Cui Advances in Difference Equations (2021) 2021:462 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-021-03601-8 a SpringerOpen Journal

RESEARCH Open Access
()]

Existence and nonexistence of entire
k-convex radial solutions to Hessian type
system

Jixian Cui'”

"Correspondence:

jixiancui@126.com Abstract

'College of Science, Qigihar . . . . . .

University, Qigihar 161006, In th|s paper, a Hessian type system is stud@d. After conyertmg the ex.lstence of an
PR. China entire solution to the existence of a fixed point of a continuous mapping, the

existence of entire k-convex radial solutions is established by the monotone iterative
method. Moreover, a nonexistence result is also obtained.

Keywords: k-convex radial solution; Existence; Nonexistence; Hessian type system

1 Introduction
In this paper, we study the existence of entire k-convex radial solutions to the following
problem of Hessian type system:

ox(A(D*u + u|Vull) = p(lx)fi(w)fa(v), x € B1(0),
o1(M(D* +v|VvI)) = q(|x)g1 (w)g(v),  x € B1(0), (1.1)
u=v=0, x € 0B1(0),

where k,1=1,2,...,N, u,v > 0 are constants, B;(0) is the unit ball in RY, for any N x N

92 u(x)
3.765 396,‘

real symmetric matrix A, A(A) denotes the eigenvalues of A, D?u(x) = ( ) denotes

the Hessian matrix of the function u € C?(B1(0)), Vu denotes the gradient of %, and
or(X) = lei1<~~~<ik§N Aip -+ Ay denotes the kth elementary symmetric function of A =
(A1,...,An) € RN,

For p, 9, f1, f2, g1, &2, we introduce the following conditions:

(H1) p,q € C([0,1],(0, +00)). fi.f2, 81,82 € C((—00,0], [0, +00)) are decreasing.

(H2) Forany a >0, the integral /"% o T is divergent.
(LOAEF +@(Dg@) !
(H3) For any a > 0, the integral ffa il T is divergent.
A@LENF +er(Dga() !
Denote

Tp={reRN:0/(1)>0,1<j<k}.

We say that a function u € C?(B1(0)) is k-convex in By (0) if A(D?u(x)) € ' for all x € B,(0).
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In (1.1), if & = 0 and f5(v) = 1, the first equation in the system becomes the following

k-Hessian type equation:

ak(A(DZu)) :p(|x|)f1 (u); (1.2)

if o =v =0and fi(u) = g&2(v) = 1, the system becomes the following coupling k-Hessian

system:

o (MD") = p(xfs (v, 12
o1(MD?V)) = q(Ix)g1 (w).

Related to k-Hessian equations, if k = 1 the k-Hessian equations become the well-known
Laplacian equations, and if k = N the k-Hessian equations become the Monge—Ampére
equations. Concerning Laplacian equations and Monge—Ampére equations, there are a
great number of research papers, see for examples [1, 6, 7, 22] and the references therein.
Here we specially mention Keller [15], Osserman [21], and Lair and Wood [17] for Lapla-
cian equations and Cheng and Yau [2] and Laser and McKenna [19] for Monge—Ampére
equations. Similar situations occur for coupling k-Hessian system (1.3), although in this
case there are not so many research papers. Here we only mention Lair and Wood [18]
and Cirstea and Radulescu [3] for coupling Laplacian systems and Wang and An [24] and
Zhang and Qi [26] for coupling Monge—Ampere systems.

For general k-Hessian equation (1.2), when p = 1 and f(«) = u’*, y > 1, Jin, Li, and Xu
[13] showed the nonexistence of entire k-convex positive solutions. When p = 1, Ji and
Bao [11] gave necessary and sufficient conditions on the existence of entire positive k-
convex radial solutions. If we generalize p(|x|)f (u) to f(x, u), de Oliveira, do O, and Ubilla
obtained the existence of k-convex radial solutions in the case of supercritical nonlinear-
ity by means of variational techniques (see [5] and the references therein for research in
this direction). For general k-Hessian equation (1.2) and coupling k-Hessian system (1.3),
Zhang and Zhou [27] obtained several results on the existence of entire positive k-convex
radial solutions. We refer to the papers of Feng and Zhang [8] and Gao, He, and Ran [9]
and the references therein for research on coupling k-Hessian system (1.3).

It is obvious that the k-Hessian type equation

ok (M(D*u + p|Vull)) = p(|x|)f ()

is a generalization of k-Hessian equation (1.2), but it is a special case of the following fully

nonlinear Hessian equation:
F(A(Dzu + Alx, u,Vu))) =f(x,u, Vu). (1.4)

See Guan and Jiao [10] and Jiang and Trudinger [12] and the references therein for research
on fully nonlinear Hessian equation (1.4). Here we also want to mention the work of Dai
[4] for similar study.

Inspired by the works above, and as we know that now there are no papers on the prob-
lem of k-Hessian type system (1.1), we obtain the following results in this paper.
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Theorem 1.1 Under conditions (H1) and (H2), if f1(0)g2(0) # 0 and f,(0) + g1(0) # 0, then
problem (1.1) admits an entire k-convex radial solution (u,v) € C*(B1(0)) x C%(B1(0)).

Remark 1.1 In the case of f1(0)g2(0) = 0, if £1(0) = g2(0) = 0, then there is a trivial solution
(u,v) = (0,0) to problem (1.1); if f1(0) = 0 or g2(0) = 0, then there is a semi-trivial solution
(u,v) = (0,v) or (u,v) = (4,0) to problem (1.1); moreover, the semi-trivial solution may
become trivial if f;(0) = 0 with g;(0) = 0 or g,(0) = 0 with £5(0) = 0.

In the case of f,(0) + g1(0) = 0, there is a trivial solution (z, v) = (0,0) to problem (1.1).

Theorem 1.2 Under conditions (H1) and (H3), problem (1.1) admits no entire k-convex
radial solution (u,v) € C*(B;(0)) x C%(B;(0)).

Remark 1.2 In this case, f1(0)/2(0) = g1(0)g2(0) = 0, and there is a trivial solution (x,v) =
(0,0) to problem (1.1).

2 Preliminaries
In this section, we give some preliminary results which will be used to prove the main
results in the next section.

Lemma 2.1 Assume ¢(r) € C2[0,1] with ¢'(0) = 0. Then, for u(x) = ¢(r), there holds that
u € C%(B1(0)) and

" / 1 ’ 1 ’
7(DPu+ V) = (@"(r) + ng'(r), (5 + M@ (1), ... (7 + m)e'(r)), 7€ (0,1],
(¢"(0),¢"(0),...,9"(0)), r=0,
and further
ox(M(D*u +n|Vull))

R (0" () + @ (2 + @ () + Chy (R + e ), re(0,1],
Chig" O, r=0,

k _ N
where Cy = oo

Proof It is immediate that, forx #0,1 <i,j <N,

dulx) <<0/(r))
= X;
0X; r

and
ul®) _(¢" 0\ (PON (YD,
dx;0%; r2 " B ) r v
Further if define
du(0) %u(0)
=0, = 0)4;,
Bxi 8x,~8x; ¢ ( ) /

then u € C*(B,(0)).
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Now it is easy to show the two equalities for A(D?u + n|Vu|l) and 0% (A(D?u +n|Vul|l)). O

Lemma 2.2 Let f € C(—00,0] be decreasing. Assume that ¢ € C°[0,1] N C*(0,1] is a solu-
tion of the Cauchy problem

k-1 1
@'(r) = ( Cg,}l e Vi) [T etk B flp(s) ds)k,  0<r<l,
(1) =0,
where
Vi (1) = —(Cﬁmr +Cyy Inv).
N—l

Then ¢ € C*[0,1], and it satisfies the problem

CNAQ (@' () r 4+ (Chnr + C_ (@' () = lik",()'k_ f(p(r), O<r<i,
¢’ (0)=0.

Furthermore, if ¢ is nontrivial, i.e., p(r) <0 for 0 <r <1, then

Aim (w”(r) g/ (), (% + n)w’(r), . (% ; n) w’(r)) er

forO<r<1.

Proof 1t is easy to see that ¢(r) € C2[0, 1].

From

’ k - r s S (S)
¢'(r) = ( e /0 A o 1f(<p(S))dS)

N-1

we have

e—llfk,,,(r)/o eVkn() s p(s) f((p(s)) ds,

()" = Tr oo

k-1
N
and further differentiating with respect to r we have

k
SO 0) s (i ) E0) = s (otn).

If ¢ is nontrivial, it is easy to see that ¢ is increasing, so for 0 < r < 1 we conclude ¢(r) <
(1) =0, f(p(r)) > f(¢(1)) > 0 and further

or(Mr) =f(<p(r)) >0 forO<r<l.

By the properties of kth elementary symmetric functions (see for example [20]), we know
0j(A;) >0 for 1 <j<kandO < r < 1. Therefore we conclude the lemma. O

Page 4 of 9
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3 Proofs of the main results
In this section, we prove the main results in this paper, i.e., the existence and nonexistence

of entire k-convex radial solutions for problem (1.1).

Proof of Theorem 1.1 From the system

Cl /()@ )+ (Chyar + C ) 0D = 229 A @O (),

ClL Y ()W )+ (Clvr + C YV = g1 () (v(),

we get

W) = ( zkvk‘l eVt 7 b9 2 5(;_ £ (u(s)fa (v(s)) ds)

V() = (gl e 0 [ et St g (u(s)ga(v(s) )

furthermore we have

u(r) = [ (e e fy e¥n® SO (u(s)a(v(s) o)t d,

V) = ] (hre e [ e 2t u(9)ga(v(s) i .

Define
E( )( ) flr(ckk_l e*‘//k,u(t)f e‘/’ku (s) (;— = 1f1(u S))fz(V(S) ds)k dt
u,v)(r) =
S (et [y et g1 (u(9)ga(v(s)) ) it

then we need only to find a fixed point of £. Here we use the monotone iterative method
to find such a fixed point.

It is easy to show that £ is a mapping from C2[0,1] x C2[0,1] to C?[0,1] x C?[0,1], and
it is continuous on CJ[0, 1] x C[0,1].

Let {u,} and {v,} be the sequence of continuous functions defined by

ug(r) =0,

vo(r) =0,

(1) = f} (e Vit [ eveantd (;j*ff), Ftn1 ())fs Vi () ds)E dt,
va(r) = f{ (5 =) e V@ [ evinl) 11g1(un 1 (8)g2 (Va1 (5)) ds)k dit.

It is easy to see that i, and v, are decreasing on [0, 1] for # > 1 and by induction {«,} and
{v,} are decreasing as well, i.e., 1,,,1(r) < u,(r) and v,,,1(r) < v,(r) for 0 <r<land n > 1.

By condition (H1), foreachO<r<landn>1,

0 < u,(r)

1

- (Cf-l e Vi /0 ewm()( p(s) (6o (1)) )k
N-1

1+ pus)k-1

Page 5 of 9
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B

< CIN, &, p) (1 (1n(r)f2 (va(r)) )

< CN, &, p) (f (un(r) + via(0)fo (1 (r) + v (1)) dis) ¥,

i

where C(N, k, p) is a constant dependent on N, k, and p.
Similarly,

~

0<v,,(r) < CIN, L, q) (€1 (un(r) + v (r) g2 (n(r) + va(r)))
and further

0 < (un(r) + V,,(}"))/

o

—
S)J
—

~

<C(N,k1Lp, 4)((f1 (un(r) + Vn(r)) Z(un(r) + Vn(r)))
+ (@1 (1) + 1) (100 7) + va()) 1),
ie,

. (un(r) + va(r))
(it (7) + V(o) + Va ) E + (@1 tn(7) + V()2 () + V(7))
< CWN,k1Lp,q),

0

~—

where C(N,[,q) and C(N,k,[,p,q) are constants dependent on N, [, g and N, &, [, p, q,
respectively.
Integrating from 1 to r, we have

tn(r)+vn(r) drt
/ 1 1 Z _C(ka) l:l% q) (32)
0 (A(DARE)E + (g1(t)g(1)!

By condition (H2), denote

W) = /W dt
0 (REOAD)E + (@ (r)g)!

then F is continuous and increasing on (=00, 0], and it has an inverse function F~!. From
(3.2), we have

F Y (-CWN,k,Lp,q)) < un(r) + vr) <0

forO<r<landn>1.

By condition (H1) and (3.1), we have for n > 1

0< (un(r) + vn(r))/

< C(N,k,L,p, q)( max ((fl(w)fg(w))% + (gl(w)gz(w))%))

F1(-C(N kLp,q)<w=0

= C(N; k) l:pv q;ﬁ; 27g1!g2)7
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where C(N, k, 1, p,q,/1,f2,81,£2) is a constant dependent on N, &, [, p, g, f1, f», g1, and g>. So
{u,,) and {v,} are bounded in C*[0,1] and by Arzela—Ascoli theorem {u,} and {v,} have
convergent subsequences (still denoted by {u,} and {v,}) in C[0, 1]. Denote

u(r) = lim u,(r),
n—+0Q

v(r) = lim v,(r).
H—>+00
By the continuity of £ on C[0,1] x C[0, 1], from
(v Vi) = L(Up-1,Vn1),
we conclude that (u,v) is a fixed point of L after letting n — +00. d
Proof of Theorem 1.2 We prove by contradiction. Suppose that (x,v) is a k-convex radial

solution to problem (1.1). Then u and v are decreasing on [0, 1]. For 0 < 7 < 1, by Lemma 2.2

we can get

0 < /() < CON, b p) (i () + V() g () + v(1))

0<V(r) < C(N,Lq) (g1 (ulr) + v(r))gg(u(r) + v(r)))%.

So
0 < (u(r) + v(r))’
(Fi ) + v 0(r) + VI + (g2 () + v()ga(u(r) + v(r) T
< C(N,k,Lp,q).
Integrating for O to 1, we have
0
0</ ldT 1 EC(Nrk’lrp’Q);
w0+(0) (fi(7)f2(1)* + (g1(T)g2(7)) 1

which contradicts condition (H3). Now we finish the proof. O

At the end of this section, we give some examples for the sake of clearly understanding
the results in this paper.

Assume that «, B8, a1, B1, a2, and B, are positive.

Example 3.1 If oy + 1 <k and oy + B2 <, then the following problem admits an entire
k-convex radial solution (&, v) € C2(B;1(0)) x C?(B;(0)):

oM (D?*u + | VulD)) = (1+ [x)* (L + |ul)* v, x € B1(0),
a(A(D? +v|VvID) = (1 + 2P (1 + |ul)*2 (1 + [v)?2,  x € Bi(0),
u=v=0, er)Bl(O)

Page 7 of 9
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Example 3.2 If a; + f1 > k and a3 + B, > [, then the following problem admits no entire
k-convex radial solution (i, v) € C2(B;1(0)) x C?(B;(0)):

ox(M(D?*u + | Vull)) = (1 + |x)*[u|*[v|P1,  x € B,(0),
o1(M(D?v + v|VVID) = (1 + |x])P|ul*2|v|2,  x € By(0),
u=v=0, xeaBl(O)

4 Conclusion

In this paper, by converting the existence of an entire solution to the existence of a fixed
point of a continuous mapping, we establish the existence of entire k-convex radial so-
lutions for a Hessian type system. Moreover the nonexistence of entire k-convex radial
solutions is also obtained. In the process of obtaining the existence of entire k-convex ra-
dial solutions, we utilize the monotone iterative method. By different fixed point theorems
(such as the ones in [14] and [25]) or different methods (such as degree theory in [16] and
the regularization method in [23]), we may get different results on Hessian type systems.
In our opinion, it is interesting to fulfil this kind of works in the future.
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