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1 Introduction

The nonlinear Schrédinger equation (NLS) arises as a model equation in several areas of
physics see, e.g., Sulem and Sulem [20]. In this paper, we are concerned with the numerical
integration of the NLS equation on a d dimensional torus:

i0.u(t,X) + Au(t,X) + Au(t,X)|2u(t,x) =0, £>0, x T4, @)

M(O,X) = MO(X)r X e Td;

where T = (0,27), A = £1, u = u(t,x) : R* x T — C is the sought-after solution, and %, €
H?(T%) for some 1 > 0 is the given initial data. Here we only consider the case A = 1; the
case A = —1 can be treated in exactly the same way. Note that the well-posedness of the
nonlinear Schrédinger equation in H” (T%) has been established for © > g — 1. For details,
we refer to [2].

Many authors studied numerical aspects of the NLS equation. A considerable amount
of literature has been published on splitting and exponential integration methods. For
a general introduction to these methods, we refer to [9-12, 18]. It is well known that
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schemes of an arbitrarily high order can be constructed assuming that the solution of
(1.1) is smooth enough. For instance, the second-order convergence in H” was obtained
by requiring four additional derivatives of the solution for the Strang splitting scheme [17].
Further convergence results for the semilinear Schrodinger equation can be found, e.g., in
[1,4-6, 8,13, 14, 21].

For classical methods and their analysis, strong regularity assumptions are unavoidable.
Recently, however, so-called low-regularity integrators have emerged as a powerful tool
for reducing the regularity requirements. The first breakthrough was made in [19], where
the authors introduced a new exponential-type numerical scheme and achieved first-order
convergence in H” (T%) for H”*!(T¢) initial data with ¥ > %. Later, a first-order integrator
was proposed in [22]. It converges in H” (T) without any loss of regularity and conserves
mass up to order five. A second-order Fourier-type integrator was given by Knoéller, Os-
termann, and Schratz [16]. The integrator is based on the variation-of-constants formula
and uses certain resonance-based approximations in Fourier space. For the second-order
convergence, the scheme requires two additional derivatives of the solution in one space
dimension and three derivatives in higher space dimensions. In this paper, we present and
analyze an improved integrator that enables us to get the desired second-order accuracy
with only two additional bounded spatial derivatives in dimensions d > 1.

There are two main difficulties in designing low-regularity integrators. The first one is to
control the spatial derivatives in the approximation while keeping the nonlinearity point-
wise defined in physical space rather than in Fourier space. The second one is to overcome
the difficulties caused by the complicated structure of resonances in higher dimensions.
To explain this, let

E=(¢'....8% ez, E-m=E"n'v o w5N" EP=§-&
and consider the phase function
¢3 = EI +18,1° - 1&,1° — &5,
In [16], letting
a =2l B=28-§,+28 -§3+28,-&;,
the authors approximated the phase function by
eis?3 = glsatish _ gise | olB _ 1 4 R (e, B,5), (1.2)

where |R(a, B,5)| < s|a||B]. This choice requires three additional derivatives in higher
space dimensions for second-order convergence.

Now we explain our current approach, for which we consider a slightly more general sit-
uation. Assume that o has a “good” structure, which means fot e’* ds is point-wise defined
(as in the example above) while 8 has a “bad” structure but still has a low upper bound,

e.g., consisting of mixed derivatives (as in the example above). In order to approximate

/ eis(ot+ﬂ) ds = -[(p(i‘l.'(Ol + ﬂ))’
0
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ple)=1 ~ (1.3)

we employ the Taylor series expansion

p(it(a + B)) ~ plita) + itBy'(ita).

Next, we use that

ef-1-ze*
—— 270,

V@)= ° (1.4)
3 Z=0,

and replace iBr by T — 1. Then, we obtain
T . .
f @B ds = r(ita) — r(e”‘S - l)w(ita) + Ro(e, B, T), (1.5)
0

where |R(a, B, 7)| < 3|82 This bound will be proved in Lemma 2.2 below. Relying on
this structure, the scheme requires only two additional derivatives for T2, which gives con-
vergence in H” (T¢) for initial data in H”*2(T¢).

Finally, it does not require any specific structure of 8. In particular, 87! is not contained
in the expression (1.5). This is another advantage compared to (1.2), for which the inte-
gration (or a further approximation) of for e’P ds is needed.

Now we state the main result of this paper. We define the new low-regularity integrator
with second-order accuracy as

MO = Uy,
Z/tm'l — eirAun + ireim{[ga(—%rA) " l/f(—leA)]ﬂn ) (un)z} (16)
2
—it[e" Ay (=2iT A)it"] - (eifAun)2 _ %eimﬂun“kun]

for n > 0. For this method, we have the following convergence result.

Theorem 1.1 Let u" be the numerical solution (1.6) of the Schrodinger equation (1.1) up
to some fixed time T > 0. Under the assumption that uy € H**(T?) for some y > %, there
exist constants 1y, C > 0 such that for any 0 < T < 19, it holds

||u(t,,,-) —-u" ||HV <Ct?% O0<nr<T. (1.7)

The constants to and C only depend on T and ||u| oo, 1),11v+2(1d)) -

Page 3 of 14
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Having finished the analysis of this paper, we became aware of the recent work [3] by
Bruned and Schratz, in which low-regularity integrators for dispersive equations are dis-
cussed in a broader context. In particular, using the formalism of decorated trees, vari-
ous numerical methods for the nonlinear Schrodinger equation are proposed. The above
method (1.6) is stated in formula (5.17). Nevertheless, we give here an alternative (and
brief) derivation of the method because the employed approximations form the basis of
our rigorous error analysis.

The paper is organized as follows: In Sect. 2, we introduce some notations and collect
some useful lemmas. In Sect. 3, we discuss the construction of the method and analyze
the accuracy and regularity requirements of each single approximation step. Collecting all
these results, we prove our convergence result (Theorem 1.1) in Sect. 4. This theoretical
result is illustrated with some numerical experiments in Sect. 5.

2 Preliminaries
In this section, we introduce some notations, recall a result from harmonic analysis, and
give some elementary estimates. All of these will be used frequently in the following sec-

tions.

2.1 Some notations

We start with notations, some of which are borrowed from [7]. We write A SBor B2 A
to denote the statement that A < CB for some constant C > 0. This constant may vary
from line to line, but it is independent of 7 or n. Further, we write A ~ B for A < B < A,

we denote

€)=VItE-§ E=(8\...5%) ez

and define (d£) to be the normalized counting measure on Z¢ such that

[ ateran)- ¥ ate)

tczd

The Fourier transform of a function f on T is defined by

1
(2m)?

7€) = g [0

Instead of f , we sometimes also write Ff or F(f). The Fourier inversion formula takes the

form
100 - [ e*efepas).

We recall the following properties of the Fourier transform:
f Nl 2¢ra) = (271)% |[f||L2(Zd) (Plancherel);

9= [ fwigiax=@n)" [ F@a@dE)  (Parsevay

) - / 7€ —ma@)(dn)  (convolution).
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For the Sobolev space H*(T?), s > 0, we consider the equivalent norm

W psrty = 75 | ooy = @[ (1 +161%) 278 20,
where J* = (1 - A)3.

2.2 Some estimates
First, we recall the following inequalities, which were originally proved in [15].

Lemma 2.1 (The Kato-Ponce inequality, [15]) The following inequalities hold:
(i) Foranyy > % and f,g € HY, we have

7 @ 2 < Wl gl -

(i) Forany§=>0,y > % andf € H**V, g € H, we have

||]8(fg) ”LZ S sy gl s

The next lemma plays a crucial role in the analysis of this paper.

Lemma 2.2 Let o, B € R. Then, the following properties hold:
(i) For yr defined as in (1.4), we have

1 /T se% ds = —tyr (ita). (2.1)
0

T

(i) There exists a function Ry (o, B, T) such that
f b ds = ro(ita) - T (e — 1)y (iter) + Ra(e, B, 7) (2.2)
0

with |R2(O{, ,3’ T)l 5 T3|/3|2'
Proof (i) We first note that
eira_l

T —, a#0
/ e ds = o =tp(ita). (2.3)
0

T, a=0

Using integration by parts, we then find that

itar el _q

1 /7 . — 5, a#0,
_/ sl g = io Ta? 7/ (24)
0

T %1:, a =0,

which proves (i).
(ii) From (2.2), we obtain that the remainder R, satisfies

Rola, B,7) = / ’ P ds — ro(ita) + T (e - 1)y (ita). (2.5)
0
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Using (2.1) and (2.3), we rewrite (2.5) in the following way

. , 1 T ,
Rola, B, 1) = / ( isth) _ gise _ jgeish . ;/ oe'7¢ da) ds.
0

First, we decompose

T T T
/ (eis(a+ﬁ) _ eisa) ds = / (eis(ot+/3) _ eisa _ islBeisot) ds + lﬂ/ Seisrx dS,
0 0 0

and thus get

Rz(a,ﬂ,r):/ eisa(eisﬁ —isp ds+zﬁ/ ’Sﬁ ds - T/ e ds. (2.6)
0 0

Finally, note that

T
" (" —1-isB)| < s°IBI%, |1-e*"| < s1Bl, ‘%/ se"ds| St
0

Therefore, (2.6) can be controlled by Cz3|8|%. O

3 Construction of the method

Now we derive a second-order numerical method for (1.1). Since the employed approxi-
mations form the basis of our error analysis, we present some construction details. For an
alternative derivation of this method, we refer to [3].

Let t > 0 be the time step size and ¢, = nt, n > 0 the temporal grid points. First, by

employing the twisted variable v = €24 and Duhamel’s formula, we get

vt, +0) =v(t,) + i/ e ([ R p)| e DAy 8, + p)) dp. (3.1)
0

Then, freezing the nonlinear interaction by approximating e/*?)4 ~ eitn*®)4 and v(t, +
p) & v(t,), we get

V(ty +0) = V(t,) + ioe o)A (|l Ay (g, )| tro)ly(£,)) + RA(v, 0). (3.2)
The remainder term R(v, o) satisfies the following estimate.
Lemma 3.1 Lety > ‘—21, o €[0,7] andv e L*®((0,T); H'*?). Then,
2 3
[R50, 0) | S T (Wlliooqo,mymre2) + 1V oo o 790742

We postpone the proof of the lemma to Sect. 3.1.

Next, we derive a second-order expansion of Duhamel’s formula

T
Wty +7) = v(t,) +i / eI (| (1 4 o) [Pl A y(t, 4 5)) do. (3.3)
0
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Replacing v(t, + o) by (3.2), we infer that

V(tns1) = v(ta) + L (t) + D (t0) + Ry (), (3.4)
where

Ii(t,) = i/or e itn+s)A (‘ei(t”+s)Av(t,,)|2ei(t”+s)Av(t,,)) ds,

T
Lt,) = - / se T ErIA (|ler9n (g ) 1eltr9A (1)) di. (3.5)
0

The remainder term R);(v) can be bounded as stated in the following lemma. Again, the

proof of this lemma is postponed to Sect. 3.1.

Lemma 3.2 Lety > g and 0 <t < 1. Then, for v e L>((0, T); H"*?),

IR0, = €2,
where the constant C only depends on V| oo (o, 1),117+2)-
Due to the complexity of the phase functions

B3 =117 + 16,17 = 1&,17 = 1&31% s = 1E17 + &, 1% + 1&,1° — 1&51% — 1€,17 - |&5)%

we note that the terms in /; and I, cannot be easily expressed in physical space.
Therefore, we consider I first in Fourier space. Using

A wlx) = / e 1e () (), (3.6)

we get
Riew®)=i [ [, 8,050, 6000 )8, ) .

The main problem concerns the handling of the phase 3. Defining
a=2§% B=28-8§,+28 -E3+28, &
allows us to write
eis¢3 — eisa+isﬂ.

Applying the formulas presented in Lemma 2.2, we get

fin) =it /E g, S0 )00 £5)00 ) ) )

—iT/ (e — 1) Y (iTa)e ™ (L, &)1 (t, £5)0(t, €5)(dE ) (dE,)
§=£1+E+E3
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+ REW)(E), (3.7)

where the remainder term RZ(v) obeys the bound given in the following lemma. Its proof
will be postponed to Sect. 3.1.

Lemma 3.3 Lety > % and v e L®((0, T); HY*?). Then,
||Rg(v) ”]—11’ 5 T3||V||zoo((o,T);Hy+2).
Using B = ¢35 — « and (3.6), we transform (3.7) back to physical space to get

L(t,) = ive ™5 {[p(=2it A)e ™2 (z,)] - (2 u(t,)) )
— ire A [y (<2iT A)e 10(8,)] - (12 () (3.8)

+ ire’””A{[w(—ZirA)e’it”Af/(tn)] . (e””Av(tn))z} +REW).

The term I, is of higher order in t. Therefore, it is sufficient to freeze the linear flow and
approximate the term as

L(t,) = —/ se~ind (|eit”Av(ty,)|4eit"Av(tn)) ds + R (v) (3.9)
0
= —%rze’”’“A (|e™*v(tn) |4e"t”AV(t,,)) +REW), (3.10)

where the remainder term R (v) obeys the bound given in the following lemma. Again,
its proof will be postponed to Sect. 3.1.

Lemma 3.4 Lety > % and v e L®((0, T); H"*?). Then
IRE 1 < T2 1100, 2y007+2)-
Now combining (3.4), (3.8), and (3.10), we have that
V(tns1) = D" (v(t,)) + RE(V) + REW) + RE(W), (3.11)
where the operator ®” is defined by
O"(f) = f +ite A | (p(-2ir A)e MAF) - (2 f)?)
—ire b { (w(—2ir A)e’it”*IAf) . (e””*lAf)z}

. - . 3.
+ ife_ltnA{(w(—ZiTA)e_ltnAf) . (eztnAf)2} ( 12)
_ %_L_Ze—it,,A (|eit,,Af|4eitnAf).

Our second-order low-regularity integrator is obtained by dropping the remainder
terms R}, RZ, R¢ in (3.11). The method for the twisted variable is summarized as fol-

lows: let 10 = 1, and

Vi =" (V") forn > 0. (3.13)
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A

Finally, setting u” = e/%1", we obtain the announced numerical scheme (1.6) for the NLS

equation (1.1).

3.1 Estimates of the remainder terms
Now we prove Lemmas 3.1 to 3.4.

Proof of Lemma 3.1 By (3.2), we have that
R5(v,s)
_ i/s(e—i(tn+a)A _ e—i(t,,+s)A)(|ei(tn+a)AV(tn n U)|2ei(tn+a)AV(tn + o)) do
0
+ i/s e"“””m(|ei(t”+")Av(t,, + c7)|2 - |ei(t”+s)Av(t,, + s)|2)ei(t”+")Av(t,, +0)do
0
i / se—i(tn+s>A(| I8y (5, 4 5)[2 (A5, + o) — B (2,))) do
0
Note that from (3.1), Lemma 2.1(i), and the Sobolev embedding, we get

sup |Vt +0) = v(tn) |,y S TV 0,10
T

0<o<

Moreover, for any f € H”,
[ (e — eIV F| S o = slIlf llpgven (3.14)
Applying these two estimates, we obtain
[ B vt + 0) = 206 |y S TVl mpr ) + 1V 0 rppare2))
and thus
||R§l(V7 5) HHy S T2(||V||L°°((O,T);HV+2) + ”V”ioc((o,T);Hy+2))'
This is the desired result. O

Proof of Lemma 3.2 Inserting (3.2) with o = p in (3.1) and using (3.4), we find that the
remainder R} (v) consists of terms of the form

T
l/ e—t(t,,+s)A(et(tn+s)AM}j . e—z(tn+s)AWk . el(t"+s)AWg) dS, ]-+ k+?0 > 5’
0

where

Wl = V(t}’l)l
Wy = ise—i(t,,+s)A(|ei(tn+s)Av(tn)|Zei(tn+s)AV(tn))’

Ws =RE(v,s).
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By Lemma 3.1 and Lemma 2.1(i), we thus get

”RZ(") ||HV S C(”V(t”)||L°°((0,t);HV+2))T3‘
This finishes the proof of the lemma. O

Proof of Lemma 3.3 Without loss of generality, we may assume that ¥(¢,) and U(t,) are
positive (otherwise, one may replace them with their absolute values).
From Lemma 2.2, we have

REOE) - fE e, Tl BTl )0 )5 8:) ) 0E)

and further

REW@®)] < ° B(t, &)Wty £2)0 (1, €3)(dE ) (dE ).
E=§1+bok

By symmetry, we may assume that |&;| > |&,| > |&;]|. This yields

(€)' S (6) (181171617 + 1&11°1851 + 18,1 €51%)

2 2
S 16T 18]

Using this estimate, we get

(&) |REW)E))|
<o / 6L 16 P50 £)0 (6 £2)0(0 £ (1) ()
E=E1+E9+E3,|81 1> 18 |>|E5]
< IB.F((—A)“V/ZD (=A)v- v)(t,,,g).

Therefore, by Plancherel’s identity and Lemma 2.1(ii) with § = 0, we obtain that for any

d
Y1>35,

IREW) 0 S22 [ 225 81 V] ey

3
St ||V||L°°((O,T);HV+2)||V”LOO(((),T);HVNZ)”V”LOO((O,T);HVl)'
Since y > %, choosing y; = y, we get the desired result. O

Proof of Lemma 3.4 By (3.5) and (3.9), we have that
Ri= - f (e _ gitnd) (|elrs9 (g, )| Feitr 9y (5,)) ds
0
- fo " genind ([l 2 w(s,)|* = |2 u(e,)[*]e 92 u(z,)) ds
- /0 et (et (g, )| (e 98 _ e ) y(s,)) ds.

Then, the claimed result follows directly from (3.14) and Lemma 2.1(i). O
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4 Proof of Theorem 1.1

Taking the difference between the numerical scheme (3.13) and the exact solution gives

Vn+1 - V( n+1) (Dn( ( )) - V(tn+1) + " (Vn) - 9" (V(tn))

=L"+ " (V') - " (v(ty)),
where L£" = ®"(v(t,)) — v(t,.1) is the local error.

4.1 Local error

The following bound on the local error holds.
Lemma 4.1 Lety > g and 0 <t < 1. Then,
<"

”HV <cr?,

where the constant C only depends on V|| 1o (o, 1),117+2)-

Proof By (3.11), we get that
L" = -Ry(v) - R5(v) = Rg(v).
Thus, the desired estimate follows from Lemmas 3.2, 3.3, and 3.4. O

4.2 Stability
The main result in this subsection is the following stability estimate.

Lemma 4.2 Lety > g. Then,
[o" () = @" (vt < 0+ COW =18, + CT |V = 8]
where the constant C only depends on ||v|| oo (0, 1);H7)-

Proof For short, we denote g, = v" — v(¢,). Then, using (3.12), we have

Q" (v") - " (v(tn)) gn+Z (@7 (v") - @} (v(t)),

where
Cbit(f) _ iTe—it,,A { ((p(_ZiTA)e—itnAf) . (eit”Af)z}
®(f) = —ire 1A (Y (<2t A)e B 18F) - (efr12f)? )
Cbg’(f) _ ire—itnA{(w( 2T A)e zt,,Af) ( itnAf)Z}
cDZ(f) - _ 2 —ztn (‘eztnAf| tt,,Af)
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Note that by the definition of ¢ and ¥ in (1.4), we have that

lo(2it A | SW Ny, W (=20t A |y SN

Hence, by Lemma 2.1(i),

| @7 (v") = @1 (v(E) |,y < Cr(lgullr + llgall3yy ),

where C only depends on ||v|| 1o (0, 1);17)-
Similarly, we get that

4
Y ol@r () - @ (e[ < Cr(lgallar + lgallin)- (4.1)
j=2

Combining the above estimates, we finally obtain

” cbn(v(tn)) - QD”(V”) ”H;/ = ”gnHHV + Ct(”gn”HV + ”gn”?—ﬁ/)i
which is the desired result. g

4.3 Proof of Theorem 1.1

Now, combining the local error estimate with the stability result, we prove Theorem 1.1.
From Lemma 4.1 and Lemma 4.2, we infer that there exists a constant C depending only
on [|V|| oo, 1y;1v+2) such that for 0 < 7 < 1, we have

”v(t,,+1) — el ”Hy <C®+(1+ Cr)Hv(t,,) - HHV +Ct ”v(t,,) V" H15-1w n>0.

By recursion, we get from this the bound

n

”v(t,,+1) -yl ”Hy <Ct Z(l + Cr)j[“v(t,,_j) - V”ﬂ’f_n + Crz].
j=0

From this estimate, we infer that there exist positive constants 7y and C such that for any
TE [Or T0]1

|v(tnsr) = v, <C* > (1+Cry <Ct% n>0.

Jj=0

Note that the constants 7y and C only depend on T and ||z]| oo ((o,7,117+2)- This proves The-
orem 1.1.

5 Numerical experiments

In this section, we carry out some numerical experiments to illustrate our convergence
result in two space dimensions. For this purpose, we consider the nonlinear Schrédinger
equation (1.1) with initial data

1, .
ug(x1, %) = Z (L+VE2+02)727 (1 + jelka+te) o5, (5.1)

(k,0)ez?
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where y is used to set the regularity of the data. This choice guarantees that u® € H” (T?).
In the experiment, we set ¢ = 0.

In order to be able to use FFT techniques, we discretize space by equidistant grid points

A= T im<N-L
N

The numerical approximation, obtained with step size t at ¢t = £, = nt on this grid will
be denoted by u” . We choose N =27, i.e., 2'* grid points, and measure the temporal
u? \» defined on the grid by w(t,,,x"l,xg") = u(t,,,le,xg’) -
u? \ (j,m). We consider this matrix as an element of the linear space L}, with norm || - | 2,
defined by

discretization error w = u(t,,-) —

2 47[2 = i m\|2
Iwifs =~ 2wl

Jjm=0

The discrete Hy, spaces are then defined in the usual way with the help of the discrete

Fourier transform, i.e.,

N y
Z<1+1+ )W,‘;,

Iwilyg, =2

2
Ly

Our results for initial data uy € H”*%(T?) are presented in Fig. 1. We choose the three dif-
ferent values y = 1, 1.5, 2 to illustrate the convergence rate. In the left panel, we present the
results for the standard Strang splitting. As expected, the Strang splitting shows a strong
order reduction and irregular error behavior. For our scheme (1.6), the results are given in
the right panel. As expected, the slopes of the error curves are 2 whenever y is bigger than
1. The slope of the curve for y =1 is slightly less regular. This is also expected because the
value y =1 is the limit case in two space dimensions. Thus, the results agree well with the
corresponding results of the theoretical analysis given in Theorem 1.1.

temporal discretization error temporal discretization error

7:1 +”y:1
10415 I g4t =15
=2 =2
---0(#)
(0]
000
| \m;‘.’hwvx\’p "f‘,‘,‘ !
108}
10-10 L L 10-10 L L
102 107! 102 107"
T T

Figure 1 Temporal discretization errorin HY (left for the standard Strang splitting, right for our scheme (1.6))
for initial data in HY*2 for various values of . The errors are measured at T = 1 for various step sizes 7. The
dashed line in the picture on the right-hand side has slope 2
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