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1 Introduction and preliminaries

It is worth noting that Caccioppoli [1] is the first author who extended the results of Ba-
nach [2] from normed space to metric space. After that, a number of authors have studied
different abstract spaces to advance the Banach and Caccioppoli results. One of the suc-
cessive generalizations was given Bakhtin [3] (and independently by Czerwik [4]) from
metric space to b-metric space. Following this success, many authors have continued to
work on this trend and reported several improvements, advances in the setting of b-metric
spaces, see e.g. [5—12].

Let X be a nonempty set and 6: X x X — [0,+00) be a metric on X. The notion of
b-metric (reported in several papers, e.g., Bakhtin [3], Czerwik [4]) as an extension of a
metric notion is obtained by replacing the triangle inequality of the metric with a general
one

(B) b(u,w) <s[b(u, ) + b(, )] for every u,w, 4 € X,
for fixed s > 1. The triplet (X, b, s) is said to be a b-metric space. (It is worth pointing out
thatin case s = 1 the space (X, 6, 1) coincides with a corresponding standard metric space.)

One of the basic examples for b-metric is the following.

Example ([5]) Let (X,d) be a metric space. Then the function 6: X x X — [0, +00) defined
as 6(u, w) = (d(u, w))? with p > 1 forms a b-metric (here s = 2/71),

For more examples, see e.g. [5—-12].

Like metric spaces, b-metric spaces admit a nice topology. On the other hand, alike met-
ric, b-metric does not need to be continuous. For the sake of the integrity of the article,
we recollect the basic topological notions here.
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We say that a sequence {u,,} in a b-metric space (X, b, s) is
(1) convergent to u if lim,_, o (1, ) = 0. The limit of a convergent sequence is unique;
(2) Cauchy if b(uy,, u,) — 0 as n,m — oo.
Each convergent sequence in a b-metric space is Cauchy and, as usual, if each Cauchy
sequence is convergent, then the b-metric space (X, 6, s) is said to be complete.

Definition 1.1 Let (X, 6,5) be a b-metric space and P : X — X be a mapping. For u € X,
the orbit of P at 1 is the set

O(u, P) = { ug, Pug, P*up, ...}
The mapping 2 is said to be orbitally continuous at a point w € X if

lim Puy = implies lim PPy = Pw.
j—o00 j—oo

Additionally, if every Cauchy sequence {#/u} is convergent in X, then the b-metric space
(X, b,s) is said to be P-orbitally complete.

Definition 1.2 ([13]) Let (X, 6,s) be a b-metric space. We say that the mapping ?: X — X
is m-continuous, where m = 1,2,..., if lim,,_, o P"u, = Pw, whenever the sequence {u,}

in X is such that lim,,_, oo P 'u, = @.

Remark 1.3 We note that every continuous mapping is orbitally continuous in X and also
every complete b-metric space is P-orbitally complete for any # : X — X, but the converse
is not necessarily true.

On the other hand, it is clear that 1-continuity (which coincides with usual continu-
ity) implies 2-continuity implies 3-continuity and so on, but the converse does not hold.
Indeed, for example, considering the mapping ®: X — X, where X = [0, 00), defined by

5, ifuel0,5],
Pu =
1, ifue(5,00),

we can easily see that 2 is not continuous (in « = 5), but it is 2-continuous because P2« = 5.

Let us consider the following class of functions (named the set of b-comparison func-
tions):

O = {q& : [0,00) — [0,00) | ¢ is nondecreasing and Zs”d)"(@) < oo for each 0 > O},

n>1

here ¢" represents the nth iterate of ¢. It can be shown that every function ¢ € O fulfills
the following properties:

(¢1) ¢(0) <6 forany6 > 0;

(92) ¢(0)=0.
Let X be a nonempty set and o : X x X — [0, 00) be a function. We say that the mapping
P: X — X is a-orbital admissible if

a(u,Pu) > 1 implies o(Pu, P*u) > 1 (1.1)

forall u e x.
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Moreover, we say that the b-metric space (X, 6,s) is a-regular if for any sequence {n,,}
in X such that lim,;,_, o0 9,,, = n and @ (9, Nme1) > 1 we have a(n,,,n) > 1.

(For more details and examples, see [14].)

Very recently, the notion of the interpolative contraction was introduced in [15]. The
goal of this paper is to revisit the well-known Kannan type contraction in the setting of
interpolation. After that, several famous contractions (Ciri¢ [16], Reich [17], Rus [18],
Hardy— Rogers [19], Kannan [20], Bianchini [21]) are revisited in this new setting, see
e.g. [15,22-26]

In this paper, we combine all these notions and trends to get more general results on
the topic in the literature. We observe some interpolative contractions involving distinct
rational forms that provide a fixed point in the framework of b-metric spaces.

2 Main results

Definition 2.1 Let (X, 5,5) be a b-metric space. A self-mapping ¥ is called .Al,-admissible
interpolative contraction (I = 1,2) if there exist ¢ € ® and « : X x X — [0, 00) such that

%E(u, Pu) < b(u,w) = oy, w)d(Pu, Pw) < qﬁ(Algp(u, a))), (2.1)

where ¢, > 0,i=1,2,3,4,5, are such that Z}il g =1and

Ab(u, 0) = [5(u, a))]q1 . [6(u, l’u)]q2

b(w, P )43 blw, Pw)(1 + b(u, Pu)) 1% T b(u, Pw) + 6(w, Pu) 1P (2.2)
[, 2] [ L ] [ . }

and

[6(u, )17 [6(u, Pu) ]| [b(w, Pew)]®

. [ b(u,Pu) b(w,Pw)+b(u,Pw) b(w,Pu) ] u [ b(u,Pu) b(u,Pw)+b(w,Pw) b(w, Pu) ] %
max{6(w,Pw),b(w,Pu)} max{b(u,Pw),b(w,Pu)} ’ (2 3)

Al (u,0) = ‘
if max{6(u, Pw), b(w, Pu)} #O0,

0, otherwise
for any u, € X \ Fixp(X). (Fixe(X) ={u e X | Pu=u}.)
The first main results of this paper is given in the following theorem.

Theorem 2.2 Let (X, b,5) be a complete b-metric space and P be an Al -admissible inter-
polative contraction such that
(i) P is a-orbital admissible;
(i) there exists ug € X such that o(ug, Pup) > 1;
(iiiy) P is m-continuous for m > 1, or
(iiiy) P is orbitally continuous.
Then P possesses a fixed point w € X and the sequence {P" uy} converges to this point .

Proof Let uy in X be an arbitrary point and the sequence {n,} be defined as ny = uy, 1, =
P"no for all n € N. If we can find some g € N such that n, = 14,1 = P, then it follows that
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14 is a fixed point of P and the proof is closed. For this reason, we can assume from now

on that 1, # 1,1 for any n € N. Using assumption (i), P is «-orbital admissible, we have

a(no,m)=a(me,Pn) =1 = a(,n)=a(Pny, P(Pn)) =1=>---

= a(nn—ly nn) > 1.

On the other hand, we have that
1 1
5 6(Np-1, Pu-1) = Eﬁ(nn—l; M) < 6(Nn-1,Mn)-

Now, taking into account the main assumption that 2 is an AL -admissible interpolative

contraction, if we substitute » with 1,_; and @ with 5, in (2.1), we get

b6(Puy_1, Puy,)
< (M1, 1) B(PNn-1, P1) < (A (M1, 1))

L ( (61, 1)) - (61, Pa)]® - (6, P,)] )

[ 51, P1n) (1+6(1y-1,P15-1)) IEH 6(13-1,P1)+6(n,P11n—1) 1%
1+6(ny-11n) 2s

(2.4)

. ( (61, 1)) - (61, 1)) - B Miis1)]® )

[5(nn,nn+1)(1+5(nn71,nn))]q4 . [5(']n—1:’]n+1)+5(77n,’7n)]q5
1+6(Np—-1.1n) 2s

%5
= ¢<[5(77n1> 7],,,)]1]1+q2 . [E(nm nn+1)]q3+q4 . [W] )

But by (B), together with the monotony of the function ¢, it follows

6(7771: nn+1)

= b6(Pnu-1, PNy) (2.5)

=< ¢([6(nnlr 77;1)]‘11*‘12 . [6(7}”, 7];“1)]'13“]4 . |:E(nn—1: 77}1) + 5(;7},” nn+1)i|q5>;

2

moreover, by (¢1) we have

b(1p-1, 77n) + b(Nu, 77n+1) ] o

600 1) < (60001100 ] " - [0 )] [ 2

If there exists my € N such that 6(1,g-1, mg) < 6(my» mg+1), then the above inequality
becomes

6(’7m0, nm0+1) < [E(ﬂmO,l, nmo)]q1+q2 ’ [E(Umo; 77m0+1)]q3+q4+q57

which is a contradiction since (keeping in mind that 1— (g3 + ¢ + ¢5) = q1 + ¢») it is equivalent
with

6(77m07 nmo+1) < ﬁ(nmo—lr nmo)'

Page 4 of 12
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Therefore, for any n € N,

b 1) < 61, M)
Furthermore, returning to inequality (2.5), we have

60y Mne1) < @ (6(1u-1, M) < -+ < @™ (b(n0, m1))- (2.6)
Let g € N. Then, by (B), together with (2.6), we obtain

6(ns 77n+q) = 3[6(7771: Mnv1) + 6(Nns1s 77n+q)]
< 86(N Ma1) + 525(77;'”1’ Nna2) + oo + SqE(nVHq—l’ 77n+q)

<s¢"(6(no,m)) + 5" (6(mo,m)) + -+ + 579" (6(no, m))

1 n+q-1
= S"_l Z S}¢1(5(770, T]]))
j=n
1
= o Z §¢/ (6(no,m)) > 0 asq,n— oo.
j=1

It follows that {#,} is a Cauchy sequence in a P-orbitally complete b-metric space. There-
fore, we can find @ € X such that lim,_, o, P"no = @.
We claim that @ is a fixed point of the mapping 2 under of any hypothesis, (iii); or (iii),.
Indeed,
w = lim n, = lim P(n,_1).
n—00 n—00

Moreover,

lim 2"y, =w foreverym > 1. (2.7)

n—00

If ¢ is m-continuous, then lim,,_, o 21, = Pw, and by (2.7) it follows that Pw = w.

If 2 is assumed to be orbitally continuous on X, then
@ = lim n,_1 = lim Pn,; = lim (2" ') = Pw.
Hn—0oQ H—0Q n— 00
Therefore, @ € Fixp(X). (]

Example Let X = [0,+00) and 6: X x X — [0,+00) be the b-metric defined as b(u, w) =
(u— w)? for all u,w € X. Let the mapping 2 : X — X be defined by

if u € [0,1),

P(u) = ifuell,2],

Bl NI

2rut3 , In(u2+u+2)
uZyu+t2 w2 rutd

if u € (2,+00),

Page 5 of 12
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and a function « : X x X — [0, +00), where

w2+ w?+4, ifu,wel0,1),

3, ifu=0,w=2,
a(u,w) =

u? + /3, ifu=1,0€e(3,9},

0, otherwise.

Let also the comparison function ¢ : [0, 00) — [0,00), ¢(t) = t/3, and we choose q; = ¢5 =
1/10, ¢ = g1 = 1/5, g5 = 2/5. Thus, we can easily observe that assumptions (i) and (ii) are
satisfied, and since P2(u) = 1/2 is continuous, assumption (iv) is also verified.

Case (i.) For u,w € [0, 1], we have 6(Pu, Pw) = 0, so inequality (2.1) holds.

Case (ii.) For u = 0 and w = 2, we have %E(O, %) = é <4 = 5(0,2) and 6(Pu, Pw) = 0. Thus,
(2.1) holds.

Case (iii.) For u = 1/4 and w = 3, we have %6(0, %) = % <9=56(0,3) =>

1 1 (1
a| 7:3)6( ;3 ) =0003625861 < 0.534529784 = ( Ap( .3 ) ).

Case (iv.) For u = 1/4 and w = 9, we have %6(0, %) = % <81 =106(0,9) =

1 1 (1
af 3,9)6( ;-9 ) = 0368908954 < 2453226625 = ¢ ( Ay ( .9 ) ).

All other cases are of no interest because a(u, w) = 0 and (2.1) is satisfied.

Therefore, the mapping 2 is an AL -admissible interpolative contraction. On the other
hand, since P?(«) = 1/2 is continuous and ? is a-orbital continuous, by Theorem 2.2 we
get that there exists a fixed point of the mapping ®; that is, u = %
Theorem 2.3 Let (X, b,5) be a complete b-metric space and P be an A%-admissible inter-
polative contraction such that

(i) P is a-orbital admissible;
(i) there exists uy € X such that o(ug, Pup) > 1;

(iiiy) P is m-continuous for m > 1, or

(iiiy) P is orbitally continuous.

Then P possesses a fixed point w € X.

Proof As in the previous proof, for u; € X, we build the sequence {1,}, where 1y = 4y and
N = PNy-1 = P"no for any n € N. Since n,_; # n, for any n € NUO, taking into account that
the mapping 2 is supposed to be A2 -admissible interpolative contraction, we have

1
55(77”-1, ?nn—l) = 55(77;1—1: nn) = 5(7771—1’ 77n) =
(=15 1) B( PN 1, P) < S(AB (M1, 7))

where

A2 ) = [BOu1,10)]™ - [6n-1, Pna-1)]® - [ 6 P) ] "

Page 6 of 12



Fulga Advances in Difference Equations (2021) 2021:448

) [5(77;4_1, PNu-1) 6y PN) + b1y P1) 6(y P1) ] o
max{ﬁ(nm Pu) b1 fP77r1—1)}

. [B(nn_l, P1u-1) B (1, Ph) + 61, P1n) 61, Tnm)]qs
max {61, Pnn), 6(11n, P11n-1)}
= [611)]™ - [6(0n-1, 7] - [6G1s 141)]®
. [ﬁ(nn-l, 1) 6(ns 1ns1) + 5(nn_1,nn+1)5(nmnn)]q4
max{ﬁ(nm 77n+1)v 6(’7;1’ nn)}

. [ 6(77n—1; nn)ﬁ(nn—ly 77n+1) + E(Wnr nn+1)6(nm nn) ] o
max{b(1u-1, Nu+1)s 6> M)}

+ M1, 1) 6 1) 1%
= (60101, 1)]™ ™ - [6G1 1e1)]® |: (=1, 1) (s 1)]

b(Nys Mie1)

) [ b(1p=1, 1) 61, Ns1) ] %
E(Un—l: 77n+1)

= [E(nn—lr nn)]41+q2+44+115 ' [E(nm nn+1)]q3'

Therefore, since by assumption (i) it follows that «(n,_1,7,) > 1 for all n € N, we have

E(nn’ 77n+1) = a(nn—l: nn)ﬁ(fpnn—lx EPT'],,) =< ¢(A§7(nn—1’ nn))
= ¢([5(,7n_1’ nn)]q1+qz+94+q5 . [5(’7”’"”“)]%) 2.8)

< [6(77;1—1» nn)]tJ1+q2+q4+qs : [E(UVI’ 77n+1)]q3'

(Here, we used the property (¢1) of the function ¢.)
Thus,

[6(77;1, r);1+1):|1_q3 < [5(77;171, nn)]ql+qz+q4+q5 = [ﬁ(nn—l’ ﬂn)]l_qs,

and then 6(n,;, Ny+1) < 6(ny-1, ny) for any n € N. Furthermore, by (2.8) and keeping in mind
(¢2), we obtain

6(77;1: 77n+1) < ¢(6(nn—l: nn)) < ¢2(E(77n—2: nn—l)) <see< ¢n(6(770: 771)):
and following the same steps as in the proof of Theorem 2.2, we can easily find that the
sequence {n,} is Cauchy. Moreover, since (X, 5, s) is supposed to be P-orbitally complete,
we can find a point @ € X such that lim,_, o, P19 = @. Assuming that © is m-continuous,
we have
Pw = lim ?"n, = lim n,,,, = @,
n—00 n— 00
and assuming that 2 is orbitally continuous, we get
Pew = lim '.P(T”no) = lim Pn, = lim n,,, = @,
n—00 n—00 n—00

that is, @ is a fixed point of P. O

Page 7 of 12
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In case we replace the continuity condition of the mapping with the continuity of the
b-metric b, we get the following results.

Theorem 2.4 Let (X, b,s) be a complete, a-regular b-metric space, where the b-metric b is
continuous, and P : X — X is such that

%Sli(u,ipu)sb‘(u,a)) = a(u,0)d(Pu, Po) < (AL, 0), (2.9)

where ¢ € ©® and A, for | = 1,2 are given by (2.2) and (2.3). If
(i) P is a-orbital admissible;
(i) there exists uy € X such that o(ug, Pup) > 1.
Then P possesses a fixed point w € X, and the sequence {P" uy} converges to this point w .

Proof From the proof of Theorem 2.2 we know that the sequence {1, }, where ,, = Pn,_; =
P"1no converges to a point @ € X, and we claim that @ is a fixed point of the mapping .
For this purpose, we claim that

1
2—S5(77m Tnn) = 5(77;1107) (210)
or
1
2—6(Tnn,ﬂ>(?nn)) < 6(Pn,, w). (2.11)
S

Indeed, supposing the contrary

1 1
25 801 n,) > b(n, ) and Z—H(Tnm?(?nn)) > 6(Pn,, @),
S S
we get that

6y Mns1) = 6(s P1) < s[6(n, @) + b(z, Pny) |

1 1
< s[z—sﬁ(nm Pria) + 5 b( P, T(Tnn))}

1
= 5[5(7771; Mnv1) + 6(Nns1s nn+2)] < 6(Nuy Nis1)-

This is a contradiction, and then (2.10) or (2.11) holds. Under the regularity assumption
of the space (X, 6,s), we have that «(n,, @) > 1 for any n € N.

Casel. (I=1)

(1.a) If (2.10) holds, we get

6(ns1, P) < & ) 6(Py, P5) < G( ALy @) < A, )
= [E(nm w)]ql . [ﬁ(nn; 77n+1):|q2 . [5(;3,?@)]'13

. [ﬁ(w, Pw )1+ 6(s 7%1))]14 (2.12)
1+ 6, o)

E(nm wa') + E(w; 77n+1) 3
2s ’

Page 8 of 12
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(1.b) If (2.11) holds,

b(Mus2, Po) < (N1, w)ﬁ(fl’zflm TZD') = ¢(Aip(fp77m ZD‘)) < A;(?nmw)
= [E(fpnnvw)]ql : [E(nrﬁl) 7];'1+2):|q2 ' [ﬁ(m‘,?w‘)]%

) I:ﬁ(w’?w)(l + b(Ns1, 77n+2)):|q4 (2.13)
1+ 5(nn+11w)

6(nn+l’ wa‘) + E(ZD’, nn+2) b
2s ’

We can distinguish the following two situations:
(i) ¢t +>0.
Letting n — o0 in (2.12) respectively (2.13), we obtain b(w, Pew) = 0. Thus,
Po =w.
(ll) L=¢= 0.
In this case, when n — 00, from (2.12), (2.13) and keeping in mind the continuity
of b-metric b, we get

b(w, Pw) < [ﬁ(w,?w)]%+q4+q5 = b(w, Pw),

which is a contradiction.
Consequently, Pw = w, that is, @ is a fixed point of the mapping .
Case 2. (1=2)
(2.a) If (2.10) holds, we get

b1, Pw) < (0, @) 6(PN, Po) < (AS (00 @) < As(0, @)
= [6(m @)™ - (601w 101)]” - [6(, Pe)]®

. I:E(wx TZD’)H(?’}W nn+1) + 6(@', nn+1)6(77m Tw)]q4 (214-)
max{b6(n, Nue1)s b(Npe1, P )}

. I:ﬁ(w: TZZT)E(ZD’, nn+1) + E(nm nn+1)5(nm Tw)]qs
max{b(w@, Nys1), b(Nns1, P )) '

(2.b) If (2.11) holds,

b(Mus2, Po) < (N1, w)ﬁ(?znm wa‘) = ¢(A;2P(£an w)) < Aﬁa(?nm @)
= [E(nrﬁlrw)]ql . [5(77n+17 nn+2):|q2 . [5(w,‘l’w)]%

. [ﬁ(w, P ) b1 Nns2) + 6(, Na2) B(ni1s i’w)]‘f4 (2.15)
max{ﬁ(nrﬁh 77n+2)) E(nn+2y wa')}

. [ E(wr EPw)ﬁ(wr 77n+2) + E(nn+lr 77n+2)5(77n+1r wa)inS
max{ﬁ(w;ﬂmz), E(nn+2;Tw)} ’

We can distinguish the following two situations:
(i) i+ +q+g>0.
Letting n — oo in (2.14), respectively (2.15), we obtain 6(w, Pew) = 0. Thus,

Pw =w.

Page 9 of 12
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(i) p=p=p=¢=0.
In this case, when n — 0o, from (2.14) and (2.15), we get

b(w, Pw) < [6(w,‘l’w)]q3 = b(w, Pw),

which is a contradiction.
Consequently, P = o, that is, @ is a fixed point of the mapping 2. O

Example Let X ={1,2,3,5} and 6: X x X — [0, +00) be a b-metric space (s = 2), defined
by

B, 0) = (u+w)? ifudo,

0, ifu=ow.

Let 2 be a self-mapping on X, with 21 =25=1 and P2 = 3 = 2. Taking o : X X X —
[0, +00), (u, w) = 2 for all u,w € X, ¢(¢) = t/2 and the constants ¢; = é forie{1,2,3,4,5},
we have

1 25
—b5(3,P3) = — <64 =5(3,5) =
2s 4

a(3,5)6(P3, P5) = 18 < 19.37742 = ¢(A%(3,5)).
Thus, by Theorem 2.4, the mapping ® has (at least) a fixed point.

3 Consequences

Corollary 3.1 Let (X, b,s) be a complete b-metric space and P : X — X be a mapping such
that

a(u, ) b(Pu, Pw) < ¢ (AL (1, »))

forany u,® € X\ Fixp(X), where AL, | = 1,2, are defined by (2.2) and (2.3) and ¢ € ©. Then
P possesses a fixed point w € X provided that
(i) P is a-orbital admissible;
(ii) there exists ug € X such that o(ug, Pup) > 1;
(iii1) P is m-continuous for m > 1, or
(iiiy) P is orbitally continuous.

Corollary 3.2 Let (X, b,s) be a complete b-metric space and P : X — X be a mapping such
that

%E(u, Pu) < b(n,w) =  b(Pu, Pw) < ¢(Aip(u, a)))

forany u,w € X\ Fixe(X), where A, [ = 1,2, are defined by (2.2) and (2.3). Then P possesses
a fixed point w € X, provided that either P is m-continuous for m > 1 or P is orbitally
continuous.

Proof Put a(u,w) =1 in Theorem 2.2, respectively 2.3. O
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Corollary 3.3 Let (X, b,s) be a complete b-metric space and P : X — X be a mapping such
that there exists k € [0,1) such that

%E(u,fl’u)fﬁ(u,w) = b(Pu, Pw) < i - Ay(n, )

forany u,w € X \Fixo(X), where A, [ = 1,2, are defined by (2.2) and (2.3). Then P possesses
a fixed point w € X, provided that either P is m-continuous for m > 1, or P is orbitally
continuous.

Proof Put ¢(t) =« -t in Corollary 3.2. O

Corollary 3.4 Let (X, b,s) be a complete b-metric space such that b is continuous. A map-
ping P : X — X has a fixed point in X provided that

%b'(u, Pu) < b(n,w) =  b(Pu, Pw) < q)(Aff(u,w)),

where ¢ € © and AfP,for [=1,2 are given by (2.2) and (2.3).
Proof Put a(u,®) =1 in Theorem 2.4. O

Corollary 3.5 Let (X, b,s) be a complete b-metric space such that b is continuous. A map-
ping P : X — X has a fixed point in X provided that there exists k € [0,1) such that

1
2—6(u, Pu) < b(n,w) =  b(Pu, Pw) < KAIT(u, ),
s

where .Aleor [=1,2 are given by (2.2) and (2.3).

Proof Put ¢(t) =« - t in Corollary 3.4. O
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