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1 Introduction

Let p be a fixed prime number. Throughout this paper, Z,,Q,, and C, denote the ring of
p-adic integers, the field of p-adic rational numbers, and the completion of an algebraic
closure of QQ,, respectively. The p-adic norm | - |, is normalized as |p|, = 1%.

The umbral calculus can be developed over any field of characteristic zero. Here the field
is C,. Recently, A-umbral calculus has been introduced to answer the question what if the
usual exponential function in (17) is replaced with the degenerate exponential functions
in (11). As we can see in Sect. 2, it corresponds to replacing linear functionals, differen-
tial operators, and Sheffer sequences respectively with A-linear functionals, A-differential
operator, and A-Sheffer sequences. The impetus for studying A-umbral calculus was the
recent regained interest in degenerate special numbers and polynomials.

This paper is concerned with linear functionals on the space of polynomials in one vari-
able over the field C, arising from p-adic invariant integrals on Z, and on Zj,. As such
linear functionals are given by formal power series, we have to determine those series cor-
responding to such linear functionals arising from p-adic invariant integrals. It turns out
that the one for Z,, is given by the generating function of the degenerate Bernoulli num-
bers (see Theorem 2) and the other for Zj, by that of the degenerate Bernoulli polynomials
of order r (see Theorem 4). In addition, we show that A-differentiations of any polyno-
mial by such generating functions can be expressed by p-adic invariant integrals on Z, or
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on Z;, (see Theorems 3, 5). Summarizing, this paper is the first one that treats A-linear
functionals arising from p-adic invariant integrals on Z, or on a finite product of Z,.

The outline of this paper is as follows. In Sect. 1, we recall the necessary facts that are
needed throughout this paper. In Sect. 2, we briefly go over the A-umbral calculus. In ad-
dition, we recall the usual umbral calculus in order to state Theorem 1 which shows the
differences between the A-umbral calculus and the umbral calculus. In Sect. 3, we deter-
mine the A-linear functional associated with degenerate Bernoulli numbers. In Sect. 4, we
consider the A-linear functional associated with higher-order degenerate Bernoulli num-
bers. In Sect. 5, we conclude the paper.

Let UD(Z,) be the space of all C,-valued uniformly differentiable functions on Z,. For
f € UD(Zy), the p-adic invariant integral of a function f on Z,, is defined by

-1
/ f@)dpo(x) = lim Zf(k),uo k+p"Z,) (1)
p-1
= lim — Z f(k) (see[7,15,16)).
n—)oop k 0
From (1), we note that
/Z e+ D dpo®) - /Z F@) @) =£1(0) (see[7, 15, 16]). @

For any nonzero real number A, the degenerate exponential functions are defined by

R £
&) =1+r)7% = ) (Xur—>
A }’12:0: AI’I. (3)

e (t)=el(t)=(L+1r)r  (see[2,5,8,9,11,12]),

where (x)os = 1, (x) = #(x = 2)(x = 22) - (¥ — (1 = 1)A), (1 > 1).
1
For A,t € C, with |At|, < p 7T, by (2), we get

log(1 + At)

m&i(t) (See [7, 10]),

| € 0duatn -

Zp

In [10], the degenerate Bernoulli polynomials B, ; (x) are defined by

log(1+At) = t"

—— e () =) Bun®)—.

M@ — )= 2 P

Note that the degenerate Bernoulli polynomials 8, ; (x) here are different from those in-

troduced by Carlitz [2] whose generating function is given by - €5 (¢). Thus we have

t)l

_log(1+Af)
/Z,, () dpoly) = m (L Z,Bm (4)
(X + Pup dito) = Bup(x). (5)

Zp
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For x =0, B,,, = Bu,(0) are called the degenerate Bernoulli numbers. Then we have

e ¢]

~ log(1 + At) ~ ﬁ
2 e, (t)duo(y) = m = ;ﬂn,k pE 6)
/Z D di10) = . @)

Note that limy ¢ B, (%) = B,(x), where B, (x) are the ordinary Bernoulli polynomials given
by Ze = Y0 Ba(w) 5.

2 A-umbral calculus

Let

k

F= {f(t) = Zﬂk% aj € (Cp}
k=0 ’

be the algebra of all formal power series in ¢ with coefficients in C,. Let P = C, [x] be the
ring of all polynomials in x with coefficients in C,, and let P* denote the vector space of
all linear functionals on IP (see [6]). Let (L|P(x)) denote the action of the linear functional
L on the polynomial P(x).

The formal power series

00 k
fO=Y aeF (®)
k=0 ’

defines the A-linear functional on IP by setting
fOI®na), =an  (n=0),(see [6,11]). )
Thus, by (8) and (9), we get
k —
(1), = n18s  (n,k > 0), (see [5,6]), (10)

where §,,x is the Kronecker symbol.

Here, F denotes both the algebra of formal power series in ¢ and the vector space of
all A-linear functionals on P, so an element f(¢) of F will be thought of as both a formal
power series and a A-linear functional. We shall call 7 the A-umbral algebra. The A-umbral
calculus is the study of A-umbral algebra. The order o(f(£)) of the power series f(£)(# 0)
is the smallest integer k for which a; does not vanish. If o(f(£)) = 0, then f(¢) is called an
invertible series; if o(f(¢)) = 1, then f(¢) is said to be a delta series (see [1, 4-6, 13]).

For f(t),g(¢) € F, with o(f(¢t)) = 1 and o(g(t)) = O, there exists a unique sequence S, ; (x)
(deg S5 (x) = n) such that (g(£)(f(£))¥|S,.(x))s = 18, (1, k > 0). Such a sequence S, (x) is
called the A-Sheffer sequence for (g(£),f(¢)), which is denoted by S, (x) ~ (g(£),f(£)) (see
[6]). In [6], we note that

1 t"

E;

S (6) ~ (g(0).£ (1)), e 00) =256 (11)
n=0

where f(¢) is the compositional inverse function of f(£) with f(f(£)) = f(f(¢)) = ¢.
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By (8), (9), and (10), we easily get

00 S k
)= Z JQIICTZVA £, P(x) = Z 1P u/)((‘x))k (x)k,.  (see [5, 6]). (12)
k=0 ’ k=0 '

The formal power series f(t) = > pop dk 5 k, € F defines the A-differential operator (f(£)), on
P, which is given by

(F(0), W = (Q@umm (n=0) (13)
k=0

and by linear extension (see [5, 6, 11]).
For k > 0, by (13), we easily get

Mkmmz{rmmﬁﬁiMSm e ) ”

ifk>n,

Before proceeding further, we would like to say a little about the differences between the
A-umbral calculus and umbral calculus. Facts on umbral calculus are obtained from the
corresponding ones on A-umbral calculus by letting A — 0 and then suppressing Os from
everywhere. Here we mention a few of those.

The formal power series

f(t)—zﬂk_ €F

defines the linear functional on P by setting

fOR")=a, (n=0). (15)
In particular, we get

(tk|x”> =n8,x (mk=>0), (see (5, 6]), (16)

where §,,x is the Kronecker symbol.

For f(t),g(t) € F with o(f(¢)) = 1 and o(g(t)) = 0, there exists a unique sequence S, (x)
(deg S,,(x) = n) such that (g(t)(f(£))¥|S.(x)) = n!8,x, (n,k > 0). Such a sequence S,(x) is
called the Sheffer sequence for (g(¢),f(¢)), which is denoted by S, (x) ~ (g(¢),f(¢)). More-
over, we have

oo

N L o _ ¢
x)~ (g, f() = O ;Sn(x)n!. (17)

By (15) and (16), we get

=3 W”Z!x L Z t 'P )k (see [5, 6]). (18)
k=0 ’

Page 4 of 12
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The formal power series () = > 1o ak% € F defines the differential operator on P, which
is given by

n

)akx”_k (n>0), (19)
k

Flw" = (
k=0

and by linear extension (see [5, 6, 11]).
In particular, for k > 0, by (19) we get

n-k
*x" = ’(n)kx itk=<n, (see [6]), (20)

0 ifk>mn,
where (x)o=1, (%), =x(x-1)---(x—n+1),(n > 1).
For further details on umbral calculus, we let the reader refer to [13, 14]. The next the-

orem is important for our discussion in the following and contains results not addressed
in [6].

Theorem 1 Let &,(t) = %(e“ —1). Let f(2),g(t) € F with o(f(¢)) = 1 and o(g(£)) = 0. Then
we have the following:
(@) Suax) ~ (@), f () < Sua(x) ~ (&), f(E.(1))).
(b) Forany P(x) € P = C,[x], we have
(€0),P@)=Px+y), (€ @OIPW), = P().
(c) Let Sy(x) ~ (g(2),f (). Then we have
(@), Snr®) =f (£:.(8)) S (%) = nSyo1,0.().
(d) Forany f(t) € F and P(x) € P = C,[x], we have

(f®)),P() =f(£:.(0)Px).

(e) Let Sy (x) ~ (g(8),f (), and let Py, (x) = (g(2))3Su: (%) ~ (1,£(£))s. Then we have

1 1
(g(_t) )AP”’*(x) i (m )P () = Sy ()

(£) If S, (x) ~ (g(t), 8);. (that is, S, (x) is a A-Appell sequence for g(t)), then we have

1 1
a(t) L X)) i = Sn .
<g(t)))\(x) ’ (g(gx(t))>(X) = Sna %)

Proof (a) Observe first that £, (t) = %log(l + At). Then, from (17) and (11), we have

- S B 1 -
S, ~ (o(E fE S, R xEF0) - < (F(t
(%) ~ (g(£:@).f(6.(0)) = ; (%) p g(f(t))e g(f(t))ex(f( )

= S~ (g@).f©),.
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(b) It suffices to show these for P(x) = (x),,,. The second one is immediate from definition
(9). The first one follows from (13) as follows:

00 I
(€(0)), Wy = (Zm&) (K
A

1=0

n

-3 (Z) Oir (ot = (5 + P

k=0

(c) Here we show (f(£)),.Sy,.(x) = nS,_1,,.(x). Once we show (d), the middle equality will
follow.

(g@f O 1(F(0)), Sua®), = (GO @) F1S.(x), = M8naen

= n(n=1)18,1x = (GO ) 1nS,-1,(%)), -

Now, the result follows from the uniqueness of A-Sheffer sequence. (d) By linear extension,
it is enough to show that (£X);, (x),,,5. = (£, (£))¥ (%), for 0 < k < n.

AS Y@ & = €X() = €60, (1), ~ (1,,(8)), and hence & (6)(x)y. = n(x)y_1,, by
Theorem 2.3.7 in [13]. Now, from (14) we have

(), s = W@t = (E.0) @i
(e) From (a), we note that S, (x) ~ (g(£.(2)).f(£.(2))), and Py, (x) = g(E.(£))Suu(x) ~
(1,f(&.(2). Then, from p.107 of [13], we have S, (x) = um(x) = (ﬁ)xpm(x).

(f) This follows from (e) by noting that (x),, ~ (1,%);. O

3 The A-linear functional associated with degenerate Bernoulli numbers
Let us determine the A-linear functional f(¢) that satisfies

(F(01P), = /Z P(x) djio(x) (21)

for all polynomials P(x) € PP = C,[x].
From (12), we note that

o s
£(6) = Z (f(t)|(x)k)» kZ/ (%) x Aol x)—

-/ 3 s o) = / € (8) dpto) 22)

Zp k=0
_log(1 +2f)
S Men()-1)

Therefore, by (22), we obtain the following theorem.

Theorem 2 For P(x) € P, we have

< / eX(t)duo(y)‘P(x)> - [ P daoto
Zp r Y2y
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That is,

< log(1 + At)

Mex(t) - ’ e > 5 P () dpo ().

In particular, for P(x) = (x),,,, we have

B = < /Z &) dpoly)

(x)n,k> (n=0).

A

From (4), we note that

(23)

B2~ (g(t) _Mal)-D )
A

log(1 + At)’

From (23), Theorem 1(c), and the fact e’ P(x) = P(x + y) (see [13], p.14), we have
1
(0)3.Bn(x) = Ex(t) B (x) = X (Bup(x + 1) = Bup(x)) = nBp-1,1 ().

In addition, from Theorem 1(f), (5), and (6) and noting that g(&,.(¢)) = &7—1, we obtain
Bus) = [ 9 diaoy)
‘P

) <M€A(t) - 1)>A(")'M (24)

=< ei(t)dm(y)) ()1
Zyp A

- (e%_l)(x)m.

Therefore, by linear extension, from (24) we obtain the following theorem.

Theorem 3 For any P(x) € P, we have

/z,, Px +y)duo(y) = <}L(ek(t) - 1)>)\P(9€)

- ( / ei(t)duo(w) Px)
Z, A
= (e‘ t_ 1)P(x).

Examples (a) Choosing P(x) = 2" in Theorem 3, we get

" B log(1 + Af) . L .
/Zp(xw) dio(y) = <7)L(€x(t)—1)>)\x —(et_1>x = B, (x).

(b) Let P(x) = Z;’ 02 nll(") e lx + H,q 1x (n > 2) in Theorem 3. Here B,, = B,(0) are
Bernoulli numbers and H, =1+ 2 oot ; are harmonic numbers. Then, by making use

Page 7 of 12



Kim et al. Advances in Difference Equations (2021) 2021:479

of (a), we have

_ (log(1 +Az)
/ZpP(xW)duo(Y) (M L ) P)
2
n

n-2

n-—

( ) - 1Bix) + 2H,, \By(%)

=0

n-1

le e k)Bk(x ok (%),

where the last equality is derived in [12] and can be modified so as to yield a variant of
Miki’s and Faber—Pandharipande—Zagier (FPZ) identities
(c) Recall that the Euler polynomials are given by et+1 =3 En(x)%. By putting

P(x) = 2wl _ 4 Z, 1 ME,,,MJC in Theorem 3 and using (a), we obtain

n2(n+l) n—i+1
_ (log(1 +1z) )
/Z Pl ) dpa) = <7A ) P

4B 4K ()He -Ha)

WD) nl a-ii1 DBl
n-1

= k Ek x)En k( )
k=1

where the last equality is deduced in [12].

KM= r+1 KM+ —s+1 min!

(d) Let P(x) =-2 Z:ril (':‘) rm-v—n r+1 -2 ZS 1 ( ) Sman—s+1 T 2(_1)”+1 (m+;;1+:1)!Em+”*1'
Then, by Theorem 3 and using (a), we get

/Z P(x +y)duo(y) = <M) P(x)
» Y

Aen(t) - 1)
Biin- r+1(x) - n Bm+n—s+1(x)
=-2 _ -2 E———
Z( ) "min—-r+1 szzl(s> m+n—s+1
m'n!
2(-1 ml__ m+n+
+2(-1) (m+n+1)! !
= Em(x)En(x)r

where the last equality is shown in [3].

4 The A-linear functional associated with higher-order degenerate Bernoulli
numbers
For r € N, we consider the degenerate Bernoulli polynomials of order r given by

log(L+2) \' oy N7 g0 (&
(A(ex(t) - 1)) O = 2P 25)

Page 8 of 12
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From (2), we note that

/Z - /Z T e diol) - <%>re§(ﬂ (26)
_ i s
This shows that
/Z o | e s dtn) o) = ) (27)

In the special case of x = 0, ﬁflr))\ = ,8}(3(0) are called the degenerate Bernoulli numbers of
order r.

From (27), we derive the following equation:

/3,(3 = / s X+ X)) dito(x1) - - - do(xy)
Zp Zp
n
= > ( , ) @iy dpto(en) - | ()i dpto(xy) (28)
i1+ +ip=n Wby Zp Zp
n
= Z . ) BiyaBiga - Bipa-
. ) Llyeeesly
i1+-+ip=n

Forr e N, let

Men(t)-1)\"
&) = (M) . (29)

Then, by (26) and (11), we get

B (x) ~ (g(8), 1), (30)

Hence, from (30) and Theorem 1(c) we have

grtt) ex(t) = /%p .. /;p e I e do(x1) - - - dppo(xy) = g}:ﬂ%(x)g (31)
and

(OL8109 = S0P W = 3 (B 5+ 3) = B) = Bl o).
Let us determine the A-linear functional f,(¢) that satisfies

lroipw), - | - / Bl o) diol) (32)

for all polynomials P(x) € P = C,[x].
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From (12), we note that

=3 PO s

k=0

tk

= Z/ / (1 + -+ 2 )n dpeo(xr) - - 'd/JLO(xr)E
k=0 Y Zp Zp :
) / N / e () dpo(xr) - - - dpno(xr) (33)
Zp Zp
~ (]og(l +AL) )r
Men()-1) )
Therefore, by (33), we obtain the following theorem.

Theorem 4 For any P(x) € P = C,[x], we have

</Z /Z e (@) dpo(xr) - - - dpo(xr)

_ / / Pl + -+, dptox) - dpio(x).
z, Jz,

P(x)>

A

That is,

<< log(1 + At) )r
A(e(t) - 1)

In particular, for P(x) = (x),,,, we get

P(x)> _ fZ fZ Plxy + -+ ) dpto(r) -~ dyio(x,).

(x>,,,x> .
A

From Theorem 1(f), (29), and (30) and noting that g(&, (¢)) = etT’l, we obtain

B = </Z - /Z EN () dptoly) -+ dpto(xy)

BY) (x) = / o [ Gt 4 ) dproer) - - o)
Zp Zp

_<(A(ek(t)—1)) @ (34)

= < /Z ef”"“’(t)duo(xlf~~duo(xr)) @

A
= (et t; 1) (x)n,)u

Therefore, by linear extension, we obtain the following theorem.

Theorem 5 For any P(x) € P, we have

/ f Plxy + - +x, +x)dpo(xr) - - - do(x,)
Zp Zp

Page 10 of 12
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_((log(1+22) \"
- ((A(ek(r)— 1)) >AP(’C)

= (/Z e;mmm(t) dMo(xl)"'dMO(xr)> P(x)

A
t r
= (et — 1) P(x).

Examples (a) Choosing P(x) = 2 in Theorem 5, we get

f (o142 42 o) - dptoley)
Zp Zp

(TR 20\ (N
B <()‘(3A(t)—l)> )kx - <et—1> x" =B, (x),

where Bi,r) (%) are the Bernoulli polynomials of order r given by (ﬁ)’ et=3" Bﬁf) (%) tn—”,

(b) By putting P(x) = (x), in Theorem 5, and from (34), we obtain
[ [ e o) o)
ZP ZP
~ (( log(1 + At) >r> )
S\ -1 !
log(1 + Af) - .
ZSM n, k)(()f(’i(t;— 1)) ) Xk = ;Sm(”l’k)ﬁ/(gi(x),

where Sy, (1, k), given by (x), = Y_;_ S1,,(1,k) (%), are the degenerate Stirling numbers
of the first kind.

(c) Recall that the Euler polynomials of order r are given by (et+1 yet =3 OE

By letting P(x) = ED (x) in Theorem 3, we have

/ / ED(x1+ -+ 2+ 2)dpo1) - - dpso(x,)
ZP ZP
_((log(1+28) \" ")
(oo ) )
(o) e (5h) () v - (F5) - (5)
et -1 et -1 et +1 et —1 2

5 Conclusion

In this paper, we are concerned with linear functionals on C, [x] arising from p-adic invari-
antintegrals on Z, and on Z,,. Indeed, we determined the linear functional given by P(x) —
pr P(x) do(x) and that given by P(x) — fzp e pr P(xy +- - +x,) duo(x1) - - - dpo(x,). This
means that we have to determine those series corresponding to the two linear functionals
arising from p-adic invariant integrals. It turned out that the one for Z, is given by the
generating function of the degenerate Bernoulli numbers (see Theorem 2) and the other
for Z;, by that of the degenerate Bernoulli polynomials of order r (see Theorem 4). In ad-
dition, we showed that A-differentiations of any polynomial by such generating functions
can be expressed by p-adic invariant integrals on Z, or on Z,, (see Theorems 3, 5). Fur-
ther, we illustrated Theorems 3 and 5 with some examples. As tools of our research, we
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used both A-umbral calculus and umbral calculus as well as p-adic invariant integrals. The
differences of the two umbral calculi are stated in Theorem 1.

Our result here shows nice connections between A-umbral calculus and p-adic invari-
ant integrals. We would like to continue to study A-umbral calculus and to find possible
applications of A-umbral calculus to other disciplines as well as to mathematics.
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