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1 Introduction
Itis clear to everyone that fractional calculus has been one of the most important and pop-
ular topics for researchers in the last decade [1-5]. Perhaps the reason for this popularity
can be traced to the high efficiency of this type of calculations in modeling of various nat-
ural phenomena, engineering, and biological mathematics [6—12]. During the research on
this subject, various types of fractional derivative operators such as Riemann-Liouville,
Caputo, Caputo—Fabrizio, Caputo—Hadamard have been introduced and studied by some
researchers [13—27]. On the other hand, in 1910, with the research work of Frank Hilton
Jackson, the exciting world of quantum computing emerged [28, 29]. Quantum calculus
is a generalization of the ordinary calculus in which the limit is omitted. Two types of
quantum calculus have been developed more than the others, namely g-calculus and 4-
calculus. It did not take long for a combination of advances in these two important areas
to do much in the fields of physics, thermodynamics, and differential equations. In recent
years, many researchers have addressed differential inclusion as a tool with high potential
for modeling [19, 30-49].

In 2014, Ghorbanian et al. investigated the existence of solution for the fractional inclu-

sion problem

“DSI(e) € F (6, Ue), I(2),1'(2))
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with considering the boundary conditions that follow.

10) + I(v) + L(1) = [ gols, U(s)) ds,
“DM(0) +° DH(v) +¢ DH(1) = [ g1(s,U(s)) ds,
DI1(0) +¢ DY I(v) +¢ D' (1) = [} gos, U(s)) ds,

where £ € J =[0,1], $ € (2,3), 1, v € (0,1), j € (1,2),and F : ] x Rx R x R — P, (R) is
a multifunction, g1,,8 € C(J x R,R), °D* represents the fractional Caputo derivative,
and P, (R) is the set of all compact subsets of R [50]. After that in 2017, Rezapour et
al. perused the existence of solution for the fractional inclusion problem for convex and

nonconvex compact multifunction
“DiI(¢) e ]—'(t, 1), D U(e), I'(1))
for almost all £ € J = [0, 1], with the following conditions:

1(0) + 1'(0) +¢ D7 I(t) = [} U(s) ds,
(1) +I'(1) + D/ I@) = [ U(s) ds,

where F:J x R x R x R — 2R is a compact-valued multifunction [51].
By combining the ideas mentioned above, we now intend to examine the following g-
inclusion:

“DUt) € F (£, Ue), I @), 1" (0), D) Ue), D2 U(e)) e))
with introducing new integral boundary conditions:

1(0) + SI'(0) = 0,
al(®) + b [ I(t)dt =0, )
PI'(1) +c [, I(t)dt =0,

forallt€J=[0,1],andd € (0,1),S = Z;:](; uj, P = 1—[;215 w; with uj, w; € R, and C’Df; denotes
Caputo quantum fractional derivative of order $ € (2,3], also #, hy € (1,2], where F :
J x R — P(R) is a compact-valued multifunction such that P(R) is a set of all subsets
of R.

2 Preliminaries

In this section, we summarize what we need from quantum calculus to examine the subject
of this research. Throughout this work we always apply quantum calculations to the time
scale Ty, = {0, toq, toq* ...} U {0} such that o e Rand 0 < ¢ < 1 [28].

Definition 2.1 ([28]) For every real number y, we define the g-analogue of y as

1-¢4
1-q

=l+g+ - +¢ "

D’]q =
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Also, for the power function (w — s);, its g-analogue for n € Ny is expressed as

W= =TT'dw—-sq') forn>1,
1 3)

such that w,s € R and Ny = N U {0}. The (3) can be expressed for any real number g as
follows:

(w-— S) —wﬁl_[ _())ZM w#0.

If s = 0, it is clear that w'®) = w# [52].

Definition 2.2 ([29]) The g-gamma function for w € R—{0,-1,-2,...} is calculated using

the following equation:

(1-q)™-
W @

q( ) =
it is worth noting that I'y(w + 1) = [w],I";(w) is valid.

Here we present Algorithm 1 for calculating different values of the g-gamma function;

also in Table 1 some numerical results for g = é, q= %, q= g are provided.

Algorithm 1 The proposed procedure to calculate I';(w)

function Gg = gamma-(w, q)

h=1;
fork=0:x-2
h=hx(1-qg*Dy,
end
Gq=h/(1-q)™V;
end

Table 1 Numerical result for I'g(w)

W g=:5  g=3 q=3

02 08365 05743 0.1724
05 08944  0.7071 03333
08 09564 08706 0.6444
1.2 1.0456  1.1487 1.5519
1.5 1.1180 14142 3.0002
1.9 12224 18661 7.2253
25 11180 14142 3.0002
28 11954 17411 5.8000
33 1.2831 1.8467 36517
35 13416 21213 5.6670
45 16636 37123 151821




Shabibi et al. Advances in Difference Equations (2021) 2021:466 Page 4 of 17

Definition 2.3 ([53]) Suppose that /i(w) is a continuous function, then the g-derivative of

this function is defined as

_ h(w) - higw)
(Phw) = == I

as well as, (D,7)(0) = lim,,_.o(D,7)(w). Moreover, we can extend the g-derivative of this
function to any arbitrary order by means of (Dgh)(w) = ’Dq(D;"lh)(w), such that n € N,
and (Dyh)(w) = h(w).

Definition 2.4 ([53]) Let /i be a continuous map defined on [0, b], then the g-antiderivative
of K is called the Jackson integral of / and is illustrated as follows:

Z,li(w) = /o his)dgs=w(1—-q) Y _qh(gw), (wel0,b])

j=0

that the right-hand side absolutely converges. The g-antiderivative of 7 can be extended
to any arbitrary order by means of I;h(w) =T (I;"lh(w)).

Remark 2.1 ([53]) Let the function 7 be continuous at w = 0, then we have

Z,(Dyh(w)) = i(w) - 1(0),
Dy(Zyn(w)) = h(w) for all w.

Remark 2.2 ([53]) According to the following relations, we can replace the order of double

q-integral:

//h(s)dqsdqu:/ / Iu) dyudys
0 0 0 qs

‘/OW /qsw Mu)dgudgys = /OW(W — ) U(s) s

=w(l-q))_ qh(qdw)(w-q"'w)

j=0
|
j=0 j=0

Moreover, it can be written for the left

W pu e . ij
/0 /0 h(s)dqsdqu:w(l—q);):q’ /0 h(u) dyu

=w*1-q) quj+2kh(¢'+kw).

j=0 k=0
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Definition 2.5 ([54]) The fractional Riemann—Liouville quantum integral of order § for

a continuous function /(w) : [0,00] — R is defined by

IS i(w) =

[ $-1
Fq($)/0 (w—gs)” " l(s) dys. (5)

Definition 2.6 ([54]) The fractional Caputo quantum derivative of order § for a continu-

ous function /(w) : [0,00] — R is defined by

“DéI(w) = ! 9 /Ow(w— qs)”_$_1D;'l(s) dgs, n=[$]+1 (6)

[y(n—

Lemma 2.7 ([55]) Let n=[$] + 1, then

n-1 Wk
(T3 D31 w) = Iw) - kXG‘ e (PO

Indeed, the general solution for CD;?I(W) =0isi(w) =g + 1w+ 9aw? + - + 9, 1w such
that Y0s..-» V-1 € R.

Here, to help visualize fractional calculations, we present graphs of two functions in
Figs. 1 and 2.

Notation 2.8 Assume that (KC,0) is a metric space. We denote the set of all subsets of I
and the set of all nonempty subsets of K by P(K) and 2%, respectively. Also assume that
the symbols Ppa(IC), Pu(K), Pep(K), and Pe,(K) represent the class of all bounded, closed,
compact, and convex subsets of K, respectively.

Definition 2.9 ([56]) Let F : K — 2X be a mapping. It is called a multifunction on /C, also
an element p € K is a fixed point of 7 whenever p € F(p). Moreover, for multifunction

Graph of I£e”
10 T T T T T

Iter

Figure 1 The graph ofISeXZ, where Z° is the Riemann-Liouville fractional integral
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Graph of D° sin(x)

— 0

0.15385
0.30769
0.46154
0.61538
0.76923

De sin(z)

Figure 2 The graph of D% sin(x), where D¥ is the Riemann-Liouville fractional derivative

F,an element p € K is called an endpoint of F whenever F(p) = {p}. Also, we say that F
has an approximate property whenever infyex sup,¢ 7, 3(p,r) = 0.

Suppose that F : K — P,(K) is a multifunction and A is an open set in I, then we
say that F is lower semi-continuous(Ism) if the set F1(A) := {r € K : F(r) N A # ¢} is
open [57]. Also it is called upper semi-continuous(usm) if the set {r € KL : F(r) C A} is
open. A multifunction F : K — P,(K) is called compact if F(B) is a compact set of K
for any bounded subset B of . Let Z = [0, 1], and the multifunction F : Z — Py4(R) is
called measurable if the function f + 0(r, F(f)) = inf{|r — y| : y € F(f)} is measurable for
all e R [57].

Definition 2.10 ([57]) Let (/C,0) be a metric space, we define the well-known Pompeiu—
Hausdorff metric H, : 25 x 2% — [0, 00] by

Ho(U,V) = {supa(u, V), supo(U, v)},

uel veV

where 0(U,v) = inf,c;; 0(1, v). Then (Ppy,(K), Ho) is a metric space and (P (K), Hy) is a

generalized metric space.

A multifunction F : K — Py(K) is called an a-contraction if o € (0,1) whenever
Ho(F(p1), F (p2)) < ad(p1,p2) for all py,p, € K. Nadler’s fixed point theorem states that:
if F is a closed-valued contractive set-valued map on a complete metric space, then F has
a fixed point [58].

Definition 2.11 Let 2 = C(J, R), we define the following spaces:
Z; = {l(t) ), 1), 1 (8),C D;‘il(t) € Q[}
endowed with the norm

I21l; = sup|L(£)| + sup|'(£)| + sup|Z"(2)| + sup| “DJil(r)].
tey tey tey tey
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Now, regard the space K = Z; x 2, endowed with the norm |[({3,5)| = [|4]| + |If2]], then
(XC, |I.]1) is a Banach space [58].

Definition 2.12 For [ = (I1,1,) € K, we define
Sk ={f e L'Q):§(t) € F(&,10), (1), 1" (£), DI Ut), D> U(r)) for all £ € J}
that is called the set of selection of §*. If dim K < 0o, then S%, # ¢ for all / € K [58].

To prove our main result, we use the endpoint technique presented in 2010 by Amini-
Harandi [56].

Lemma 2.13 ([56]) Let (K,0) be a complete metric space, and regard.:
1 A map ¥ :[0,00) = [0,00) that is (usm) where ¥ (w) < w and
liminf,— o (W — ¥ (w)) > 0 for all w > 0;
2 A multifunction map F : KK — P pa(KC) with Hqo(F(p), F(r)) < v (0(p, 1)) for any

p,rek.
Then F has a unique endpoint iff F has an approximate endpoint property.

3 Mainresults

Now, after stating the above preparations, we can get our main results. First we start with

a lemma.

Lemma3.1 Let$ € (2,3] and v(t) € A. Then the quantum fractional problem CD;‘;Z(L‘) =v(t)
with boundary condition (2) has a unique solution which is obtained by

U(e) = T3v(t) + 0B (T v(D) + 0B ()T [T v(r) | (1) + 6B3() T3 >v(1) )
such that
B c b » b\/[(1 B
9—|:(2P+ §><a5+5—5(a+b))—c<a5 +§><§—S>:| Z0 (8)
and
By)=al2P+5)(s Los)e
1(t)—a< +§)( —t)+ac<§— )t,

B (t) = I:c(afiz + g) —(a+ b)<2P+ g):|(t—5)

1 b
+ c|:b<S+ —) +S(a+b)—ad - —]tz,
2 2
2 b b\ ,
B3(t) = P ad +§ (t-S)+P S(a+b)—a5—§ t°.
Proof With regard to Lemma 2.7 the solution of ”’Dgl(t) =v(t) is

Ut) = Tyv(e) + 9o + 01t + ot ©
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such that 1o, p;andy, € R. Now, by taking derivative from I(£), we have

l/(lf) =t + 21]2t + Iq$711/(t), (10)
I'(£) =29, + Ig’zv(t),

and by exerting the boundary conditions (2) to (10) we have

UO + SUI = 0)
(@+b)o + (ad + 2)v1 + (ad? + 2)ny = —aZv(0) - BT [IEv(n)]n)
cno + 501+ (P+ 5)n2 = —PZy (1) - cZ3 [T5v(n)] -

Now we can compute 1), 91, )2 as follows:

Do = S0[a(2P + §)T3v(D) - [c(ad? + §)
—(a+b)(2P + 5 )]I$[3’$ ("]ay - P(ad* +
01 =0[[c(ad® + £) - (a+ b)(2P + £)
- a(2P + §)Iv(D) + P(ad* + §
02 = Olac(; — S)ZIv(D) + [c(b(S + 5
+P(S(a + b) —ad - $)T52u(1)

5521,
1ZE135v(N

)ZE2v(1)],

) +S(a +b) — ad — DITF[I5v(n)]q)
l.

Now, by replacing 1o, 91, 2 in (9), we obtain (7). O

Notation 3.2 To continue the work and for ease of understanding of the calculations per-

formed, we introduce some symbols here. According to the definition of B1(¢t), B2 (¢), Bs(t)
we have

|%mnsm(mm+ng+u+m

+|S|] :=B7,

|%2(t)|§|c|(|a|62 |3|>+|a b|(2|P|+|3—|>(1+|S|)

1
+ |c|<|b|(|$| + E) +|S||a + b| + |ald + %) =83,

|%3(t)| < |P|(|a|f§2 |b|>(1 +1S]) + |P|(|S|Ia +b| +al0+ u) =B

moreover
/ |c] «
|%1(f)|S|ﬂ|<2|P|+—)+|ﬂ||C| +|8l1:= %7,

WJMSM(MW gv+m MQW|20

1 '
+ 2|c|<|b|(|5| + 5) +|S||a + b| + |a|d + %) =87,

RAGIES |P|(|a|E§2 b ') +2|P|<|S||a+b| +|ald + U) =B,
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also

|97(0)| < lallc]|=+|SI| := B,

1
—+
2

1 b "

1B5(8)| < 2|c|(|b|(|$| + 5) +|S||a +b| + |ald + |_2I) =B,
. b1\ o
1B5(t)| < 2IP|( ISl|a + b| + |a|0 + =)= B .

Now, by applying quantum Caputo fractional derivative from order h; € (1,2],i=1,2 on
B1(¢), B(t), Bs(t), we get

1 1 2
“Dhisg, (1) = a(ZP + E) [—7t(1hi)] + ac(— —S) |:—t(2ﬁ"):|,
q 3)| T,2-h) 2 T,(3— )
b c 1
Cth,' — 2,2 ) _ 2P+ — (1-hy;)
= (e +2) s (o0 )]
1 b 2
+ c<b($+ —) +S(a+b)—ad - —) [71:(24”)],
2 2 Fq(g_hi)
b 1
{,'Dhi t =P 2 _ t(l*ﬁ,‘)
Bl (“5 ' 3)[&(2—7@) ]
b 2
Pls _a5_ (2-1;) ,
+ < (a+b)—ad 2)|:Fq(3—ﬁi)t :|
from which it can be concluded
. Ic| 1 2
cphi 2P|+ = )| =——— ||| =————— | := B,
| q%l(t)|s|a|< 1P| + 3)[Fq(2—ﬁ,~)]+|a|lc| "[rq(s—ﬁi)} i}
. b c 1
|°DJiB,(1)| < |c|(|a|52 + %) +a +b|(2|P| + Lg')[m]

1 || 2 e
+ |c|(|b|<|$| + 2) +|S||a + b| + |a|0 + 5 )|:Fq(3—fii)] =B,

. 2, |0l 1
°D}iB3(t)] < IPI(IaI5 * 7) [m]

+ |P|(|S||a +b| +|al0 + 7) [m} = B

The following conditions must be met to prove our main theorem.
(¢1) Given the multivalued map F : J x R®> — Pep(R) is integrable bounded, so that
F(v,14,%,9,2) : [0.1] > P, (R) is measurable.

1
—+
2

(¢3) For the nondecreasing (usc) map ¥ : [0,00) — [0,00), we have liminf,_, (W —
¥ (w)) >0 and ¥ (w) < w for any w > 0.
(€3) There exists U € C(J, [0, 00)) such that

HD (-F(t1 Uy, Uz, U3, Ug, MS); F(t; V1,V2,V3, V4, VS))
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forallt € Jand uy, vk €R, k=1,...,5, where

31 =10l :rq($1 T rl,e(ﬁjfl) " que(ﬁﬁz) i Fiﬁzl)_’

32 =10 :Fq($1— 1) * FLO(;%T;)6$ ¥ FLQ(;%;/Z) * FLH(L'%—?D:,

33 = 0] :Fq(; o F'j(ﬁf;) ' rlj([izz) ' F|j(|$%_31)
andfori=1,2,

4 = 1101 [rq($ —1hi o 1"|j(|$%:{*1)5$ ' Ff(ﬁ;;) T Ij(lié 1)}

(€4) Let Mt : K — 2% be given as follows:
M(k) = {peK:3f Sk p)=L(t), Ve € J}
such that
€(t) = I3§(t) + 0B1(OIFD) + 0B ()T [ IEH(r)] (1) + 0B3(6)T] (D).

Theorem 3.3 Suppose that conditions (€,) — (€4) are satisfied. If M : KK — 2 has the
approximate endpoint property, then quantum problem (1)—(2) has a solution.

Proof We prove that the endpoint of M1 : KL — 2K is the solution to inclusion (1)—(2). For
this, we first show that Dt(k) is a closed subset of K for all k € K.

For Vk € IC, the map ¢t — F(t,1(¢),['(t),l"(¢),° D,;” I(t),° Dgzl(t)) is measurable and closed
value. So, it has measurable selection, and hence f € S, # ¢ forall / € K.

Letk € K, and {r,},>1 be a sequence in Mi(k) such thatr, — 1. Vi € N, choose f, € %,
where

tn = Z55u(8) + 0B (OLEF,(D) + 0Bo(OTS[354(r) 1) + 0B3(DLS (1)

forallt e 3.

As we know, F has compact values, then the sequence f, has a subsequence that con-
verges to some f € L'[0, 1]. We show this again with §,.

It is easy to check that f € S%; and

£u(t) = £(6) = 5(2) + 0B (DTLF(D) + 0B () I3 [355(r) [ (1) + 0B3(H) L3 >5(1)

for all ¢t € J. Indeed, this gives that ¢ € 9(k), therefore K has closed values. Moreover,
since F has compact values, then 2t(k) for all k € IC is a bounded set.

Finally, we shall show that H, (9% (), M (v)) < ¥ (|l — v||). Let u,v € K and p; € M(v).
Choose f; € S% such that

PLO) = I5F1(0) + 6B1(OTSH(0) + 6B (T [355: (1] (1) + 6B (VTS (1)

for almost all £ € J.
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But since

Ha (]:(t, Ui, Uy, U3, Uy, Lts), ]:(t, V1,V2,V3, V4, Vs))

5
1

< O(t - ’

TR+ 32+ 33+ gy + X4, ()1//<Z|uk Vkl)

i=1

thus 3w € F (¢, 1), '(£), 1" (2),S DI 1(2),* D> 1(£)) such that V¢ € J:

O(t Up —v
1+02+S‘3+%4 +(:§ ()¢<Z| k k)

R -w = s— : >

Regard the set-valued map 91: J — P(R) by

5
1
N ={weR: () ~w|< U(t)w<2|uk—vk|)}.
N1+ 32 + 83 + 34, + 33,

i=1

Since m@( )W(Zil |ux — vi|) and f; are measurable, hence the set-valued

map () N F(, 1), (), 1(-),¢ DY (), DY 1(-)) is measurable.
Choose f,(£) € F(t, L(t),I'(t), I'(¢), D I(t), D2 1(t)) such that V¢ € J

5
1
5 Ut Uk = Vil |-
’fl ~Fal ‘ S+ 32 + I3 + Ja, + 34, ()w(;l ' k|>

Now, for all £ € J, let p, € Mi(k) by
p2 = Z51a(2) + 0B ()] 2(0) + 0B ()T [I552(n)] (1) + 0B ()5 (D).
Afterwards, let sup,.y |5(¢)| = |G, so

[p1(8) = p2(8)| < T3 Tf1 - F21() + 0B1(O S [1 - 21(0)
+ 0B (OIS[I[F1 — 121() ] (1) + 0B3(6)ZE 2 (1 — f)(1)

1 1 16187
< O
S1+ 92+ 55+ g, 7 5g, 10NV e~ V”)[rq($+1)+r,,($+1)
16183 16183 3
T~ X X k x X I//(”M_V”)
q($+2) ( 1) 1 + 52 + 53 +AS41 +~S‘42

Also,

L 101987
rq($ - 1) Fq($ + 1)

1
P10 —p,()| £ ———————— ||U||w(||u—v||)[
N1+ + + 4,

2 + 33 + g,

0185 1018y ] B 2

Fq($+2)+1"q($—1) — vy (llu—vl),

%1+%2+%3+%41 + 54,
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L 101987
Fq($— 2) rq($ + 1)

|P”1(t) - P//z(t)| <3

O u-—v
1+ 82 + 33 + g, + s, | ||1/f(|| ”)

L loBs 1By } 3
T, ($+2) T ($-1)

¥ (llu=vl).

%1 +%2+%3+%41 +f\\'§‘42

Moreover, for i = 1,2, we have

DI (6) = Dl (1)

1 . _lorBy
L8 —-hi+1) Ty$+1)

1
= a = ~ IIUIIl/f(IIu—VII)[

1+ 82 + 33 + g, + s,

v (lu=vl).

S‘1+Sz+%3+%41 t 3,

mm*+mm1_ %
Fg(8+2) Tu8-1)

Finally, according to the above relations, it can be concluded that
llp1 = pall = sup|ps(£) = pa()] + sup[p's (£) = p'5 (1) + sup[p” 1 (£) = p"5(2)]
tey tey tey

+ sup| DIy () = D) a(t)| + sup| “DI2f1(6) - Do (1)

tey
< u—r)(S +32 + I3 +J4, +33,)
%1 +%2+%3+S‘41 +%42w(|| ”)( 1 2
=W(||M—V||)y

s0 Ho (M), M(v)) < Y (llw —v|)) forall u,v € K.
Using Lemma 2.13 and the endpoint property of 9, there exists u* € K such that
M (u*) = {u*}. Thereupon, u* is a solution for quantum inclusion problem (1)—(2). O

4 lllustrative examples

To better understand our main result, we give an example in this section.

Example 4.1 Consider the nonlinear second order differential equation:

c
D} 1) € Fl0 ) s sind(e) + & cos () + 2511k + & ¢ —]
[€Dg o)l
+e q

1(0) + 2l'(O) =0, ”
1000(55) + 106 0 Y(t)dt =0,
=1+ 2 [ Li(t)dt =0,

such that ¢ € J = [0, 1]. Regard the multifunction F : J x R* — Pep(R) as follows:

F (&, u1, ua, us, Ua)

2

0 inuy (£) > (t) 3 us(®)l 3 el
=10, ———=sinu; () + — cos uy(t) + — L3
0+ 1 50 ’ 50 1+ |usz(t)] 501 + elual®l
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; T . ¢ é -3 = 1L =22 . _ 33 = 3
In this case it is Clear that we set: $ o= 2, a=3,b=2c=25=2,

S= Z] ouj=2byu= 2, ]_[} NTE 16 by W, = 2, and about functions U, ¥, we have
0U:[0,1] — [0,00) with U(¢) = t IO = 70, and ¥ (¢) = %. It is obvious that ¥ is nonde-
creasing (usc) on J. Hence, we have

b b\ /1 -1
:[(2P+5)<a6+——5(a+b))—c<a62+—)<——s>]
3 2 3/\2
|:( 1 11><11 3 11 (11 22))
=2—=+—=|—==+—-2| —=+—
16 100/ \ 10050 * 100 100 © 100
33 /11 /3)\> 22\/1 ) -1
—_—— [E— —_— +_ —_—
100\100\50/) " 300/\2
-4.21.

In the same way, we can write

B = |a|(2|P| + u>|S+ 1| +|c|

—+|5|‘

11 1 35
=—|2— (3) + —= =0.9025.
100 16 100 100 2

Also,

Br=09025,  BE=0.6947,  Bi=0.0623,
B =0.0968,  BY =09774, B} =0.1016,
B 209075, B =0.8755, B =0.0970.

By using Algorithm 1 and Table 1 for g = £, we have

1
5

By = 0.0060[;1] +0.1815[ L ] =0.2828,
Ty(3) Fq(5
B3* = 0.1018]

3
1 1
e ]+08755[rq(§ ] = 0.7830,
1 1 _
) = 00918,

B = 0.0046[ 1] +0.0970[ 5
q 2

In the same way, one can compute for g = = and get ¢ = 0.1957, ¥, = 0.2678, I3 =
0.2643, 34 = 0.2377. Then it is easy to review that

4
1
Ho (F(t, ur, g, us, ua), F(t,v1, v, v3,va)) < mU(t)lﬁ(E |uk—Vk|),
i=1

and infyec(sup,cong, ll#—vll) = 0. Hence, by the endpoint property and using Theorem 3.3,
inclusion problem (1 1) has a solution. In Figs. 3 and 4 some of the functions in Example
4.1 are illustrated.
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graph of F(t,[(t))

0.5 ~

-0.5

Figure 3 The graph of F(t, /(1))

geaf of F(d/dt(1(0)). (d/dt)*(1(1))

Figure 4 The graph of F(/(t),/" (1))

5 Conclusion

Understanding and interpreting physical phenomena have always been one of the topics of
interest to researchers. Attempts to provide a better explanation of these phenomena have
led to progress in various scientific fields and the connection between them. Quantum
calculus, as an interdisciplinary subject in mathematics and physics, is one of the tools of
modeling and approximation. In this paper, we investigated a quantum differential inclu-
sion problem using the endpoint property technique with the new boundary conditions.
One illustrative example and some numerical results have been provided to validate our

results and to show their importance.
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