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Abstract
In this article, we are pleased to investigate multiple positive solutions for a system of
Hadamard fractional differential equations with (p1,p2,p3)-Laplacian operator. The
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1 Introduction
The majority of the aforesaid analysis on the topic is based upon fractional differential
equations and Hadamard fractional derivatives involving many numerous applications in
a variety of fields such as control theory, electrical circuits, biology, physics, and finance
[1–10]. For example, Arafa et al. [8] proposed a fractional order into a model of HIV-1
infection of CD4+ T-cells dynamics model:

⎧
⎪⎪⎨

⎪⎪⎩

Dσ1 (T) = s – KVT – dT + bI,

Dσ2 (I) = KVT – (b + δ)I,

Dσ3 (V ) = NδI – cV ,

where Dσi (i = 1, 2, 3) are fractional order derivatives. Jesus et al. [10] studied the fractional
electrical impedance of vegetables and fruits by using Bode and polar diagrams. In the
modern decades, the results of multiplicity of positive solutions for a system of fractional
differential equations which are subject to various levels of boundary conditions have been
analyzed extensively by numerous researchers using a variety of methods and techniques
[11–18]. Further analysis of positive solutions with p-Laplacian made an extensive con-
tribution to amalgamate the study [19–31]. In the recent past, Hadamard fractional order
problems under contrasting different boundary conditions were briefly discussed in the
literature [32–36]. Contrarily, many researchers studied the theory of Hadamard fractional
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order along with p-Laplacian operator [37–40]. Our results were combined to generalize
the study from the papers [30, 31]. In [31], Han et al. studied the boundary value problem
with fractional differential equation involving the p-Laplacian operator:

⎧
⎨

⎩

Dβ

0+ (φp(Dα
0+ x(t))) + a(t)f (x) = 0, 0 < t < 1,

x(0) = γ x(ξ ) + λ,φp(Dα
0+ x(0)) = φp(Dα

0+ x(0))′ = φp(Dα
0+ x(0))′′ = 0,

where 0 < α ≤ 1, 2 < β ≤ 3 are real numbers, 0 ≤ γ < 1, 0 ≤ ξ ≤ 1, λ > 0 is a parameter, and
Dα

0+ , Dβ

0+ are the standard Caputo fractional derivatives. Under some assumptions, several
new existence and nonexistence results for positive solutions in terms of different values
of the parameter λ are obtained.

Inspired by the aforementioned works, here we have amalgamated the system for non-
linear Hadamard fractional differential equations for the existence of multiple positive
solutions along with (p1, p2, p3)-Laplacian operators:

–HDρ1
1+

(
φp1

(HDσ1
1+ ß(t)

))
= f1

(
t, ß(t),� (t),ω(t)

)
, 1 < t < e,

–HDρ2
1+

(
φp2

(HDσ2
1+� (t)

))
= f2

(
t, ß(t),� (t),ω(t)

)
, 1 < t < e, (1)

–HDρ3
1+

(
φp3

(HDσ3
1+ω(t)

))
= f3

(
t, ß(t),� (t),ω(t)

)
, 1 < t < e,

subject to the two-point boundary conditions

ß(1) = ß′(1) = 0, HDσ1
1+ ß(1) = 0, λ1ß(e) + μ1

HDδ1
1+ ß(e) = ψ1,

� (1) = � ′(1) = 0, HDσ2
1+� (1) = 0, λ2� (e) + μ2

HDδ2
1+� (e) = ψ2,

ω(1) = ω′(1) = 0, HDσ3
1+ω(1) = 0, λ3ω(e) + μ3

HDδ3
1+ω(e) = ψ3,

(2)

where σi,ρi, δi ∈R, σi ∈ (2, 3], ρi ∈ (0, 1], δi ∈ (1, 2], i = 1, 2, 3, λi, μi, i = 1, 2, 3, are real pos-
itive constants, ψi > 0 is a parameter for i = 1, 2, 3, HD†

1+ denotes the Hadamard fractional
derivative of order † for († = σi,ρi, δi, i = 1, 2, 3), p1, p2, p3 > 1, φpi (s) = |s|pi–2s, φ–1

pi
= φqi ,

1
pi

+ 1
qi

= 1, i = 1, 2, 3, and fi ∈ C([1, e] × R
3
+ → R+), i = 1, 2, 3. Sufficient conditions for

the existence of single and multiple positive solutions are derived by imposing growth
conditions f1, f2 and on f3 by applying various fixed point theorems in a cone. By a
positive solution of problem (1)–(2), we mean a triplet of functions (ß(t),� (t),ω(t)) ∈
(C([1, e],R+))3, (R+ = [0,∞)) gratifying (1)–(2) with ß(t),� (t),ω(t) ≥ 0 for all t ∈ [1, e] and
(ß(t),� (t),ω(t)) �= (0, 0, 0).

We assume the following hypotheses:
(H1) The function fi : [1, e] ×R

3
+ →R+ is continuous.

(H2) μi,λi > 0, σi,ρi, δi ∈R, 2 < σi ≤ 3, 0 < ρi ≤ 1, 1 < δi ≤ 2, μi(δi – 1) > λi�(σi–δi)
�(σi)

, and
�i = λi�(σi – δi) + μi�(σi) > 0, ∀i = 1, 2, 3.

(H3) �1, �2, �3, ℵ1, ℵ2, ℵ3 are positive constants such that
1
�1

+ 1
�2

+ 1
�3

+ 1
ℵ1

+ 1
ℵ2

+ 1
ℵ3

≤ 1.
The rest of this paper is organized as follows. In Sect. 2, we provide some preliminar-

ies and theorems to prove our main results. In Sect. 3, we construct the Green function
and also give some properties of the Green function which are needed later. Section 4 is
devoted to establishing the existence results of at least one or three positive solutions for
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system (1)–(2). In Sect. 5, as an application, two examples are presented to illustrate our
main results.

2 Preliminaries
First, we provide the definitions of Hadamard fractional derivative and Hadamard frac-
tional integral on a finite interval, the details of which can be found in the materials [41–
43].

Definition 2.1 The Hadamard derivative of fractional order σ for a function u : [1, +∞) →
R is defined as

HDσ u(t) =
1

�(n – σ )

(

t
d
dt

)n ∫ t

1

(

log
t
s

)n–σ–1

u(s)
ds
s

,

where σ > 0, n = [σ ] + 1, and [σ ] denotes the largest integer which is less than or equal to
σ and log(·) = loge(·).

Definition 2.2 The Hadamard fractional integral of order σ for a function u : [1, +∞) →
R is defined by

Iσ u(t) =
1

�(σ )

∫ t

1

(

log
t
s

)σ–1

u(s)
ds
s

, σ > 0,

provided the integral exists.

Definition 2.3 Let R be a real Banach space. A nonempty closed convex set M ⊂ R is
called a cone if it satisfies the following conditions:

(i) τ ∈M, � ≥ 0 implies �τ ∈M;
(ii) τ ∈M, –τ ∈M implies τ = 0.

Every cone M⊂R induces an ordering in R given by τ ≤ ζ if and only if ζ – τ ∈M.

Definition 2.4 Let M be a cone in the real Banach space R. A map χ : M → [0,∞) is
said to be a nonnegative continuous concave functional on a cone M if χ is continuous
and

χ
(
�τ + (1 – �)ζ

) ≥ �χ (τ ) + (1 – �)χ (ζ ), τ , ζ ∈M, 0 ≤ � ≤ 1.

Definition 2.5 Let M be a cone in the real Banach space R. A map π : M → [0,∞) is
said to be a nonnegative continuous convex functional on a cone M if π is continuous
and

π
(
�τ + (1 – �)ζ

) ≤ �π (τ ) + (1 – �)π (ζ ), τ , ζ ∈M, 0 ≤ � ≤ 1.

Property 2.1 ([44]) Let M be a cone in a real Banach space R, and let � be a bounded
open subset of R with 0 ∈ �. Then continuous functional η : M→ [0,∞) is said to satisfy
Property K1 if one of the following conditions holds:

(i) η is convex, η(0) = 0, η(�) �= 0 if � �= 0 and inf�∈M∩∂� η(�) > 0,



Rao and Ahmadini Advances in Difference Equations        (2021) 2021:436 Page 4 of 21

(ii) η is sublinear, η(0) = 0, η(�) �= 0 if � �= 0 and inf�∈M∩∂� η(�) > 0,
(iii) η is concave and unbounded.

Property 2.2 ([44]) Let M be a cone in a real Banach space R, and let � be a bounded
open subset of R with 0 ∈ �. Then the continuous functional ξ : M → [0,∞) is said to
satisfy Property K2 if one of the following conditions holds:

(i) ξ is convex, ξ (0) = 0, ξ (�) �= 0 if � �= 0,
(ii) ξ is sublinear, ξ (0) = 0, ξ (�) �= 0 if � �= 0,

(iii) ξ (� + τ ) ≥ ξ (�) + ξ (τ ) for all �, τ ∈M, ξ (0) = 0, ξ (�) �= 0 if � �= 0.

In the proof of our existence results, we shall use the following fixed point theorems of
the cone expansion and compression of functional type due to Avery et al. [44] and five
functionals fixed point theorem [45].

Theorem 2.1 ([44]) Let �1 and �2 be two bounded open sets in a Banach space R such
that 0 ∈ �1 and �1 ⊂ �2 in R. Suppose that L : M ∩ (�2\�1) → M is a completely
continuous operator, η and ξ are nonnegative continuous functionals on M and one of the
two conditions holds:

(i) η satisfies Property 2.1 with η(L�) ≥ η(�) for all � ∈M∩ ∂�1, and ξ satisfies
Property 2.2 with ξ (L�) ≤ ξ (�) for all � ∈M∩ ∂�2;

(ii) ξ satisfies Property 2.2 with ξ (L�) ≤ ξ (�) for all � ∈M∩ ∂�1 and η satisfies
Property 2.1 with η(L�) ≥ η(�) for all � ∈M∩ ∂�2 is satisfied.

Then L has at least one fixed point in M∩ (�2\�1).

Let ℘ , �, ς be nonnegative continuous convex functionals on P and α, β be nonnegative
continuous concave functionals on P, then for nonnegative real numbers h, a, b, d, and c,
we define the following convex sets:

P(℘, c) =
{
� ∈ P : ℘(�) < c

}
,

P(℘,α, a, c) =
{
� ∈ P : a ≤ α(�);℘(�) ≤ c

}
,

Q(℘,�, d, c) =
{
� ∈ P : �(�) ≤ d;℘(�) ≤ c

}
,

P(℘,ς ,α, a, b, c) =
{
� ∈ P : a ≤ α(�);ς (�) ≤ b,℘(�) ≤ c

}
,

Q(℘,�,β , h, d, c) =
{
� ∈ P : h ≤ β(�);�(�) ≤ d,℘(�) ≤ c

}
.

Theorem 2.2 ([45]) Let P be a cone in the real Banach space E. Suppose that α and β

are nonnegative continuous concave functionals on P and ℘ , �, and ς are nonnegative
continuous convex functions on P. Suppose that there exist positive numbers c and M with

α(�) ≤ �(�) and ‖�‖ ≤ M℘(�) for all � ∈ P(℘, c).

Suppose that A : P(℘, c) → P(℘, c) is a completely continuous operator, and there exist non-
negative numbers h, a, k, b with 0 < a < b such that:

(D1)
{
� ∈ P(℘,ς ,α, b, k, c) : α(�) > b

} �= ∅ and

α(A�) > b for � ∈ P(℘,ς ,α, b, k, c);
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(D2)
{
� ∈ Q(℘,�,β , h, a, c) : �(�) < a

} �= ∅ and

�(A�) < a for � ∈ Q(℘,�,β , h, a, c);

(D3) α(A�) > b for � ∈ P(℘,α, b, c) with ς (A�) > k;

(D4) �(A�) < a for � ∈ Q(℘,�, a, c) with β(A�) < h.

Then A has at least three fixed points �1, �2, �3 ∈ P(℘, c) such that

�(�1) < a, b < α(�2) and a < �(�3) with α(�3) < b.

3 Green function and bounds
In this section, we construct the Green function for the homogeneous two-point boundary
value problem

–HDσ1
1+ ß(t) = 0, 1 < t < e, (3)

ß(1) = ß′(1) = 0, λ1ß(e) + μ1
HDδ1

1+ ß(e) = ψ1. (4)

Lemma 3.1 Let �1 = λ1�(σ1 – δ1) + μ1�(σ1) > 0. If x ∈ [1, e], then the Hadamard frac-
tional differential order BVP

HDσ1
1+ ß(t) + x(t) = 0, 1 < t < e, (5)

subject to the two-point boundary conditions (4), has a unique solution

ß(t) =
∫ e

1
G1(t, s)x(s)

ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1
,

where

G1(t, s) =

⎧
⎨

⎩

G11(t, s), 1 ≤ t ≤ s ≤ e,

G12(t, s), 1 ≤ s ≤ t ≤ e,
(6)

G11(t, s) =
1

�1

[

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

]

(log t)σ1–1(1 – log s)σ1–1,

G12(t, s) =
1

�1

[

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

]

(log t)σ1–1(1 – log s)σ1–1

–
1

�(σ1)

(

log
t
s

)σ1–1

.

Proof As argued in [43] the solution of Hadamard fractional order BVPs (5) and (4) can
be written as the following equivalent integral equation:

ß(t) = c1(log t)σ1–1 + c2(log t)σ1–2 + c3(log t)σ1–3 –
1

�(σ1)

∫ t

1

(

log
t
s

)σ1–1

x(s)
ds
s

.

From ß(1) = ß′(1) = 0, we have c2 = c3 = 0. Furthermore, we can get

HDδ1
1+ ß(t) = c1

�(σ1)
�(σ1 – δ1)

(log t)σ1–δ1–1 –
1

�(σ1 – δ1)

∫ t

1

(

log
t
s

)σ1–δ1–1

x(s)
ds
s

.
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From the boundary condition, λ1ß(e) + μ1
HDδ1

1+ ß(e) = ψ1, we obtain

c1 =
1

�1

∫ e

1

[

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

]

(1 – log s)σ1–1x(s)
ds
s

+
ψ1�(σ1 – δ1)

�1
.

Hence, the unique solution of (5), (4) is

ß(t) =
1

�1

∫ e

1

[

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

]

(1 – log s)σ1–1(log t)σ1–1x(s)
ds
s

–
1

�(σ1)

∫ t

1

(

log
t
s

)σ1–1

x(s)
ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1

=
∫ t

1

[
1

�1

(

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

)

(log t)σ1–1(1 – log s)σ1–1

–
1

�(σ1)

(

log
t
s

)σ1–1]

x(s)
ds
s

+
∫ e

t

1
�1

(

μ1(1 – log s)–δ1 +
λ1�(σ1 – δ1)

�(σ1)

)

(log t)σ1–1(1 – log s)σ1–1x(s)
ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1

=
∫ e

1
G1(t, s)x(s)

ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1
. �

Lemma 3.2 Let 2 < σ1 ≤ 3, 0 < ρ1 ≤ 1, and y ∈ C[1, e]. Then the Hadamard fractional
order BVP

⎧
⎨

⎩

HDρ1
1+ (φp1 (HDσ1

1+ ß(t))) + y(t) = 0, t ∈ (1, e),

ß(1) = ß′(1) = 0, HDσ1
1+ ß(1) = 0, λ1ß(e) + μ1

HDδ1
1+ ß(e) = ψ1,

(7)

has a unique solution

ß(t) =
∫ e

1
G1(t, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

y(κ)
dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1
. (8)

For convenience, let b1 = �(ρ1)–1.

Proof In fact, let φ = HDσ1
1+ ß, ϒ = φp1 (φ). Then the solution of the IVP

⎧
⎨

⎩

HDρ1
1+ϒ(t) + y(t) = 0, t ∈ (1, e),

ϒ(1) = 0.
(9)

By the Lemma 3.1, we can reduce IVP (9) to an equivalent integral equation

ϒ(t) = c1(log t)ρ1–1 – Iρ1
1+ y(t), t ∈ (1, e).

From the relation ϒ(1) = 0, we get c1 = 0; and consequently

ϒ(t) = –Iρ1
1+ y(t), t ∈ (1, e). (10)
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Noting that HDσ1
1+ ß = φ, φ = φ–1

p1 (ϒ), we have from (10) that the solution of (7) satisfies

⎧
⎨

⎩

HDσ1
1+ ß = φ–1

p1 (–Iρ1
1+ y(t)), t ∈ (1, e),

ß(1) = ß′(1) = 0, λ1ß(e) + μ1
HDδ1

1+ ß(e) = ψ1.
(11)

By Lemma 3.1, the solution of (11) can be obtained as

ß(t) = –
∫ e

1
G1(t, s)φ–1

p1

(
–Iρ1

1+ y(s)
)ds

s
+

ψ1�(σ1 – δ1)(log t)σ1–1

�1
, t ∈ (1, e),

since y(s) ≥ 0, s ∈ [1, e], we have

φ–1
p1

(
–Iρ1

1+ y(s)
)

= –φq1

(
Iρ1

1+ y(s)
)
, s ∈ [1, e],

which implies that boundary value problem (7) has a unique solution

ß(t) =
∫ e

1
G1(t, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

y(κ)
dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1
, t ∈ [1, e]. �

Lemma 3.3 ([40]) Assume that (H2) holds. Then the function G1(t, s) given by (6) satisfies
the following inequalities:

(i) G1(t, s) ≥ 0 for all t, s ∈ [1, e],
(ii) G1(t, s) ≤ G1(e, s) for all t, s ∈ [1, e],

(iii) G1(t, s) ≥ ( 1
4 )σ1–1G1(e, s) for all t ∈ I , s ∈ (1, e), where I = [e1/4, e3/4].

We can also formulate similar results to Lemmas 3.1–3.3 for the Hadamard fractional
boundary value problems

HDρ2
1+

(
φp2

(HDσ2
1+� (t)

))
+ z(t) = 0, 1 < t < e, (12)

� (1) = � ′(1) = 0, HDσ2
1+� (1) = 0, λ2� (e) + μ2

HDδ2
1+� (e) = ψ2, (13)

and

HDρ3
1+

(
φp3

(HDσ3
1+ω(t)

))
+ φ(t) = 0, 1 < t < e, (14)

ω(1) = ω′(1) = 0, HDσ3
1+ω(1) = 0, λ3ω(e) + μ3

HDδ3
1+ω(e) = ψ3, (15)

where σj,ρj, δj ∈R, σj ∈ (2, 3], ρj ∈ (0, 1], δj ∈ (1, 2], λj,μj > 0, ψj is a parameter for j = 2, 3.
We denote by �2, G2, G21, G22 and �3, G3, G31, G32 the corresponding constants and

Green functions for problem (12)–(13) and problem (14)–(15), respectively, defined in a
similar manner as �1, G1, G11, G12. More precisely, we have

�2 = λ2�(σ2 – δ2) + μ2�(σ2),

G2(t, s) =

⎧
⎨

⎩

G21(t, s), 1 ≤ t ≤ s ≤ e,

G22(t, s), 1 ≤ s ≤ t ≤ e,
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G21(t, s) =
1

�2

[

μ2(1 – log s)–δ2 +
λ2�(σ2 – δ2)

�(σ2)

]

(log t)σ2–1(1 – log s)σ2–1,

G22(t, s) =
1

�2

[

μ2(1 – log s)–δ2 +
λ2�(σ2 – δ2)

�(σ2)

]

(log t)σ2–1(1 – log s)σ2–1

–
1

�(σ2)

(

log
t
s

)σ2–1

,

and

�3 = λ3�(σ3 – δ3) + μ3�(σ3),

G3(t, s) =

⎧
⎨

⎩

G31(t, s), 1 ≤ t ≤ s ≤ e,

G32(t, s), 1 ≤ s ≤ t ≤ e,

G31(t, s) =
1

�3

[

μ3(1 – log s)–δ3 +
λ3�(σ3 – δ3)

�(σ3)

]

(log t)σ3–1(1 – log s)σ3–1,

G32(t, s) =
1

�3

[

μ3(1 – log s)–δ3 +
λ3�(σ3 – δ3)

�(σ3)

]

(log t)σ3–1(1 – log s)σ3–1

–
1

�(σ3)

(

log
t
s

)σ3–1

.

The inequalities from Lemma 3.3 for the functions G2, G3 are the following: G2(t, s) ≤
G2(e, s), G3(t, s) ≤ G3(e, s) for all t, s ∈ [1, e] and G2(t, s) ≥ ( 1

4 )σ2–1G2(e, s), G3(t, s) ≥ ( 1
4 )σ3–1 ×

G3(e, s) for all t ∈ I , s ∈ (1, e).

Remark Consider the following condition:

Gi(t, s) ≥ mGi(t, s) for all t ∈ I, s ∈ (1, e), i = 1, 2, 3,

where m = min{( 1
4 )σ1–1, ( 1

4 )σ2–1, ( 1
4 )σ3–1}.

By using Green’s functions G1, G2, and G3 our problem (1)–(2) can be written equiva-
lently as the following nonlinear system of integral equations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ß(t) =
∫ e

1 G1(t, s)φq1 (
∫ s

1 b1(log s
κ

)ρ1–1f1(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ1�(σ1–δ1)(log t)σ1–1

�1
,

� (t) =
∫ e

1 G2(t, s)φq2 (
∫ s

1 b2(log s
κ

)ρ2–1f2(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ2�(σ2–δ2)(log t)σ2–1

�2
,

ω(t) =
∫ e

1 G3(t, s)φq3 (
∫ s

1 b3(log s
κ

)ρ3–1f3(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ3�(σ3–δ3)(log t)σ3–1

�3
.

We consider the Banach space R = T × T × T , where T = {ß : ß ∈ C[1, e]} equipped
with the norm ‖(ß,� ,ω)‖R = ‖ß‖ + ‖�‖ + ‖ω‖ for (ß,� ,ω) ∈R, and the norm is defined
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as ‖ß‖ = maxt∈[1,e] |ß(t)|. We define a cone W ⊂R by

W =
{

(ß,� ,ω) ∈R, ß(t) ≥ 0,� (t) ≥ 0,ω(t) ≥ 0,∀t ∈ [1, e] and

min
t∈I

[
ß(t) + � (t) + ω(t)

] ≥ m
∥
∥(ß,� ,ω)

∥
∥
R

}
,

where I = [e1/4, e3/4], m = min{( 1
4 )σ1–1, ( 1

4 )σ2–1, ( 1
4 )σ3–1}.

We define now the operators L1,L2,L3 : W → T and L : W →R by

L(ß,� ,ω) =
(
L1(ß,� ,ω),L2(ß,� ,ω),L3(ß,� ,ω)

)
, (16)

with

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L1(ß,� ,ω)(t) =
∫ e

1 G1(t, s)φq1 (
∫ s

1 b1(log s
κ

)ρ1–1f1(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ1�(σ1–δ1)(log t)σ1–1

�1
, t ∈ [1, e], (ß,� ,ω) ∈W ,

L2(ß,� ,ω)(t) =
∫ e

1 G2(t, s)φq2 (
∫ s

1 b2(log s
κ

)ρ2–1f2(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ2�(σ2–δ2)(log t)σ2–1

�2
, t ∈ [1, e], (ß,� ,ω) ∈W ,

L3(ß,� ,ω)(t) =
∫ e

1 G3(t, s)φq3 (
∫ s

1 b3(log s
κ

)ρ3–1f3(κ , ß(κ),� (κ),ω(κ)) dκ
κ

) ds
s

+ ψ3�(σ3–δ3)(log t)σ3–1

�3
, t ∈ [1, e], (ß,� ,ω) ∈W .

Lemma 3.4 If (H1)–(H2) hold, then L : W →W is a completely continuous operator.

Proof Let (ß,� ,ω) ∈W be an arbitrary element. Clearly, L1(ß,� ,ω) ≥ 0, L2(ß,� ,ω) ≥ 0
and L3(ß,� ,ω) ≥ 0 for t ∈ [1, e]. Also, for (ß,� ,ω) ∈W ,

∥
∥L1(ß,� ,ω)

∥
∥

≤
∫ e

1
G1(e, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

f1
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)

�1
,

∥
∥L2(ß,� ,ω)

∥
∥

≤
∫ e

1
G2(e, s)φq2

(∫ s

1
b2

(

log
s
κ

)ρ2–1

f2
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ2�(σ2 – δ2)

�2
,

∥
∥L3(ß,� ,ω)

∥
∥

≤
∫ e

1
G3(e, s)φq3

(∫ s

1
b3

(

log
s
κ

)ρ3–1

f3
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ3�(σ3 – δ3)

�3
,
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and

min
t∈I

L1(ß,� ,ω)(t)

= min
t∈I

[∫ e

1
G1(t, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

f1
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)(log t)σ1–1

�1

]

≥
(

1
4

)σ1–1[∫ e

1
G1(e, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

f1
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)

�1

]

≥ m
[∫ e

1
G1(e, s)φq1

(∫ s

1
b1

(

log
s
κ

)ρ1–1

f1
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψ1�(σ1 – δ1)

�1

]

≥ m
∥
∥L1(ß,� ,ω)

∥
∥.

Similarly, mint∈I L2(ß,� ,ω)(t) ≥ m‖L2(ß,� ,ω)‖ and mint∈I L3(ß,� ,ω)(t) ≥ m‖L3(ß,
� ,ω)‖. Therefore

min
t∈I

{
L1(ß,� ,ω)(t) + L2(ß,� ,ω)(t) + L3(ß,� ,ω)(t)

}

≥ m
∥
∥L1(ß,� ,ω)

∥
∥ + m

∥
∥L2(ß,� ,ω)

∥
∥ + m

∥
∥L3(ß,� ,ω)

∥
∥

= m
∥
∥L1(ß,� ,ω),L2(ß,� ,ω),L3(ß,� ,ω)

∥
∥

= m
∥
∥L(ß,� ,ω)

∥
∥.

Hence, we get L(W) ⊂ W . By the Arzela–Ascoli theorem, we see that L is a completely
continuous operator from W to W . �

4 Main results
For computational convenience, we denote

A = max

{
(1/4)ρ1(q1–1)

(�(ρ1 + 1))q1–1

∫

s∈I
G1(e, s)

ds
s

,
(1/4)ρ2(q2–1)

(�(ρ2 + 1))q2–1

∫

s∈I
G2(e, s)

ds
s

,

(1/4)ρ3(q3–1)

(�(ρ3 + 1))q3–1

∫

s∈I
G3(e, s)

ds
s

}

,

B = min

{
1

(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s
,

1
(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s
,

1
(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s

}

.
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Let us define two continuous functionals η and ξ on the cone W by

η(ß,� ,ω) = min
t∈I

{|ß| + |� | + |ω|} and

ξ (ß,� ,ω) = max
t∈[1,e]

{|ß| + |� | + |ω|} =
∥
∥(ß,� ,ω)

∥
∥
R.

It is clear that η(ß,� ,ω) ≤ ξ (ß,� ,ω) for all (ß,� ,ω) ∈W .

Theorem 4.1 Assume that (H1)–(H3) hold, suppose that there exist positive real numbers
q and Q with q < mQ and 0 < ψi < q�i

ℵi�(σi–δi)
≤ Q�i

ℵi�(σi–δi)
such that fi, i = 1, 2, 3, satisfy the

following conditions:
(F1) fi(t, ß,� ,ω) ≥ φpi (

q
3mA ) for all t ∈ I , (ß,� ,ω) ∈ [q, Q],

(F2) fi(t, ß,� ,ω) ≤ φpi (
Q

�iB
) for all t ∈ [1, e], (ß,� ,ω) ∈ [1, Q].

Then the system of Hadamard fractional order boundary value problem (1)–(2) has at least
one positive solution and nondecreasing solution (ß�,��,ω�) satisfying q ≤ η(ß�,��,ω�)
with ξ (ß�,��,ω�) ≤ Q.

Proof Let �1 = {(ß,� ,ω) : η(ß,� ,ω) < q} and �2 = {(ß,� ,ω) : ξ (ß,� ,ω) < Q}. It is easy to
see that 0 ∈ �1 and �1, �2 are bounded open subsets of T . Let (ß,� ,ω) ∈ �1, we have

q > η(ß,� ,ω) = min
t∈I

{
ß(t) + � (t) + ω(t)

} ≥ m
{‖ß‖ + ‖�‖ + ‖ω‖} = mξ (ß,� ,ω).

Thus Q > q
m > ξ (ß,� ,ω) i.e. (ß,� ,ω) ∈ �2, so �1 ⊆ �2.

Claim 1: If (ß,� ,ω) ∈ W ∩ ∂�1, then η(L(ß,� ,ω)) ≥ η(ß,� ,ω). To see this, let
(ß,� ,ω) ∈ W ∩ ∂�1, then Q = ξ (ß,� ,ω) ≥ (ß(s) + � (s) + ω(s)) ≥ η(ß,� ,ω) = q for s ∈ I .
It follows from (F1) and Lemma 3.3 that

η
(
L(ß,� ,ω)(t)

)

= min
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≥
3∑

i=1

[∫

s∈I
mGi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

≥ 1
3

q
mA

∫

s∈I
mG1(e, s)φq1

(
(log s)ρ1

�(ρ1 + 1)

)
ds
s

+
1
3

q
mA

∫

s∈I
mG2(e, s)φq2

(
(log s)ρ2

�(ρ2 + 1)

)
ds
s

+
1
3

q
mA

∫

s∈I
mG3(e, s)φq3

(
(log s)ρ3

�(ρ3 + 1)

)
ds
s

≥ 1
3

q
A

(1/4)ρ1(q1–1)

(�(ρ1 + 1))q1–1

∫

s∈I
G1(e, s)

ds
s

+
1
3

q
A

(1/4)ρ2(q2–1)

(�(ρ2 + 1))q2–1

∫

s∈I
G2(e, s)

ds
s
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+
1
3

q
A

(1/4)ρ3(q3–1)

(�(ρ3 + 1))q3–1

∫

s∈I
G3(e, s)

ds
s

=
q
3

+
q
3

+
q
3

= q = η(ß,� ,ω).

Claim 2: If (ß,� ,ω) ∈W ∩∂�2, then ξ (L(ß,� ,ω)) ≤ ξ (ß,� ,ω). To see this, let (ß,� ,ω) ∈
W ∩ ∂�2, then (ß(s) + � (s) + ω(s)) ≥ ξ (ß,� ,ω) = Q for s ∈ [1, e]. It follows from (F2) and
Lemma 3.3 that

ξ
(
L(ß,� ,ω)(t)

)

= max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤
3∑

i=1

[∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

≤ 1
�1

Q
B

∫ e

1
G1(e, s)φq1

(
(log s)ρ1

�(ρ1 + 1)

)
ds
s

+
1
�2

Q
B

∫ e

1
G2(e, s)φq2

(
(log s)ρ2

�(ρ2 + 1)

)
ds
s

+
1
�3

Q
B

∫ e

1
G3(e, s)φq3

(
(log s)ρ3

�(ρ3 + 1)

)
ds
s

+
Q
ℵ1

+
Q
ℵ2

+
Q
ℵ3

≤ 1
�1

Q
B

1
(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s

+
1
�2

Q
B

1
(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s

+
1
�3

Q
B

1
(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s
+

Q
ℵ1

+
Q
ℵ2

+
Q
ℵ3

= Q
[

1
�1

+
1
�2

+
1
�3

+
1
ℵ1

+
1
ℵ2

+
1
ℵ3

]

≤ Q = ξ (ß,� ,ω).

Clearly, η satisfies Property 2.1(iii) and ξ satisfies Property 2.2(i). Therefore condition (i)
of Theorem 2.1 is satisfied and hence L has at least one fixed point (ß�,��,ω�) ∈ W ∩
(�2\�1) i.e. the system of Hadamard fractional order boundary value problems (1)–(2)
has at least one positive solution and nondecreasing solution (ß�,��,ω�) satisfying q ≤
η(ß�,��,ω�) with ξ (ß�,��,ω�) ≤ Q. �

Theorem 4.2 Assume that (H1)–(H3) hold, suppose that there exist positive real numbers
q and Q with q < Q and 0 < ψi < q�i

ℵi�(σi–δi)
≤ Q�i

ℵi�(σi–δi)
such that fi, i = 1, 2, 3, satisfy the

following conditions:
(F3) fi(t, ß,� ,ω) ≤ φpi (

q
�iB

) for all t ∈ [1, e], (ß,� ,ω) ∈ [1, q],
(F4) fi(t, ß,� ,ω) ≥ φpi (

Q
3mA ) for all t ∈ I , (ß,� ,ω) ∈ [q, Q

m ].
Then the system of Hadamard fractional order boundary value problems (1)–(2) has
at least one positive solution and nondecreasing solution (ß�,��,ω�) satisfying q ≤
ξ (ß�,��,ω�) with η(ß�,��,ω�) ≤ Q.
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Proof Let �3 = {(ß,� ,ω) : ξ (ß,� ,ω) < q} and �4 = {(ß,� ,ω) : η(ß,� ,ω) < Q}. We have
0 ∈ �3 and �3 ⊆ �4 with �3 and �4 are bounded open subsets of T .

Claim 1: If (ß,� ,ω) ∈ W ∩ ∂�3, then ξ (L(ß,� ,ω)) ≤ ξ (ß,� ,ω). To see this, let
(ß,� ,ω) ∈ W ∩ ∂�3, then (ß(s) + � (s) + ω(s)) ≤ ξ (ß,� ,ω) = q for s ∈ [1, e]. It follows
from (F3) and Lemma 3.3 that

ξ
(
L(ß,� ,ω)(t)

)

= max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤
3∑

i=1

[∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

≤ 1
�1

q
B

1
(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s

+
1
�2

q
B

1
(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s

+
1
�3

q
B

1
(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s
+

q
ℵ1

+
q
ℵ2

+
q
ℵ3

= q
[

1
�1

+
1
�2

+
1
�3

+
1
ℵ1

+
1
ℵ2

+
1
ℵ3

]

≤ q = ξ (ß,� ,ω).

Claim 2: If (ß,� ,ω) ∈W ∩∂�4, then η(L(ß,� ,ω)) ≥ η(ß,� ,ω). To see this, let (ß,� ,ω) ∈
W ∩ ∂�4, then Q

m = η(ß,� ,ω)
m ≥ ξ (ß,� ,ω) ≥ (ß(s) + � (s) + ω(s)) ≥ η(ß,� ,ω) = Q for s ∈ I . It

follows from (F4) and Lemma 3.3 that

η
(
L(ß,� ,ω)(t)

)

= min
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(ln t)σi–1

�i

]

≥
3∑

i=1

[∫

s∈I
mGi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

≥ 1
3

Q
mA

∫

s∈I
mG1(e, s)φq1

(
(log s)ρ1

�(ρ1 + 1)

)
ds
s

+
1
3

Q
mA

∫

s∈I
mG2(e, s)φq2

(
(log s)ρ2

�(ρ2 + 1)

)
ds
s

+
1
3

Q
mA

∫

s∈I
mG3(e, s)φq3

(
(log s)ρ3

�(ρ3 + 1)

)
ds
s
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≥ 1
3

Q
A

(1/4)ρ1(q1–1)

(�(ρ1 + 1))q1–1

∫

s∈I
G1(e, s)

ds
s

+
1
3

Q
A

(1/4)ρ2(q2–1)

(�(ρ2 + 1))q2–1

∫

s∈I
G2(e, s)

ds
s

+
1
3

Q
A

(1/4)ρ3(q3–1)

(�(ρ3 + 1))q3–1

∫

s∈I
G3(e, s)

ds
s

=
Q
3

+
Q
3

+
Q
3

= Q = η(ß,� ,ω).

Clearly, η satisfies Property 2.1(iii) and ξ satisfies Property 2.2(i). Therefore condition (ii)
of Theorem 2.1 is satisfied, and hence L has at least one fixed point (ß�,��,ω�) ∈ W ∩
(�4\�3) i.e. the system of Hadamard fractional order boundary value problems (1)–(2)
has at least one positive solution and nondecreasing solution (ß�,��,ω�) satisfying q ≤
ξ (ß�,��,ω�) with η(ß�,��,ω�) ≤ Q. �

Theorem 4.3 Assume that (H1)–(H3) hold, suppose that there exist nonnegative numbers
a, b, and c such that 0 < a < b < b

m ≤ c and 0 < ψi < a�i
ℵi�(σi–δi)

≤ c�i
ℵi�(σi–δi)

such that fi, i =
1, 2, 3, satisfy the following conditions:

(F5) fi(t, ß,� ,ω) < φpi (
a

�iB
) for all t ∈ [1, e] and (ß,� ,ω) ∈ [ma, a],

(F6) fi(t, ß,� ,ω) > φpi (
b

3mA ) for all t ∈ I and (ß,� ,ω) ∈ [b, b
m ],

(F7) fi(t, ß,� ,ω) < φpi (
c

�iB
) for all t ∈ [1, e] and (ß,� ,ω) ∈ [0, c].

Then the Hadamard fractional order BVP (1)–(2) has at least three positive solutions
(ß1,�1,ω1), (ß2,�2,ω2), and (ß3,�3,ω3) such that �(ß1,�1,ω1) < a, b < α(ß2,�2,ω2) and
a < �(ß3,�3,ω3) with α(ß3,�3,ω3) < b.

Proof Define the nonnegative continuous concave functionals α, β and the nonnegative
continuous convex functionals ℘ , �, ς on W :

α(ß,� ,ω) = min
t∈I

{|ß| + |� | + |ω|}; β(ß,� ,ω) = min
t∈I1

{|ß| + |� | + |ω|};

℘(ß,� ,ω) = max
t∈[1,e]

{|ß| + |� | + |ω|}; �(ß,� ,ω) = max
t∈I1

{|ß| + |� | + |ω|};

ς (ß,� ,ω) = max
t∈I

{|ß| + |� | + |ω|}; where I1 =
[
e1/3, e2/3].

For any (ß,� ,ω) ∈W , we have

α(ß,� ,ω) = min
t∈I

{|ß| + |� | + |ω|} ≤ max
t∈I1

{|ß| + |� | + |ω|} = �(ß,� ,ω),

∥
∥(ß,� ,ω)

∥
∥
R ≤ 1

m
min
t∈I

{|ß| + |� | + |ω|} ≤ 1
m

max
t∈[1,e]

{|ß| + |� | + |ω|} =
1
m

℘(ß,� ,ω).

Thus, for each (ß,� ,ω) ∈W , α(ß,� ,ω) ≤ �(ß,� ,ω) and ‖(ß,� ,ω)‖R ≤ 1
m℘(ß,� ,ω). We

show that L : W(℘, c) → W(℘, c). Let (ß,� ,ω) ∈ W(℘, c), then 0 ≤ |ß| + |� | + |ω| ≤ c.
From condition (F7) we obtain

℘
(
L(ß,� ,ω)(t)

)

= max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]
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≤
3∑

i=1

[∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

<
c

�1B
1

(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s

+
c

�2B
1

(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s

+
c

�3B
1

(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s
+

c
ℵ1

+
c
ℵ2

+
c
ℵ3

= c
[

1
�1

+
1
�2

+
1
�3

+
1
ℵ1

+
1
ℵ2

+
1
ℵ3

]

≤ c.

Therefore L : W(℘, c) →W(℘, c). Now conditions (F5) and (F6) of Theorem 2.2 are to be
verified. It is obvious that

mb + b
3m

∈
{

(ß,� ,ω) ∈W
(

℘,ς ,α, b,
b
m

, c
)

;α(ß,� ,ω) > b
}

�= ∅ and

ma + a
3

∈ {
(ß,� ,ω) ∈ Q(℘,�,α,β , ma, a, c);�(ß,� ,ω) < a

} �= ∅.

Next, let (ß,� ,ω) ∈ W(℘,ς ,α, b, b
m , c) (or) (ß,� ,ω) ∈ Q(℘,�,α,β , ma, a, c). Then b ≤

|ß(t)| + |� (t)| + |ω(t)| ≤ b
m and ma ≤ |ß(t)| + |� (t)| + |ω(t)| ≤ a. Now, we apply condition

(F6) to get

α
(
L(ß,� ,ω)(t)

)

= min
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≥
3∑

i=1

[∫

s∈I
mGi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

>
1
3

b
mA

∫

s∈I
mG1(e, s)φq1

(
(log s)ρ1

�(ρ1 + 1)

)
ds
s

+
1
3

b
mA

∫

s∈I
mG2(e, s)φq2

(
(log s)ρ2

�(ρ2 + 1)

)
ds
s

+
1
3

b
mA

∫

s∈I
mG3(e, s)φq3

(
(log s)ρ3

�(ρ3 + 1)

)
ds
s

=
1
3

b
A

(1/4)ρ1(q1–1)

(�(ρ1 + 1))q1–1

∫

s∈I
G1(e, s)

ds
s

+
1
3

b
A

(1/4)ρ2(q2–1)

(�(ρ2 + 1))q2–1

∫

s∈I
G2(e, s)

ds
s

+
1
3

b
A

(1/4)ρ3(q3–1)

(�(ρ3 + 1))q3–1

∫

s∈I
G3(e, s)

ds
s

=
b
3

+
b
3

+
b
3

= b.
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Clearly, by condition (D1), we have

�
(
L(ß,� ,ω)(t)

)

= max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤
3∑

i=1

[∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)

�i

]

<
1
�1

a
B

1
(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s

+
1
�2

a
B

1
(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s

+
1
�3

a
B

1
(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s
+

a
ℵ1

+
a
ℵ2

+
a
ℵ3

= a
[

1
�1

+
1
�2

+
1
�3

+
1
ℵ1

+
1
ℵ2

+
1
ℵ3

]

≤ a.

To see that (D2) is satisfied, let (ß,� ,ω) ∈W(℘,α, b, c) with ς (L(ß,� ,ω)(t)) > b
m , we have

α
(
L(ß,� ,ω)(t)

)

= min
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≥
3∑

i=1

[∫ e

1
mGi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≥ m max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≥ m max
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

= mς
(
L(ß,� ,ω)

)
(t) > b.
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Finally, it is shown that (D4) holds. Let (ß,� ,ω) ∈ L(℘,�, a, c) with β(L(ß,� ,ω)) < ma.
Then we have

�
(
L(ß,� ,ω)(t)

)

= max
t∈I1

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤ max
t∈[1,e]

3∑

i=1

[∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

=
1
m

3∑

i=1

[

m
∫ e

1
Gi(e, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤ 1
m

min
t∈I

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

≤ 1
m

min
t∈I1

3∑

i=1

[∫ e

1
Gi(t, s)φqi

(∫ s

1
bi

(

log
s
κ

)ρi–1

fi
(
κ , ß(κ),� (κ),ω(κ)

)dκ

κ

)
ds
s

+
ψi�(σi – δi)(log t)σi–1

�i

]

=
1
m

β
(
L(ß,� ,ω)

)
(t) < a.

It has been proved that all the conditions of Theorem 2.2 are fulfilled. Therefore, the
Hadamard fractional order BVP (1)–(2) has at least three positive solutions (ß1,�1,ω1),
(ß2,�2,ω2), and (ß3,�3,ω3) such that �(ß1,�1,ω1) < a, b < α(ß2,�2,ω2) and a < �(ß3,�3,
ω3) with α(ß3,�3,ω3) < b. �

5 Examples
Let σ1 = 5

2 , σ2 = 7
3 , σ3 = 9

4 , ρ1 = 1
2 , ρ2 = 1

3 , ρ3 = 1
4 , δ1 = δ2 = δ3 = 3

2 , μ1 = μ2 = μ3 = 8, and
λ1 = λ2 = λ3 = 3. Let p1 = p2 = p3 = 2, q1 = q2 = q3 = 2, φpi (s) = s, φqi (s) = s, i = 1, 2, 3.

Consider the following system of Hadamard fractional differential equations:

⎧
⎪⎪⎨

⎪⎪⎩

–HD1/2
1+ (φp1 (HD5/2

1+ ß(t))) = f1(t, ß(t),� (t),ω(t)), 1 < t < e,

–HD1/3
1+ (φp2 (HD7/3

1+ � (t))) = f2(t, ß(t),� (t),ω(t)), 1 < t < e,

–HD1/4
1+ (φp3 (HD9/4

1+ ω(t))) = f3(t, ß(t),� (t),ω(t)), 1 < t < e,

(17)
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with the boundary conditions

⎧
⎪⎪⎨

⎪⎪⎩

ß(1) = ß′(1) = 0, HD5/2
1+ ß(1) = 0, 3ß(e) + 8HD3/2

1+ ß(e) = ψ1,

� (1) = � ′(1) = 0, HD7/3
1+ � (1) = 0, 3� (e) + 8HD3/2

1+ � (e) = ψ2,

ω(1) = ω′(1) = 0, HD9/4
1+ ω(1) = 0, 3ω(e) + 8HD3/2

1+ ω(e) = ψ3,

(18)

where ψ1, ψ2, ψ3 are parameters. We have m = 0.125, �1 = 13.63472 > 0, �2 = 12.90201 >
0, �3 = 12.74027 > 0, so assumption (H2) is satisfied. Besides we deduce

G1(t, s) =
1

13.63472

⎧
⎪⎪⎨

⎪⎪⎩

(8(1 – log s)–1.5 + 2.256758)(1 – log s)2.5–1, 1 ≤ t ≤ s ≤ e,

(8(1 – log s)–1.5 + 2.256758)(1 – log s)2.5–1

– 1
2.5 (1 – log s)2.5–1, 1 ≤ s ≤ t ≤ e,

G2(t, s) =
1

12.90201

⎧
⎪⎪⎨

⎪⎪⎩

(8(1 – log s)–1.5 + 2.858519)(1 – log s)2.33–1, 1 ≤ t ≤ s ≤ e,

(8(1 – log s)–1.5 + 2.858519)(1 – log s)2.33–1

– 1
2.33 (1 – log s)2.33–1, 1 ≤ s ≤ t ≤ e,

G3(t, s) =
1

12.74027

⎧
⎪⎪⎨

⎪⎪⎩

(8(1 – log s)–1.5 + 3.244696)(1 – log s)2.25–1, 1 ≤ t ≤ s ≤ e,

(8(1 – log s)–1.5 + 3.244696)(1 – log s)2.25–1

– 1
2.25 (1 – log s)2.25–1, 1 ≤ s ≤ t ≤ e.

Then we obtain

∫ e3/4

e1/4
G1(e, s)

ds
s

=
1

13.63472

∫ e3/4

e1/4

(
[
8(1 – log s)–1.5 + 2.256758

]
(1 – log s)1.5

–
1

2.5
(1 – log s)1.5

)
ds
s

≈ 0.232374.

Similarly,
∫ e3/4

e1/4 G2(e, s) ds
s ≈ 0.323496 and

∫ e3/4

e1/4 G3(e, s) ds
s ≈ 0.338443.

A = max

{
(1/4)ρ1(q1–1)

(�(ρ1 + 1))q1–1

∫ e3/4

e1/4
G1(e, s)

ds
s

,
(1/4)ρ2(q2–1)

(�(ρ2 + 1))q2–1

∫ e3/4

e1/4
G2(e, s)

ds
s

,

(1/4)ρ3(q3–1)

(�(ρ3 + 1))q3–1

∫ e3/4

e1/4
G3(e, s)

ds
s

}

= max{0.131103, 0.228309, 0.264027} ≈ 0.264027,

B = min

{
1

(�(ρ1 + 1))q1–1

∫ e

1
G1(e, s)(log s)ρ1(q1–1) ds

s
,

1
(�(ρ2 + 1))q2–1

∫ e

1
G2(e, s)(log s)ρ2(q2–1) ds

s
,

1
(�(ρ3 + 1))q3–1

∫ e

1
G3(e, s)(log s)ρ3(q3–1) ds

s

}

= min{0.29447, 0.177359, 0.141563} ≈ 0.141563.
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Example 5.1 We consider the functions

f1(t, ß,� ,ω) =
13(t – 1)

15
+

11
17

e–(ß+�+ω) + 25,

f2(t, ß,� ,ω) =
15
17

(log t) + e–(ß+�+ω) + 21,

f3(t, ß,� ,ω) = 5(log t) +
15
17

log(ß + � + ω) + 22.

If we choose q = 2, Q = 100 and 1
�1

= 1
�2

= 1
�3

= 1
ℵ1

= 1
ℵ2

= 1
ℵ3

= 1
8 , then q < mQ and fi

(i = 1, 2, 3) fulfill the following conditions:
(F1) fi(t, ß,� ,ω) ≥ 20.19993 = φpi (

q
3mA ), for t ∈ [e1/4, e3/4], (ß,� ,ω) ∈ [2, 100],

(F2) fi(t, ß,� ,ω) ≤ 88.30011 = φpi (
Q

�iB
)for t ∈ [1, e], (ß,� ,ω) ∈ [1, 100].

Consequently, all presumptions in Theorem 4.1 are agreeable. Thus, for ψ1 ≤ 170.434,
ψ2 ≤ 161.275125, ψ3 ≤ 159.253375, the system of (17)–(18) has at least one positive solu-
tion.

Example 5.2 We consider the functions

f1(t, ß,� ,ω) =

⎧
⎪⎪⎨

⎪⎪⎩

1
9 t(ß + � + ω) + 27

29 (log t), 0 < ß + � + ω ≤ 10,

(log t)(ß + � + ω) + 29
7 (ß + � + ω) + 61, 10 < ß + � + ω ≤ 80,

(log t) + 7t
19 (e–(ß+�+ω) + 55) + 13

17 , 80 < ß + � + ω ≤ 90,

f2(t, ß,� ,ω) =

⎧
⎪⎪⎨

⎪⎪⎩

17
9 t + 1

6 (ß + � + ω), 0 < ß + � + ω ≤ 10,

(log t)(ß + � + ω) + 17
19 t + 3(ß + � + ω) + 69, 10 < ß + � + ω ≤ 80,

(log t) + 17
19 (t + 4) + 10e–(ß+�+ω) + 73 + 13

17 , 80 < ß + � + ω ≤ 90,

f3(t, ß,� ,ω) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2
3 log t + 3

5 (t + 1) + e–(ß+�+ω), 0 < ß + � + ω ≤ 10,

(log t)(ß + � + ω) + 3
4 (log t)

+ 7(ß + � + ω) + 24t, 10 < ß + � + ω ≤ 80,

(log t) + 1
2 (log t) + 3

2 sin(ß + � + ω) + 28t, 80 < ß + � + ω ≤ 90.

Choosing a = 5, b = 10, c = 90, evidently, 0 < a < b < b
m ≤ c and 1

�1
= 1

�2
= 1

�3
= 1

ℵ1
= 1

ℵ2
=

1
ℵ3

= 1
8 and fi (i = 1, 2, 3) fulfill the following conditions:

(F5) fi(t, ß,� ,ω) < 4.415005 = φpi (
a

�iB
) for t ∈ [1, e] and |ß| + |� | + |ω| ∈ [0.625, 5],

(F6) fi(t, ß,� ,ω) > 100.9996 = φpi (
b

3mA ) for t ∈ [e1/4, e3/4] and |ß| + |� | + |ω| ∈ [10, 80],
(F7) fi(t, ß,� ,ω) < 79.4701 = φpi (

c
�iB

) for t ∈ [1, e] and |ß| + |� | + |ω| ∈ [0, 90].
Thus, all the conditions of Theorem 4.3 are fulfilled. Hence, for ψ1 ≤ 153.3906, ψ2 ≤
145.14762, ψ3 ≤ 143.32803, the system of (17)–(18) has at least three positive solutions.

6 Conclusion
In this study, we are pleased to investigate the multiplicity of positive solutions for the sys-
tem of three Hadamard fractional two-point boundary value problems with parameters
and (p1, p2, p3)-Laplacian operators by using the cone expansion and compression of func-
tional type and five functional fixed point theorems for cones in ordered Banach spaces
respectively.
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