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1 Introduction

In the study of nature, in particular, in physics, engineering, and economics, among other
fields, there are phenomena that vary continuously or discretely, where each phenomenon
can be modeled by a differential or difference equation. However, there exists also the pos-
sibility that these phenomena can vary both continuously and discretely. The theory of
time scales calculus made it possible to create models to study such mixed phenomena,
and it also turns out to be a powerful tool in continuous and discrete analysis from a uni-
fied point of view (see, for instance, [2, 4, 5, 7, 8] and the reference therein). A time scale,
which is denoted by T, is any closed nonempty subset of the real numbers, for instance,
N, Z, and g7 for g > 0 are times scales, and was introduced by S. Hilger [12, 14] in order
to create the theory of dynamic equations that allows unifying differential and difference
equations, as well as their extensions, from the same perspective (see [4, 5]). For example,
if f2 represents the derivative for a function f defined on T, then it turns out that /2 = f,
the usual derivative, if T = R, and f* = Af, the usual forward difference operator, if T = Z.
In the last years the qualitative study of the solutions of dynamic equations on time scales
has been attracting the interest and effort of many mathematicians; in particular, the study
of stability, existence of dichotomies, existence of bounded solutions, the existence of peri-
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odic and almost periodic solutions, have been treated by several researchers (for instance,
see [3,9, 11,17, 18, 20-22, 25-27] and the references therein), however, to the best to our
knowledge, the study of asymptotic equivalence of solutions of dynamic equations on time
scales has not been carried out. In the case of ordinary differential equations, functional
differential equations, and difference equations, we can find works in this direction, see,
for instance, [6, 15, 16, 23, 24] and the reference therein.

Motivated by this fact, in this paper we shall investigate the relative asymptotic equiva-
lence of the solutions of the following two dynamic equations on time scales:

y2 () =A@)y(t), te[t,00)my€eX, 1)

x8(6) = A(O)x(0) +f (t,%(2)), € [to,00)1,5 € X, 2)
where (X, || - ||) is a Banach space, the operator A : T —> L(X) is rd-continuous, f : T x
X — X is an rd-continuous function which is a small perturbation in some sense with
f(t,0) =0and

Hf(tr Z) _f(t, W) ” S h(t) ”Z - W”’ te [to, OO)T) zZ,We Xr (3)

for I : [ty, 00)T —> R* an rd-continuous function.

We will understand this equivalence in the following sense: given a solution y(¢) of
system (1), there exists a family of solutions x(¢) of system (2) such that ||y() — x(¢)| =
o(|ly(®)|), as t — oo, and conversely, if x(¢) is a solution of (2), then there exists a family of
solutions y(z) for the unperturbed system (1) such that ||y(t) — x(¢)|| = o(||lx(¢)]|), as t — oo.

Itis important to mention that, if T = R, we get the equations studied in [16], whileif T =
NU{0} then we have the equations treated in [15]. In both papers, the main tools used were
a concept of polynomial exponential dichotomy and the so-called Rodrigues inequality
(see also [24] and [19]), which is a generalization of Gronwall’s inequality. Concretely, we
will treat the following problems:

The direct problem  Let y(t) be a solution of (1), with y(¢) # 0, for sufficiently large ¢. Then,
does there exist a solution x(£) of (2) such that the relative error satisfies

lly(£) — %@l
t=oo ly@)ll

=0?

Converse problem Let x(t) be a solution of (2), with x(¢) # 0, for sufficiently large ¢. Then,
does there exist a solution y(£) of (1) such that the relative error satisfies

Iy(e) - x(@)] _
NPT

?

To solve these problems, we will extend the Rodrigues inequality, the definition of Lya-
punov exponents, and we introduce the definition of polynomial exponential trichotomy
on time scales.

The paper is organized as follows. In the next section, we present some fundamentals
results about time scales. In Sect. 3 we analyze the direct problem, and in Sect. 4 we study
the converse problem. Section 5 is devoted to an example to illustrate our results. We end
this work with a remark.
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2 Preliminaries

A time scale T is an arbitrary nonempty closed subset of R. We will assume that T has
the topology inherited from the standard topology of the real numbers. The time scale
interval [a, b]t is defined as [a,b]r = {t € T:a <t < b}, with a,b € T, and open intervals
and neighborhoods are defined similarly. The forward jump operator o : T — T is de-
fined by o (¢) := inf{s € T : s > ¢} and the backward jump operator p : T — T is defined
by p(£) := sup{s € T:s < t}. We put inf@ =supT (i.e., o(¢t) = ¢ if T has a maximum ¢) and
sup@ =inf T (i.e., p(t) = t if T has a minimum ¢), where ¥ denotes the empty set. A point
t € T is said to be right-dense if o (¢) = ¢, right-scattered if o (s) > ¢, left-dense if p(f) = ¢,
left-scattered if p(¢) < ¢, isolated if p(¢) < t < o (¢). The function u : ¢ — [0, 00) defined by
u(t) := o (t) — t is known as graininess function.

We define the set T* by

T T\ (o(supT),supT], if supT < oo,
' T, if supT = 0.

We shall say that a function f : T — X is right dense continuous, or just rd-continuous,
if

(a) f is continuous at every right-dense point £ € T,

(b) lims_, . f(s) exists (finite) for every left-dense point t € T.

The set of rd-continuous functions f : T — X will be denoted by C,;(T,X). A function
f:T x X — Xis called rd-continuous if g defined by g(t) = f(¢,x(¢)) is rd-continuous for
any continuous function x: T — X.

A function f : T — X is called delta differentiable (or simply differentiable) at ¢ € T*
provided there exists a number f*(¢) with the property that given any ¢ > 0, there is a
neighborhood U = (£ —§,t + 8)t for some & > 0 such that ||f (o (£)) —f(s) = f2(£) (o () = s)|| <
glo(t) — s| for all s € U, in this case the number f*(¢) will be call the delta derivative of f
at £.

If there exists a function F : T — X such that F2(¢) = f(t), t € T¥, then F is called an
antiderivative of f and the Cauchy integral is defined by

/tf(T)AT =F(t)-F(s), tseT.

From Theorem 1.74 in [4], we have that every rd-continuous function has an antideriva-
tive, and if F(¢) = fstf(T)Al', then FA(¢) = f(t), t € T, i.e., F is an antiderivative of f.

A function p : T — Ris said to be regressive (resp. positively regressive) if 1 + u(£)p(t) #
0 (resp. 1+ u(t)p(t) > 0), t € T and the equation

2 =p)x, x(ty) =1, (4)

has a unique solution x(¢) = e,(Z, o) = exp ftg &u0)(p(r)) AT, where

Llog(1 + pz), ifu>0,
SM(Z) ="
Z, if u=0,

The function e,(t, s) satisfies the following properties (see [4, Theorem 2.36]):
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(1) ey(ts)eq(t,s) = epag(t, ),
(2) 205 = epoq(tys),
(3) ep(o(t),5) = (1 + u()p(t))ey(t; s),
(4) eyt r)ey(r,s) =ey(t,s),
where (p @ q)(t) = p(t) + q(¢£) + L(Bp(D(1) and (p © q)(1) = LI,
We will denote by R (resp. R*) the set of all regressive and rd-continuous functions

(resp. positively regressive and rd-continuous).

A mapping A : T — L(X) is said to be regressive if I + u(t)A(¢) is invertible for every
teT.

Henceforth we will suppose that sup{T} = cc. Since A is rd-continuous, we have that A
generates an evolution operator family T'(¢,s) = e4(¢,s) with £ > s, and the only solution of
(1) with y(s) = ys is given by y(¢) = T(¢,5)ys (see [10] and [25]). On the other hand, since f is
rd-continuous and satisfies condition (3), we have, by Theorem 5.7 in [13], that equation

(2), with x(s) = x5, has a unique solution defined on T, which is given by

x(t) = T(t,8)x; + ft T(t,o(t))f(r,x(r))Ar. (6)

3 The direct problem

In this section, we just treat the direct problem through Theorem 3.1, but before we will
present the definition of polynomial exponential trichotomy on time scales. It is important
to mention that, in the case of dichotomies on time scales, the initial contributions are by
Potzsche in [20, 21].

Definition 3.1 We shall say that equation (1) has a polynomial exponential trichotomy
on time scales with respect to o € C4(T,R*), bounded by infr{a(t)} > 0, if there exist
an integer N > 1, M > 0, ¢ € C,4(T,R*) bounded by infr{e(¢)} > 0, and complementary
projections S(¢), P(¢), Q(¢), U(t) : X — X, ¢ € [y, 00)T, such that:
(1) Fort>s, P(t)T(t,s) = T(t,s)P(s), Q(t)T(¢t,s) = T(t,s)Q(s), and
S)T(¢,s) = T(¢,5)S(s),
(2) Ux + (@A) |rangw () : Rang(U(t)) — Rang(U (o (£))) is bijective for all
right-scattered ¢,
(3) Ux + w(®)A()]|Irango() : Rang(Q(£)) — Rang(Q(o (2))) is bijective for all
right-scattered ¢,
(4) Foreach/, 0 </<N -1, the following conditions hold:

| T(59)S(s)| < Mewee(t,s), t=>s, 7)
|7t s)U(s)| < Meage(t,s), s>t (8)
T 5)(Ps) + Q) | < MENeu(t,s), t=s=8, ©)
|TE9P6) | < MENeu(t,s), 252, (10)
1T 5)Q)| < Mt'sN ey (t,s), s>t>8, (11)

where 8 > 0. If [ = 0 then P(s) = 0. In this case the projections onto the stable, unstable,

and center spaces are contained in L(X).

Page 4 of 23
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Remark 1 Conditions (2) and (3) allow for the evolution operator T'(¢,s) to be invertible
between the ranges of U and Q, respectively, for details see Proposition 2.3 in [20].

Definition 3.2 If « > 0 and / is a nonnegative integer, we shall say that a function y :
[ty, 00)T — X is of order t'e, (¢, t), and denote it by y(t) = tle, (¢, to), if

.. ly(@)ll ) lly@)Il
0 1 m nfi < 1 ms _ Q. 12
SUEE Hea(tto) = rane? deg(trto) (12

The following theorem is our main result in this section

Theorem 3.1 Let y(t) be a solution of (1) with y(t) = t'e,(t, ty). Suppose that (3) is satisfied
and that equation (1) has a polynomial exponential trichotomy on time scales with respect
to o and the function h(t) satisfies

/00 o (s)N"1h(s)As < oo. (13)

Then there exists a solution x(t) of (2) such that

e -y
N TTO]

Proof Let us consider the change of variable

2(8) = eca(t, o) (x(2) — ¥(1)),
then we obtain the following equation for z:

Z8(t) = Ao (0)z(2) + F(t,2(0)), (14)

where A, () = gz -l + A(£)] and F(t,2) = 2280 £ (2, y(8) + eq (¢, o)z(8)).

A straightforward computation shows that the evolution operator T, (t,s) generated by
A, (t) is given by

To(t,8) = ece(t,8)T(L,s), t=>s. (15)
Hence, we obtain the following conditions for T, (¢, s):

1Tt 9PG)| = |leca (&) TR 5)P(s)| < MV, t>s5> B >0,

|To(t,9)Q() | = |eca(t, ) T(t,5)Q(s) | < ME'SN, s>t > B.

Now,

i J2O1

() = y@)Il im llx(t) - y@)l lim lleca (£, to)(x(t) — y(2))]|
t—oo  |ly(t)| o Hey(tty) oo £ o 4l

Therefore, the problem is reduced to proving the existence of a solution of (14) such that

O

t—00 L

0. (16)

Page 5 of 23
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If we suppose for a moment that z(¢) is a solution of (14) such that (16) holds. Then using

the variation of constant formula for equation (14) (Theorem 5.8 in [4]), we get that

z(t) = T, (t,n)z(n) +/ Ty (t,0(s))F (s, 2(s)) As
n
= T, (t,n)[P(n) + Q(n)]|z(n) + / T, (t,0(5))[P(a () + Q(o(s)) |F (s, 2(s)) As
n
= T, (t, n)P(n)z(n) + T, (¢, n)Q(n)z(n) +/ T, (t,0(s))P(o (s))F(s,2(s)) As

n

+ / T, (t,0(s))Q(o () F(s,2(s)) As — / T (t,0(s))Q(o () F(s,2(s)) As.
" t

If we let T —> o0, then we get

<) = Tule AIPOZAB) + (e AQBIE)+ [ Tu(1.019)P(0(9)F(s 29) s
-7t QUetn) + [ T (100)Qo0)F(5269) s | + T PIa)

n

+ / Ty (n,0(s))P(0 (s))E(s,2(s)) As — / T, (t,0(s))Q(o ())F(s,2(s)) As.
n t
Note that
/ T, (n,s(s))Q(a (s))F(s, z(s))As < 00.
n

In fact, since

ecq(t, to)

”F(t’ 2) ” - 1+ pu(t)a

f (£,5(8) + eq (£, 10)2(t)) H

’

< ecalts to)h(®) | 9(2) + ea(t: 00)2(8) || < ecalts to)n(®) |y(®) | + h(E) | (s)

we obtain

/ Ty(n,0(5))Q(0 (s))F(s,2(s)) As
n

= [ I1.0no0) )| [F620)as
n

< f Mn'oNT1(s)[eca ($)A(s) | (s) | + A(s)||2(s) | ] As
n

< Mnl|:/noo N9 h(s)s' As + [noo o N"H(s)h(s) HOZZ((SS))” As:|

SMUI[/OOO'Nl(S)h(S)AS + /‘00 O_N—I(S)h(s) ”Z(S)” Asi| <00
n n

sl
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As it will become clear in the next calculation, condition (16) is satisfied if we require
Qn)zt) + /n "1 (1,09) Qo () E(s2(5) As =0.
So, we get that
20) = Tty )P(2() + / "1 (6,0(9)P(0 ) (s 2(5)) As
_ / " L (1,0/(9) Q0 () F(s,2(5)) A, 17)

fort>n.
Conversely, if z(¢), with t'z(t) bounded, satisfies the integral equation (17), then z sat-
isfies equation (14). Now, to complete the proof, we shall prove that the integral equation

(17) has a solution in the Banach space
Z = {z € Crd([ﬁ, OO)T,X) ‘zll; = sup ! Hz(t)” < oo}.
t>n
We define the operator I' : Z; — Z; by

(T2)(2) := Ty (£, n)P(n)w + / Ty (t,0(s))P (o (s))F(s,2(s)) As
n
—/ T, (t,0(5))Q(0(5))F(s,2(s)) As, t>n.

Next, we shall prove that I' maps Z; into Z;. In fact, for z € Z; we have the following

estimate:

As

[r2a@)] < | Tue W@ [Ie] + /n 760 0)Plo @) 1F(s 26
+ /too | To(t,0(5) Q0 (5)) HF(s,Z(S) lAs

< M oo+ /n MU0 (8) e 5, 1)) [5(6) | + 5) [265) [ s
. / " MU ) e s, 1) 6] + 15) [ 26)] ] A

and then

M}'}N_l
t

M [t N
Fra] < ol + 5 [ Tecs s 0o o]

+ A?/I fnt gN((S))h(S) | ()] As +]\/[/tOO GUNI__(IS()S)eea(S, to)h(s)||y(s)| As

oS
o]
/
t

)
~ (S)S h(s)| 2(s)]| As
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M N-I M a t M t
< o) + ”f" ! / N (s)h(s) As + ”tz”l / oN()h(s) As

-t n n

+ M|y llas / o™ (s)h(s) As + M|zl|; / N (s)h(s)As,
t t

where [yl := sup,, tlecy(t, 1) |7(2)||. Therefore, lim,_, o w =0,and so I'z € Z,.
Now, we shall prove that the operator I" is a contraction mapping. In fact, let z1,2; € Z;

and consider
120 - 0] <] [ |7 (60 @)P0) |[F620) - Fo20) s
[ 160 0)Qe ) 1F6a0) - Fls.0) s
< % /n N ()h(s)o ™ (5) |21(5) — z2(5) || As

+M /00 N ($)h(s)o 4 (s) “21 (8) = z2(s) || As

n

M t
<2 / N ©h(s) 21 - 22l As
n
o0
M / N U(s) 21 - 2l As
t

< M[ / N o“(s)h(s)As} 21 - 2zl

n

We choose 1 large enough such that fﬂoo oN-L(s)h(s)As < 1/M.

Therefore, we get that I is a contraction mapping from Z; to Z;. By applying the con-
traction mapping principle, it follows that this operator has a unique fixed point which
depends on w € X. The solution x(¢) of (2) that solves the Direct Problem, is given by
x(t) := ey (8, ty)z(t) + y(t), where z(-) is the fixed point of I'. The above estimates also imply
that t || z(£)|| — 0, as £ —> oo. O

4 The converse problem
In the present section we will study the converse problem, as a special case. First, we will

present the Rodrigues inequality on time scales. We need the following lemma.

Lemma 4.1 Let B and ¢ be nonnegative and rd-continuous functions defined on [ty, 00)r
with —¢p € R* and such that

[e¢]

> ~ (s)
fto e(—go(s)) As = fto 11606 L6)00) AS < 0.

Ifu(t) > 0 is a bounded rd-continuous and decreasing function defined for t € [ty, 00)T and

satisfies

u(t) < B(t) + /00 o(s)u(s)As, t>toy, (18)
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then
u(t) < B(1) eXP{/ 9(—¢(S))AS}~ (19)
t
Proof Given ¢ > 0, there exists M > 0 such that if t > M then
oo T
f o(s)u(s)As < / oS)u(s)As+e, ift>M.
t t
For t > M, suppose first that 8(¢) = ¢ is constant, then
ult) <(c+e)+ / ©(s)u(s)As.
t

Let us define z(¢) = (c + &) + [ (s)u(s)As, then z2(t) = —p(t)u(t) > —¢(t)z(t). Now, a
straightforward computation shows that

[ze_y(z, )] (2) =[2°(2) + 0(8)z(£) Je_y (v, 0 (£)) > O,

therefore z(t) — z(t)e_,(7,t) > 0, and so z(t) > z(t)e_,(7,t), hence z(t) < z(t)eg(_y)(T, ),
which implies that z(f) < (c + ¢)eg(_y)(7, ), and hence

2(t) < (c+e) eXp{ ft T Eus) (6(—<0(S)))AS}.
Letting © —> 00 and from arbitrariness of , we have that
20 < cexp{ | oos,L<s>(e(—go<s))As} — cee(_p(00,0)
Since u(t) < z(t), then
u(t) < ceg(—y)(00, ).
Using Lemma 1.1.1 in [1] yields
) < cesp [~ o(-ot0)s). (20)
Now, let u(t) = B(¢)w(t). Then
PO <0+ [ oBEMEIAS
Thus,

w(t) <1+ /00 (p(s)%w(s)As <1+ /00 p(s)w(s)As,
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which, by considering (20), gives

w(t) < exp{ / ) e(—w(s))As}-

So

) = poexp| [ o-ot)asl, .

Lemma 4.2 (Rodrigues inequality) Let f and g be nonnegative rd-continuous functions
defined for t € [ty, 00)T, with —g € R*. Let y(t) > 0 be a decreasing rd-continuous function,
for t = n and n sufficiently large, in such a way that

B= oOg(S)AS + OOf(s)As <1.
n n

Suppose that u is a nonnegative continuous function such that yu is bounded and
t)<c+/fs)u As+—/ )g(s)u(s)As
for t > n, where ¢ > 0 is a constant. Then, for t € [0,00)T,

exp{l ﬁf (et }

()5

Proof Let

v(t) = max u(s).
selntlT

Then v(¢) is an increasing continuous function such that u(¢) < v(¢) and y (t)v(¢) is bounded

fort € [to, 00)T. Foragivent > n, there exists t; € [n, ]t satisfying v(¢) = u(#1). This implies

o0

(lt ) y(s)g(s)v(s) As.

vit) <c+ / fls)v(s)As +

But

o]

f Y (9)g(s)v(s)As = f Y (©)g(s)v(s)As + f Y (©)g(s)v(s)As

151 151 t

Sy(tl)v(t)/ g(s)As+/ y(s)g(s)v(s)As.
n t

Combining the above inequalities, we get

v(t) <c+ v(t)[/ fls)As +/ g(s)As:| + %[ y(s)g(s)v(s) As.
n ] t

Page 10 of 23
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Then,

Y (VD) < [oy(t)+ f y(s)g(s)v(s)As}.

1-8

By using Lemma 4.1, it follows that

y(Ee) = —— (o) exp{ ﬁ / " o(=¢() AS}.

c
1-8

So

o) = el 15 [ elew)as -

Definition 4.1 Let y(¢) be a solution of (1). We say that A > 0 is a Lyapunov exponent of
y(2) if, given & > 0, then there exist T € [y, 00)T and L > 0 such that

Les—o(t,t0) < |y@®)| < Lerse(t,t0), € [T, 00)r. (21)

Remark 2 1t is easy to see that (21) implies that

T D L[ L )

lim =
t—00 t—1o t—oof — [y o sS\u(t) K

This y () was used in [22] to characterize stability of linear systems on time scales.

Lemma 4.3 Let T(¢,s) be the evolution operator generated by A(t). Assume that there exist
complementary projections P(s), Q(s), « < B, and K > 0, as in the first part of Definition 3.1,
such that

| T(t,9)P(s)| < Keu(t,s), t=s,

|| T(tr S)Q(S) || = 1(6‘3 (t¢ S): L<s,
and

/‘00 h(s)As < 0.

to

Then
@) IT(ts)Q)x] = K eg(t,s)1Q(s)xll, t > s, for all x € X,
(b) There is no solution x(t) of (2) with Lyapunov exponent :, with o < A < f.

Proof a) First of all, we note that T'(s, £)Q(£) T'(£,5)Q(s)x(t) = Q(s)x(t), so we have that

Q)] = | T(s, QO Tt )Qs)x(8) | < | T(s5,)QE) ||| T(£,9)Qs)x(2)

< Keg(s, 1) ” T(t,s)Q(s)x(t)||, t=>s.

Therefore, || T(£,5)Q(s)x|| > K 'es(t,s)|Q(s)x|, t > s.
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b) Let us suppose the existence of a solution x(¢) of (2) having Lyapunov exponent A with
a<r<B.Thenfort>n>0,

x(t) = T(t, n)x(n) +/ T(t,a(s))f(s,x(s)) As
n
=T(t,n)w+ / T(t,(r(s))P(a (s))f(s,x(s)) As
n
—/ T(t,0(5))Q(a (s))f (s,(5)) As,

where o = x(n) + fnoo T(n,0(5)Q(a (s))f (s,x(s)) As.
If § >0is such that A + § < B, A — § > «, then we have

%0 || < Lesss (2 t0) (22)
for t > n and for a suitable L > 0. Moreover,

H T(t, a(s))Q(o (S))f(s,x(s)) ” < Keg (t, a(s))h(s)Le,\ﬂg(s, to)
= K(1+ 1(s)(©B))eap (s OYh(s)Ler.s(s, o)

< KLeg(t)h(s)ecpon+s)(ss to)-

Since BO (A +9) = % > 0, then lim_, o eg(ge+s) (s, Lo) = 0, therefore the above in-
tegrals are convergent. We also have

ecalttn) [ |T(600) Qo6 (5509) |45
< o) (b, 1) / 7 (60 6) Qo) [ [ (5-5(6)) As] As
< eopn(t 1) / " Kes (1,0 ($))(s)Less(s, 1) As
< eps(+s) (b t0) /Z DOKLh(S)eewema))(s, to)As

SKL/ h(s)As.
t

Therefore, eg(45)(t, to)ftOo Tt 0(s)Q(a(s))f(s,x(s))As — 0, as £ —> o0. On the other
hand,

ea(u+0)(t, to) / |T(2,0()P(0(5)f (s, %(5)) | As
n
< egpus) (i to) f 17 (£ 0(9)P(a(s)) | If(s,5(5) | As
n

t
fee(k+3)(tyt0)] Key (t,0(s))h(s)Le; s (s, to) As
n
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t
< a8 (L, to)/ KLegwo(.45)) (8, to)h(s) As
n

t
< / KLh(s)As.
n

So eg+s) (L o) fﬂt T(t,o(s)P(o(s)f(s,x(s))As — 0, as t — oo.
We claim that Q(n)w = 0. In fact, let us suppose that Q()w # 0, then,

ea(9)(t: 10) | T(6 M Qe = espre)(t, t0)K es(t, )| Q(n)o |

> epoie) (b 1)K eg(to,n) | QMo | — 0o, £ —> oc.
On the other hand
Q)x(t) = T(t,m Qe - /t N T(t,0(s)Q(o (s))f (s,x(s)) As,
Therefore,

eaps) (b to) | QE)x(2) |

> ec(0) (1 10) || T (5, M) QMw|| = eaurs)(t, to)

/too T(t,a(s))Q(a(s))f(s,x(s)) As

—> 00, t—> 00,

which is a contradiction to (22). Then, we have

x(t) = T(t,n)P(n)w +f T(£,0(s))P(a(s))f (s, %(s)) As
0
_ /oo T(t,0(5))Q(o (s))f (s,%(s)) As.
Since

” T(t,s)P(s) H < Ke,(t,s) < Key_s(t,s), t=>s,

1T $)Q(s)| < Kep(t,s) < Kerss(t,s), t<s,

it follows that
0] < | e + [ |7(000)P(a6) 6x0)]| a5
- [CITEow) 6 a6 os
< Ker_s(t, )llwll + / Kews (6,0 9))x(5) | As

n

+/ Key s (t,a(s))h(s)”x(s) || As
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t
< Ke,_s(t, )|l +/ Key—5(t,)h(s) [ x(s)]| As
n
N / Key.os(6,5)(s) [ x(5) | As,
t
which implies

es(-s)(t to) ||x(t) ”

t
< Keogs)(m )|l + K / H()eoins)(5,t0) | #(5)] As
n

o0
+ Keg15)0(-5)(t: to) / €6-5)00.+8) (8, fo)(s)ea s (5, to) | x(s) | As.
t
If we let u(t) := ec(—s) (¢, to) | %(¢) ||, then we obtain
t
ue) = Kesiosn ol + K [ Heus)as
1
+Keson(trt) [ eopeien(s whG)uo)As
t
Now, applying the Rodrigues inequality with

g(t) =f(t) = Kh(t), v (1) = ep—s)e0.+5) (& o),

we get that

u(t) < Kee(ki)(_n;;())”w” exp{ . i 5 /oo O(-h(s)) As},

where g = fnoo 2Kh(s)As < 1.
So, u(t) := egp-s)(t to) |x(t)]| is bounded for ¢t > 1 and this contradicts the hypothesis
that the Lyapunov exponent of x(¢) is A. g

Lemma 4.4 Suppose that T(t,s) is the evolution operator generated by A(t). Assume that
there exist complementary projections P(t), Q(t), « < B, K > 0, and a positive integer n, as
in the first part of Definition 3.1, such that

|T(t 5)P(s)| < Kt'eu(t,s), t=s>=n>0, (23)
|7 9)Qs)| < Ks"es(t,s), s>t (24)
and
/ o"(s)h(s) < 0o. (25)
to
If x(¢) is a solution of (2) with Lyapunov exponent o, then % is bounded for t > n.

Page 14 of 23
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Proof If x(¢) is a solution for (2) with Lyapunov number «, then, for e > Owitha <o +& < 8
and 0 < § < ¢, there exists L > 0 such that

|%(8)| < Lewss(t) and [T(25)Q(s)]| < Ks"eqss(t,5), s=t.
On the other hand,
x(t) = T(t,n)w +/ T(t,o(s))P(a(s))f(s,x(s)) As
n
- / T(£,0()Q(a (s))f (s, %(s)) As
= T(t,n)Pn)w+ T(t,n)Q(nw + / T(t, o(s))P(o (s))f(s,x(s)) As
n

_ /oo T(t,0(5))Q(o (s))f (s,%(s)) As,

where o = x(n) + fnoo T(n,0(5)Q(a (s))f (s, x(s)) As.
Proceeding as in the previous lemma, we obtain

/00 T(t,a(s))Q(o(s))f(s,x(s)) As

= [ 17(o0)Q@o) |l 6s0)]as
5/ Kcr"(s)em(g(t,o(s))h(s) Hx(s) H As
< Kewos(t,10) / a5 10)0 " ((S) [ x(5) | As

< KLeg.;(t, to)/ o"(s)h(s) As < co.
t

So, the above integrals are convergent. Analogously, we get the following estimate:

/t T(t,0(s))P(o(s))f (s,%(s)) As

n

< /nt“ T(t,0(s)P(ca(9) | |[f (s,x(5)) | As

t
< Kt'ea(t1) [ e 0)h(5) (5 .
n
Therefore,

T(t,n)w = x(t) — / T(t,a(s))P(a(s))f(s,x(s)) As
n

+ /Oo T(t,o(s))Q(o(s))f(s,x(s)) As
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and
17 mo| < [x@)] + / 17(t,0(9)P(o 5))f (5,%(6)) | As
n

+ / || T(t, cr(s))Q(a (s))f(s,x(s)) || As,
which implies that

I7@mell _ _ lIx@)
tneot+8(tr tO) - t”ea+5(t, tO)

1 t
+ T to)/n ||T(t,a(s))Q(o(s))f(s,x(s)) || As

oo
———Kegy.,.5(t, £ w+5)(S, t0)o " (s)h A
e et ) / €oiars) 5, £0)" () [1(5) | A3

x|l
T teqss(t, to)

K
+ o es(a+s)(S, to)o”(s)h(s)”x(s) || As—> 0, ast—> oo.
t

t
+ Kege(ass) (£, to) / eca(s, to)h(s) | x(s) | As
n

Analogously to the previous lemma, we can prove that Q(n)w = 0. So, P(n)w = w and
t
x(t) = T(t, n)P(n)w + f T(t,0(s))P(o(s))f (s, %(s)) As
n

— /00 T(t,o(s))Q(a (s))f(s,x(s)) As.

Therefore,

@Il _ I1TE )Pl 1 '
t"e:f(t, tO) = tnez (t, tZ)w + tnea (lf, tO) /n ” T(t’ O(S))P(G (S)) || Hf(s,x(s)) H As

/;OO [T(t:0(5)Q(c(s))]||[f(s:%(s)) || As

+
t"eq(t, o)

Kt"e,(t,n)

< o(t.t0) lw]l + " to)/ Kt" ea t o(s ) Hx s)”As

+ t”eo,(t,to)/t Kegss(t, 0 (5)) o ()h(s) |x(s) || As

t
()]
< Kewa (1, o) | + K / #(s) L A
n a(s tO)
K e
/ S easiarsy s )0 () —T g
tneae(a+6)(t7t0) t Sneae(a+5)(s,t0)

Now, if we put

llx@)ll

ut) = they(t,t0)’

then, applying Lemma 4.2, we obtain that

jo
u(t) < eei ool {1 ﬁ/ (-g(s) As},

v(0) =t"esc@rs)(t:to), () =t"h(t),  g(t) =" ()h(t),

Page 16 of 23
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where
\/r; f /r] )

Therefore, tn‘Lt)”) is bounded. O

ea(t,to

The following theorem gives answer to the converse problem.

Theorem 4.1 Suppose that T(t,s) is the evolution operator generated by A(t) and assume
that the following statements hold.:
() Fora e Rand N € N, N > 1 fixed, system (1) has solution y(t) with Lyapunov
exponent a and there exists an integer [ with 0 <[ < N — 1 such that y(t) = t'e, (t, to).
(b) Foreachl, 0 <I<N -1, system (1) has a generalized polynomial exponential
trichotomy on time scales as in Definition 3.1.
(c) ftzo oN(s)h(s)As < co.
Then, if x(t) is a solution of (2) with Lyapunov exponent o then there exists a solution
y(t) of (1) such that

im OO _
oo (o)

Moreover, there exists [, 0 <[ < N — 1 such that x(t) = tiea(t, to).

Proof From Definition 3.1 we have that P(t), S(¢), Q(t), U(¢) are complementary projec-
tions and (P(¢) + S(¢)) + (Q(¢) + U()) = I, so, if P(¢) = P(¢) + S(¢) and Q(¢) = Q(¢) + U(¢),
then

|T(&9)P(s) | < Mt sN ey (t,5) + Meger (t,5),
< 2MtN’1ea(t,s), t>s.
|| T(t,5)Q(s) || < Mt'sN e, (,5) + Meggye (£, 5),

<2MsNle,(t,s), s>t

which implies that the conditions from Lemma 4.3 are satisfied and therefore % is
bounded.
Let us define
[0l }

l=min{m e {0,...,N -1} : ————— is bounded for t > n
t’"ea(t,to)

As in Lemma 4.3, if we put

6 = TG, n)[x(n) . / T(,0(9) Qo) + U(a(s))f(s,x(s))As],

n

Page 17 of 23
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for t > n, we obtain that y(¢) is a solution of (1) and

x(2) = y(¢) + / T(t,a(s)) [P(o(s)) + S(G(s))]f(s,x(s))As
n
—/ T(t,0(9)[Q(o () + U(a(s))]f (s,x(s)) As. (26)

Therefore,
0 -50] = [ T Eo@)PE6)] + [T(o6)s(e0)]]6x6) |
n

+ [T o0)Qe )] +[7(o@)ue6) i) |as

< / t[Mtl’loN’l(s)ea (t,0(5)) + Meqos (0 (5)) | h(s)|| ()| As

n
+ /OO[MtIGN Fl(g)e, (t o(s )) +Mea@g(t,o(s))]h(s)”x(s) H As

al(s)

<t ey (t, to)f [ )+ (L+o(s )8)Feeg(t,s)]h(s) l<(s)] As

steq (s, to)

(s)

+tey(t, to)f MI:O'N_I(S)+ t—eg(t's)]h(s) ()] As

sleq (s, to)

¢ I
<t e, (t, t0)||x||a,l/n M|: N@s) + (1 +0(s)e) tl(f)}h(S)As

l
at(ls) ]h(s)As,

o0
H%mMMMJ1MP“%H
t

t
where ||x[|¢, = sup;,, :l!z((g‘z‘o)' So,

llx(2) = @)l SM”»’C”a,I(% ft[ N(s)(“O(s)g)an( )}h( JAs
n

tley(t, to)
+ /oo|:crN‘1(s) + @]h(s)As)
t 771

From assumption (c) we obtain that lim,_, % 0. This implies that ”y ) is
bounded for £ > 7.

If we suppose first that [ = 0, then in this case ||x(£)||/ey (£, ) is bounded for ¢ > 1 and
P(s)=0

From (26) it follows, for ¢ > 7, that

x(t) = T(t,n)w +/ T(t,o(s))S(o(s))f(s,x(s)) As
1
_ /OO[Q(U(S)) +U(o () ]f (s,x(5)) As,

where w = x(n) + f; T(n,0(s)[Q(a(s)) + U(a (s)]f (s,x(s)) Ax.

Page 18 of 23
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We claim that [Q(n) + U(n)]w # 0. In fact, if this it is not true, then we have S(n)w = w
and so

ITEnw| = |TEnSMw|| < Mewset:n)llwll, > n.

Therefore
o] = 7ol + [ T7(6o@)steo) o] as
[l )eee) « o) o o]
< Mege (£, 1) || + /ntM(l +0(5)€) eace (£, )h(s)||x(s) || As

+ /OOMGN—l(S)ea(t,s)h(s) ||x(s)|| As + /ooMe,,@E(t,s)h(s) ||x(s)|| As.

Now,

ea”et((?’llo) < Megyo:(to, n)llwl|l + /r; M(l + a(s)e)ee(aea)(s, to)h(s) Hx(s) || As

1
+
ecs(t, to)

/ ece (s, to)(oN’l(s) + I)Mee(aeg)(s, to)h(s)Hx(s) || As.

By using Lemma 4.2, we have that ||x(s)||/e4c¢ (¢, o) is bounded for ¢ > 7, therefore there
exists L > 0 such that ||x(f)|| < Leyeo. (¢, to) < Leqy_.(t, ), but this contradicts the fact that
x(¢) has Lyapunov exponent «.

Since ||y(?)||/eq (¢, to) is bounded for t > 1, we obtain

t t
0 < liminf @l < limsup @l <00
=00 e, (t, tp) t>oo €altsto)
and
t t
0 < liminf ()l <limsu L0l <00
=00 ey (t, tp) t>oo €altsto)
Hence
lx(@) =yl .. lx(@) —y(@)ll/ea(tt0) . llx(£) = y(@)]
im = lim =]lim ———————=0
t=>oo (Bl t—oo |lx(t) [l /ex(t, to) t>oo  ey(t, to)

Now, if [ > 1, from (26) we obtain
0] = @]+ [ 170 6)P6) + 6] x6) | as
n

R CEORTE[[AERI I

< ||y(t) || +/ Meae(t,o(s)) [tl’laN’l(s) +ees(t,a(s))]h(s) ||x(s) H As
n
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+ /OOMea (t,cr(s)) [tlcrN_l_l(s) + e (t,o(s))]h(s)”x(s) || As
< @] + / tMea(t,s)[tl_laN‘l(s) + (1 +0(s)e)ecs (£, 9)]h(s)||x(s) | As
n
+ /oo eq(t, s)[tloN’l’l(s) +e.(L, s)]h(s)”x(s) || As.

We claim that ”3’(7)” is not bounded. Let us suppose that 77~ ly (t()tl )

eq (t,to)
Then, we have that

[l (2) ]
tle, (8, to)
lly@Il
~ e, (t, ty)
1

+ m / Me,(t, s)[tl_laN_l(s) + (1 + a(s)s)ees(t,s)]h(s) ”x(s) H As

m / Mey(t,s)[£o™"1(s) + ex(t,5) | h(s) | x(s) | As

Co EC]
§L+Z;Mpﬂl@¥1+U+0“”ﬂ“”;72%35AS

+ tfoo ]?VI[GN’Z’I(S)S’ + l]h(s) ()l

si-leg (s, to)

(Ol

si-leg (s, to)

+ t/oo2]:—/101\[_1(3)1/1(3)7”96“)” As.

sLeqy (s, £o)

<L+ ftM(Z +8)oN Y (s)h(s)
n

From Lemma 4.2 it follows that tﬂ’fggﬂ is bounded, contradicting the definition of /. So
0 <liminf tlﬂfi )Eo) = limsup tlgzt)!o)
and
x(t
O<imit tl!ag )lf'o) =hnsed la((t)l"o)
Thus
O YO 0 -y Ol et ) L Ix0) =y O _
oo lx@l e x(@)ll/fea(tt) i tea(tto)
This concludes the proof. d
5 Examples

Example 5.1 Let us consider the dynamic equation

x™(t) = Ax(t) + f(t,x(t)), ¢ €[0,00)r, (27)

< L for some L > 0.
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where A = (1 V) and f : T x R? — R? satisfying condition (3).

We compare system (27) with the unperturbed system
y2 () = Ay(1), tel0,00)r, (28)

The eigenvalues of the matrix A are A; = A, = 1, therefore 1 + u(£) #0, so A is regressive
for any time scale T. Hence, is easy to see that the evolution operator associated to (28) is
given by

1 0
T(ts) =ealt,s) = ei(t,s) (It At 1) .
s 1+u(t)

For example,
(1) if T =R, then T(t,s) =e'*( ' ¥),

t-s 1
(2) if T =2, then T(t,5) =214y 1),

(3) if T = hZ, then T(t,s)=(1+h)%( h )8)’

ﬁ (t-s

Now, let us define the projections

P(s) = e4(s,0) (8 (1)> e/]l(s, 0) and Q(s) =ea(s,0) ((1) g) e;ll(s, 0),

therefore,

1T 9)P@s)| < Msei(t,s), t>s=B,

1T(%9)Q(s)| < Mtey(t,s), s=t>B,

with/=1,N =2, =1, and S(s) = U(s) = 0; moreover, ||y(¢)|| = te;(¢,0). If fooo o (s)h(s)As <
00, then, by Theorem 3.1, system (27) has a solution x(¢) such that

) -y
o @l

Example 5.2 Let T = {2" : n € N°}, where NC is the set of nonnegative integers.
Consider the following system:

x2(t) = Ax(t) + f (£, %(t)), t € [1,00)r, (29)
0
where A = (‘33 ;2) and f(t,) = ( sin(z(0) ). The eigenvalues of A are A; = -2 and A = 3. Since
1-2u(t)=1-2t#0forall t € T, we get that A is regressive.
The evolution operator associated to the linear system
yA(t) ZAJ/(t), te [1’ OO)']I‘, (30)
is given by

D) et ) (Ze_z(t,s) es(t,s) ) _ (21‘[T€M(1—2r) [Teci(1+37) )

—e5(t,s) —3es(t,s) ~TTecipn@-27) =3[ Toepen(1 +37)
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If we define the projections

P(s) = exls, 1) g (1) e;ll(s, 1) and Q(s) =eu(s,1) e;ll(s, 1),

then
|TC9PO) < Zestrs) ez,
8
|Tt9QW)| < Zestts), szt =B,

We have that [ =0, N =1, a = 3, S(s) = 0, and U(s) = 0. Since y(¢) = e3(t,1) and
y
floo h(s)As = [° 25 < 0o, by Theorem 3.1, system (29) has a solution x(¢) such that

1 o(s)s
10 -0 _
t=oo |y

6 Concluding remarks

In this paper we studied the asymptotic relative equivalence between the solutions of two
dynamic equations on time scales, one linear and the other formed by its nonlinear pertur-
bation, unifying and extending the results presented in the references. To accomplish this
goal, we introduced the concept of a polynomial exponential trichotomy on time scales
which is a generalization of the concept of polynomial exponential dichotomy presented
by Leiva and Rodrigues in [16]. It is important to mention that this concept is more gen-
eral than the simple concept of polynomial dichotomy, as it involves several projections
that appear in a natural way when one breaks the Jordan decomposition block in order to
study a relative behavior of solutions of differential equations. In a forthcoming paper we
are going to show the existence and roughness of this type of trichotomy.
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