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Abstract

In this research paper, we improve some fractional integral inequalities of
Minkowski-type. Precisely, we use a proportional fractional integral operator with
respect to another strictly increasing continuous function y. The functions used in
this work are bounded by two positive functions to get reverse Minkowski
inequalities in a new sense. Moreover, we introduce new fractional integral
inequalities which have a close relationship to the reverse Minkowski-type
inequalities via Y¥r-proportional fractional integral, then with the help of this fractional
integral operator, we discuss some new special cases of reverse Minkowski-type
inequalities through this work. An open issue is covered in the conclusion section to
extend the current findings to be more general.

MSC: 26D10; 26A33

Keywords: Minkowski inequalities; Fractional inequalities; y-proportional fractional
operators

1 Introduction

During their uncompromising effort in the expansion of mathematics, mathematicians
have recently expanded the traditional calculus of derivatives and integrals for integer or-
ders to the generalized form of conventional derivatives and integrals of noninteger order,
these noninteger-order derivatives/integrals are referred to as fractional calculus, which
during a few previous decades became one of very influential branches of mathematics,
especially, when dealing with the differential/integral equations and inequalities.

The fractional calculus theory became important due to its significant applications in
several areas such as physics, fluid dynamics, control theory, computer networking, sig-
nal processing, biology, image processing, and other areas. One of the common tools of
researchers is the use of fractional derivative/integral operators and, consequently, numer-
ous distinct fractional derivatives/integrals have been introduced, such as the Riemann—
Liouville, Liouville, Weyl-type, Katugampola, Hadamard, Atangana—Baleanu, propor-
tional fractional integral, and some other kinds, which can be found in the monograph of
Kilbas et al. [1]. In [2], the authors presented very diverse properties in the framework of
generalized fractional operators with respect to another function. In addition, these opera-
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tors were used to perform qualitative analysis of fractional differential equations and some
epidemiological models, see [3—10]. Numerical analysis of fractional differential equations
and some new concepts in fractional calculus have been extensively investigated recently,
and a variety of interesting results on the topic have been established; for instance, see [11—
13]. On the other hand, we refer here to some works related to the proportional fractional
operator that we will work on; see [14—17].

No one can deny the crucial importance of inequalities in mathematics; in particular,
in classical integral and differential equations, they play a meaningful role. Therefore, not
too long ago, many helpful and remarkable mathematical inequalities were introduced by
several authors. One mathematical inequality which has wide applications was given by
Hermann Minkowski. This inequality, in the last few decades, has received considerable
attention from several researchers, and many articles have appeared in the literature. In
(2006), Bougoffa presented the classical integral version of Minkowski inequality as fol-

lows:

Theorem 1.1 ([18]) Counsider positive functions n, ¢ in L*[s,w] with z € [1,00). Assume
that0<q < ” < Q, « € [s,w], where q,Q € R¥. Then we have

@ s ) 1 :
(/ nZ(w)dw) +(f gZ(w)dw) <%(/ (n+ o a))dw). w1

In the same work, the author gave also the following inequality:

Theorem 1.2 ([18]) For positive functions n, ¢ in L*[s,w] with z € [1,00), assume that
0<g< "(K < Q, « € [s,w], where q,Q € R}. Then we have

</‘” nz(w)da)); + (/w §Z(a))dw>
1+ QU+a) N[ [" . SO0 :
> < 2 2) (/s n*(w) dw) (/S‘ ¢(w) da)) . (1.2)

The fractional integral version of the reverse Minkowski inequality with constants

SIS

bounds was given in 2010 by Dahmani [19], and in same work he also gave the fractional
integral version of (1.2) as follows:

Theorem 1.3 Let 0 > 0, z > 1. For positive functions 1, ¢ on [0,00), we have for all » > 0,
and T°n*(w), 7% ¢*(w) < 00, that if 0 < g < % < Q,k €[0,w], then

2+q9Q+1

6) z %
m( (n+¢) (a))da)) (1.3)

(T (@) dw)* + (T 6*(w) dw) * <

Theorem 1.4 Let 0 > 0, z > 1. For positive functions n, ¢ on [0,00), we have for all & > 0,
and T n*(w), I ¢*(w) < 00, that if 0 < q < % <Q, k €[0,w], then

RIS

(Ie n*(w) dw)% + (IH ¢ w) da))

- <(1 + Q)Q(l +q) 2) (T n*() da))% (T 5*(w) da))% (1.4)
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Erhan et al. [20] in 2010 presented reverse Minkowski and Hermite—Hadamard in-
equalities involving two functions for the classical Riemann integral. In 2012, Yang [21]
introduced a new fractional quantum integral Minkowski inequality and other inequali-
ties employing a fractional g-integral on the specific time scale. In 2013, Taf with Brahim
[22] and Chinchane with Pachpatte [23] used the Hadamard fractional integral opera-
tor to establish the reverse Minkowski’s inequality. Vanterler et al. [24] in 2018 employed
Katugampola fractional integral operator to establish reverse Minkowski inequality and
other related inequalities. In 2019, Rahman et al. [25] presented the reverse Minkowski’s
inequality, and they also established some other fractional integral inequalities by using
generalized proportional fractional integral operators. In 2020, the reverse Minkowski in-
equalities were studied by Aljaaidi and Pachpatte [26] via the Riemann—Liouville operator
with respect to the positive monotone function ¢. In the same year, Rashid et al. [27]
presented a note on reverse Minkowski inequalities by using a generalized proportional
fractional operator involving another function. It should be noted that in that year also
Maga et al. [28] employed Mittag-Leffler function with the corresponding fractional in-
tegral to introduce new Minkowski-type inequalities. For more about some recent and
earlier results related to the Minkowski inequalities, we point the readers to [29-36].

The fractional integral reverse Minkowski inequality with functional bounds is given by

Aljaaidi and Pachpatte [37] by employing the Riemann-Liouville operator as follows:

Theorem 1.5 ([37]) Consider positive functions n, ¢ on [0, 00) with % n*(w), I° ¢*(w) < oo,
VYo € [0,00) and for all 6 >0, z > 1. Let  be a positive and strictly increasing continuous
function. Assume that L., ¢ are positive functions such that 0 < L(g) < % <g(e), k, € €

[0, w]. Then we have

1 1
z z

[0 ()] +[Z%%()]
FO+1) [ o o) o1 L
=T {I (m) +7 (m)}[ﬁ(mg) (@)]=. (1.5)

In the same work, the authors gave also the following inequality:

Theorem 1.6 ([37]) Consider positive functions n, ¢ on [0,00) with T%n*(w), Z% ¢*(w) < 0o,

Yo € [0,00) and for all 6 > 0, z > 1. Let  be a positive and strictly increasing continuous

function. Assume that ¥, ¢ are positive functions such that 0 < L(¢) < % <¢(e), k, € €

[0, w]. Then we have

2 2
z z

[Z°7°(@)]7 +[Z7s%(w)]
- { 26 + 1)19<(p(a)) +1

w¥ p(w)

1 1
z z

[Z05%(w)]". (1.6)

> )I" (E(w)+1) - 2}[1617:((0)]

Motivated by the results mentioned above, in particular, Theorems 1.5 and 1.6, we strive
in our recent work to employ a generalized proportional fractional integral with respect
to a strictly increasing continuous function ¥ to establish the functional bounds in the
reverse Minkowski type inequalities in terms of the fractional integral. Moreover, we in-
troduce new functional bounds in fractional inequalities which are related to the reverse
Minkowski’s inequality employing the iy -proportional fractional operator. During this
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work, we will enrich the research by discussing some special cases related to the current
work.

We organized this paper as follows: in Sect. 2, we invoke some definitions, results, no-
tations, and precursory information which we will employ throughout this work. Sec-
tion 3 is devoted to essential results of reverse Minkowski’s inequalities involving func-
tional bounds. In Sect. 4, we give some other related results which include proportional

fractional integral with respect to another strictly increasing continuous function.

2 Essential preliminaries
Here, we present some elementary definitions and properties of some basic fractional in-
tegral operators and present the fractional integral operator utilized to obtain our new

results.

Definition 2.1 ([1]) Consider an integrable function 7 on [s,£] and let s > 0. We define,

forall 6 >0,

Zn) = 15 | -G de, k55 1)
and

! n(w) = ﬁ / - ol ) de, o<t (22)

where I'(0) = [;° e*x°~! dx is the Gamma function and Z% n(w) = Z2 n(w) = n(w); Z% and

T?. are called the left- and right-sided Riemann-Liouville fractional integrals, respectively.

Definition 2.2 ([1, 38]) For an integrable function 7 on the interval Y and for an increas-
ing function v, where v (w) € C'(Y,R) is such that ¥'(w) #0, w € Y, we define, for all

6 >0,
I () = — / W[ @) = ] ne) di 2.3)
; re J,
and
I (@) = —— / O E) - v @] ) di (2.4)
g r©) J, ’

where Iff/'n(a)) and 7Y (w) are called the left- and right-sided ¥ -Riemann-Liouville

fractional integrals of a function 7, respectively.

Definition 2.3 ([39]) Consider an integrable function 1 and let v > 0. We define, for all
0 € C,Re(9) >0,

(:D""n) (@) = D™ Ty () @5)

Dm,U w _ 1
= U (=) e"P[UT<w —K)]«v — ") di
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and
(Dy"n) (@) = , D™ IV () (2.6)
[ exp| = =0 |k =Lt
where

D™V = DVDV .. Di’ m = [Re(@)] +1,

m-times

and

(D) (@) = (1 - v)n(w) —vy' (@), D™ =,DyD" ..., DY;
NS —)

m-times

(:D”Un)(w) and (Df’”n)(w) are called the left- and right-sided proportional fractional
derivatives of a function 7 of order 0, respectively.

Definition 2.4 ([39]) Consider an integrable function 1 and let v > 0. We define, for all
0 € C,Re(9) >0,

(T 0@ = s | exp[“T‘l(w - K)} (- )" (k) e 27)

and

(Z7n)() =

v

1 ¢ -1
ST /w exp|:v (K—a))i|(ic—a))0177(/c)dic, (2.8)

where (,Z9V1n)(w) and (If "“n)(w) are called the left- and right-sided proportional fractional
integrals of a function 7 of order 0, respectively.

Definition 2.5 ([40]) Consider an integrable function 7 and a strictly increasing contin-
uous function ¥ on [s, £], and let v € (0, 1]. We define, for all 6 € C, Re(9) > 0,

(VD) (@) = DY () (29)
wDZI,u 1)

v-1
= T m—0) ). eXP[T(I/f(w)—lﬁ(K))]

x (W (@) = ¥ ()" o)) dic
and

(YDYVn)(w) = Y D"V T p(w) (2.10)

oz ryod
= m[u eXP[T(WK)—\ﬁ(w))]

m—60-1

X (¥ (k) = ¥ (@) v (k) (k) dic,
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where

YD =VDpUVpY...VDY, m=[Re()]+1,
N— ——
m-times

and

' (o)
V' (w)

(/D"n)(@) = A= V() - v, YD =YD YD ...V DY;

m-times

(;pD(””n)(a)) and ('/’Df’vn)(a)) are called respectively the left- and right-sided proportional

fractional derivatives of a function n with respect to the function ¢ of order 6.

Definition 2.6 ([40]) Consider an integrable function 7 and a strictly increasing contin-
uous function ¥ on [s,£], and let v € (0, 1]. We define, for all 6 € C, Re(0) > 0,

1 @ -1
(T = ot [ o] S 0= 000
x (¥ (@) = ()" ()n () dic (2.11)

and

1 ¢ -1
(“Zn)) = v / exp[“T(w(x)—w(w»}

x (W) = ¥ ()" 9 ()n () dic, (2.12)

where (f’IQ'“ n)(w) and (‘/’If "Yn)(w) are called respectively the left- and right-sided propor-

tional fractional integrals of a function 7 with respect to the function ¥ of order 6.

Lemma 2.1 ([40]) Let ¥ be a continuous function on w > s. If v € (0, 1] and Re(6), Re(u) >

0, then we have

VIO (VT ) () = VTR (YT ) (@) = (YT (), (2.13)

VI (VT ) (@) = VI (VIO n) () = (VI n) (). (2.14)

Lemma 2.2 ([40]) Let v be an integrable functions defined on [s, ] or for w > s. If 0 < m <
[Re(0)] + 1, then we have

v pymv (;/’Ie'“n)(w) _ (‘”Z"‘m’“n)(a)), (2.15)

S

DT ) ) = (VT ), 216

This paper is concerned with the use of left-sided v -proportional fractional integrals

(2.11) to obtain the main results.
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3 Reverse Minkowski's inequalities for fractional integral
This part is concerned with our main results on the generalization and development of
Minkowski’s and related inequalities with the help of proportional fractional integral op-
erator with respect to another strictly increasing continuous function .

First, in order to state our results, we compute the left-sided v -proportional fractional
integral for any constant as follows:

Letv €(0,1],0 € C,Re(f) > 0, and y be a strictly increasing continuous function. Then

for any constant k, we have

(@) -y ()’

VT (0 + 1) (3-1)

(2K} (@) -

Theorem 3.1 Consider positive functions 1, ¢ on [0, 00) with fIQ’“nz(w),;ﬁIg'“gz(a)) < 00,
Yo € [0,00) and for all v € (0,1], 8 € C, Re(0) > 0, z > 1. Let  be a strictly increasing
continuous function. Assume that k., ¢ are two positive functions such that 0 < L(¢) < % <

¢(€), k, € € [s,w]. Then we have

[V T @)]* + [V T ()]

VT +1) |, QU( () ) ’ M( 1 )}
— ] _lvge Al
§<w<w>—w(s))9{s o@+1) 7 B +1

1
z

x (VI (n + ¢ (). (3.2)
Proof Due to the assumption §< < (e); k, & € [s,w], we can write
[p(e) + 1] (k) < 9*(e)(n + )" (), (3.3)
and from the assumption £() < 29; «, ¢ € [s, ], we have
(1 ‘ i)zgzw < ( - )Z(n SF (k). (34)
L(e) L(e)
Multiplying both sides of (3.3) and (3.4) by ke x “"(E:(T:)(_‘”ﬁf)’)&“”]w/(fc), K < o, then
integrating the results with respect to « over (s, ), we respectively get
A [P0
Ly T C—
and
(1 L(la>) T O J, exiw(w)w(w)(x_gf—(: Py 05
(i) wra | clu;“;)(x_);f TV e (36

Page 7 of 17
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So we have
[o(e) + 1]V I n*(w) < ¢*(e)! 7" (n + ¢ )*(w)
and

(1 . %) VIO H () < (%) VIO (4 6 (w),

which can be written as

1 1
1//:[0,1) z z §0(€) wIQ,U z z 3.7
(T () < o) i1 (VI (n + 6)(w)) (3.7)
and
1 1 1
1//:20 v _z z ‘/f_’Z@’U z z, 3.
(VT (w)* < = Lo+ ( (n + 5)*(w)) (3.8)
Analogously, multiplying both sides of (3.7) and (3.8) by uf’; @ % EXP(E;(“;))W e 0 w (e),

& < w, then integrating the results with respect to € over (s, ), we respectively obtain

exp“(ww v
0r(9>/ ) vle)de

o) — ()0

YT+ ey (a) expl L (4 () - ¥ (e))] ¥ () (e)
=T+ sY(e) ﬁr(e)/ W (@) - ws))lﬂ ¢(8)+1d8

NI»—‘

(1//:[0 U z a))

and

(;[II@,U §Z(w))

11 /“’ expl % (¢ (w) - 1//(3))]1“ ) de

VT (0) V(@) — ¥ (e)°

— 2 % CXP[U 1(1//(60) Y(EN] v'(e)
< (VI + s () 9)/ SO L1

which yields

(I/f(w)—lﬁ(s))" Y.z % U0 (p(a)) —y . %
W(S AGS (CU)) A (m)(s I7°(n+g) (a))) (3.9)

and

(I/f(w)—lﬁ(s))g vrou _z %<v/ 0, 1 o %
W(SI ()" <VT (L(a))+1)(I (n+5)(w)=. (3.10)

Consequently, the addition of (3.9) and (3.10) completes the proof. O
As a special case, the following corollary is a two-parameter version of Theorem 3.1.

Corollary 3.1 Counsider positive functions ), ¢ on [0, 00) with ;/'IQ'”nZ(w),;ﬂIe’“gz(w) < 00,
VYo € [0,00) and for all v € (0,1], 8,u € C, Re(),Re(n) > 0, z > 1. Let  be a strictly
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increasing continuous function. Assume that ¥, ¢ are two positive functions such that 0 <
E(e) < % < l(e), k, & € [s,w]. Then we have

[T )] + [T s w)]*

vil(n+1) |, M( p(w) > " M( 1 >}
f(ww)—w(s))ﬂ{sz o +1) T B

X (er’“(n + g)z(w)) . (3.11)

Proof We can easily prove (3.11) by multiplying both sides of (3.7) and (3.8) by

1 eXP[“T_I(W(w)—I/I(S))]w,(S) ccw
v T (w) (V¥ (@) = (&) ’ ’

then integrating the results with respect to ¢ over (s, w). We can conclude the proof using
the same argument as that in the proof of Theorem 3.1. d

The next theorem is as follows:

Theorem 3.2 Consider positive functions n, ¢ on [0, 00) with ! IV n*(w), ! I ¢*(w) < o0,
VYo € [0,00) and for all v € (0,1], 6 € C, Re(0) > 0, z > 1. Let  be a strictly increasing
continuous function. Assume thatt., ¢ are two positive functions such that 0 < L(¢) < % <
©(€), k, € € [s,w]. Then we have

2
z

(VI @)* + (VT ()

PO+ 1, ,U(w(w)+1>w . ) }
ZHW(CU)—W(S))%)]SIQ o(®) VI (L) +1) -2 (3.12)

% (;//IH,U HZ(a))) % (ZIIG'US'Z(Q))) % .

Proof Here, to get started, we reformulate inequalities (3.7) and (3.8), respectively, as

%(fﬁ”n«w))% < (VT (0 + V(@) (3.13)
and
(E(e) + 1) (VT % (@)F < (VT (1 + ) (@) *. (3.14)

v=1 (4 ()
Multiplying both sides of (3.13) and (3.14) by u‘);(e) X CXP(EM”w)(_‘/://(Z)))Kf))] ¥'(e), € < w, then

integrating the results with respect to € over (s, ), we respectively obtain

CVITE+Y) Ty e (P@ 1N g o L bl
[(w(w)_w(s))g}z ( ¢(w) )“9 n(@)* < (I + 5)*()) (3.15)

and

0 1 :
[M}W’“(L(w) +)(TF @) = ([T M+ Y @) (316)

V(@) -¥() I

Page9of 17
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Now, taking the product of corresponding parts of inequalities (3.15) and (3.16), we obtain

vPT2(0 +1) ]w ) <<p(a))+1>w ) " 1 1
Tov TV (%, 1 IG,U z z wIH,U z z
o s T (S e )ET ) (s w)
< (T 0+ @) )" (3.17)

On the right-hand side of (3.17), we apply Minkowski inequality to obtain

(T 0+ @) ) = (T (@) " + (T (@) ")

which yields

N

2
z

(VT + F (@) ) < (T 0 (@) + (VT 5% ()

(3.18)

YA

1
+2(Y I 0" (@) (VI (o)) 7.
By matching inequality (3.17) with (3.18), we obtain the required inequality (3.12). O

Remark 3.1

(i) In Theorems 3.1 and 3.2, putting v =1 and ¥ (w) = w (Yw € [s,t], s = 0), we get
Theorems 3.1 and 3.3, respectively, proved in [37].

(i) In Theorems 3.1 and 3.2, puttings =0, v =1, L(w) = ¢, and ¢(w) = Q, ¥ (w) = w
(Yo € [s,t] where g, Q are constants), we get Theorems 2.1 and 2.3, respectively,
introduced by Dahmani [19].

(iii) Applying Theorems 3.1 and 3.2 with6 =1, v =1, () = w, L(w) = ¢, and ¢p(w) = Q
on [s, w], we obtain Theorem 1.2 introduced by Bougoffa [18] and Theorem 2.2
proved by Set et al. [20], respectively.

4 Other related ¥ -proportional fractional integral inequalities
This section is devoted to deducing some fractional integral inequalities in the case of

functional boundaries, which are close to the fractional Minkowski integral inequalities.

Theorem 4.1 Consider positive functions n, ¢ on [0, 00) with fI‘)’“nz(a)),yI‘g'“gz(w) < 00,
VYo € [0,00) and for all v € (0,1], 6 € C,Re(0) > 0, z,{ > 1, z,l € RY where % + % =1.Let
¥ be a strictly increasing continuous function. Assume that L., ¢ are two positive functions

such that 0 <L(g) < % < ¢(e), k,€ € [s,w]. Then we have

2210070 + 1) } ( ¥ (w) >
v 70,v l/fI(i,v IIIIG,U z z
YT (o)) < [z—(w(w)_ SO I o) 11 )° [7* (@) + s* ()] .

ZA—IU(*F(G + 1) —y 1 P .
* [m]s z (m)s " [n'(@) + '(@)].

Proof Due to the assumption % < ¢(e); k, € € [s,w], we can write

[e(e) + 1] 77 () < *()(n + ) (), (4.2)
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and from the assumption L.(¢) < %; K,& € [s,w], we obtain

() + 1) 6 ) < (7 + ¢)\ (k). (4.3)

V=1 (g ()= (k
Multiplying both sides of (4.2) and (4.3) by uﬁﬁ(e) X ex]a([w(”w)(_wl;(’()))f, (9 ]

integrating the results with respect to « over (s, w), we respectively get

¥'(k), k < w, then

vz = (0 )T s o @)
and
v w 1 )gll U l
VIl w) < (—(L(S) 1) I (n + ¢) (o). (4.5)
1 exp[ L (Y (0)-v ()]

Again, multiplying both sides of (4.4) and (4.5) by R TR ¥'(e), & < w,

then integrating the results with respect to ¢ over (s, w), we respectively obtain
0
;/’ZQ'“nz(a)) - |: V6 +1) }

() -y (s)° sz (ﬂy (0 + o) (w) (4.6)

[o(w) + 1]
and

0
gl <[ 2T Tz

R M A 1 v 70,v !
(Y (w) =) ]° x ((L(w) + 1)1)S 270+ o) (@). (47)

Now, considering Young’s inequality [10],

(k) s'k)
+ I .

n)sk) < (4.8)

=1 (1 ()
Multiplying both sides of (4.8) by u9; ORe exihfw)(_wé?:»ﬁ(:))]

the result with respect to « over (s, ), we get

Y¥'(k), k < w, then integrating
v L, Ly o0 1
VI () (o) < pt " (w) + 7 "6 (w). (4.9)

Inequalities (4.6), (4.7), and (4.9) lead to

1 1
ST 9)@) = VT () + 1T s )

ZS

Uer(9+1) v 9U< % () >w . .
e N 1 A (. R A
: [z@p(w) - w»e} @) 1 ) L ey (4.10)

M v 70,v ; —y !
' [Z(W(w) - w(s))e]s z ((L(w) + 1)z)s % (n + ¢)' ().

Now, due to the inequality (E + Q)* < 2*1(E* + Q*), 1 > 1, E, Q > 0, we can write

YT+ o) (@) <27 I [ (@) + 6% ()] (411)

Page 11 of 17
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and
VI + ) (w) < 22V [n'(0) + 61()]. (4.12)

By substituting inequalities (4.11) and (4.12) into (4.10), we obtain inequality (4.1), which
ends the proof. d

Theorem 4.2 Consider positive functions 1, ¢ on [0, 00) with ;/'IQ'”nZ(w),;ﬂIe’“gz(w) < 00,
Yo € [0,00) and for all v € (0,1], 8 € C, Re(0) > 0, z > 1. Let  be a strictly increasing

continuous function. Assume that L, ¢ are two positive functions such that 0 < E < L(e) <

LK)) < p(e), k, € € [s,w]. Then we have

sk
&{wz(;> W,U< L) )}WU )
G- ' F \ew=g) T w0 - Es@)]

< (VT @) + (VT ()
1

U‘QF(0+1) {llfzﬁvv( ) wz-glu( 90(60) )}
*W@-vorlt \tw-5/)"" \bw-t

% [T (n(w) - E¢(@))]". (4.13)

YA

1
z

Proof Due to the assumption 0 < E <L(¢) < % < ¢(&), we can write

(«)

K

=
—
=
~
=

Le)<—<¢(e) = L()-E

IA

-E<g(e)-E.

pAR
=
e
n
—

So

which leads to

(k) = B _ . (06) = B ()

(ple) - E) (E(e) - B) (4.14)

Also, we have

SO

L(e)-E - n(k) - Eg(x) - p(e)
L) — n(x) = ele)

which leads to

L) (N < © \° .
(L(S)g_ :> (1) - E6))° = n°(6) < <¢(‘§f_ :> (1) - E5 ()’ (4.15)
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v=1 (4 ()
Multiplying both sides of (4.14) and (4.15) by u91£ @ ¥ exp([wzjw)(—wxp(((i:()))ﬁ (GK))] ¥'(k), k < w, then

integrating the results with respect to « over (s, ), we respectively get

(n(k) - B (k) ¥ (k) di

. / exp[2= (1 (@) — ¥/ (k)]
ITOCO -8 ). W@ - p )
L ool @) - ) L
= uerw)/s @) —ploy? S Wl
< ' / xp[2=L (1 () ~ ¥ ()]
S TORE -8 ), W@ - g

(n(k) = Egic)) ¥ (i) dic

and

z ® v-1 _
(LHOY L [V VO ey

9-8) vTO) ), W@ -y
_ /wexp[%w(m—w(m)]
SUTO ) T W) - g
3 < 20) ) 1 /wexp[%w(w)—w(x))]
“\we-8) vTte) ). T W@ -y

(k)Y (k) dic

(n(k) - B (k) ¥ (k) dic,

from which it follows that

_ L g -E ‘
W —gy - (1)~ 85@)

VTS0 = g T (100) - Es(o) (@16

and

(i_):)‘# 7" (n(0) - Bs(@))”

<V (o) < (&)Z;”Ie'“(n(w) - Bg(w))". (4.17)
p(e)-E

The above inequalities are respectively equivalent to

1 Vo - 2t
AY -z z
OE E)[s (n(@) - Es())]
< (T ()" < (L(E)l —5 VT (nte) - Zc@)]F (4.18)
and
L 1
L(e)(g_) g [V (n(@) - Es(@))]*
< (Tr)* = 2T () - Be(@) ] (4.19)

ple)-E&
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v-1 _
Multiplying both sides of (4.18) and (4.19) by L~ x LI DNy(e) ¢ < o, then

integrating the results with respect to ¢ over (s, ), we respectively obtain

N

v 70,v ;) V. . .
o ((fﬂ(w)—E) [V 27 (n(w) - Es(@))’]

- (¥ (@) — ¥ (s))’
v +1)

7 (m) [;//IG,U (n(a)) - Es‘(w))z] : (4.20)

(75" (@)

=<

° s

and
v ,U( L(w)
§ Lw)-2
_ W@ -y
- vIr@+1)

< fﬁ'“(%)[er'”(n(w) - Eg(a)))z] . (4.21)

N

)[2" 7 (n(w) - Eg())?]

(V2" (@)

S

N

The addition of inequalities (4.20) and (4.21) completes the proof. a

Theorem 4.3 Consider positive functions n, ¢ on [0,00) with ;”19'“#(60),3’19’”;2(@ < 00,
VYo € [0,00) and for all v € (0,1], 8 € C, Re(9) > 0, z > 1. Let  be a strictly increasing
continuous function. Assume thatt., ¢ are two positive functions such that 0 < (k) < ZE—';; <
o(k), k € [s,w]. Then we have

N

1
z

(Q”IH’UnZ(w))% + (VI ()7 <2(YI7VE* (n(w), s(@)))?, (4.22)

where & is an integrable function defined on [0, c0) by

£(n(@),s(@) = maX{ [(1 + %)n(w) - w(w)g(w)],

(p(w) + L(0))s (@) - n(w) }
L(w) ’

Proof Due to the assumption 0 < £(k) < % <¢(k), k € [s, ], we get

n(x)

L(c) <o) +E(x) = —— (4.23)
sk)
and
006 +£60) = " < (0. (4.24)
s (k)

By using the inequalities (4.23) and (4.24), we can write

(k) + (k) (k) — nlkc) -
L(x) -

sl) = £(n(k), s (x)), (4.25)

where £ is an integrable function defined on [0, co) by

E(n), <) = max{ [(1 . %)nm - w(K)g(K)], () + L(fj)f)(“) — ) }

Page 14 of 17
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which leads to

¢* (k) < €% (nk), s (k). (4.26)
On the other hand, from the assumption —— < s < , we have
plk) — nlk) — Llk)

1 1 1 ¢k)
00 = o) TE@ 000 (4.27)

and

1 . 1 _g(/{)< 1
o)  Ele)  nl) ~ k)

(4.28)

Using (4.27) and (4.28), we obtain

1 _Gatmgw-sw) 1
pl) ~ n(x) TR

So

1 1
o) " L)

- (1 . %)n(m — o))

L _
Smax{[(“%)”‘”)W(Kkm],(“’(K“ (Zig)w n(K)}

1K) < W)( )n(fc)—w(fc)g(fc)

= £(n(x), s (x)),
which yields
(k) < & (n(k), s (k). (4.29)

=L (w)— (ke
Multiplying both sides of (4.26) and (4.29) by = ; @ % exP(EpE’w)(_ﬁ(:))& )

integrating the results with respect to x over (s, ), we respectively get

¥'(k), k < w, then

(T )" = ("TE (1) s(@)° (4.30)
and

(VT (@)* < (PTE (1) (@) (4.31)
Hence, the addition of (4.30) and (4.31) ends the proof. O

5 Concluding remarks

We have applied a proportional fractional integral operator with respect to another strictly
increasing continuous function ¥. We then improved and generalized several conse-
quences in the framework of fractional integral inequalities of Minkowski’s type. The func-
tions used in this work are bounded by two positive functions to get reverse Minkowski
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inequalities in the new setting. Moreover, we have introduced new fractional integral in-
equalities which have a close relationship to the reverse Minkowski-type inequalities via
Y -proportional fractional integral. Also with the aid of the considered operator, some new
special cases of reverse Minkowski-type inequality have been discussed. The acquired re-
sults can be applied to emphasize the existence of nontrivial answers to various problems
having fractional order. The results derived in this work are general in character and give
some contributions to inequality theory, e.g., when v and  take different values, our re-
sults reduce to many results that include classical fractional operators such as Riemann—
Liouville, Hadamard, Katugampola, etc. As a future work, we are considering studying
such results with respect to the Mittag-Leffler power law [41].
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