s = VY1) = ), V= 1,

where ¢! := Linesearch(u,,0,0,8), ¢ := Linesearch(v,,0,0,8) and ¢ := Line-

search(y,,0,0,6).
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Theorem 4.2 Let {x,} be the sequence generated by Algorithm 2. If {y,},{6,} C [0,1], B, €
[a,b] C(0,1), 0y, > 0 foralln e Nand ", a, < 00, then {x,} converges weakly to a point
in Q.
Proof We denote

Uy 1= PIOX 1, (u,, - c},Vx/fl(un)), Vyy 1= PIOX 2., (v,, - cﬁvwl(vn)), and

Yo = PIOX g3y, (v — VY1 (7).

Let p* € Q. Apply Lemma 4.1, we have foranyn e Nand p e H

ety = pII* = 15 — pII* = 2¢h[ W (1) — W ()] + (1 = 28) |1k, — w4, ]|, (20)
Vi = pI* = 1V = pII*> = 265 W (V) = W(p)] + (1 = 28) 1V, — vl (21)
Iy =21 = 1y =PI = 262 [ (57) = W(@)] + (1 = 28) 19 — yull>. (22)

Putting p = p* in (20)—(22), we have

lin =PI < Jwu=p"[. [P =lva-p| and Jgu=p"| < lyu-p|-

So, we obtain

”xml —19* ” = H(l _en)(yn _p*) +6”(y_” —19*)”
<=6y =2 + 0y - p*|
< |yu-p*- @3)

Similarly, we get
[y =2 < lvu=p"|| and v =p"| < un = "] (24)
From (23) and (24), we obtain

R Y
= ||%k + oty = 24-1) = p* |
=< ”xn —19* ” + |l — X1 |l

<1+ ozy,)”xn -p* || +ay, ||x,,_1 -p* || (25)

This implies by Lemma 2.4 that {x,} is bounded, and hence Y 7, %, — %,-1| < 00. It
follows that

lim ||, —x,| = 0. (26)
n— o0

By (25) and Lemma 2.5, lim,,_,  ||%, —p* || exists and lim,,—, o0 |5, — p* || = limy— o0 || 6 — p*||-
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Next, we show that w,,(x,) C Q. Let x € w,,(x,), i.e,, there exists a subsequence {x,, } of
{%,) such that x,, — . By (26), we have u,, — x.
From (23), (24), and (9), we have
e e [
= (=Bt = 2" |* + Bullttn = 0" ||* = Bl = Bl — 7]
< Ntw =% |* = Bu1 = Bt — 12
= [k + et = 21) = p*|* = Bul@ = Bt — 151>
< [ =27 + @210 = 2o I + 200 0 — 1| 100 —
= Bu(1 = Bl — 151> (27)

Since 0 <a < B, <b <1, lim,_.o |lx, — p*|| exists,and > o &y |%, — x,-1]| < 00, the above

inequality implies
lim |lu, —u,| =0. Hence u,, — x. (28)
n— o0

Now, let us split our further analysis into two cases.
Case 1. Suppose that the sequence {c}qk} does not converge to 0. Without loss of gener-
ality, there exists ¢ > 0 such that c} , > ¢>0.By (B2), we have

Tim ||V () = Vi ()| = 0. (29)

From (8), we get

O () = V() € D) + V1 (i) = W (i) (30)
[

s

By (28)-(30), it follows from Lemma 2.2 that 0 € dW(x), that is, x € Q.

1

—~
Case 2. Suppose that the sequence {c}qk} converges to 0. Define c}qk =5 > c}qk >0 and

—~ . _ A o
Uy 1= proxC}’kw2 (u,,k - cnkVI/ll(unk)).

By Lemma 2.3, we have

o~

1
1
—~ Hp — —
ot = thm Il = = Moty = e 1 = Wt =t - (31)
ng

Since ||y, — ty, || = 0, we have ||u,, — i, || = 0. By (B2), we have
Jim [V () = V(i) | = 0. (32)
It follows from the definition of Linesearch that

e [V (n) = V()| > 81t — i |- (33)
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By (32) and (33), we get

fim M~ Pl _ (34)
k— 00 Cflfk
From (8), we get
Uy — Uy _ _ _ _
? + le(unk) - le(unk) € a¢2(unk) + V‘/’l(unk) = a"p(unk)' (35)
g

Since u,, — x and ||u,, — i, || — 0, we have #,, — x. By (34) and (35), it follows from
Lemma 2.2 that 0 € dW(x), that is, x € Q. Therefore, w,(x,) C €. Using Lemma 2.6, we

obtain that x, — x for some x € Q. This completes the proof. d

5 Application in image restoration problems
In this section, we apply the convex minimization problem (1) to image restoration prob-
lems. We analyze and compare efficiency of SP-FBS and SP-FBSL algorithms with FBS al-
gorithm, R-FBS algorithm, FISTA algorithm, FBSL algorithm, and FISTAL algorithm. All
experiments and visualizations are performed on a laptop computer (Intel Core-i5/4.00
GB RAM/Windows 8/64-bit) with MATLAB.

The image restoration problem is a basic linear inverse problem of the form

Ax=y+e¢, (36)
where A € R™*N and y € RM are known, ¢ is an unknown noise, and x € R¥ is the true

image to be estimated. To approximate the original image in (36), we need to minimize
the value of ¢ by using the LASSO model [28]:

1 2
min § ~[|Ax - y[I5 + Allxll1 37)
xeRN | 2
where A is a positive parameter, || - ||; is the /;-norm, and || - ||, is the Euclidean norm. It is

noted that problem (1) can be applied to LASSO model (37) by setting

1
wl(x)=5||y—Ax||§ and Yo%) = Allxlly,

where y represents the observed image and A = RW, where R is the kernel matrix and W
is 2-D fast Fourier transform.

We take two RGB test images (Wat Chedi Luang and antique kitchen with size of 256 x
256 and 512 x 512, respectively) and use the peak signal-to-noise ratio (PSNR) in decibel

(dB) [28] as the image quality measures, which is formulated as follows:

M - 255
PSNR(?C]() =10 10g10(m>,
— 2

where M is the number of image samples, and x is the original image.
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Table 1 Details of blurring processes

Scenarios Kernel matrix

| Gaussian blur of filter size 9 x 9 with standard deviation 6 = 10
Il Out-of-focus blur (disk) with radius r=6
Il Motion blur specifying with motion length of 21 pixels and motion orientation 11°¢

(b) Deblurring I and noisy: (c) Deblurring II and (d) Deblurring III and
(a) Original : PSNR = PSNR = 19.3754 noisy: PSNR = 19.0622 noisy: PSNR = 19.0613

(f) Deblurring I and noisy: (g) Deblurring IT and (h) Deblurring III and
(e) Original : PSNR = o PSNR = 21.7610 noisy: PSNR = 21.1651 noisy: PSNR = 21.0803

Figure 1 Deblurring of the Wat Chedi Luang and Antique kitchen

Next, we will present three scenarios of blurring processes and noise 10~ in Table 1 and
see the original images and the blurred images in Fig. 1.

Next, we test the image recovery performance of the studied algorithms for recovering
the images (Wat Chedi Luang and antique kitchen) by setting the parameters as in (38) and
by choosing the blurred images as the starting points. The maximum iteration number for
all methods is fixed at 200. In LASSO model (37), the regularization parameter is taken by
A = 107%. Details of parameters for the studied algorithms are chosen as follows:

1

S ifl<n< M,
o, = n1+1 - = (38)
=  otherwise,

on
where M is a large positive number which depends on the number of iterations.

The obtained results for deblurring test images (scenarios I-III) are presented in
Figs. 2-7. We observe from Figs. 2—8 that if the iteration number is fixed at 200, the
PSNR of SP-FBSL algorithm and SP-FBS algorithm are slightly higher than that of the
others.
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(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 24.0510 24.0081 28.3953

(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 24.9147 26.0116 29.7725 30.2737

Figure 2 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring (scenario 1) of the Wat Chedi Luang

_ J
e Y
(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 22.6870 22.6424 28.7577
BT e (R e
(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 23.7169 25.1101 30.8232 31.6090

Figure 3 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring (scenario Il) of the Wat Chedi Luang
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(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 24.6224 24.5551 31.8260

(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 26.0777 28.2683 33.8345 35.1621

Figure 4 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring (scenario Ill) of the Wat Chedi Luang

(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 26.4943 26.4522 31.0875

(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 27.3611 28.4395 32.6092 33.0127

Figure 5 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring (scenario 1) of the Antique kitchen
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(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 25.7317 25.6801 32.0369

(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 26.8711 28.3594 33.8468 34.3999

Figure 6 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring (scenario Il) of the Antique kitchen

(b) R-FBS : PSNR = (c) FISTA : PSNR =
(a) FBS : PSNR = 27.8173 27.7443 35.0687

(e) FISTAL : PSNR = (f) SP-FBS : PSNR = (g) SP-FBSL : PSNR =
(d) FBSL : PSNR = 29.3167 31.3001 36.8066 37.7810

Figure 7 PSNR at the 200th number of iteration of FBS, R-FBS, FISTA, FBSL, FISTAL, SP-FBS and SP-FBSL
algorithms for deblurring “scenario (I11)" of the Antique kitchen
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Figure 8 The graphs of PSNR of the algorithms: (a)—(c) for “Wat Chedi Luang” image and (d)-(f) for “Antique
kitchen” image

6 Conclusions

In this work, we propose an inertial SP-forward—backward splitting (SP-FBS) algorithm
for solving convex minimization problems. We prove that a sequence generated by SP-FBS
algorithm converges weakly to a solution of problem (1) under the assumption of the Lip-
schitz continuity of the gradient of the objective function and the stepsize of the algorithm
depends on the Lipschitz constant of the gradient of the objective function. Moreover, we
remove the Lipschitz continuity assumption on the gradient of the objective function by
using the linesearch technique of Cruz and Nghia [9] and propose an inertial SP-forward—
backward splitting algorithm with linesearch (SP-FBSL) to solve a convex minimization

Page 16 of 18
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problem. We also prove that a sequence generated by SP-FBSL converges weakly to a min-
imizer of the sum of those two convex functions under suitable control conditions. Finally,
we present numerical experiments of the studied algorithms for solving image restoration
problems. From our experiments, we see that our algorithms have a higher efficiency than
the well-known algorithms in [3, 8, 9, 16].
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