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1 Introduction
A Swedish mathematician Gosta Mittag-Leffler introduced a function in the form of a

power series [1]

o0 tl
E,(t) = ; Tl

where £, € C and R(«) > 0. This function is called the Mittag-Leffler function. It plays a
vital role in the representation of solutions of fractional differential equations. Many re-
searchers have given its various generalizations and extensions, which are used to formu-
late solutions of real-world problems in different fields of science and engineering [2, 3].
The Mittag-Leftler function is also used to introduce new generalized fractional integral
operators. These integral operators are frequently used for extensions and generalizations
of well-known classical integral inequalities. For a detailed study of the Mittag-Leffler
function, we refer the readers to [4—8].

In [9] a generalization of the Mittag-Leffler function is given in the form of Q-function.
In [6] the extended generalized Mittag-Leffler function and its related fractional integral
operator are described along with their applications to generalizing classical Opial-type
inequalities. In [10] a unified form of the Mittag-Leftler function, which generates a gener-
alized Q-function and the extended generalized Mittag-Leffler function, is studied; also, a
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fractional integral operator containing a unified Mittag-Leffler function is introduced, and
its boundedness is proved. For some recent related work, we refer the readers to [11-14].

In this paper, we present Minkowski-type inequalities by using the fractional integral op-
erator corresponding to the unified Mittag-Leffler function. The findings of this paper are
implicitly related with several Minkowski-type inequalities already studied for different
kinds of known fractional integral operators. Some particular cases of the main results
are explicitly given in the form of corollaries. First, we give the definition of the unified

Mittag-Leffler function and the associated fractional integral operator (see [10]).

Definition 1 Let a = (ay,ay,...,a,), b = (b1,by,...,b,), c = (c1,¢,...,¢,), where a;, b, ¢; €
C,i=1,...,n Also, let «, B, y, 8, i, v, A, p, 6,t € C, min{R(x), R(B), R(y), N(5), R(A),
M)} >0,and k € (0,1) UN. Let k + R(p) < R(S + v + ) with Im(p) =Im(§ + v + @). Then
the unified Mittag-Leffler function is defined by

o 17, B,(bi, a)) (W) Ot
MR (a,b,e,p) = v : (1.1)
WPy Byt = == ; I, Ble ai) (v )si(w)w Tl + B)

Ifweputn=1,b1=c1+lk,a1=60—-Xx,c1 =i, p=v=0,and § >0in (1.1), then we get the
extended generalized Mittag-Leffler function defined in [6]. Also, by substituting a; = /,

p =0, and N(p) > 0 into (1.1) we get the generalized Q-function defined in [9].

Definition 2 Let f € L;[a, b]. Then for & € [a, b], the fractional integral operators corre-
sponding to (1.1) are defined by

5
;";ﬁ;"’a,’k;s” SE ab,cp)= (é )ﬁ‘lMi’,p’,g’,'}’,” (@& -0%a,b,c.p)f(t)dt, (1.2)
106857 8,14 By .0,

L abep / (t-&V ML (ot -85 abep)f(Bdt.  (13)

Byfixingn=1,by=c; +lk,a1 =6 — X, ¢c1 =4, p=v=0,and § > 0 we get the fractional
integral operator given in [6]. By taking a; =/, p = 0, and R(p) > 0 in (1.2) and (1.3) we

define the fractional integral operators corresponding to the generalized Q-function as

follows:
&
Qe f(Ea,b) = / & -0 QLS (& - 1) a,b)f (D, (1.4)
b
oy f(Eab) = / (t =& (ot - 6)%5a, b)f (t)dt. (1.5)
3

From (1.1) various generalized Mittag-Leffler functions given by Wiman [15], Prabhakar
[8], Shukla and Parajapati [4], Salim and Faraj [7], Rahman et al. [5], Andri¢ et al. [6], and
Bhatnagar and Pandey [9] can be easily deduced. Also, the fractional integral operators
associated with these Mittag-Leffler functions can be obtained. Before moving toward
our main results, we give the following Minkowski-type inequalities. First, we state the

integral version of the classical Minkowski inequality.
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Theorem 1 Let ¢, € L,[d,e]. Then forr > 1,

( / (¢($)+¢(§))’d€);§< / ¢f(s>ds)7+( / w’(s>ds)7. (L6)
d d d

A reversed Minkowski-type inequality is given as follows.

Theorem 2 ([16]) Let ¢, ¥ € L,|d, e] be such that ¢, v € Rt and 0 < k; < % <k; for all
& €ld,e]. Then for r > 1, we have

. ; ¢ . G ko(ky + 1) + (ky + 1)
(/d ¢<s>ds> +( /d ws)ds) S e 17)

1
-

« ( / (¢(s>+w(5))’ds)
d

Another reversed Minkowski-type inequality is given as follows.

Theorem 3 ([17]) Under the assumptions of Theorem 2, we have the inequality

( f ¢’<s>ds>7+( / w’@)ds); (1.8)
d d
(ky +1)(ky + 1) ¢ e z
Z(T—2></d ¢<s>ds) (/d w@)ds) .

In the next section, we give some generalized versions of Minkowski-type integral in-
equalities using fractional integral operators containing the unified Mittag-Leffler func-
tion (1.1) defined in Definition 2. Also, the reversed Minkowski-type integral inequalities
for these fractional integral operators are proved.

We will use the following notations to make a smart representation of results of this

LAtk w,hp0kn w,\,0,0,kn
paper: Ma,ﬁ,%&u,v =M, Ia*,a,ﬁvy,é,u,v =L Qla*,a,ﬂ,}/,&u,v =ql.

2 Generalized versions of Minkowski-type inequalities
In this section, we give generalized Minkowski-type integral inequalities for fractional
operators defined in (1.2) and (1.3).

Theorem 4 Let w € R, a = (ay,ay,...,a,), b = (b1,b,...,b,), ¢ = (c1,¢2,...,¢,), where
ai,bi,ci €eR,i=1,...,n Also, let u,v,p,t €R, a,8,y,8,A,0 >0, and k € (0,1) UN. Let
k+p<8+v+a.Letr>1besuchthat % + % =1, and let ¢ and  be positive and rth-power
integrable functions on [d, e]. If % is bounded above by ky, and bounded below by ki with
ki > 0, then we have

(1) W] [av)E]* < (%)"[(Iqﬁwi)(g;w]. 2.1)

Proof Under the conditions on %, we have the inequalities

V(O < oot

!
k|



Zhou et al. Advances in Continuous and Discrete Models (2022) 2022:9 Page 4 of 10

$(0) < ks oF (DY (0.

Multiplying both sides of these inequalities by (& — t)/"*M(w(& — £)*;v) and integrating
over [d, €], we get

(Ip7 3 ) (&),

W) E) <

L
ki

A$)E) <k (164 ¥4 &),

These two inequalities further take the following forms

1 1 11 1
()& < —[(Io7 v ) E )], (2.2)
k*
[16)E)] < k5 (167 v ) &) 23)
Now multiplying inequalities (2.2) and (2.3), we get required result. a

Corollary 1 Under the assumptions of Theorem 4, together with a; =1, p =0, and p >0 in
(2.1), we get

1 1 k 5 11
(e ] [Q)E)] = (k—) [(olot )],

Remark 1 The Minkowski-type inequality containing the extended Mittag-Leffler func-
tion introduced by Andric¢ et al. [18] can be deduced from the theorem by setting n = 1,
&6, Y8, s A0,k>0,0>A,0<k<8+a,by=ci1+lk,a;=0—-A,c;=A,and p=0=v.

Before moving toward the proof of our next result, we state a particular case
of the GM-AM inequality for x,y > 0 with r,s > 1 satisfying r! +s71 = 1,

xy <r "+ sy,
and also the elementary inequality
(x+y) <21 (x’ +y’), x%y>0,r>1. (2.4)

Theorem 5 Let w € R, a = (ay,ay,...,a,), b = (b1,bo,...,b,), ¢ = (c1,¢a,...,¢,), Where
a,b,c; eR,i=1,...,n Also, let a, B, vy, 8, u, v, A, p, 0, t € R, k € (0,1) UN, and
min{e, 8,v,8,A,0} >0. Let k + p <8 + v + . Let r,s > 1 be such that % + % =1, and let ¢
and  be positive rth-power integrable functions on [d, e] such that their ratio is bounded
above by ky and bounded below by k; with ki, ky > 0. Then we have the following inequality:

k 2

(Lpy)) (g, v) <r 2 <m> (I(¢" +y7))E V) (2.5)

+s712! <L>S(I(¢>s +9°))(E,v).

kl+1
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Proof Under the conditions on % given in the theorem, we have the following inequalities:

(ki + 1Fy°(0) < (o) + ¥ (1)),
(ky + 19" () < K (w(2) + (1))

Multiplying both sides of the above inequalities by (£ — )1 M(w(& — )%, v) and integrating

on [d, &], these inequalities take the following form

1
sTH 1Y) (5, v) < s 1)SS_1 (1 + ¢)) (&, V). (2.6)
kr
r197) ) < i (1 9)) 6 ) (27)

By a particular case of the GM-AM inequality we have

POV () <r7'g (1) + 57 ().

Multiplying both sides of this inequality by (£ — £)’"'M(w(¢ - £)%;v) and integrating on
[d,&], we have

(@) (Esv) < r H(19") (& v) + 57 (1Y) (€5 ) (2.8)

Applying (2.8) to the sum of (2.6) and (2.7), we get the inequality

k: " r
(@) = (2 ) 100 +0t0) e 29)

1 § s
+s7! (kl " 1) (I(w (@) + 9(0) ) (&; ).
Applying (2.4) in (2.9), we obtain (2.5). a

Corollary 2 Under the assumptions of Theorem 5 with a; =1, p =0, and p >0 in (2.5), we
get the inequality

ko

e e

) (@il@ + v
+s1257! (k1—11> (QI((,‘bS + ws))(é,v).

Remark 2 Forn=1, o,8,7,8, 4, 1,0,k >0,0 >%, 0<k <8+, by=c1+1lk,a,=6-A4,
¢ =Aand p =0=v, (2.5) produces the result presented by Andri¢ et al. [18].

Theorem 6 Let w € R, a = (ay,a,...,a,), b = (b1,bs,...,b,), ¢ = (c1,¢2,...,¢n), Where
ai,bi,ci e R, i=1,...,n Also, let o, B, v, 8, u, v, A, p, 0, t € R, k € (0,1) UN, and
minf{e, B,v,8,1,0} >0.Letk+p <§+v+a.Letr > 1,and let ¢ and  be positive rth-power
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integrable functions on [d, e] such that their ratio is bounded above by k, and bounded be-
low by ki with ki, k, > 0. Then we have the inequalities

k' (1)) (E;v) < (ky + 1) ky + D)7 (I + ¥)%) (65 v) (2.10)
< k' (l¢y)) (& v).

Proof From the boundedness of the ratio of the functions ¢ and ¥ we have

P(t)

0§k1§—<k2, te[d,e].

v(t)

Using the upper bound % < ko, we have

¢+ v < (kp+ 1)y, (2.11)

ky'(ky + 1) < ¢ + 9. (2.12)
Using the lower bound k; < %, we have

¢+ v = (k+ )y, (2.13)

Ktk + 1) > ¢ + . (2.14)

From inequalities (2.11) and (2.13) we obtain the inequality

(ki + D)y <@+ ¥ < (kp + 1)y (2.15)
From inequalities (2.12) and (2.14) we obtain the inequality

kit +1)¢ < ¢+ <ki' (ki +1)9. (2.16)

Now multiplying (€ — t)/"1M(w(& — £)%;v) by the product of (2.15) and (2.16) and integrat-
ing on [d, £], we get (2.10). O

Corollary 3 Under the assumptions of Theorem 6 along with a; =1, p =0, and p >0 in
(2.10), we have the inequality

k' (QI@Y))(E;v) < (ky + 1) (ke + )7 (L@ + ¥)?)(§3v)
<k (QI(@V)) (&; V).

Remark 3 Inequality (2.10) is the generalization of the inequalities proved by Andri¢ et
al. [18]. By settingn=1,,8,7,8, 4, 1,0,k >0,0 >A, 0<k <8 +a, by =c1 +lk, a1 =6 — X,
¢1 = A, and p = 0 = v the result of [18] can be deduced.

Theorem 7 Let w € R, a = (ay,ay,...,a,), b = (by,b,...,b,), ¢ = (c1,¢2,...,¢,), Where
a,b,c; eR,i=1,...,n Also, let a, B, v, 8, u, v, A, p, 0, t e R, k € (0,1) UN, and
min{e, B,v,8,1,0} >0. Let k+ p <8 + v+ «. Let r > 1, and let ¢ and  be positive and
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rth-power integrable functions on [d, e] such that their ratio is bounded above by k, and

bounded below by ky with ki,ky > 0 and 0 < n < ky. Then we have the following inequalities:

k: 1 1 1
(10 - ) Ew] < [0 &)+ [(07) ) 217)
kl +1 1 .
< 0@ )& ]
Proof By the conditions on ¢ and ¥ in the statement we have
O<n<hk < M <ky,, teldel, (2.18)
R A0OR

and the above inequality takes the form

(¢ —ny) gt < (¢ —ny)
(ky—m)y =7 7 (k—-n)y’

Multiplying the last inequality by (& — t)/"*M(w(& — £)*;v) and integrating on [d,£], we
obtain

[(L(¢ —/:7://_)’;(5;1/)]? < [(IW)(S;V)]% < [P —ny))(E;v)]

~ =

(2.19)
ki —n

Inequality (2.18) can also be written as

1
<_y
~k

(t
o(t)

<=

1
— <
ky

and after certain steps, the above inequality takes the form

bg-m) _, _k@-n)

ky —nyr ki—n

By multiplying with (& — £)’"!M(w(& - £)%;v) and integrating on [d, &] the above inequality

becomes

ke 1\’ e e ko \ o
(kz—n> (Lo —ny)")(&v) < (I9") (&) < </<1—n> (g —ny)) (&),

ks N
(2 )1 -y )en]

<[(9)E] < (kf—jn)[(m»- W) E] .

Sl

(2.20)

Adding (2.19) and (2.20), we obtain (2.17). O

Page 7 of 10
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Corollary 4 Under the assumptions of Theorem 7 with a; =1, p =0, and p > 0 in (2.17), we
have the following inequality:

k2+1
kay—n

~ e
~=

+ (¥ Ev)]

[(QI(¢ — 1) 7 )EW)] < [(ol6")(E )]

k1+1
=
ki—n

[(QI(¢ — 1) 7 ) (& W)]-

Remark 4 The above theorem reproduces the Minkowski-type inequality involving
the extended Mittag-Leffler function presented by Andri¢ et al. [18] by setting # = 1,
o, B,v,8, 1, 0,0,k>0,0>1,0<k<8+a,by=ci+lk,a;=60—-A,c;=A,and p=0=v.

3 Fractional integral inequalities of reverse Minkowski type
In this section, we state and prove some reverse versions of Minkowski-type inequalities,

which are generalizations of (1.6) and (1.8).

Theorem 8 Let w € R, a = (ay,ay,...,a,), b = (b1,b,...,b,), ¢ = (c1,¢2,...,¢,), Where
ai,bi,ci € R, i=1,...,n Also, let o, B, y, 8, i, v, A, p, 0,t € R, k € (0,1) UN, and
minf{e, B,v,8,1,0} >0. Let k+ p <8 + v+ . Let r > 1, and let ¢ and  be positive and
rth-power integrable functions on [d, e] such that their ratio is bounded above by k, and
bounded below by ky with ky,ky > 0. Then

1
-

<m[(I¢+v¥))EW)] (3.1)

1
-

[(1¢")E W] + [(197)(Ev)]

ko (k1 +1)+(kp+1)

where m = D)

Proof Under the conditions of the theorem on %, we have the following inequalities:

(ky + 1)y (8) < (o(8) + ¥ (2)),
(ko +1)"9" (1) < K5 (v (8) + (2)".

By multiplying both sides of inequalities by (£ — )’ "*M(w(¢ - £)*;v) and integrating on

[d, €] the above inequalities become

(ky + 1) (1Y) (&) < (L +¢)) (&5 v), (32)
r . kg r .
(I¢")(&v) < Gx1y (1Y + ))& ). (3.3)

The above inequalities further produce the following inequalities:

1 1

~i=

()] < 10w + 1) @] (3.4)
1+ 1
1 k 1
[(9)E]" < ¢ 21w +9))EW] (3.5)
2+ 1

The sum of (3.4) and (3.5) gives (3.1). O
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Corollary 5 Under the assumptions of Theorem 8 with a; =1, p =0, and p >0 in (3.1), we
obtain the following inequality:

Sl
~l=
Sl

[(1e") &) + [(ol¥")E:v)]

ko (k1+1)+(ka+1)
(k1+1)(k2+1) *

<m[(ql¢ +v¥)) (& V)],
where m =

Remark 5 The Minkowski-type fractional integral inequality containing the extended
Mittag-Leffler function introduced by Andri¢ et al. [18] turns out to be a particular case
of (3.1) by settingn=1,,8,7,8, 4, A,0,k>0,0 >A,0<k <S+a,by=c1 +lk,a; =6 — X,
ci=Arand p=0=v.

Theorem 9 Let w € R, a = (ay,a,...,a,), b = (b1,bs,...,b,), ¢ = (c1,¢2,...,¢n), Wwhere
apb,cieR,i=1,...,n Also let o, B, ¥, &, u, v, A, p, 0, t € R, k € (0,1) UN and
minf{e, B,v,8,1,0} >0. Let k+ p <8 + v+ . Let r > 1, and let ¢ and  be positive and
rth-power integrable functions on [d, e] such that their ratio is bounded above by ky and
bounded below by ky with ki, ky > 0. Then we have the following inequality:

Sl

1
-

[(16")EW]7 + [(197)E ] = M[A7)EW] [ E )] (3.6)

where M = k' (ko + 1)(ky + 1) — 2.

Proof From the preceding theorem we have the following integral inequalities:

1
1+
ks
ko +1

~I
~I=

[(1y") & v)]

=<

[(X(w () +6®))EW]

>~
—_

1
7

[(1(v ) +¢®))Ew)]

[(1¢") (&))" <

Taking the product of these inequalities and using Minkowski’s inequality, we get

1
F o< ka

()& [N E]" < e

1
r

x [((1¢") (&) + (Iy") (& v)

~—=

] 2
This inequality takes the following form by simplification:

1 1
r r

SIS

M[(19") €] (1) 6] < [(197)E] + [ 6], O

Corollary 6 Under the assumptions of Theorem 9 and setting a; =1, p =0, and p >0 in
(3.6), we have the following inequality:

1
>

~I=

[(o16")E ] + [(1¥")E ] = M[(ode")E 0] [(1y")E ]

where M = k3 (ky + 1)(ky + 1) - 2.

Remark 6 Puttingn=1,«,8,y,5,u,1,0,k>0,0 >A,0<k<8+a,by=c1 +lk,a;=6-
A, ¢1 =X and p = 0 = v, the above theorem reproduces the Minkowski-type inequality
involving the extended Mittag-Leffler function presented by Andric et al. [18].
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4 Conclusions

We have proved some generalized Minkowski-type integral inequalities using fractional
integral operators associated with unified Mittag-Leffler function. A number of such in-
equalities already studied for various types of known fractional integral operators can be
deduced from the results of this paper. The unified Mittag-Leffler function and associated
integral operators can be applied to extend and generalize the classical concepts.

Acknowledgements
We are thankful to reviewers for careful reading and valuable suggestions.

Funding
There is no funding available for the publication of this paper.

Availability of data and materials
There is no additional data required for the finding of results of this paper.

Declarations

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have equal contribution in this paper. All authors read and approved the final manuscript.

Author details
'College of Science, Hunan City University, Yiyang 413000, PR. China. ?Department of Mathematics, COMSATS University
Islamabad, Attock Campus, Pakistan.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 2 July 2021 Accepted: 24 December 2021 Published online: 24 January 2022

References
1. Mittag-Leffler, G.: Sur la nouvelle fonction E(x). C. R. Acad. Sci. Paris 137, 554-558 (1903)
2. Mathai, AM,, Haubold, H.J.: Special Functions for Applied Scientists. Springer, New York (2008)
3. Gémez, JF, Torres, L, Escobar, RF: Fractional Derivatives with Mittag-Leffler Kernel: Trends and Applications in
Science and Engineering. Springer, Switzerland (2019)
4. Shukla, AK, Prajapati, J.C.: On a generalization of Mittag-Leffler function and its properties. J. Math. Anal. Appl. 336,
797-811 (2007)
5. Rahman, G, Baleanu, D., Qurashi, M.A,, Purohit, S.D., Mubeen, S., Arshad, M.: The extended Mittag-Leffler function via
fractional calculus. J. Nonlinear Sci. Appl. 10, 4244-4253 (2017)
6. Andri¢, M, Farid, G, Pecari¢, J.: A further extension of Mittag-Leffler function. J. Fract. Calc. Appl. 21(5), 1377-1395
(2018)
7. Salim, T.O, Faraj, AW.: A generalization of Mittag-Leffler function and integral operator associated with fractional
calculus. J. Fract. Calc. Appl. 3(5), 1-13 (2012)
8. Prabhakar, TR. A singular integral equation with a generalized Mittag-Leffler function in the kernel. Yokohama Math.
J.19,7-15(1971)
9. Bhatnagar, D, Pandey, RM.: A study of some integral transforms on Q function. South East Asian J. Math. Math. Sci.
16(1), 99-110 (2020)
10. Zhang, Y, Farid, G, Salleh, Z, Ahmad, A.: A unified Mittag-Leffler function and associated fractional integral operator.
Math. Probl. Eng. 2021, Article ID 6043769 (2021)
11. Rashid, S, Hammouch, Z, Jarad, F, Chu, Y.M.: New estimates of integral inequalities via generalized proportional
fractional integral operator with respect to another function. Fractals 28(8), 2040027 (2020)
12. Jawad, TA, Rashid, S, Hammouch, Z,, Chu, Y.M.: Some new local fractional inequalities associated with generalized
(s, m)-convex functions and applications. Adv. Differ. Equ. 1, 1-27 (2020)
13. Jawad, TA, Rashid, S, Hammouch, Z, Iscan, ., Chu, Y.M.: Some new Simpson-type inequalities for generalized
p-convex function on fractal sets with applications. Adv. Differ. Equ. 1, 1-26 (2020)
14. Jawad, TA, Rashid, S., Deeb, A AE, Hammouch, Z, Chu, Y.M.: Certain new weighted estimates proposing generalized
proportional fractional operator in another sense. Adv. Differ. Equ. 1, 1-16 (2020)
15. Wiman, A.: Uber den Fundamentalsatz in der Teorie der Funktionen £, (x). Acta Math. 29, 191-201 (1905)
16. Bougoffa, L: On Minkowski and Hardy integral inequalities. J. Inequal. Pure Appl. Math. 7(2), 60 (2006)
17. Set, E, Ozdemir, M., Dragomir, 5.5.: On the Hermite-Hadamard inequality and other integral inequalities involving
two functions. J. Inequal. Appl. 2010, 148102 (2010)
18. Andri¢, M, Farid, G, Pecari¢, J,, Siddique, U.: Generalized Minkowski-type fractional inequalities involving extended
Mittag-Leffler function. J. Indian Math. Soc. 87(3-4), 137-147 (2020)



	Fractional versions of Minkowski-type integral inequalities via uniﬁed Mittag-Lefﬂer function
	Abstract
	MSC
	Keywords

	Introduction
	Generalized versions of Minkowski-type inequalities
	Fractional integral inequalities of reverse Minkowski type
	Conclusions
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


