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Abstract

In this paper we address the weak Radon measure-valued solutions associated with
the Young measure for a class of nonlinear parabolic equations with initial data as a
bounded Radon measure. This problem is described as follows:

Ur = Uy + Bl + flu) INQ=2 x(0,7),
u=0 ondf2 x (0,7,
ux,0) = up(x) in €2,

where T >0, 2 C R is a bounded interval, ug is nonnegative bounded Radon
measure on €2, and &, B > 0, under suitable assumptions on ¢ and f. In this work we
prove the existence and the decay estimate of suitably defined Radon
measure-valued solutions for the problem mentioned above. In particular, we study
the asymptotic behavior of these Radon measure-valued solutions.
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1 Introduction
In this paper we address the existence, decay estimate, and the asymptotic behavior of
solutions for the following problem:

Uy = [V ())ux +f(u) inQ:=Rx(0,7),
u=0 on Q2 x (0, T), (P)
u(x,0) = ug(x) in ,

where T >0, 2 C R is a bounded interval, 1, is nonnegative bounded Radon measure on
€ under suitable assumptions on ¥ and f expressed as follows:

V(s) = as+ Bo(s) (1.1)
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for any (o, B) € R, x R,, where the function ¢ satisfies the following assumptions:

(i) ¢el®R,)NC*R,), ¢0)=0, ¢ >0 inR,,
(i) ¢',¢" € L®(R,),

(i) @(s) =y ass— +00,

(H)
(iv) "(’;# <my inRY for some mg € RY;
where R, = [0, +00), R¥ = (0, +00), and y € (0, +00). A typical example of the function ¢
is given by

p(s)=y[1-e"""] and ¢(s) = / e 19" 4z, (1.2)
0

where 0 <m <1,5>0.

The function f verifies the following assumption:

(i) fel®R,)NC'R,),  f(0)=0,
(i) ffel>®R,) and f'>0 inR,.

(R)

The example of the function f is

f(s) = C|:1 ] and f(s) = /S e dz. (1.3)
0

B 1+s)m

The assumption of the function ¢ in (1.1) and hypothesis (H) are summarized as follows:

i) v, ¢, ¢"eCR,), ¥0)=0 ¢¥'>0 inR,,
(i) ¢, ¢" e L=(R,),
(iii) "fz/,/l <my inR%, forsome m,ec R}

(IV) lims~>+oo % =0 e R+)

where ¥’ and " are the first derivative and the second derivative of the function v re-
spectively. Similarly, hypothesis (G) is inferred from assumption (H) and the expression of
the function ¥ given by (1.1). Since ¥ (s) — +00 as s — +00, problem (P) is not degenerate
at infinity. However, problem (P) is degenerate at zero.

Remark 1.1 By assumption (R) and the mean-value theorem, it is worthy observing that

lim J6) = f'(+00). (1.4)

s—>+00 §
Then, for every € > 0, there exists M = M(¢) > 0 such that

—€s+f'(+00)s < f(s) <f'(+00)s +es if s> M. (1.5)

By the example of the function f in (1.2)—(1.3), it implies f'(+00) = 0. We notice that the
function f can also satisfy assumption (R) with f'(+00) #0.
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Throughout this paper, we consider the solutions of problem (P) as maps from (0, T') to
the cone of nonnegative bounded Radon measure on €2, which verify (P) in the following

sense: for a suitable class of test function &, there holds

T
fQ (0,6 + 6 dvdlt + /0 (150 8,E, (, D)y dt

T

+f/(+oo)/0 <us(-,t),§(-,t))9dt+/Qf*é‘dxdtz(uo,é(-,O))Q, (1.6)

where £, = £ + a,, (see Definition 2.1). Here the measure u(-,¢) is defined for a.e. t €
(0, T), u, € LY(Q).

The one-dimensional degenerate parabolic equations with initial data have been inten-
sively investigated in several decades. Similarly, the nonlinear parabolic equation (P) has
been studied by many authors such as (see [2—4, 6, 32]). Within the type of problem (P),

we consider the problem studied in [2]:

e = [, 6)]a + M(u(x,0))  x € (-L,L),¢>0,
u(=L,t) = u(L,t) =0, (A.1)
u(x,0) = uog(x) >0 x € (-L,L),

where L > 0 and the functions 5 and # verify the suitable assumptions (see [2] for more
details). In [2], the authors studied the existence, uniqueness, and regularity of the solu-
tions to problem (A.1) when uy € L*(~L, L). Meanwhile, the main purpose of the study of
problem (A.1) is the convergence of the solutions when ¢t — +o0c. The difference between
problem (A.1), the references [3, 4, 6, 32], and problem (P) is the assumptions which satisfy
the functions v, f and the initial data .

In the literature of one-dimensional nonlinear parabolic equations with initial data,
there are many studies of the kind of problem (P) without the source term (f(u) = 0) (for
instance, see [5, 11, 28, 29, 31, 33—40]). In [28], the authors studied the following problem:

Uy = [¢(u)]xx inQ:=Qx (0; T):
¢(u)=0 on a2 x (0, T), (A.2)
u(x,0) = ug(x) in L,

where T >0, Q C R is a bounded interval, u is nonnegative bounded Radon measure on
2, and the function ¢ is nonmonotone and satisfies the hypothesis including (H) (see [28]
for more details).

In [28], the authors dealt with the existence of the weak Radon measure-valued solutions
associated with the Young measure. The difference between problem (A.2) [5, 11, 29, 31,
33—40] and problem (P) remains the hypothesis on the function f given by (R).

In [14], the authors addressed the existence, uniqueness, and the qualitative properties
of the Radon measure-valued solutions associated with the Young measure to the first

order scalar conservation laws with Radon measure as initial data. The problem studied
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in [14] is

ur+ [gu)],=0 inRx(0,7),
u(x,0) = upg(x) inR,

(A.3)

where 1 is nonnegative bounded Radon measure on 2 and the function g verifies hy-
pothesis (G).

Before we study the general problem of (P), we need to point out the particular cases of
such a problem and their results. For instance « = 0, problem (P) is nonlinear degenerate
parabolic equations, and this kind of nonlinear degenerate parabolic equations is similar

to

u, =div(A(x, t,u)Vu) + F(x, t,u) in Q:=Q x (0,T),
u=0 on 92 x (0, T), (A4)

u(x,0) = uo(x) in €,

where T >0, 2 C RN(N > 2) is an open bounded domain with smooth boundary 92 and
up is a finite Radon measure on Q2. The operator A(x,¢,s) is weakly coercive and diffuse
and F(x,t, u) verifies the suitable hypothesis (see [1] for more details). In [1], the authors
proved the existence and qualitative properties of the Radon measure-valued solutions
associated with the Young measure. Another difference between problem (A.4) and (P) is
the assumption which fulfills the function F(x, ¢, u). Indeed, the hypothesis of the function
F(x,¢,u) is different from assumption (R) (f(u) verifies hypothesis (R) of problem (P)). On
the other hand, the problems studied in the papers [44—46] are closely formulated as in
(A.4), where the expression for the source term F(x, £, ) is more regular and the diffusion-
term A(x, t,s) takes part on the modeling of real phenomena from mathematical biology
and physics. Furthermore, the authors in [44—-46] dealt with the properties of weak and
classical solutions.

Assuming that 8 = 0, problem (P) is reduced to the semilinear heat equation with Radon

measure as initial data described as follows:

U =Uy +f(u) inQ:=Qx(0,7),
u=0 on a2 x (0, 7), (A.5)

u(x,0) = up(x) in L,

wherea =1, T >0, Q C R is a bounded interval, , is nonnegative bounded Radon mea-
sure on 2. By [19, 20], problem (A.5) admits unique weak solutions which are not Radon
measure-valued associated with the Young measure. However, in [17] the authors showed
the existence, qualitative properties, and decay estimate of the Radon measure-valued so-
lutions to the Cauchy problem of (A.5). Throughout this paper, we consider the case o > 0
and B > 0, and we notice that the result of this paper is not true for « = 0.

The goal of this paper is threefold. Firstly, we study the existence of the Radon measure-
valued solutions associated with the Young measure introduced in [1] and the other tech-
nical tools stated in [14, 28].
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Secondly, we establish the decay estimate of the Radon measure-valued solutions to
problem (P). We note that the proof of the existence of the Radon measure-valued solu-
tions and the decay estimate of these weak solutions focus on the natural approximation
method.

Thirdly, we analyze the asymptotic behavior of the Radon measure-valued solutions.
To this purpose, we construct the pseudo-stationary solutions which are Radon measure-
valued solutions to the nonlinear elliptic equations. Then the result of the asymptotic be-
havior of solutions follows from the use of the natural approximation method.

The novelty of this paper is twofold. Firstly, we study the decay estimate of the Radon
measure-valued solutions of a class of nonlinear parabolic equations. Finally, we study the
asymptotic behavior of these Radon measure-valued solutions.

The plan of this paper is organized as follows. In the next section, we recall some pre-
liminaries about Radon measures and Young measures. Then, in Sect. 3, we state the main
results, while in Sects. 4—7 we prove the main results.

2 Preliminaries

2.1 Radon measures

Let M(L2) be the space of bounded Radon measures on 2, and M*(Q2) C M(2) be the
cone of nonnegative bounded Radon measure on 2 € RN(N > 1). For any u € M(2), we
set

el mee o= [11(S2),

where || stands for the total variation of .
The duality map (-, -) between the space M(2) and C.(R2) is defined by

(wela= / pdu.
Q

For any u € M(£2) and any Borel set B C €, the restriction pB of u to B is defined by
setting

(uLB)(A) := u(BNA) for every Borel set A C Q.
It is worth observing that (uLB)(9) = 0.
M (2) denotes the set of nonnegative measures singular with respect to the Lebesgue
measure, namely

MI(Q):= {/,L € M*(Q)/d a Borel set B C Q such that |[B| =0, 4 = ,LLI_B},

| - | denotes the Lebesgue measure on RN(N > 1). Similarly, M} (2) denotes the set of
nonnegative measures absolutely continuous with respect to the Lebesgue measure, namely

M:(Q):= {/L € M*(2)/n(B) = 0 for every Borel set B C Q such that |B| = O}.

Recall that M7 (€2) N M?.(2) = {0}. Moreover, by the Lebesgue decomposition and
Radon—Nikodym theorem (see [9]), for any u € M™*(Q):
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(i) There exists a unique couple ji,c € M7 .(R2), us € M7 (€2) such that

MW= WUac + Hs- (2.1)

(ii) There exists a unique nonnegative function u, € L'(Q2) called the density of measure
e such that

Hac(B) = / u,dx for every Borel set B C Q. (2.2)
B
Let Q= x (0,T), T is a positive constant.

L>((0, T), M*(2)) denotes the set of nonnegative Radon measures u € M*(Q) which
satisfy the following property: For almost every ¢ € (0, T), there exists a measure u(-,£) €

M*() such that
(a) For every & € C(Q), the map ¢+ (u(-,t),£(,t))q is Lebesgue measurable and there
holds
T
ghg= [ fut)5.0)g 23)
0

(b) For every Borel set B C Q, the map ¢ > u(-,£)(B") is Lebesgue measurable and there
holds

T
u(B) =/ u(-,t)(B") dt,
0

where B! = {x € Q/(x,t) € B).
(c) There exists a constant C > 0 such that

ot N <C.
esstesgg)||u( N are

Set

ll2ell oo 0,1y M (2)) = €8s sup |u(- £) ||M+(Q)‘ (2.4)
te(0,T)

If u e L*((0, T), M*(RQ)), it is easily seen that u,., u; € L>((0, T), M*(2)) as well and that
u, € L=((0,T), LY(2)).
Moreover, inequality (2.4) implies that, for every & € C(Q),

T
(uucr5>Q:/Qur‘i:dxdt and (us1g)Q:/ (MS(’t)’S(,t»th
0

(see also [7, 8]).
2.2 Young measures

We denote by C.(R) the space of continuous real functionals with compact support in R
and by M(R) the Banach space Radon measure on R endowed with the norm

lleell mery = | l(R)  for any u € M(R).
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By M(R) we denote the cone of positive finite Radon measure, and by P(R) the convex

set of probability measure on R:
It mw) :=t(R) forany t € P(R).
Clearly, P(R) C M*(R) C M(R).
By a bounded Caratheodory integrand on A x R we mean that any function ¢ : A x

RN — R is bounded and measurable, with ¢(x, -) continuous for almost everywhere x € A.

The duality map (-, -) between the spaces M(R) and C,(R) is expressed as

(PR = / pd,
R

which can be extended to functions p € C.(R). Let A C RN(N > 1) be a bounded open
set. We use the above equality to define the quantity (i, p)r for any u € M(R) and every
p-integrable function p. Similar notation will be used for the space M(A x R) of finite
Radon-measures on A x R. By V(4,R) we denote the set of Young measures on A x R
which are defined as follows (e.g. [15]).

Definition 2.1 A Young measure on A x R is a positive Radon-measure 7 on A x R such
that

T(E x R) =|E| for any Borel set E C A. (2.5)
If f € L}(A), the Young measure associated with f is the measure T € J(4,R) such that
t(ExF)=|Enf(F)| foranyECA,FCR. (2.6)

For any bounded Caratheodory integrand, there holds

/ pdr = / o(x.f(x)) dx. (2.7)
AxR A

Let us recall the following result (e.g. [9, 10, 15]).
Proposition 2.1 Let t € Y(A,R). Then, for almost everywhere x € A, there exists a proba-

bility measure t, € P(R) for any bounded Caratheodory integrand ¢ on A x R:
(i) The map

x> (2 (6, ) = /R o0, 8) dr,(€) (2.8)

is Lebesgue measurable;
(ii) There holds

/A v~ /A ( /R w(x,smrx@)) dx. (29)
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More generally, Proposition 2.1 holds true for very ¢ : A x R — R measurable and non-
negative or t-integrable, we shall identify and v € Y(A,R) with the associated family

{zx|x € A} which is called disintegration of t.

Remark 2.1 If © is the Young measure associated with a function f € L'(A), equalities
(2.8)—(2.9) imply that

(S () = ([t 0, ), = /R 0(6,£)dr.(€) (2.10)

for almost every x € A and for any bounded Caratheodory integrand ¢ on A x R. There-
fore,

T, =&y for almosteveryx € A,

where 8, denotes the Dirac mass concentrated in p € R.
The notion of narrow convergence of Young measures is as follows.

Definition 2.2 Let t”, T € Y(A4,R). We say that t” — 7 narrowly in A x R if for any
bounded Caratheodory integrand ¢ : A x R — R there holds

/ pdt" — pdr. (2.11)
AxR AxR

Remark 2.2 If the Young measures {t"} are associated with a sequence of functions {f,,} C

L'(A), then {t"} converge narrowly to 7 if and only if

/w(x,ﬂ(x))dx:/ pdt" — pdt
A AxR

AxR
for any bounded Caratheodory integrand.

This convergence still holds when ¢ is a Caratheodory integrand with linear growth
with respect to £ (i.e. |¢(x,&)| < a(x) + |£|, where o € L(A) as soon as the sequence {f,} is
uniformly integrable.

If " and 7 are the Young measures associated with the measurable functions f, and f

respectively, then t” — t narrowly if and only if f;, — f in measure. In other words, f;, — f
in measure if and only if the Young measure associated with f; is 8¢ (see [15, 16]).

Definition 2.3 A subset i C L'(A4, R) is said to be uniformly integrable if
(i) There exists M > 0 such that

Il ar) ::/[f(x)|dx§M for any f € U.
A

(ii) For € > 0, there exists 8 > 0 such that, for any f € U,

El<f = /E[f(x)|dx<e.
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Notice that for any function f € L'(A) is equi-integrable if the assumption of Defini-
tion 2.3-(ii) holds true.

The following proposition is a consequence of the more general Prokhorov’s theorem
(e.g. see [15]).

Proposition 2.2 Let {f,} be bounded in L'(A) and {t"} be the sequence of associated Young
measures. Then

(i) There exist a sequence {f,,, } € {f,} and a Young measure T on A x R such that t" — 1
narrowly in A x R;

(i) For any h € C(R) such that the sequence {(h(f,,)} is bounded in LY(A) and is equi-
integrable, there hold

/</|h(§)‘drx(§)>dx<+oo and  h(f,)—~ h* in L' (A), (2.12)
A\Jr
where
h*(x):/h(é)drx(é) fora.e.x €A,
R

T, is disintegration of the Young measure t.
(ili) For any function ¢ : A x R — R measurable with ¢(x,-) continuous for a.e., x € A
such that the sequence {@(x,f,,)} is bounded in L' (A) and is equi-integrable, there holds

‘/go(x,fnk(x)) dx — pdr. (2.13)
A AxR

When equi-integrability of the sequence {f,,} fails, Proposition 2.2-(ii) cannot be directly
used with h(f) = f. However, we can associate with {f,, } an equi-integrable subsequence by
removing sets of small measure, this is the content of the next coming proposition (e.g. see
[10, 15]).

Proposition 2.3 (Biting Young measure) Let {f,} be bounded in L*(A). Let T € Y(A,R)
and {f,,} be respectively the limiting Young measure and a subsequence given in Proposi-
tion 2.3 in correspondence with {f,}. Then there exist a subsequence {f,} = {f,,kj} C {fu}
and a sequence of measurable sets {Aj}, A; CA, Aj,, CAjforanyjeN,|A;] — 0asj— oo
such that the sequence {f,; xa\;} is equi-integrable. Moreover, the barycenter of the Young

measure disintegration T,
folx) = /]RN Edr (&) e L'(A)  and there holds (b xava;} = fo in LY(A). (2.14)

3 Statement of main results
Throughout this paper, we consider the backward parabolic equation

& + aby, +f/(+OO)§ =&, inQ,
(vea)1£=0 on Q2 x (0, T),
£(,T)=0 in Q x {T},
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which has a unique solution & in C?(Q) N C*(Q) for any &, € C(Q) (see [12, 13, 30]), where

_ _ 9 — 92
C2(Q) = {s € C(Q)/3 € CD), ai cc@), 2=
Xi ax,-axj

eC ((_2)}.
Definition 3.1 For any uy € M*(2), a function « is called a weak Radon measure solution

of problem (P) if the couple (u, t) is such that
(i) u € L((0, T), M*(Q)), T € V(QR)

u(x,t) = / rry(h) ae. (x,1) €Q; (3.1)
[0,+00)

(ii) ¥ (,) € L'((0, T), Wy ());
(iii) For almost everywhere (x, £) € Q, there hold

T = Ou(rey  and  SUPP Ty € [0, +00)  a.e. (x,£) € Q, (3.2)
where we denote by §,, () the Dirac mass concentrated at u,(x,£) and 7(, € P(R) is the

disintegration of 7.
(iv) For every & € C1([0, T1, C3(2)), (-, T) = 0 in Q, u satisfies the identity

T
/ {urgt + l[f*gxx} dxdt + / (us('l t)l gv('r t))g dt
Q 0

T
+f’(+oo)/ <us(-, £),&(, L‘))Q dt + /f*& dxdt = (uo,g‘(-,O))Q, (3.3)
0 Q
whenever &, = £, + a&,, and

frx 1) = )f(k)dfu,t)(k),l/f*(x,t) =/[O )V/(k)dT(x,z)()») (3.4)

[0,+00

fora.e. (x,t) € Q.

Remark 3.1 Since the class of test functions & € C'([0, T], C}(2)) is a solution to the back-
ward parabolic equations (v - «) such that &, € C(Q), then Eq. (3.3) is reduced as follows:

T
f (0,6 + Y6 dvdt + / (10 ), £, 0)) d + / FE dxdt = (£, 0)),
Q 0 Q

where &, = & + a&y, + f(+00)€ in Q.
The existence solution to problem (P) is given by the following result.

Theorem 3.1 Suppose that (1.1), (1.4), (H), (R), (G), and uy € M*(RQ2) are satisfied. Then
problem (P) has a solution (u,t) which is obtained as a limit point of the sequence {u,} of
solutions to problem (P,). Moreover, (u, T) is a solution of problem (P) in the sense of Young

measures.

Page 10 of 34
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Let us consider the following problem:

Ve = [ (W] +f(1) inQ:=2x(0,7),
v=0 on A2 x (0, T), (Z)
v(x,0)=0 in Q.

In view of [12, 13], problem (Z) has a unique solution function v in L>(Q) N L%((0, T),
H}(R)) N C(Q). Moreover, from Theorem 3.1, problem (Z) possesses a weak solution
v(-,t) € M*(Q) for a.e. t € (0, T). The estimate decay is given by the following result.

Theorem 3.2 Suppose that (R), (G), and ug € M*(Q) are verified. The functions u and v
are weak solutions to problems (P) and (Z) respectively in the sense of Theorem 3.1. Then
there holds

lzto | A+ ()

- (35)

||l/l(, t) - V('! t) ||M+(Q) = C

for any a > 0 and C is a positive constant. Moreover, if we extend t € (0, T) into (0, +00),

then we obtain that the following statement

lim Hu(-,t) -v(,

t—>+00 t) ”M+(Q) =0 (36)

holds true.
Regarding the study of the asymptotic behavior of the Radon measure-valued solutions

to the nonlinear parabolic equation (P), we construct the pseudo-stationary solutions to

problem (P). To this purpose, we consider the pseudo-stationary problem as follows:

—[Y (W)l + w=up(x) in 2,

w=0 on 092,

(S)

where uy € M*(2) and the function v verifies hypothesis (G). Notice that the nonlinear
elliptic equation (S) admits a nonnegative Radon measure-valued solutioni.e. w € M*(2).
The main goal of the asymptotic behavior of the Radon measure-valued solutions to

problem (P) is given in the following theorem.

Theorem 3.3 Assume that hypotheses (1.1), (R), (G), and uy € M*(2) are fulfilled. w is a
pseudo-stationary Radon measure-valued solution obtained from problem (S) and u is a
Radon measure-valued solution in the sense of Theorem 3.1 such that

lim supH u(- 0. (3.7)

t—+00

’t)H/w(Q) <
Then

u(t)—>w in MY Q) ast— +oo. (3.8)



Nkombo et al. Advances in Difference Equations (2021) 2021:509 Page 12 of 34

Remark 3.2 Before we prove assertion (3.8), we shall ensure that statement (3.7) holds
true. Indeed, the function u is a Radon measure-valued solution to problem (P), then
u(-,t) € M*(Q2) for a.e. t € (0, T). By the extension of the solution to global solutions on
2 x (0, +00), we infer that |lu(:, £)|| pm+) < C for a.e. t € (0, +00) so that (3.8) is obtained.

4 Approximating problems
To prove the existence, decay estimate, and the asymptotic behavior of the solutions, we

consider the approximating problem P, as follows:

Upt = [I/fn(un)]xx +f(un) in Q7
U, =0 on 32 x (0, T), (Py)

1, (x,0) = ug, in Q.

The approximating function v, is such that

D=6+ 1)

Since uy € M*(2), then the approximation of the Radon measure iy is given by [7, Lemma
4.1], such that {uo,} € C5°(2) satisfies

ton — 1o in MH(Q),
Ugy — Ugy a.e.in &, (4.2)

luonll @) < 4ol M)

Notice that the use of L!- norm of the initial data is a consequence of the above [7, Lemma
4.1].

The existence of a weak solution u, in C((0, T),L'($2)) N L*((0, T), H} (2)) N L>=(Q) of
problem (P,) is ensured by [4, Theorem 5] and [21, Chapter V, Theorem 2.1 and 6.7].
Moreover, u,; € L*((0, T), H™(2)) given by [22, Proposition 6.1] and u,, € L°(Q) is proved
in [23, Theorem 3.1]. Then a definition of the weak solution {u,,} € C*(Q) of (P,) satisfies

the following statement:
T T
/ (i 2), (1))t = / ([ )], ) e - / Flutn)t ddt — (o £(,0)),, (43)
0 0 Q

for every & in C'(Q) such that (-, 7) =0 and £ = 0 on Q2 x (0, T).
Now we establish some technical estimates which will be used in the proof of the exis-

tence solution.

Proposition 4.1 Suppose that f > 0 in R, and (G) holds. Moreover, uy, > 0 in Q. Then
there holds

u, >0 inQ. (4.4)



Nkombo et al. Advances in Difference Equations (2021) 2021:509 Page 13 of 34

Proof Since ¥ (u,) = au, + Bo(u,). Let us consider the nonlinear parabolic boundary value
problem

Eun = Upt — le((Ol + ﬁ(/)/(un))unx) :f(un) in Q;
u, =0 on dQ x (0,T), (Py)

1, (%,0) = oy in Q.

According to [21, Chapter V, Theorem 2.1 and Theorem 6.7], problem P, possesses a
unique solution u,. Since ug, > 0in €2, and f(u,) > 0 in Q, it follows that

Lu, >0 in Q,
u,=0 on Q2 x (0, T), (Py)
1, (x,0) >0 in Q.

By [25, Chap. 10, Theorem 10.1], the comparison maximum principle theorem, we obtain
u,(x,t) > 0 in Q, whence estimate (4.4) holds. O

Lemma 4.1 Assume that (R) and (G) are satisfied and uy € M*(S2). For every t € [0, T],
there holds

”u}’l("t)HLl(Q) < e"uol Mm@ (4.5)
where L := ||f'(u,)||rom®,) is a positive constant.

Proof Let us consider the boundary value problem

Puy = [V ()], — thw +f(s) =0 inQ. (4.6)

By Proposition 4.1, ¥ (u#,) > 0in Q and ¥ (u,) = 0 on Q2 x (0, T). In view of [21, Chapter
V], the maximum principle theorem, then for arbitrary point (xo,%) € 92 x (0,7), we
obtain

0V (1)
av

(x0,£0) <0, (4.7)

the normal outer derivative of v (u,)(x0, %) at 92 x (0, T). Applying Green’s formula for
every (x,t) € Q, there holds

f [ ()], dx = f W) 1y <,
Q

sQx©r) OV

where H denotes the Hausdorff (N — 1)-dimensional measure. Using the Eq. (4.6), assump-
tion (4.2), and the mean-value theorem, we deduce that

t
[0 < oo+ I @l [ [ o dads
Q 0 Q

By Gronwall’s inequality, estimate (4.5) is achieved. O
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Proposition 4.2 Assume that hypotheses (R) and (G) are satisfied. Let u,, be the solution
of (P,). Then there hold

| (@) | 1) = C- (4.8)
|[v @], 20 =< € (4.9)
The sequence {[(u,)],} is bounded in L' ((0, T), H™'(R)) + L(Q). (4.10)
19 G | 2 02,0200 = C- (4.11)

Proof By the definition of ¥ in (1.1), ¥ (u,) = au, + Be(u,). By (4.5), u, is bounded in
LY(Q), and assumption (G), it is obvious that there exists a constant C > 0 such that (4.8)
is achieved.

Since ¥ (u,) > 0 in Q and ¥ (u,) = 0 on 9 x (0, T). The fact that u, = ¥ (¥~ (u,)) €
C([0, T, H} (2)). Let us consider the function sign defined in the following manner:

1 ifs>0,
sign(s)=30 ifs=0,
-1 ifs<O.

Assume that, forevery K > 0, Tx € C*(R,)NL>®(R,) suchthat1 < Ty(s) <2inR,, Tx(0) =
0and Tk(s) — %SX(LHE)(S) as K — +oo for every 0 < € < 1, where x(1,1.¢) is a characteristic
function on (1,1 + ¢€).

For instance, let us consider {gx} € C!(R) such that gi(s) —sign(s) as K — +oo for ev-
ery s # 0 to be any sequence satisfying the following conditions: gk (0) = 0, |gx(s)| < 1,
gx(8) >0, |sgx(s)| < 1foreverys € R,and gi(s) = 0if |s| > % By recalling the sequence {gx}
constructed in [1], we can construct the sequence of the function {Tx} € C*(R,) NL®(R,)
such that Tx(s) = (1 + 38k (5))sX(1,1+¢)(5)-

Assume that Tg (¢ (u,)) is a test function to the approximation problem (P,). Then we
get

10T 0) et

oy (%)
_ / < / TK(I/I(S))dS> dx
e \Jo
up(x,T)
—/ (/ TK(w(s)) ds) dx+/f(u,,)TK(w(un)) dxdt. (4.12)
Q\Jo Q

Since 1 < T3 (¥ (1)) < 2 and T (¥ (1)), Tk (Y (s)) € L(R,) for every K, then (4.12) yields

/Q [ )], dvde = | Tic (9 @60) o N0t

+ || Tie (¥ () ||L°°(R+)

(0] e Q1

Then there exists a positive constant C = C(||uo|| A+, If (#4n) |l 200 =,)> |Q]) > O such that

/|[1//(un)]x|2dxdt§ C.
Q

Page 14 of 34
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Assume that £v'(u,,) is a test function into the first equation of (P,). Then we have
/Q U ()6, dedt = - /Q [V ()] [£0 ()], dvde + /Q fu)y ) dvde  (413)

for any & € C}(Q). Let us estimate each term of the right-hand side of Eq. (4.13). To this
purpose, we consider its first term

[T few ) dde= [ [)] 0 ). d

Q Q
+ / ([¥ )], 9" ()& dxdt. (4.14)

Q
By hypothesis (G), ¥'(u,), ¥ (u,) € L*(R,), then we obtain
/Q [ )] [ ()], dede = [0 e /Q [ (a0 e
9 )| ey / (¥ ()], |*€ dxat. (4.15)
Q

By (4.9) and applying Holder’s inequality, there exist two positive constants Cy and C; such
that

‘/Q[Wun)]x[éw/(un)]x dxdt‘ < Gollxllz2 @ + Crllé llze(@)- (4.16)

On the other hand, we consider the second term on the right-hand side of Eq. (4.13). From
assumptions (G) and (R), we deduce that

’/Qf(un)w/(un)é dxdt‘ = Gl lliz=» (4.17)

where C, is a positive constant. Hence the boundedness of the sequence {[v(u,)];} in
L*((0, T), H1()) + L' (Q) follows.

To end this proof, it remains to establish estimate (4.11), let us consider the function 4
defined by

0 if0<s<t,
h(s)=1s—-t; ifti <s<t,

-t ifs>t,

for any ¢1,%, € (0, T) such that t; + 1 < £, and we observe that 0 < /(s) < C, s € (0, £3). By
assumption (G), it is easy to observe that for every n € N [¢(u,,)]s = 0 on 92 x (0, T) for
the homogeneous Dirichlet condition. Multiplying the approximation problem (2,) by the
test function /(s)[v (u,)]; and integrating over 2 x (0, ), we obtain

f2 12 12 2
0< /0 () ds /Q W (1) ()

=) /Q ¥ )], o 1) dx
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- %A2h/(S)dSL|[w(Mn)]x|2(x,tz)dx+/(;Z/S;h(s)f(lxln)[l//(un)]sdsdx'

It implies that

2 f2 2
/Q [ )], [ 12) dix < /0 /Q [ 0)]. [ 1) dx
2 ’ h " 2| dsdx. 4.18
+ /0 /Q (5 () [ ()], ds (4.18)

In view of assumption (R), f(u,) € L*(R,), and the fact that (4.10) is satisfied, the last term
on the right-hand side of the previous estimate (4.18) is bounded. Since (4.9) holds, there
is a positive constant C such that (4.11) is achieved. O

5 Existence result
Now we study the limit points of the sequences {u,} and ¥ (u,) as n — oo.

Proposition 5.1 Suppose that (1.1), (R), and (G) are satisfied. Let u, be the solution
of the approximating problem (P,). Then there exist a subsequence {u,} C {u,}, v €
L2((0, T), H} (R2)) N L>®((0, T), Hy (2)) N L°°(Q) and v, € L*(Q) such that

Y(uy) —v inL'(Q), (5.1)
[V ()], = va  inL*(Q), (5.2)
[V (un)], ~ve inL*(Q), (5.3)
V() > v ae.inQ. (5.4)

Proof By using Holder’s inequality

1

1Y () 3 , ;
/Q|[w(un)]x|dxdt§ [/(dexdt] [/Q(l+1/f(uy,)) dxdt]

< C|:/Q|[¢(un)]x|2dxdt]i.

From estimate (4.9), there exists a positive constant C > 0 such that

/ 1[0, | e < C.
Q
According to Proposition 4.2, assumption (G), and (4.8), we infer that

”w(un)”BV(Q) = “‘ﬁ(”n)”Ll(Q) + “ [w(u”)]x“Ll(Q) + “ [w(u”)]t“Ll(Q) =C

By [43, Chap. 3, Sect. 3.1, Theorem 3.23, and Theorem 3.9], convergence (5.1) holds. How-
ever, convergence (5.2) is the consequence of estimate (4.9). By Proposition 4.2, the se-
quence {[v(u,)];} is bounded in L2((0, T), H~}(R2)) + L' (Q), then there exist a subsequence
denoted again {u,, } < {u,} and v* € L*((0, T), H (£2)) N L>(Q) such that

V(uy) — v aeinQ
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(see [26, Proposition 4.2]). Furthermore, by [7, Proposition 5.1] (5.3) holds true, and then

we have
VY(uy) —v aeinQ, (5.5)
with v = v*, which leads to (5.4) being satisfied. O

Proposition 5.2 Assume that (1.1), (R), and (G) are satisfied. Let u, be the weak solution
of problem (P,). Then there exist a subsequence {u,, } and u € L*((0, T), M*(2)) such that
Uy, Sy oin M*(Q). (5.6)

Moreover, there exists a decreasing sequence {Ax} C Q of Lebesgue measurable sets with
|Ax| — 0 as k — oo such that

o X O\t — 1y = f hdrwn(h) inLN(Q), (5.7)

[0,+00)

where T € Y(Q,R) is the Young measure associated with {u,, } and
Uy, A wi=u—up in M (Q). (5.8)

Proof By (4.5) and Proposition 4.2, we apply the compactness theorem given by [27], then
there exist # € M*(Q) and a subsequence {u,, } such that u,, X uin M*(Q). As argued
in [1, 10, 28], we obtain u € L*((0, T), M*(2)). Since (4.5) and the compactness result
implies that {,, } is bounded in L' (Q). By Proposition 2.2, there exist a sequence of {u,, } C
{u,} and a Young measure t € J(Q, R), and from Proposition 2.3 [Bitting Theorem], there
exists a sequence of measure sets Ay C Q, Ax € Axs1 and |Ax| — 0 such that

U XQ\Ax — U = / Adtpy()  inLY(Q), (5.9)

[0,+00)

where u;, € L(Q), u, > 0 is a barycenter of the limiting Young measure 7 associated with
the subsequence {u,, }. Moreover, repeating the same proof, we show that supp () €
[0,+00) and T(xs) = T(xL[0, +00) for almost everywhere (x,t) € Q, where 7, is the dis-
integration of the Young measure 7.

By (4.5) and the compactness result, the sequence {u,, xq\4,} is uniformly bounded in
L'(Q). Therefore, there exists a Radon measure . € M*(Q) such that u,, A uin M*(Q).
Finally, the sequence u,, is of u,, = u,, x4, + tn X0\4, A U+ up in M*(Q). Hence u :=
u — up in M*(Q) holds true. O

Proposition 5.3 Let u,,, u, € L((0, T),LMRQ)) and n € L*((0, T), M*(R2)) be respec-
tively the subsequence, function, and the measure given in Proposition 5.2. Then there exist
a zero Lebesgue measure set N C (0, T) and the subsequence (denoted again {u,,} such
that, for any t € (0, T)\N, there holds

Uy (8) = (- 0) + up(0)  in MH(RQ). (5.10)
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Moreover, we get
(1) = () in MY(Q), (5.11)
where u(-,t) = u(-, £) + up(-, t) for any t € (0, T)\N.

Proof This proof is similar to [1, Proposition 7.4], we argue this proof in two steps:
Step 1. Assume that 1 € C2(R,) is such that

h(s)>0 ifs>0,
h(s)=s—q(s) ifs>1.

For every p € CZ(2), set
Uy (®) 1:/ h(un, ) (%, ) p(x) dax.
Q
Let us prove that

T
lim
k—o0 Jo

where i* € L®((0, T), L*(R2)) is defined by

LIZ,((t)—/s;h*(x,t),o(x)dx—(pc(-,t),,o)Q dt =0, (5.12)

W (x,t) = / h( ) dtun(h) ae(xt) € Q. (5.13)
[0,+00)
By (4.5), we obtain that

I Upﬁk(t)”Lm(O‘T) =< Cllpllzeo@) 1ty N zoo 0, 1,01 (22))- (5.14)
The purpose of this step is to prove Uy, € W"!(0, T)) for every k.

In fact, the weak derivative of U/}, is given by

d / ’
U=~ fg [0 )], [ O (0] e + fQ Flttn W (a1 )0() .

Hence, there holds

[
0

dt

[ [0, Lot )],

T
Lur (t)‘dt</
dt hk 0

T
g

0
Since /' is bounded and %" is compactly supported in R,, by (4.8), (4.9), (4.11), and as-
sumption (G), we may estimate each term of (5.15), then one has

[

dt. (5.15)

/S;f(unk)h/(unk)p(x) dx

/Q [0 ()], [ GO ()]

dt < /Q | e, [ )| [0 5) | it

2 B ()
+\/Q|[w(u”k)]x| w/(unk) dxdt.
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It follows that

[

< )] e f [, 0| vl

/Q (¥ )] [ W)H ()], dx| it

+ C(B) /\ ZW( Wl i (5.16)

Y ()

By assumption (G)-(iii) and (4.9), there exists a positive constant C, = C(p) such that

[

On the other hand, we have

x| dt < C,,. (5.17)

fﬂ [0 tn)]. [ 11)].

T
/Q Flatn H (1) p )

= Lol ), [ e
Q
Accordingly, there exists a positive constant 6,, = C(p) such that

T
f F I () (%) dx|dt < C (5.18)
Q

In view of (5.15)—(5.18), the sequence {U}, } is uniformly bounded in W*!(0, T), whence
relatively compact in L}(0, T). In particular, there exists a subsequence {U,’i ki} depending
on p and &, where a function U € L'(0, T) is such that

Up, — Uy inLY0,T) asj— oo. (5.19)
Since we have

p(s)=s—h(s) (seR,), (5.20)
where ¢ € C(R,) N L*(R,) (see assumption (H)). By Proposition 2.2, we have

P(up) =~ ¢* inL¥(Q), (5.21)

where ¢* is defined by
©*(x,t) = / o(A) dtin(h) (a.e. (x,8) € Q). (5.22)
[0,+00)
In particular, combining (5.21) with (5.8), one has

Bthny) = thy, — 9(th) — (up + 1) = ¢*  in M*(Q),

Page 19 of 34
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where u;, € L®((0, T), LY(R)) and u € L>((0, T), M*(R)) are respectively the function and
measure in Proposition 5.2, and so

u,— ¢ = /{; )(A - (p(k)) dtn(X) = / h(A)dtpy(X) = ¥ (x,t) ae (x,t) €Q.

[0,+00)

Moreover, we obtain
T
jim [ ewugode = fim /Q (i) p (3)6 ¢) dx it
- fQ (3, 0p ()& (0 dd + (1, pE) g
T
-/ S(t)< / h*(x,t>p<x)dx+(u(-,t),p)g) d,
0 Q
whence by (5.19) there holds
L[f(t):/;Zh*(x,t)p(x)dx+<u(~,t),p>9 (5.23)

for every t € (0, T)\N.
Step 2: Assume that, for every p € C*(Q2), set

Uz (t) = / Up, (%, t)p(x)dx a.e. te(0,7). (5.24)
Q
For 4 given in (5.20), we infer that
Uy (t) = Uy (t) + L[g,k(t), (5.25)

where U}, and L[S,k are defined in (5.11) and

ng’k(t) = fﬂ o(un)x, t)p(x)dx  ae. te(0,T). (5.26)
Based on Proposition 5.2 with (5.25), we will show the following convergence:

u; —u* inL'o,7), (5.27)
where

(0= [ (76500 5000 (0 )

From (5.20), there holds

W (x,t) + @™ (x, ) = /

[0,+00)

(h0) + 9(0)) dr (0 = / At (1) = ()

[0,+00)

for a.e.(x,£) € Q.
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To prove (5.27), we consider for every p € C.(R2) and {px} € C*(2) be any sequence such
that px — p uniformly in &, then we get

T T T
/ ]u,f(t)—u”(t)]dtg/ ]ukp(t)—uf’(t)]dmf \u,f’(t)—uﬂf(t)\dt
0 0 0
T
+/ \ui(e) - U’ (¢)| dt.
0
By Step 1, one has

T T
/ @) - ur@lde < lip - pillcy / nO@de +llp = pllca) / up(, 1) dx .
0 0 Q
Therefore, we obtain
T
/ \ug (e) - Ur(o)| dt
0
T
<lp —p,'llc@/ U (x, ) dxdt + || p —Pj||C(§)/ u(-, ) () dt
Q 0
o
+/ ’Uk’(t) - U”i(t)’ dt+|p - Pj||C(§)/ up(x,t) dxdt. (5.28)
0 Q

By (4.5) and (5.28), one has

T
lim sup / g () - ur ()| de < Clip - pillc + 10 - pillc@ / up(x,t) dx dt
0 Q

k— o0

T
+ IIp—p;||c<§>/ u(-,)(2) dt.
0

By letting j — oo in the above inequality, assertion (5.27) holds true. Therefore, for every
p, there exist a subsequence denoted again by {u,, } and a zero Lebesgue measure set N C
(0, T) such that we get

k]im / Uy, (t)p(x) dt = / up(x, t) p(x) dx + <,u(~,t),,0>Q (5.29)
—> 00 Q Q
for any £ € (0, T)\V and every p € C.(€2), hence (5.10) and (5.11). O

Proposition 5.4 Suppose that (1.1), (1.4), (R), and (G) hold. Let |v be given by Proposi-
tion 5.2. Then there holds

V(i) = ¥ +ap  in MH(Q), (5.30)
and

Fltn) = f* +f(+00)u  in MH(Q), (5.31)



Nkombo et al. Advances in Difference Equations (2021) 2021:509 Page 22 of 34

where f*,4* € L*((0, T), LX(RQ)) is defined by

W*(x,t)=f[0 )Vf(k)df(x,r)(/\) and  f*(x,t) = S dTn () (3.4)

[0,+00)
fora.e.in Q.

The proof of Proposition 5.4 is argued as in [14, Proposition 5.2] or [1, Lemma 8.3], for
this reason we omit this proof.

Proposition 5.5 Assume that (1.1), (1.4), (R), and (G) hold. Let u be given by Proposi-
tion 5.2. Then there exist a zero Lebesgue measure set N C (0, T) and a subsequence of
{14} such that, for any t € (0, T)\N, there holds

Y(tt) = ¥, 0) +apu(,8)  in MH(Q) (5.32)
and
Fltn) =20 +f (+00)u( ) in MH(S). (5.33)

Proof Let T € Y(Q,R) and {u,, } be respectively the Young measure and the subsequence
associated with the sequence of Young measure {t"}. For every p € C.(Q),

GL(t) = /Q V()% t)p(x)dx, ae.te(0,T).

To prove convergence (5.32), it is enough to show that

T . T
: _ o
kll)rfloofo Gk(t)é(t)dt—/o G ()& () dt (5.34)
for every & € C}(0, T), with
G0 = f (e D)) dx + / (o )p() dx (5.35)
Q Q

and u(-,t) € M*(R2) and y* € L*°(Q) given by (3.4). From assumption (G) and (1.1), the
function ¥ € C%(R,), and for any p € C}(), for every k € N, there holds

168 |01y = CI¥ @) | 1 g I P lioi2- (5.36)

Moreover, let us consider pv/'(u,, )& . For every £ € CL(0, T) as a test function in (P,), there
holds

T T
[Tt easde=— [ e [ [t [ ), dx) i
0 0 Q

T
s /0 £ ( /Q Pt ) (10)p ) dx) d, (5.37)
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which leads to the fact that the weak derivation of G} € W*(0, T) is such that

d

5600 = [ [0 Ll @), v+ [ v mpwds  639)

Since f, f', ¥', and ¥” are continuous and uniformly bounded (see assumptions (G) and
(R)), then we have

/Q[W(“nk)]x[/?(x)w/(unk)]xdx dt

d T
—GP@)|dt<
dt "()‘ _/0
T
+/
0

By (4.8), (4.9), (4.11), and assumptions (G) and (R), we may estimate each term of (5.39) as
follows:

[

dt. (5.39)

/Q Flatn ) (1) ()

/Q [0 ()], [ 0G0 1)), i

dt < [Q [ ) ]| [ )| | ) dix e

V' ()
+ /Q I[w(unk)]x|2¢/(;‘nk) dxdt. (5.40)

Therefore, there exists a positive constant C, = C(p) such that
T
/
On the other hand, we have
T
/
Accordingly, there exists a positive constant 6;) = 6(,0) such that
T
/

In view of (5.39)—(5.42), the sequence {G}, ;} is uniformly bounded in W*!(0, T), whence
relatively compact in L!(0, T). To achieve this proof, we consider for every p € C.(2) and

dt < C,. (5.41)

/Q [ ()], [PV ()], dx

/Qf(”nk)lﬂ/(unk)p(x) dx

=L 1 ) e, [ s

dt<C,. (5.42)

/Qf(”nk)w/(unk)p(x) dx

{pk} € CX(Q) be any sequence such that p; — p uniformly in €, then we get
T
f |G (t) - G (t)| dt
0
T 4 T T
< / |GL(t) - G (1)| dt + / |G (6) - GPi(t)| dt + / |GA(6) - GP(1)| dt
0 0 0
<lp —pjllc@/ V(U ) (%, t) dx dt
Q

T T,
+a||p—pj||c(§)/0 u(~,t)($2)dt+/0 |G/ (t) - G"i(t)| dt. (5.43)



Nkombo et al. Advances in Difference Equations (2021) 2021:509 Page 24 of 34

By (4.5) and (5.43), one has

T
limsup/ GL() -G @ dt < Cllp - pjllc@ + o —p,-nc@f v (x, 1) dxdt
0 Q

k—o00

T
+allp - pillcg / w(-, ) () dt.
0

By letting j — oo in the above inequality, assertion (5.32) holds true. We use a similar

approach to prove convergence (5.33). Hence, we omit the proof of assertion (5.33). [

Remark 5.1 Since v is given in (1.1), assumption (H) and (5.8) hold, then there exists a
subsequence of {u,, } (not relabeled) such that

Vlu) = au+ pg* in MY(Q), (5.44)
where ¢* is defined by (5.22) and u is given in Proposition 5.2. Similarly, we get

V() = 1) + Bp* (1) in MF(Q), (5.45)
where t € (0, T)\\V.

Proposition 5.6 Suppose that (1.1), (1.4), (R), and (G) hold. Let (5.8) be the Lebesgue de-
composition of u. Then there holds

up=u, a..inQ; uw=us; a.e.in M (Q). (5.46)
Moreover,
V(uy) = /[0 ) V(W) dten(A) and  f(u,) = o )f()»)df(x,t)(K): (5.47)

where u, € L®((0, T), L}()) is the density of an absolutely continuous part of u.

Proof Let us recall the definition of the weak solution to problem (P,) with m € N\{0}
such that

/Q{u;”kgﬁwm(u;”k)sm}dde/Qfm(u;”k)g dxdt = (uy, ,£(-,0))g, (5.48)

whenever ¥,,(A) = w(K)X(_m,L)(A) and f,,(A) Zf()»)X(_m,i)()»)- From Proposition 5.2 —
Proposition 5.4, the following assertions hold true:

t
lim dt =0, (5.49)
ng—>00 Jq

[ s [ wpeds - (uc.0.6),

I3
lim
Hj—> 00 0

/ I/,m (MVVZ()S’”‘ dx — / wjn‘i:xx dx — <Ol,u,(', t)’ Exx)Q dt = 0, (550)
Q Q
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and

t
lim
Hj—> 00 0

where

[ putug)ed— [ o dx—{f oot 0,),| de <o 551
Q Q

0= [t W)
[0,+00) m

Y1) = /{0 VO D ),

i
and

S, 8) = )f()‘)X(,myi)()‘)dt(x,t)()\)

[0,+00

belong to L>((0, T), L}(2)). Since we assume that £ is a solution to the backward parabolic
equations (v - @) such that &, € C(Q), we get

lim [f {u:,”kg, + YU (u;’;)éxx} dxdt + / fm (un”’k)é dxdt:|
M= JQx(0,7)

Qx(0,)

= /Q (0_){142"(96, DE(%, 8) + Y (%, D, 1) + [ (%, DE (x, 1) } dxc it

+[) (M(':t)1$v>ﬂ (552)
and

lim [ (., 0)dx = f o X1 1£07)E (- 0) dx + / ok (-,0) d. (5.53)
Hj—> 00 Q Q ' m Q

Since, for all u > 0, |Y,,(u)] < (x + ﬂ)MX(_m,L)(M) and |f,,(u)| < Lux(_myi)(u), then
[ ()| < (o + B)uy', where L := ||f'(u)||ro0w,) and |f;;(x,t)| < Luj'. Therefore, the fol-
lowing convergence holds: u}} — 0, 5 — 0, and f;; — 0 a.e. in Q as m — oo. For all
t € (0, T)\N, with || = 0. From (5.48)—(5.53), we deduce that

(U«("E)’ %_)Q = /(.) <M(’Z)"§v>9 dt + (MOS’S('!O»Q'

Taking the test function & € C([0, 7], C}(S2)) such that &, = 0 in Q x (0,7). Hence (-, £)
is singular with respect to the Lebesgue measure and u(-,t) = [u(-, )]s = us(-, ) for any
te (0, T)\N. O

6 Characterization of the limit Young measure
The main result of this section is given by the following proposition.

Proposition 6.1 Letv e L*((0, T), H} (2)) NL>°((0, T), H} (2)) N L*°(Q) be the limit of func-
tion given in Proposition 5.1. (i) Let {0,,} € Y(Q,R) be the sequence of Young measures on
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Q x R associated with {\ (u,)}. Then there exist Young measure o € Y(Q,R) and a subse-
quence {Y ()} € {¥ (1)} such that

Oy — 0 narrowly on Q x R, (6.1)

for almost everywhere (x,t) € Q, there holds

Oxt) = Sy} (6.2)

where o,y € P(R) is the disintegration of o.
(ii) Let {7} € V(Q,R) be the sequence of Young measures on Q x R associated with {u,}.
Then there exist Young measure T € Y(Q,R) and a subsequence {u,, } < {u,} such that

Ty, — T narrowly on Q x R. (6.3)
Denoting by 1, the disintegration of T, for almost everywhere (x,t) € Q, there hold

Tit) = Oy (u(w,p) and  supp T( C [0, +00), (6.4)
where 8(y,-1(,(,0))y I8 @ Dirac mass concentration at Yl (v(x, t)).

The proof of Proposition 6.1 is postponed now, and it will be made at the end of this sec-
tion due to a number of intermediate steps: Proposition 6.2, Proposition 6.3, and Propo-
sition 6.4.

Let us consider the function V as follows:

s ifs>0,
0 ifs<O.

Proposition 6.2 Let V be the function (6.5), and let t(.;) be the disintegration of the limit
Young measure t mentioned in Proposition 5.2. Then there exist a subsequence {u,, } < {u,}
and a zero Lebesgue measure set N C (0, T) such that

V() (- 1) = VN dry(x) in LY(Q) (6.6)
[0,+00)

foreveryt € (0, T)\N.

Proof Fixany p € C}(2) and € > 0. Set

We (t) = / Ve(u,)(x, 8) p(x) dx (a.e. t e (0, T)), (6.7)
Q
where
’ o1 , 1
Vf(s)=/ Te(o)do and T.(o)=1 ifo>—; T(o)=€o ifo<-. (6.8)
0 € €

Let us first show that W/, € WL1(0, T).
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By [28, Proposition 4.10], there exists an open set f C Q (depending on t) such
that dist($2,5?) > 0 and supp 7c(u,)(-,£) C @, and u,(-,t) € H(2), where S = {x €
Q/ Y (u,)(x,t) # 00}, then there holds

i (- 8) = [Y () ()], +f () (-, 8)  ae. in Q. (6.9)

The weak derivative of W7, is given by

/ T ]2 ”; () dx + / [0 ()], T )0 ()
Uy Q
+ / S ) Te(un) p(x) dx (6.10)
Q

for every t € (0, T)\N.

[

d
—W?” (¢)|dt
dt ”’()'

/ /| v, ZT(un) () dx

)

T
dt+/
0

L[w(”n)]xﬁ(un)p’(x)dx dt

(6.11)

() Te (un)p(x) dx| dt
Q

In view of (1.1), (4.5), (4.8), (6.8), and assumption (G), there exists a positive constant C,=
a(p) such that

/OT

d
— WP (t)|dt
dt f’”()'

¢ (un)
v (u)

ol / [ )], dede

LO(R,)

+ ”7:(””)“L°°(R+)

'l e /Q [ ()] | dxdt + Cllpll g = Clo). (6.12)

Notice that estimate (6.12) holds for every o # 0.
Then sequence {V,(u,)} is uniformly bounded in L!(2) and equi-integrable. In fact, for
almost everywhere (x, £) € Q, there holds

[ vt ax-
Q Q

By (6.10) and (6.11), the family {WZ,,(#)} is uniformly bounded in W11(0, T). Therefore,
there exist a subsequence {u,, } C {u,} and a function W? € L'(0, T) such that

Uy (x,t)
Te(o)do

dx < / )| dx < Clluolprr@y (6.13)
Q

WP — WP inL'(0,7), (6.14)

€1y

where

W () = /[ Vi) i ). (6.15)
0,+00
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Notice that the proof of (6.14) is argued as in Proposition 5.3. Therefore, for any & €
L*>(0,T), we have

T T
lim/(; Wf’nk(t)é(t)dt:kli)rgo/o E(t)dt/szvs(unk)p(x)dx

ng—>00

= lim Ve(un)p(x)&(t) dx dt

ng—o0 Jo
- ( / vemdnx,t)(x))p(x)s(t)dxdt. (6.16)
Q [0,+00)

By the dominated convergence theorem, there holds

T T
lim lim / We‘fﬂk(t)“;‘(t)dtz/ S(t)dt/ V*(x,£)p(x) dx, (6.17)
0 Q

e~>0ng—o0 J,

whenever
P(4) — * _
WP (t) /;ZV (x, £) p(x) dx /Q(/[‘Oﬁoo) V(k)dt(x,t)()»)>p(x) dx (6.18)
for any £ € (0, T\N. O

Consider the orthogonal basic of L*(€2) given by the operator —A with homogeneous
Dirichlet conditions. Let {u;} be the corresponding sequence of eigenvalues. Let P,, Q,:
L*(Q) — H}(R), P, + Q, = I be the projection operator defined as follows:

Pf=YTm  Qf= Y fm and fi- [ Frds

ni<n Hizn
for any f € L%(Q).

Proposition 6.3 There exists C > 0 such that

”P"‘w(u”)||L2((O,T),Hé(ﬂ)) + Vl% ”in(un)“Lz(Q) S C' (6'19)

We omit the proof of Proposition 6.3, the reader may refer to [28, Lemma 1], and this
proposition is used in the proof of the following proposition.

Proposition 6.4 Let {u, } be a subsequence mentioned in Proposition 6.2 and v be the
disintegration of the limit Young measure v in Proposition 5.2. Let V' be function (6.3), set
also F :::fo ¥ witthf € C(R) such that I[}’VIILoo(R) + If/lle(R) < C for some constant C > 0.
Then there holds

/ F)VA) dtgy(d) = / F(A) dren(M) - / V(&) drn (). (6.20)
[0,+00) [0,+00) [0,+00)

We omit the proof of Proposition 6.4, the reader should refer to [28, Proposition 6] for de-
tails. The importance of recalling this Proposition 6.4 is that it can be proved for almost
everywhere (x,t) € Q, the disintegration measure 0y is the Dirac mass concentrated at
the point *(x,t), where y*(x, t) is given by (5.31).
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Now we can prove the main result of this section.

Proof of Proposition 6.1 (i) By Proposition 5.1, the function v € L*((0, T), H3(R)) N
L>((0, T), H}(R2)) N L>°(Q) is such that (5.1), (5.2), and (5.4) hold. By statement (6.20),
we choose the suitable functions F and V, then it can be proven for almost everywhere
(x,t) € Q, the disintegration o (probably replacing () by () is a Dirac mass concen-
trated at ¥ *(x, ) such that

Wlttn) — Y (1) = / V(W) dows() inL'(Q). (6.21)

[0,+00)

The relevant proof is similar to that given in [41] and [42, Lemmas 5.1-5.2 and Theorem
2.12], then we omit it. To achieve the proof of the assertion (6.2), we should show that

Y* =va.e. in Q. According to Proposition 5.6 and Proposition 5.2, we obtain

W t) = /[0 )x/fu)do(x,t)(x):w( f[o )Ado@c,w(x))=w<ur>=v(x,t). (6.22)
It follows that

Oxt) = Sy*(xt)) = Suiwp)- (6.2)

(ii) Convergence (6.3) is a consequence of the Prokhorov theorem, since the sequence
{u,} is uniformly bounded in L!(Q) (see (4.5)). Furthermore, there exists a subsequence
{t6n,} < {1} such that (5.1)-(5.4) and (6.2) hold. Since ¥ > 0, then u,,, — Y (v(x, t)) ace.
in Q. Hence (6.4) is satisfied. a

Remark 6.1 (i) Assume that (1.1) and (G) are satisfied and v € L?((0,T), Hy(2)) N
L>((0, T), Hy(R)) N L>(Q) as in Proposition 5.1, then S = {(x,t) € Q/v(x,t) = o0} has a

zero Lebesgue measure. Moreover,
up(x,t) =yt (v(x, t)) ae. (x,1) € 6\:§ and suppu; C S. (6.23)
(ii) u, € H'(Qo) for any open subset Qy < Q such that dist(@o,g) >0andu, € C (6\?), then

lim  u.(x,2)=0. (6.24)
dist(Qg,S)—0

Proof of Theorem 3.1 The existence of solutions to problem (P) with qualitative properties

follows from the statement of Proposition 5.2 — Proposition 5.6 and Proposition 6.1. [

7 Decay estimate of solutions
To establish the decay estimates, we make use of suitable test functions in the definition
of weak solutions to the approximation problem (P) and the lower semi-continuity of the

total variation theorem, then the estimate follows.
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Proof of Theorem 3.2 Let us consider the approximation problem of (Z,) given by

Vit = [W(Vn)]xx +f(un) inQ:=Qx (O; T),
v, =0 on a2 x (0, 7), (Zn)
Vu(x,0)=0 in Q.

For every € > 0, we consider that {n.(¢)} is a sequence of smooth functions such that
Ml < C and n.(¢) A 8; in M*(0,T). Let us choose &(x,£) = sign(u,(x,t) —

Vu(x, 1)) j;T ne(s)s® ds as a test function in the approximation problem (P,) — (Z,)), then we

have

T
[ [ttty vt 0o
eJo
T
= / / ugn(X)ne ()" dx dt
Jo
+/ /T[lp(u,,)—w(v,,)] sign(u,,(x, t)—v,,(x,t))/Tne(s)s“ dsdxdt.
e Jo > ¢

By the integration by parts, the second term on the right-hand side vanishes, and we esti-

mate the first term on the right-hand side, then we obtain

T
//ﬁwmﬁ—wmmmmﬂmwSCWﬂMmp (7.1)
QJO

where C = C(T) > 0. By letting ¢ — 0%, we deduce that

t"‘/ |u,,(x, t) — vu(x, t)| dx < Clluo || m+)- (7.2)

Q

By [9, Theorem 1, Sect. 5.2.1], the lower semi-continuity of the total variation, we get
£l 8) = v(, D) ypo gy < liminf £ /Q|un(x, t) = va(x, )| dx < Clluol m+ @)

fora.e. t € (0,T) and o > 0. Estimates (3.5) and (3.6) are achieved. O

Proof of Theorem 3.3 We argue this proof in two steps:

Step 1. We show that the solution of the nonlinear elliptic equation (S) is Radon measure-
valued.

To prove that the pseudo-stationary solutions w are Radon measure-valued solutions,

we consider the approximation problem

—[¥(Wu)lax + Wy =19, in L,
w, =0 on 0€2, (S,)

Wn(x) >0 in Q,
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where {w,,} € H}(Q2)NL>®(Q) and {uo,} € CS°(RQ) satisfies hypothesis (4.2). Let us consider
the function 7, for any € > 0 defined above such that

1 ifs>1,
Te(s) = ¢

es ifs< é

Notice that 0 < 7.(s) < 1 in R,, Tc(s) = 1 as € — 0*. Taking 7T (w,) as a function in (S,),
we obtain

[ v T il s+ [ TG s < ol
By assumption (G), there holds

Wl < lluoll m+ (@) (7.3)
On the other hand, we consider Tx (¥ (w,)) = (1 + %gK(I//(w,,)))l/f(wn)x(1,1+e)(1ﬁ(w,,)) (see

the proof of Proposition 4.2) is a test function in the approximation problem (S,), then we
obtain

/ [0 )], 2T (0 Gow)) i + / W T (9 w,)) dx = / son Tic (41 (w,)) di.
Q Q Q
Since 1 < Tx (¥ (w,)) <2 and Tx (¥ (w,)) € L°(R,), for every K, there holds
0w dx+ [ wTic(wtm)ds < | (w00 | e, [ onl
Q Q Q

Since w,, > 0 in Q and assumption (4.2) holds, then we get

[ W) ) = Clluoll i@ (7.4)

As argued in [18] and estimates (7.3) and (7.4), problem (S) admits a Radon measure-
valued solution i.e. w € M*(Q).

Step 2. We show that convergence (3.8) holds true.

Let us consider &(x, ) = sign(u,(x, £) — w,(x)) ftT ne(s)s* ds as a test function in the ap-
proximation problems (S,) and (P,), then we have

T
/ / |, £) = Wi () | e (D)2 dx it
QJO
T
=f / |140n () = Wi () | e (D)2 dx dlt
QJO
T T
" /Q/O [w(un) - w(W”)]xx Sign(u”(x' t) - Wn(x))/t UG(S)SO( dsdxdt
r T
* /Q /0 [f () + wi)] sign (e (x,2) = wa(x)) /t ne(s)s* ds dx dt

T T
—/Q/O uo,,mgn(un(x,t)—wn(x))/t ne(s)s* dsdx dt.
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By the integration by parts, the second term on the right-hand side of the above equations
vanishes, and we make use of estimate (7.3) and assumption (R). Then we can deduce that

T
]Q /0 14 (3 2) — W 06) e (£)6% et < Cllioll o @)- (75)

By letting ¢ — 0, therefore we obtain

“ / i (5,2) = wa(@)| i < Cllit |l ate (s (7.6)
Q

where C = C(T) > 0. By virtue of [9, Theorem, Sect. 5.2.1], the lower semi-continuity of
the total variation, we infer that

£ u, 8) = W) g < liminf e® /Q |, 8) = Wi () | dx < C(T)l|uol| M+ ()

for a.e. t € (0,T) and « > 0. Since the constant C in estimate (7.6) is also uniform T, then

by passing to the limit as t — +00 in the following inequality

lluollm+ @
||M(, t) - W() ”M*(Q) = C(T)T;

convergence (3.8) is achieved. O
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