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1 Introduction

The applications of differential equations in science and engineering problems are well
known. Difference equations are the discrete counterpart of differential equations. The
applicability of difference equations is gaining an important role in computer science, con-
trol theory, image processing, digital filter design, numerical analysis, and finite element
techniques. Agarwal [1] presented several theoretical methods and applications of differ-
ence equations. The W-stability for difference equations is studied in [2].

In real life, applications are simple and efficient for integral equations. The existence of
solutions for nonlinear quadratic integral equations was obtained in [3]. The solution of
Fredholm integral equations via fixed point on extending b-metric spaces was introduced
in [4]. The solutions of Volterra integral equations were obtained using numerical scheme
in d-metric spaces [5], fixed point theory [6], and hybrid contractions [7]. Recently, frac-
tional differential equations have been applied in many areas of science and engineering.
Many authors [8—11] studied different types of factional differential equations. Kim [12]
studied semi-linear problems with a non-symmetric linear part and a nonlinear part of
monotone type in real Hilbert spaces. Nguyen Duc Phuonga [13] proved that the regular-
ized solution satisfies the conditions of a well-posed problem in the sense of Hadamard
and also used the modified quasi-boundary method to deal with the inverse source prob-
lem, a well-posed method.
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Time scales theory was introduced by Hilger [14, 15] to unify discrete and continuous
cases in a well-organized structure. For an excellent introduction to the calculus and dy-
namic equations on time scales, one can refer to [1, 16—18]. In [19], the authors presented
basic qualitative and quantitative results for solutions to nonlinear dynamic equations on
time scales with applications to economic modeling. The authors [20, 21] studied stability
of dynamic equations on time scales. The solution of Volterra integro-dynamic equations
on time scales using variation of parameter was obtained in [22] and the qualitative and
quantitative results were obtained in [23]. In [24], authors established the existence of
W-bounded solutions for a system of linear dynamic equations on time scales. Recently,
Agarwal [25] described the connection between the F-contraction mappings on metric-
like spaces to integral equations on time scales.

The matrix differential systems are generalizations of a system of differential equations.
The fundamental matrix of a system consists of linearly independent solutions. The tran-
sition matrix of a system is obtained from fundamental matrix. Dacunha [26] studied tran-
sition matrix and generalized matrix exponential via the Peano—Baker series. Murty et al.
[27-30] studied matrix Lyapunov systems. The controllability for a fuzzy dynamical ma-
trix Lyapunov system was studied in [31]. In [32], authors established the necessary and
sufficient conditions for controllability and observability of the Sylvester matrix dynami-
cal system on time scales. In this paper, we deal with a nonlinear Volterra integro-dynamic
matrix Sylvester system on time scales and establish the conditions for stability, asymp-
totic stability, exponential stability, and strong stability.

XA(8) = ADX() + X(OB(E) + n(OADOX()B()
+ ftg (L1(t, X(8))X(s) + X(s)Lo (¢, X(s))) As, (1)
X(t()) = XO:

where X(t) is an # x n matrix, Here, A(t), B(t), L1(t), and Ly(¢) are n x n, n X n. n x n and
n x m are rd-continuous matrices respectively, X2 (¢) is the generalized delta derivative of
X, and pu(t) is a graininess function.

2 Preliminaries

Definition 2.1 ([16]) A time scale T is a closed subset of R. By an interval we mean the
intersection of the given interval with a time scale. For ¢ < sup T and r > inf T, define the
forward jump operator o and backward jump operator p respectively by o (t) = inf{s €
T:s>t}eT, p(t)=sup{se T:s<r} €T, Vt,re Tif o(t) = ¢, tis said to be right-dense
(otherwise t is said to be right-scattered) and p(r) = r, r is said to be left-dense (otherwise r
is said to be left-scattered). The graininess function p(¢) : T — [0, 00) is defined by wu(¢) =
o(t) -t

Definition 2.2 ([16]) For x : T — R and ¢ € T (if ¢ = sup T, assume that t is not left-
scattered), define the delta derivative of x(t), represented by x* (t), to be a number, with
the property that, for any € > 0,3 in the neighborhood U of t such that

’[x(a(t)) —x(s)] —xA(t)[a(r) —S:H < eya(t) —-s|, Vsel.

If x is delta differentiable for every t € T, we say that x : T — R is delta differentiable on T.
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Definition 2.3 ([16]) A function / is known as rd-continuous provided that it is contin-
uous at right-dense points in 7, and finite limit at left-dense points, and the set of rd-
continuous functions is denoted by C,4(T, R). The set of functions Crld(T, R) includes the
functions h whose derivative is in C,;(T, R).

Definition 2.4 ([16]) For a,t € T and a function /& € C,4(T, R), delta-integral is defined to
be

/th(s)As = H(t) — H(a),

where H € CL(T,R) is anti-derivative of h, i.e., H*(¢) = h.

Theorem 2.1 ([16]) Assume that h: T — R is a function, and let t € TX. Then we have the
following:

i. Iftis right-dense, then h is differentiable at t iff the limit lim;_, h(tZ:i’(s) exists as a
finite number. In this case h® (t) = lim;_, w

ii. Ifh is differentiable at t, then h(o (t)) = h(t) + pwh(2).

iti. Ifhis continuous at t and t is right-scattered, then f is differentiable at t with

A(r) = HO-h()
he @) = =
iv. If h is continuous at t, then fis differentiable at t.

Definition 2.5 ([32]) Let two right-dense continuous matrices be A; and A on T, on time

scales T. Therefore,
AL () ® Ax(t) + A1 (0 () ® A3 () = (A1 ® A2)2(2).

Now, we are applying the Vec operator to the delta-differentiable Volterra integro-
dynamic matrix Sylvester system (1) by using Kronecker product (KP) properties, we ob-

tain

Z2(t) = P(t)z(t) + [, G(t,s,2(s)) As, @

Z(t()) = 20,
which is piecewise continuous on 2 := {(¢,s) € To x Ty : £y <s <t <oo},and P(¢) = [(B*®
D+ (I ®A)+pt)(B* x A)] of order n? x n?, G(t,s,z(s)) = [(Ls ® ) + (I ® L1)] is an n* x n?

matrix function. z(£) = Vec X(¢).

Definition 2.6 ([16]) For P € R, the generalized exponential function is defined as

ep(t,s) = exp(/‘tgu(t)(P(t))Ar) t,seT,

where &,(2)(P(7)) is the cylinder transformation given by

log+u(mP) ;¢ 0,
£,(t)(P(1)) = » (o) ;ZZ;:O
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Let the complete metric space with the distance (metric) d be defined by d((u1,v1),
(2, v2)) = /(1 = v2)? + (w1 — 12)2, Y (a1, 1), (1, v2) € Ty x T

Here, Ty x Ty = {(u,v) : u € T1,v € Ty} are two given time scales.

A function f : T; x T, — R is called continuous at (#,v) € T; x Ty, Ve > 0,35 > 0 such
that ||f (&1, v) — f (o, vo) || < €,Y(uo,vo) € T1 x Ty satisfying d((u, v), (uo, vo) < §).

Lemma 2.1 ([18])
i. If ¥ is rd-continuous and nonnegative, thus

1+ /tlﬂ(u)AM <ey(ts) < exp(ftw(u)Au> Vt>s.

ii. For a nonnegative W with — € R*, it becomes

1—/£1//(M)Au <e_y(ts) SGXp<—/t¢(u)Au> Vi>s.

Theorem 2.2 ([26]) Let flu,v) be a real finite-valued function whose domain is the carte-
sian product S; x Sy. Suppose that flu,v)is continuous in u at u=a for all v in S,, and con-
tinuous in v at v=b uniformly for u in Sy, then flu,v) is continuous in (u,v) at (a,b).
Let rd-continuous functions flu,v) on T1 x Ty have the following properties:
i. fisrd-continuous in v for fixed u;
il. fis rd-continuous in u for fixed v;
iti. If ug and vy are both left-dense, thus the limit of flu,v) exists (finite) as (u,v)
approaches (uo, vo) along any path in (u,v)T1 x Ty s u < 1o, v < vp;
iv. If (uo, vo) € T1 x Ty with uy maximal or right-dense and vy maximal or right-dense.

Thus, f is continuous at (4o, vo).

3 Stability
In this section, when we say the zero solution of (2) we mean the zero solution of (2) with

Zo=0.

Definition 3.1 The zero solution of (2) is stable. If for every € > 0 there exists § > 0 such

that, for any solution z(t) of (2), the inequality ||zo]| <§ = ||z|| <€ Yt € T.

We assume that the zero solution of the following system

x2(2) = P(£)x(2),

3)
x(f0) = %0
is stable. From Theorem 2.1 [20] we suppose that there exists n > 0 such that
”Wp(tS)H =n Vs e [t01 t]T’ (4‘)

where 1/, (t.s) is a fundamental matrix of (3).

Page 4 of 17
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Next, we impose a condition on G(Z, s, z) for proving that the zero solution of (2) is stable.
We assume the following condition:
HI:3 «a > 0so that |G(¢,s,2)|| < Q(¢,5)]z]| with Q(t,s) rd-continuous for s € [ty, t]T and

Izl < .

Theorem 3.1 Assume that equation (4) and (H1) are satisfied, and there exists a positive

constant L > 0 such that

/tooo /: Q(s,u)AsAu < L. (5)

Then the zero solution of (2) is stable.

Proof .ForanyO<e <a,letd(e) < =< and ||z(¢)|| < 8(e).

nent
Assume that there exists ¢; € T such that [|z(¢o)|| = € and ||z(¢o)|| < € on [y, £1)7. By using

the variation of parameters formula, we get

|20 < et to)] 101l + / lve(t.o)] / Q(s, ) |[2(u) | Aurrs

<€) +1 / / Qs 1) )| Auss

fort e [t(), tl)T'

Let r(£) = supy( 4,), 12(5)Il, and according to

t s
w0 <@ [ [ Qsuwrwana,
o Yo
from Gronwal’s inequality ([17], Theorem 6.4) and Lemma 2.1, we get

t I S )

u(s)

< 775(6)exp(/t/5nQ(s, u)AuAs)

<nd(e)e™ <€, Vteltoti)r.

Thus, ||z(t1)]| < €. Therefore, it is a contradiction. Then the zero solution of (2) is sta-
ble. d

In place of (H1) assume that

H1: |G(t,s,2)| < Q(t,s)|1z] with Q(t,s) rd-continuous for s € [to, £]1 and ||z| € R™.
Corollary. If equations (4), (5) and (H1) are satisfied, then the solutions of system (3) are
bounded.
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4 Asymptotic stability

Suppose that there exists a constant 8 > 0 such that

[ Ius(eoe)las<s ©

for all ¢t € T with ¢ > o (o) (which is similar to the results of [20]).
The fundamental matrix ¥ has the following property:

vp(t,o(s)) >0 ast— oo. (7)

Definition 4.1 The zero solution of (2) is asymptotically stable. If it is stable and attractive
(i-e., if for any solution z(t) of (3) there exists §p > 0 such that ||z|| < 8¢ = ||z|]| — O as
t — 00).
Theorem 4.1 Assume that condition (H1) and (6) are satisfied and

t

sup | Q(t,s)As < % (8)

teTo J £y

Moreover, assume that

t

lim | Q(ts)As=0, VteT,. )

5§—>00 [0
Then the zero solution of (2) is asymptotically stable.

Proof . First, we have to prove the stability of the zero solution of (2). From (8), there exists
a positive constant y such that

1 t
O<yc< E and sup | Q(t,5)As<y. (10)

teTo J ty

From (7), there exists a positive constant M such that
||1//P(t, tO) ” EM, Vt e To. (11)
For any 0 < € <« and £, let §(¢) < min{%,e}.
Consider the solution z(t) of (2) such that ||zp|| < 8. Assume that there exists ¢; € Ty such

that ||z(t1)| = € and ||z(¢)|| < € on [¢y, t]T,. By using the variation of parameters formula
[17], we get

120 < |¥e(t, 20| Iz0ll + / lva(t,0 )] / Qs ) |[2() | Aus

<N6+e/ ||1ﬁp(t,o(s))H/ Q(s, u)AuAs

<(1-yB)e+eBy =€, Vte ltytlr.
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Therefore, ||z(¢1)]| < €, hence, it is a contradiction. Thus, the zero solution of (2) is sta-
ble.

Next, we prove that the zero solution of (2) is attractive. Let € = 1,359 < (1) < 1 such
that ||zo|| < 8o indicates that

”z(t) H <min(x,1), VteT,. (12)
Assume that there exists zg with ||zg|| < 8¢ such that the solution z(t) of (2) satisfies

lim susz(t) ” =A>0. (13)
t—00

From (10), yB < 1, and there exists a constant 6 such that y8 < 6 < 1. From (13) there exists
t1 € Ty such that

|zw)| < g Yu € [t;,00)T, (14)

and from (9) there exists T € [t1,00)r such that

(0 —yB)r
208

/tl Q(S, M)AM < , Vs € [T, OO)'ﬂ‘, (15)
Then
|2 < |wp(t,t0)]50 + / lve(to(s)| / Qs )| )| Auss
T S
< |¥alt, )] 80 + || we(t, t0) | / |ve(to0(s)) | / Qs )| 2(0) | Auss
+/Tt|| I/fP(t,a(s)) || /: QCs, u)Hz(u) ||AuAs
+/;|| vp(to ()] /tls Qs u) | z(u) | AuAs.

From (6), (12), and (15), we get

0 —yB)A
208

f ) / Qs )| 2w) | Auns <
T to

Furthermore, using (6), (10), and (14), according to

[ 1o [ asnlew] suss= 7
T f

Then

T
|2@) || < [|ve(t. t0) |80 + | we (. t0)]| / |ve(to,0 )|

X / Qs )2t Auas + VO™
o 20
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Since || ¥p(t, to)|| — 0 as t — oo, by (7) we get A + %, and then A < A. Therefore, it is a
contradiction. Thus, the zero solution of (2) is attractive. Hence, the zero solution of (2)

is asymptotically stable. O

5 Exponential asymptotic stability

Definition 5.1 The zero solution of (2) is exponentially asymptotically stable, then there
exists > 0, and for every € > 0 there exists § > 0 such that, for any solution z(t) of (2),
lzoll <8 = Izl < €e_y(t, o), Vt € Ty.

Suppose that there exists L, > 0 with —n € R*(T, R) such that
” VIP(tr S) ” S Me—v(t, S)» VS € [tO’ t]T~ (16)

(This result is useful for proving that the zero solution of (3) is exponentially asymptoti-
cally stable.)

Theorem 5.1 Let conditions (H1) and (16) be satisfied, and there exists a positive constant
v such that

sup fte_v(s,a(t))Q(t, S)As < % (17)

teTo J by
Then the zero solution of (2) is exponentially asymptotically stable.

Proof By using (16) V¢ € To and ||zo|| < 7, we get

120 < |¥e(t 20| 20l + / lva(t,0 )] / Qs ) |2() | Aus (18)

< Le_,(t, t)llzoll + L / e_y(t,0(9)) / Q(s, u)||z(w) | Auns.

to

There exists a positive constant a < b and € with —a, —€ € R*(T,R) such that -n = —a ® —¢,

and

sup /te_a (S,a(t))Q(t,s)As < %

teToy J to

Multiplying by e_,(s, o (£)) on both sides of (18), we get

t

aA%JWAﬂHsLaAme%u+L]'axmmu»aJAJ@»

x/ Q(s,u)”z(u)”AuAs
~Le il +L [ e (to6)

x/ e_a(1,0(5)) Q(s, u)e_a(to, u) | 2(u) | AuAs.

to
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If we define r(¢) = SUD;e 0,41 e_4(to, )||z(¢)||, consequently
t

e-alto, )| 20)] < Le—c(t,to) 120l + Lr(2 / ee(6,0(9)

to

X /S e_, (u, a(s))Q(s, u)AulAs

to
12
<Le (b t)lal +erl®) [ e (600)As
to
By using [Theorem 2.39, [17]], we have
e_a(to,1)]|2(t) | < Le_e(t,t0) 20l + {1 — e—e(t, to) } r(2). (19)
Now we consider two cases:

Case (i): If e_,(to,s)||z(s)| < e_q(to,t)||z(t)|| for any s € [fo,t]T. So, we get r(t) =
e_4(to, t)||z(¢)||. Then from (19) we get

r(t) < Le_c(to, )l|zoll {1 — e_c (£, £0) } r(2).
Then r(t) < L||zo||,Vt € Ty. Thus, r(t) = e_,(to, ) |z&)|| = ||z(t)|| < Le_4(to, t)|20ll, VE €
To.

Case (ii): There exists s € [f, t]T such that e_,(ty,s)||z(s)|| > e_,(fo, t)||z(¢)|l. Then there
exists #; € [y, t]T such that r(£) = e_, (¢, £)||1z(¢1)]|. Then from (19) we get

r(t) = e_alto, 11) | 2(t1) || < Le_c(t1, t0)llz0ll{1 — e_c (£, 11) }r(10).

Then r(t;) < Lllzll,¥t; € To. Thus, r(t;) > e_s(to, )lz()Il = 2()|l < Le_4(t, to)lzoll,

Vt e ’]I‘().
Therefore, from case (i) and case (ii), the zero solution of (2) is exponentially asymptot-
ically stable. O

6 Strong stability

Definition 6.1 The zero solution of (2) is known as strongly stable if for all € >0 35 > 0
such that, for any solution z(t) of (2), the inequality #; € Ty and ||z(ty)|| <6 = ||z(t)|| <
e, Vt <ty eT,.

Theorem 6.1 ([21], Theorem 4.3) Let Y¥p(t,s) be a fundamental matrix for (3). Then the
zero solution of (3) is strongly stable on Ty if and only if there exists a positive constant G
such that

[t to)vp (s, t0)| <G, Vg <s<t<oo,
or equivalently,

lve(t.t0)| <G and ||p'(s,t0)| <G, VeeTo.

We need the following assumptions:
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I(l :

I(z .

I<3 :

I<4, :

There exist a continuous function ¢ : Tg — (0, 00) and constants g; > 1, Gy > 0 such
that

/ (0| vet t)vp (s, 00)| )" As < G, VeeTo.

There exist a continuous function ¢ : Tg — (0, 00) and constants g, > 1, G, > 0 such
that

[ @O lvste vz 6w 852 6o VeeTn

to

There exist a continuous function ¢ : Ty — (0,00) and constants g3 > 1, Gz > 0 such
that

[ @Ol vz s ) as < Ga, Ve

to

There exist a continuous function ¢ : Tg — (0, 00) and constants g4 > 1, G4 > 0 such
that

/ (‘P(S)HWP(E to)%?l(& tO) ||)q4 As < G4, Vt e To.

0

Theorem 6.2 Assume that the fundamental matrix Yp(t, ty) satisfies one of the following

assumptions:

Qu:

Kj and K, are true;

Qq: Kj and Ky, are true;
Qs: K, and K3 are true;
Qu: K3 and Ky, are true.
Thus, the zero solution of (3) is strongly stable on Ty.

Proof . We show that (¢, to) and ;' (¢, ) are bounded on T. First, we consider case
Q,. For this we show that (¢, £) is bounded on Tj.
Consider

r(t) = (qu (t)(lﬁp(t, to))iql, Vt e T().

From the identity

(/ 7(3)A5> Yp(t, to) = / (o) ¥n(t, t)Vp' (s, to))

to

X (r(s) ((p(s))_ll/fp(s, to)) As, VteT,.

Consequently,

( / r(s)As> e / (06| ¥t )05 (5,0 )

x (rs)(9(s)) " |Wa(s,20) | ) As, Ve € To. (20)

Page 10 of 17
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If g1 = 1, we get (s)(@(s)) L |¥p(s, £) || = 1. From (20) and hypothesis K7, we have

( / r(sms) [walt, )] < / (06) [ Unlt, 67 s, 10) ) As, Ve € To.

to

Ifg; >1,setr; = qf—il such that 7(s)(¢(s)) " || W¥p(s, o) || = (r(s))%. From (20), we obtain

( / r(s)As)w(t)(rm)% < / (0| plt, b5 (5,20) ) ((9)) T A5, Ve e T

to

Using Holder’s inequality [17], we obtain
' -1 an a
[ ol s.m)" as)
7

([ roas)oeicw)h =<(
X (/t(r(s))As>r1, vt e Ty.

Next, by using assumptions Kj, we have

( / t r(s)As) " o) <GT, VeeTs.
/tV(S)AS”l/fP(t, to)||" < Gi, VteT,.

Then, for g; > 1, the function ||¥p(¢, t)|| satisfies the inequality

-1
1 t a
et t)|" < G </ r(s)As) ' Vee To.
to
Let R(¢) = ftf) r(s)As, ¥Vt € Ty, so we obtain

1 _
1Vt )| < GI (R(®)T Ve eTo.

Note R2(2) = r(t) > G7' (¢(£))11R(2), V¢ € Ty.
Consequently, there exists a constant L; such that

”le(t, tO) ” = Ll; Vt e To.

Next, we prove that ¥/ (¢, %) is bounded on Tj.
Consider

r(t) = @) | v5 (6, 00) | ", te T

From the identity

( f r(sms)wpl(t,to)= f (r(s) (00) 05 s 10)

to
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x (@& ¥p(s, to)¥p' (t,t0))As,  Vt € Ty.

Consequently,

( / r(s)As) 105 (6 0] < / (r6) () |3 0)])

to

x (¢(s) | wels, to) v (4, 80)[|) As, Ve € T,

If g4 = 1, we get r(s)(¢(2)) |5 (s, to) || = 1. Using assumptions Ga, we get

( / r(s)As) 45wl < [ (o6l Gal)as Ve

to

Ifgy>1,setry = qZ—fl such that (s)(¢(®)¥p (s, to) || = (r(s))é. Consequently,

( | tr(sms) it el < [ () [Vl 005 6 10) ) (r9) % A, Ve € To.

to

Using Holder’s inequality leads to

(/ r(s)As) ||1ﬁ1§1(t; to)”

< ( / (06| ¥ols, to) v (1, ) )™ As) " (o)

to

Vt e To.

Now, by using assumption K4, we obtain

( / r(s)As) ||1,Dpl(t,to)||§( / r(s)As>r4(1<4)ﬁ, Vee T,

1

( / r(s)As)ﬂul//p(t, )] < (K)®, VeeT,

or

Then, for g4 > 1, the function ||/ (¢, %) || satisfies the inequality

-1
1 t 9
vz e = i ([ ras) ", vees
to
Let R(t) = ftg r(s)As,Vt € Ty, we obtain

1 -1
||¢1;1(trt0)” < (G4)E<R(t)) q4r vVt e I'JI‘O'
Note R2(2) = r(t) > G5 (¢(£))%4R(¢), V¢ € Ty. Then there exists a constant L, such that

||‘¢fljl(t) tO)” <L, Vte T().

Page 12 of 17
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Hence, the result holds by using Theorem 6.1. Similarly, the theorem is valid for remaining
cases Q1, Qs, or Q4. O

Theorem 6.3 Suppose that the function G is continuous and satisfies the following as-

sumption:
”G(t,s, z) — G(t, s,x)H < h(t,s)||lz—x|. (21)

Forty<s<t<ooandVzxe R™, there exists a function B € R*(To, R) such that

t S
sup /Hl/fp(t,a(s))”/ h(s, u)eg(u, to) Auls < 1 (22)
teTy eﬂ(t! tO) to to
and
sup —— [ yin(t, )| < 00 (23)
teirI; eg(t, to) P '

where h is an rd-continuous nonnegative function on C = {(t,s) : to < s < t < 0o}. Then there

exists a unique solution of (2).

Proof We consider the space of continuous function Q(TO;R”Z) with

llz@)]]
teT, et to)

and we denote this space by Qﬁ(TO;R”Z), We couple the linear space Qg (']I‘O;R”Z) with a

metric, namely

8 =sup ———m.
teTy eﬁ(tr t())

=@l
ep(tito)

It is easy to understand that Q(TO;R”Z)(coupled with the norm (||z||§° = SUp;cr, ) is

a Banach space ([15], Lemma 4.1).
Consider the operator T from Qﬁ(TO;R”Z) to Qﬁ(To;an), given by

Tz(t)zwp(t,to)z(to)+/ lve(t,0(s)) H/ G(s,u,z) AuAs, (24)

and note

lﬁp(t,fo)z(to)+/ wp(t,o(S))/ G(s,u,z) AulAs

to

7zl = sup ——
B et eslt to)

IA

sup L. (”Wp(t, to)z(to) | + /

teT ﬁ(t to

wp(t,o(s)) /S G(s,u,z)

to

AuAs)

I/\

(t P )” V(2 to)” ||Z(t0)|| + sup (t -

x / lva(t,0(9)] / |Gls, 2| Auss.
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By using (21), (22), and (23), we have

I T2l < sup ( H Yt to) ||| 2(0) |
+ Stgqlra eﬂ(t - )/ [wa(t 0 (s)) ||/ h(s,u)|z(w) | AuAs
1
< S P || V(L to) | ||2(t0) || + SUP en(t 1)

X f i a2

[vete )] =] + 1215 sup —=—

I/\

1
(tt) eg(t, to)

x/ ||I//p(t,O'(S))||/ h(s, u)ep(u, to) Auls.
to to
Also,

t s
1Tz - Tx| 5" < sup—) / I//p(t,O’(S))/ G(s,u,z) — G(s,u,x) AuAs
to

teT eﬁ(t,to
< sup / prtos) ||/ ||Gsuz) G(sux)HAuAs
teT eplt
/ l¥o(t0 () ||f (5,10) | 2(u0) — ()| AuAs
teT eﬁ
<l|lz- x||ﬁ sup ———— / ”le t o(s) ”/ (s, u)eg(u, to) AuAs.
teT €p (t,to

Hence, T is a contraction. Then there exists a unique solution of system (2) by the Banach
fixed points theorem (22), (23). a

Theorem 6.4 Suppose that the function G is continuous and satisfies the following as-

sumption:
1G(t,s,2) - G(t,5,%) || < h(t,s)lz - x| (25)

forty<s<t<ooandVzxe R” such that

teTO eﬂ(t to)/ Hl/fp t ols ”/ h(s,u)AuAs <1 26)

and

N = sup ”wp(t, ) ” <00, (27)
teTo

where h is an rd-continuous nonnegative function on C = {(t,s) : to < s <t < 00}. Thus, the
zero unique solution of (2) is strongly stable on Ty.
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Proof For ¢y € Ty, equation (24) becomes

TZ(t)=1ﬂp(t,L‘o)z(to)+/ wp(t,a(s))/ G(s,u,z) AulAs

to

= Yp(t, 1) ¥p(t, to)z(to) +/ 1 Yp(t,0(s)) /s G(s,u,z) AuAs

to to

+ftWP(f;0(S)) /S G(s,u,2) AuAs

= alt, 1)1, 0)2to) + / et )V (81,0 (5)) / Gls,u,2) Aus

to

+/ Yp(t0(s)) /S G(s,u,z2) Auls

=p(t, tl)TZ(t1)+/ wp(t,a(s))/ G(s, u,z2) AuAs.

to

By applying Theorem (6.3), we deduce that there exists a unique solution z(t) of (2) on
Ty such that

=0 = [yrte.enl )] + [ [ua(eo@)] [ [66m2)]suss

< sup ||1/fp(t,a(s))||/ ||G(s,u,z)||AuAs

te[ty,00)T /1

+ sup [yt 1) |2t

te[ty,00)T

Now, by using (25), we get

[« = supllt)] < ()] sup |yte,)]

€[t1,00)T

+ sup |zw)| sup pr(t,o(s))”/ h(s,u)AuAs (28)

we([t1,00)T te(ty,00)T J 11
for t <ty € Ty. Let € > 0 be an arbitrary constant, and let §(¢) = % such that
|z(t1)]| < 8(e), (29)

where A = sup,p, f:l It o (s)) |l ftz h(s, u) AuAs.
Now (28), it becomes

sup ”z(t)H(l —A)< MHz(tl)

te[ty,00)T

’

sup ||z(t)|| <e.
telty,00)

Hence we proved the zero solution of (2) is strongly stable on Tj. O
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7 Conclusion

The matrix Sylvester type systems that appear in mathematical physics and Volterra in-
tegro dynamical systems play an important role in many optimization and engineering
problems. Recently, times scale calculus and dynamic equations on time scales have at-
tracted much interest of many researchers due to their main feature of generalization and
unification of continuous and discrete models. In this paper, we focus our attention on es-
tablishing the stability criteria for a nonlinear Volterra integro-dynamic matrix Sylvester
system on time scales. The properties of Kronecker product of matrices are used to obtain
the results. First, we convert the nonlinear Volterra integro-dynamic matrix Sylvester sys-
tem on time scales into its equivalent vector dynamic system on time scales with the help of
vectorization operator. Later, we obtain sufficient conditions for the stability, asymptotic
stability, exponential stability, and strong stability for this system. The proposed results
are valid for both continuous and discrete versions of Volterra integro-dynamic matrix
Sylvester systems.
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