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1 Introduction

The topic of fractional boundary values problems gained a largest share of interest of re-
searchers and scientists due to its great and important role in many fields such as engi-
neering, physics, chemistry, and many other applications, see [1-3] and the references
therein.

The subject of analysis of differential systems such as existence, uniqueness, and stabil-
ity of solution for various boundary values problems has received the attention of many
researchers, since the shape of the solution of differential models is obtained by its bound-
ary [4—15]. One form of active research is the hybrid system that has been used as a model
of several physical systems and has an unusual differential form, see [16-23].

The fixed point theorems of many versions are the main core of obtaining the neces-
sary and sufficient criteria implying the existence and uniqueness of solution for fractional
boundary values problems [24—42]. In particular, Banach fixed point theorem is the most
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popular one to find the unique solution of the problem. The existence of more than one
solution has been obtained by many fixed point theorems such as Schauder’s and Kras-
nosel’skii’s fixed point theorems according to the stated given conditions on nonlinear
terms. The existence of at least two solutions of the nonlinear boundary value problem
(BVP) are given by Avery—Anderson—Henderson fixed point principle [43].

The in-depth qualitative behavior of the solution for fractional BVPs is the positivity
of such solutions. The study of existence and stability of positive solution in boundary
value problems is characterized by more investigation in all components of the fractional
models along with the involved boundary conditions [44, 45]. Most researchers avoid the
multi nonzero components in initial or boundary conditions such as constants, functions,
integrals, or even derivatives of functions. The using of the zero-valued-conditions fasciate
these investigations and avoid any conflicts of the components.

Sun et al. [46] investigated the required conditions for confirming the existence and
uniqueness of the solution to a nonlinear fractional differential equation (FDE) whose
nonlinearity involves an explicit fractional derivative using Avery—Anderson—Henderson
fixed point theorem. Devi et al. [44] studied the existence and uniqueness along with
the Ulam-Hyers (UH) stability of positive solution of general nonlinear FDEs contain-
ing p-Laplacian operator. The authors of [47] turned to the existence and multiplicity of
positive solutions for a system consisting of Riemann—-Liouville FDEs equipped with the
p-Laplacian operators and singular nonnegative nonlinearities, and also furnished with
nonlocal boundary conditions which possess the integrals of Riemann—Stieltjes type. The
existence criterion and its stability of a hybrid fractional differential equation with frac-
tional integral, fractional derivative in the Caputo sense, and p-Laplacian operator are also
investigated in the research article by Al-Sadi et al. [48].

In this article, we focus on the fractional integro-differential boundary value problem of
a hybrid system given as

D (x(t) — g(t,%(8)) = f(£,%(£)), t€(to, ), €(n—1,n),
mox(to) + noDPx(T) = I%ho(T,x(T)), po € (0,1), mg, 1y € R,
mix(ty) + m D x(T) = Iy (T, x(T)), p1 € (1,2),my,nm €R,
20 (o) = P (T, %(T)), k=2,3,...,n—1,n>2,

where my,ng # 0, D* denotes the Caputo fractional derivative and f, g, ik : [£y, T] x R = R,
k=0,1,...,n—1, are given continuous functions, and dy, ..., 8,1 > 0. Note that the novelty
of the paper in the above system is that we shall investigate the qualitative criteria for two
positive solutions to a new hybrid system with the finite number of integro-differential
boundary conditions in terminal points with the help of a complicated case of fixed point
techniques due to Avery—Anderson—Henderson. By taking different values for existing
parameters and functions, one can get some well-known FDEs studied in the previous
research works.

The other five sections of the manuscript are summarized as follows: In Sect. 2, we offer
basic preliminaries of results in fractional calculus and fixed point theories. In Sect. 3,
the solution of the fractional linear model of (1) is obtained. Therefore, an application of
Banach fixed point theorem on the integral solution for system (1) implies the existence of

one and only one solution of the system. In Sect. 4, to apply Avery—Anderson—Henderson
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fixed point theorem, we obtain sufficient criteria and conditions for the positivity and
existence of at least two of them for fractional hybrid system (1) by showing the complete
continuity of the operator that represents the integral solution of the system. In Sect. 5,
the UH stability of the solution is investigated and sufficient conditions for this kind of
stability are obtained. Finally, in Sect. 6, we design an example to ensure the consistency
of the results. The conclusion section closes this paper.

2 Preliminaries and notations
We again introduce several specifications and facts about fractional calculus and topics of
fixed point theorems.

Definition 2.1 ([49]) The Riemann-Liouville (left-sided) fractional integral of a real-
valued function ¢ € C[ty, T] is introduced as

[q¢(t) = %q) v/:(If—.s')ql¢(x)‘) ds, q>0,

if it exists.

Definition 2.2 ([49]) The Caputo fractional derivative of order g € (n — 1,n] for ¢ €
C"[ty, T] is defined as

"1 (), n-l<g<n,

DIg(t) =
U@, q=n

if it exists.
Lemma 2.3 ([49]) Letn—1<gq < n, then

11DA(2) = () + ao + ar(t — to) + ar(t —to)> + -+ + an_1(t — t0)""
forareR, k=0,1,...,n—1.

For example, the y th Caputo derivative of ¢(¢) = (¢ — £)° is given by

I(z+1) _
DY (t—ty) = FeoapE— 00", n-l<y<mn-1<g, o
0, {<n-1.

Theorem 2.4 (Banach principle [24]) Let (E, || - ||) be a Banach space and Q2 be a closed
and bounded subset of E. If V : Q — Q is a contraction operator, then V has a unique fixed
point in Q. We mean by a contraction that it is an operator V that satisfies

[Wx— Wyl <kllx-yl, ke(0,1),xye€.

Theorem 2.5 (Avery—Anderson—Henderson theorem [43]) Counsider (E, || - ||) as a Banach
space, P € E as a cone, and | and ¢ as two increasing nonnegative continuous functionals
on P, and let w be a nonnegative continuous functional on P with »(0) = 0 provided that,
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for some r3 > 0 and M > 0, the inequalities ¢(x) < w(x) < u(x) and ||x|| < Mp(x) fulfill
Vx € P(p, r3), in which P(¢,r3) = {x € P: (%) < r3}. Let positive numbers ry < ry < r3 exist so
that w(lx) < lw(x) for 0 <1 <1, and x € dP(w,r2). If W : P(¢, r3) — P is an operator with
the complete continuity property satisfying:

(C1) ¢(¥x)>rs, Vx € 0P(¢, r3);

(C2) w(¥x) <1y, Vx € 0P(w, 13);

(C3) P(u,r1) #9, and u(¥x) > ri, ¥x € 0P(w, ry),
then V admits at least two fixed points x, and x, provided that r1 < pu(x1) with w(x1) <y

and ry < w(xo) with ¢(x,) < r3.

3 Results regarding unique solution

We obtain firstly a solution of the corresponding linear system of (1).

Theorem 3.1 Let my,ng #0 and Sy, ...,8,-1 > 0. Then the linear hybrid fractional bound-
ary value problem (FBVP)

D*(x(t) —g(2) =f(), te(to,T),a>2,
mox(ty) + noD™x(T) = I%hy(T), po € (0,1),mg, ng € R,

3
mix(ty) + mDP x(T) = I hy (T), p1 € (1,2),my,m €R, ®
*®(ty) = Pkl (T), k=2,3,...,u—1,n>3,

has an integral solution in the following form:
x(t) = 1°f(2) + g(t) - g(to)
M do _ Mo i 1
nO(T— to)l_ﬂo (I ho(T) m11 hl(T)> + m1[ hl(T)
(t=to)I'(2 = po) (mmo “po LR
(T —to)!-ro (m1n01 n -t "f(T)) B ”’111 D
(t—8)T(2 - po) (mmo _, . oo,
(T — to)'=0 (mll’lon ¢ - g(T)) B mlDP ¢
. i[ m (T = tg)<" [1 mg (t-t)D(2- Po)}_(t— to)*
P mlI‘(k -p1+ 1) no (T - to)l_'oo k!
(T- to)k_l(t —t0)I'(2 = po) ) Sk
(s }[g () ~ IPhi(T)]. @)

Proof Taking the fractional integral to both sides of differential equation (3) and using

Lemma 2.3, we get

n-1

x(t) = I°f(£) + g(0) + ) cxlt — 1) ()
k=0

Page 4 of 23
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By definition of the Caputo derivative of the fractional order p; < @, and using equation
(2), it becomes

n-1

DPix(t) = I"f (£) + D"'g(t) + Y _ kD" (¢~ to)*
k=0

n-1
s . Ckr(k"’l) k—0;
=1°7Pif(t) + DPig(t —(t— 1) "
£(6) + g(“kgr(k—mn)( )

Particularly, we find

n-1

I'k+1)

DPx(t) = I°Pf (t) + D*g(t) + (t to)ko

k=1 F

and
! ol (k + 1)

— ty)kP1,
Thoprn %)

DPx(t) =1 f(¢) + D g(¢) +
k=2

Then
x(to) = g(to) + co
and
D’ix(tg) = D"g(ty) (i €{0,1}).

Also, we have
n-1
X(T) = I°f(T) +g(T) + ) ex(T —to)*
k=0

and

n-1
DAix(T) = P (T) + D"g(T) + Y
k=[pi1

ol (k+1)

(T —t)< ",
Th—pr L 0

The boundary condition mox(ty) + noD?x(T) = I*hy(T) gives

]BOhO(T) = mog(to) + mopCo + Vlo[a_pof(T) + Vl()DpOg(T) (6)
-1
Z e D) o T - t),
o I'(k—po+ 1

and the condition m,x(ty) + n1 D”1x(T) = I° 1, (T) implies

Py (T) = myg(to) + myco + m I* P f(T) + ny D" g(T) (7)

n-1

Nk +1) k1.
M g 0
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The boundary condition x*(¢y) = % (T), k = 2,3,...,n — 1, implies that
1
=7 [%h(T) - ¥ (t)], k=2,3,....n—1. (8)
Substituting (8) into (6) and (7), we obtain

MoCo + — (T — )10
I'(2 - po)

= I%ho(T) — mog(to) — noI* "°f (T) — ngD™g(T)

(T tO)k ©o (k §
+ ozr(k 6 - ()]

and
= my P () = g(to) = ' mI* P f(T) = m ' m D' g(T)
oy nlz (];( t;lkfi 9(to) - P hi(T)].
Then
¢ = % (150h0(T) - Z—‘l)zﬁlhl(T))
‘(;(—2;)@0 <1a_p°f D)= o I ))
- (;(—zt;ﬁgo( Dre(r) - D" m)

I'(2 - po) nz_l( (T - to)k_po mon1 (T — to)k—m )
(T —to)t=ro 2 Ik—po+1) nomI(k—p1+1)

x (g®(to) — Py (T)).

Substituting the constants ¢, k =0,1,2,...,n — 1, into (5), we obtain solution (4), and the
proof is finished. d

If po, p1 € (0,1), then the integral solution (4) will be different. This case is explained in

the next result.

Theorem 3.2 Let 2921 3/ t2-0U(T — 1)1 and S, ..., 8,1 > 0. Then the linear hybrid
FBVP

D*(x(t) -g(0) =f(2),  t € (to, T),x >2,

mox(to) + noDPx(T) = I%hy(T), po € (0,1),my, 1y € R,
mx(ty) + m D x(T) = Iy (T), p1€(0,1),m1,m €R,
x®(to) = Prig(T), k=2,3,...,n—1,n>3,
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has an integral solution in the following form:

x(t) = I () + g(¢) - g(to)

(2 = p1)(mo(t = )T (2 = po) — mo(T — t)'~")
mimol' (2 = po)(T = to) =1 — nom; I'(2 — p1)(T — to) =10
T'(2 = po)(m1 (T — to)' "1 — my (¢t — )T (2 - p1))
mmol (2 = po)(T = to)' =1 — nom T'(2 — p1 )(T — to) =70
ol (2 — po)(my(t — &)T'(2 - p1) — m (T — ) ™")
mmol' (2 — po)(T — to)' =1 — nom I'(2 — p1 (T — £o) =0

mT(2 = p1)(mo(T = o) =70 — mo(t — )T (2 = po)) (T
mmol (2 = po)(T = to)'=P1 — nom T'(2 — py )(T — to) =70

1ol (2 — po)(my (t — &)T'(2 — p1) — m (T — to)'~)
mmol (2 = po)(T = to)' =1 — nom T'(2 — py )(T — to) =70

mT (2= p1)(no(T — to)' =0 — mo (¢ — to)I"(2 - po))
nimol (2 — po)(T — to)1=P1 — nom T'(2 — p1 (T — to)1-ro

U (T)

2 ho(T)

*7f(T)

DPg(T) (10)

Dplg( T)

(T- T-tp)k—P1
(£ = 10)(2— po)T(2 - py) (AT IT0_mmom Tal Ty, i

kZ mimol’ (2 — po)(T — to) =1 — oy I'(2 — p1)(T — to)1=+0 TTH

po+l) — Tlk=p1+1)
nimol (2 — po)(T — to)1=P1 — mom T'(2 — py (T — to)=+0

Iakhk to)]

nom (¢ k2 £0) T'(2-p1) WT — to)k—ro—rr+1 :|

Proof We sketch the proof. Equation (7) will become

I hy (T) = myg(to) + myco + mI* " f(T) + ny D" g(T) (11)

n-1

al(k+1) .
LRy

Solving equations (6) and (11) and taking into account (8), we deduce that

B T'(2 = po)T(2 = p1)(mol* 1y (T) — my I ho(T))
— mmol (2 = po)(T = t0) 11 — nomi (2 — p1)(T — to)+0
['(2 - po)[(2 - p1)(nom11*°f (T) — mon11*~P1f(T))
mmol (2 = po)(T = to)'=P1 — o T'(2 — py (T — to) =70
['(2 - po)[(2 — p1)(nom1 D g(T) — mon1 D1 g(T))
mmol (2 = po)(T = to)' =1 — nom T'(2 — py (T — to) =70
N ['(2 - po)[(2 - p1)
mmol (2 = po)(T = to)' =Pt — nom T'(2 — py (T — to) =70

n-1
T — to)k—ro T — to)k—r1
% Z(”oml( 0) moni( 0)

— S _ k)
T(k - po +1) T(k-p; +1) >[1 (1) =g ()]

k=2

Page 7 of 23
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and

mT(2 = po)(T = to)"11%ho(T) — nol'(2 — p1)(T — to) =PI by (T)
mmol (2 — po)(T — £6)1=P1 — nomy T'(2 — p1 )(T — tp)1=P0
L2 = po)(T = to)' =P I*~*of (T) = T'(2 — p1 (T — to) =PI PLf(T)
mom I'(2 = po)(T = to)1=PL — nomn (2 — p1)(T — ty)1-ro
e L2 = po)(T - t)' "1 D?g(T) = T'(2 = p1 (T — to)' =" D1 g(T)
U mem T2~ po)(T — to) =1 — nommi T2 — p1)(T — tg)1 =0
n-1 (FF(Z—IJO) _ F(Z—Pl)))(T _ to)k—po—pﬁl[lakhk(T) —g(k)(to)]

(k=po+1)  T'(k—p1+1

— Non '
o1 — nmymol' (2 - ,00)(T— to)l—ﬂl —nom (2 - ,01)(T—t0)1—/70

co =—g(to) +

— Non1

Substituting the constants ¢x, k = 0,1,2,...,n—1, into (5), we obtain solution (10), and this

completes our proof. d

Now, by Theorem 2.4, we prove the existence of a unique solution to system (1). For this,
define an operator W : C([£, T],R) — R provided

Wx(e) = I°f (£, x(2)) + g (£, %(2)) — g(t0, %(t0))

(t - t)T(2 - po) )
s (1“°ho(T,x<T>) - Z—jml(r,xm)) ol (T,(T)

, t-wr2-po) (”1”"0 1P (T, %(T)) - 1“"’°f(T,x(T))>

(T — to)t-ro m1Hg

n o "
- m—ll pf(T,x(T))

(t—to)T (2= po) (mimo _, !
e (mllnsz §(T. (1)) -D"g (T’xm))

_ M pm
m1D g(T,x(T))

Vf:[ m (T — to)k=+1 [1 _mp (- )2 - ,00):| - to)k

2 mll"(k— pP1+ 1) Iz (T - to)l—po k!

(T - o)1 (¢ - to)T'(2 — po)
T e D = }[g(k)(to’x(fw) - P (T, %(T))], mu,mo 70,

The required criterion for finding a unique solution of the nonlinear hybrid FBVP (1) is

given in the next result.

Theorem 3.3 Assume
[H1] £, g%, g : [to, T] x C([to, T, R) = R, k= 0,1,...,1n — 1, are continuous functions
such that

[f (¢ u1) = f(s,vi)l < Crlug = vil,
g0 (&, u1) - g®(s,vi)l < Co [ug = v,

| (2, u1) = (s, vi)| < Chk|u1 -vil,

where t,s € [ty, T], u,v1 € C([to, T, R), Cy, Cg(k), Ch, are nonnegative constants.

Page 8 of 23
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Then the hybrid FBVP system (1) admits one and only one solution provided that A < 1,

where

Cr(T —tp)“ T —ty)°I' (2 —
_ 1 ( 0) +2Cg+( £0)*°T'(2 - po)
Mo +1) |10
(T - )% Cy, . |mo|(T - t0)*1 Cpy
'8 +1) || T(81 + 1)
(T £)° Cp,
|m1|1"(51 1)

[ o (T = ()" (T ~to)* ™ ] |m (T t6)* 1 G
|mingT(a—p1+1) T(@-po+1)] [m|T(—p1+1)

+ (T = £0)T'(2 - po)Cr

— )2 _ £)1-p
+(T—to)pll“(z—po)[|nlm0|cg(2)(T to) 1+(T to) OCg<1):|
|m1ng|T(3 - p1) I'(2 - po)
Im|Coe) (T = t)* ™
|m1T(3 - p1)
m(T - to)k=r1 g (£ —1)I'(2 = po)
mI'(k—p1+1) ny (T —tp)t-"0

n—1

" Z te[to T]

2

k=
(-t (T —1t)"'(t = 2)T(2 = po)
k! L(k—po+1)

(T - t())(sk Chk
[Cg(k) + W]. (12)

Proof Let €2 be any closed bounded subset of E. Then the continuity of ¥ is followed by
that of constitutive functions and Lebesgue dominated convergence theorem. By enlarging
the set 2, one can deduce that W maps 2 into itself. We need to show the contraction

property of the operator W. For this, let x,y € , then

|\I—’y(t) - \I-’x(t)|

< F(l )f t— ) f (s,009) = f (s, %(5))| s

+g(t3(0) — g(£,x()) | + |g(t0, (1)) — g(t0, x(t0)) |
(t = 1)'(2 - po) |: 1

T
So—1 _
(T =zt | TG0 ). (T = 8)°07  ho(s,9(5)) = ho (s, %(s)) | ds

|I’}’10| 51-1
|m1|F(81 / (T -5s) |h (s,y(s)) (s,x(s))|ds]
81-1
|m |1"(8 / (T —5s) |h (s,y(s)) (s,x(s))|ds
(t—10)T'(2 - po) [y T wpy1
e it J, =9 Weo0) ~sles]
+ _ /T(T—S)O"”01 V(S (s)) —f(s x(s))|ds:|
[~ o) i ’
_ml

/ (T —9)* "7 f (s, 9(5)) = f(s,%(5)) | ds

[T (e = p1)
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(t—1t)I'(2 - po) |: |y mg| / (T = 5)- p1| ”(s y(s)) (s,x(s))|ds

(T —to)1-ro |m1mo|T (2 = p1)
”0‘ s, (s) ( x(s))’ds
ra —,00) / g1y >
|1

1 1" 5
m fto (T -9)""|g" (5,9(5)) =& (s, %(s))]| s

n-1

. Z m(T - to)k=r1 |:1 mg (t—to)I'(2 - Po)] B (t - to)k

mUk—pr+ 1) no (T —to) " k!

k=2

(T - to) 1t - to)T'(2 - po)
F(k — po + 1)

1 r -1
I‘_S)/ (T — )%~ |hk(s,y(s)) —hk(s,x(s))|ds]

|:|g(k) (to,x(fo)) —g(k) (to,y(to))|

Cr(T - to)*
<= 2C,
= Ta+D lly — x|l +2C|ly — x|l
(T = £)T(2 - po) |:(T —10)0Cpy  |mol(T - £)* Cpy ] ly— x|
7] [ +1) || (81 + 1)

(T - tO)(Sl Chl

P |
D8y +1)

+(T—to)”0F(2—po)Cf[ |y mg|(T — to)* P! (T = tg)¥—ro ]|| |

+
[myng|T(e—pr+1)  T(a—po+1)
|1 (T — 20)*~ me” 2
|| T(a — o1 + 1)

lmimo|Cy (T = £)* "1 (T = £)* " C )

+(T=t)"T(2-p )[ g + . }II - x|l
0 0 |m1mo|T (3 — p1) "2 - po) ’

[m11Cya (T = t9)* 1

|11 (3 - p1)

lly — Il

+”Z‘1 m(T =) [ o (=P 2= po)]_ (t=to)*
Py m (k- p1 +1) ng (T —tg)l-ro k!
(T - o)1t - to)T'(2 — po) (T - &) Cy,
= Tk —x| = Ally—«x|,
+ Tk—po+1) [Cg + FGer 1) :|||y x|l lly — Il

where A is introduced in (12). Thus, the operator W satisfies the contraction property of
Banach fixed point Theorem 2.4 with constant A < 1. Hence W admits a fixed point in €2,
which is the same unique solution of hybrid FBVP (1). 0

4 Results regarding two positive solutions
We establish sufficient conditions of the existence of two positive solutions of system (1)
with the help of the existing hypotheses on cones presented in Theorem 2.5 due to Avery—
Anderson—Henderson.

Define the cone P = {x € C([ty, T],R) : x(t) > 0}. We want to obtain firstly sufficient con-
ditions to make Wx € P, whenever x € P.

The next assumptions are essential for the coming results.
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[H2] Assume that

mo,n; <0, my,ng>0,

F(3-p1) _ mom (7 _ 4 \oo-p1
TGpo) < oy (L ~ o) ’

Sft,x(2)) = 0,
g(t,x(1)) = g(to, x(80)) = 0, t € [to, T,
e I (T, x(T) = If (T, x(T)),

mino

Kg(k,x(k)) > %Dmg(T,x(T)) >DPg(T,x(T)) >0, K >0,k € [ty, T],

— min

0 < g®(to, x(ty)) < Priy(T,x(T)), k=2,3,...,n—1.

[H3] f,gW, hy: [to, TI x P— R,k =0,1,...,n— 1, are all bounded and continuous func-
tions. Moreover, for r > 0, there exist a positive real number L, and a continuous
nonnegative function g so that V(¢,x), (s, ) € [to, T] x [0,7],

lg(t.%) - g(s,9)| < Lr|9(x) — a()].
Lemma 4.1 If[H2] holds and x € P, then Vx € P.

Proof Forany t € [ty, T], let

(t—to)k

%‘k(l’) = Cl(l - Cz(t - t())) - ! + C3(t - t()),
where

Ci = Vll(T—t())k_m _ Mo F(z—PO)

YT k—p1+ 1) 27 Ty (T = to)1-0
and
T - t) ' (2 -
C, - ( 0) ' T(2 = po)

I'(k—po+1)

We first need to show that & (¢) < 0, that is,

t—to)F
C1+(C3—C1C2)(t—t0)5( k,O) , telt,T]

Therefore, it suffices to show that C; + (C3 — C;Cy)(f — o) < 0. Notice that &(¢y) = C1 <0,
then we need to show that C;3 < C;C,, that is,

(k- 1
( o1 +1) Wlo”ll(T_tO)pofﬂl’ k=2,3,...,n—1.

['(k—po+1) * nomy

By induction on k;, it is obvious, by assumption, that it is true for k = 2. We assume it is
true for the case k and show it for the case k + 1. We have

Fk-p1+2) (k=p+DI'(k-p1+1)
[(k—po+2) (k=po+1)I'(k—po+1)
moni(k — p1 + 1) mon

(T = o)1 < 1 (T = to)"1,
nomi(k — po + 1) noh1y
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We deduce now
n-1
> &) [g® (to, x(t0)) - Il (T, (T))] = 0.
k=2

The remainder of the proof is obvious by the given assumptions. Hence, the result fol-

lows. O

Lemma 4.2 [f[H2] and [H3] are fulfilled, then V : P — P admits the complete continuity
property.

Proof Define a bounded subset B, = {x € P: x(¢t) <r} of P, and let

maXesy, Tlxefo,f (&%) < Ly,
maX;e(z,,1,xef0,] 85X (6 %) < Low,

MaXqe(z, Tl xelor] Mkt %) < Ly,

for positive constants Ly, Lg(k), and Ly, k=0,1,2,...,n — 1. The proof consists of three
steps.

(Step 1) W is a continuous operator.

Assuming x € P, then by Lemma 4.1, Wx € P which implies that W : P — P. Let
{xn} be a sequence in the cone P such that lim,,_, %, = x in P. The continuity of f,
g™, and /iy implies that 1im,,,_ oo f(£, %, (£)) = f(£,%(£)), M 1 00g® (£, %, (8)) = g®(t, %(2)),
and limy,, oo Mk (t, %, (£)) = hi(¢,x(¢)). In this case, by the dominated convergence theo-

rem,

lim Wx,,(t)

m—> 00

- IO[ (mh—?gof(t’ x”’(t))> + ,,}l_l;réo(g(t’ xm(t)) _g(tOr xm(to)))

, {0 = po) (150( lim (s, (5)) ) = 1 ( lim hl(s’xm(s))))

I’lo(T— to)l—po m—00 m M—> 00

N iﬁl( lim hl(s,xm(s)))

my m—00

(t = £)'(2 - po) MY 1y, (
(T — to)t-ro ming

i f(T50(1)) -1 fim £ ()

_ Z_lllafm (mli_r)%of(T,xm(T)))

(t—10)T'(2 - po) (nlmo

T — gy lim D" g(T,x,,(T)) _W}iféonOg(T’xm(T)D

myng m—oo
~ L lim DPg(T,x,(T))
my m—>0oo

n—1

s Z[ m(T - to)=r1 |:1 _mo (E—1)I'(2 - ,00)] (- to)*
m I (k - p1+ 1) o (T - to)l—po k!

k=2
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(T - to)*1(t - to)T'(2 — po)

R i o) =i 5009

=Wx(t), telt,T]

Thus, W is a continuous operator.

(Step 2) The operator ¥ is uniformly bounded. V¢ € [y, T], we get

(T - to)aLf
= T+ e
(T - )2 - po) (Lho(T — to)% s Ly (=mo)(T - to)™ )
I’IQ(T— to)l—po F((So + 1) m1F(81 + 1)
L (T - 6)"  L(T = t)T(2 = po) (—m1)(=mo)(T — to)*~"

0 < Wx(t)

m (81 +1) (T —to)=r0 mngl(a — p1 +1)
Li(~m)(T = t)*" (¢t = to)T(2 = po) (=111)(=m0)Lye) (T — to)*~*!
m (o —p1 +1) (T —to)t-r0 minol' (3 - p1)
(=)L) (T = t)* ™!
m (3~ p1)
. ”Z‘l[w— to)  m(T —tp)" [1 mo (= t))T(2- po>]
s k! miT(k—p1 +1) ny (T —tg)t-ro

(T- to)* Mt - ) (2 - pO)}Lhk(T — o)’
I'(k—p0+1) 'S +1)

Hence, ¥ maps a bounded set B, into a uniformly bounded subset of P.

(Step 3) WB, is an equicontinuous set in P. Let x € B, and £y, 1 € [y, T'] such that t; < £,,

then

| ll’x(tz) - \I/x(tl) |

t

Ly [(t2 - 5)" " = (11 - 5)*"] ds

< _J
~ ') to
L (®
+ s f (12— 91 Vs + |g (62 1(82)) — g (t0,5(0)]
(t2 = t1)I(2 = po)
no(T — ty)1=ro
(b —t)T(2 - po) | mm
(T -to)l=r0  |mm
(b — t1)T(2 = po) | mimy
(T —to)1-ro ming

%o (T,(T)) - Z—i’ﬁlhl(T,x(T))‘

i (T,%(T)) - I"‘“’Of(T,x(T))‘
0

D" g(T,x(T)) —D”Og(T,x(T))‘

n-1

. Z (t2 — o)k — (t1 — to)* s moniT(2 — po)(T — to)* 70 =P171 (8, — 1)
= k! nomI'(k — p1 + 1)

(T - to)* " (t - to))T(2 = po)(t2 — t1)
B r(/<—0,00+1)p0 2 1]|15khk(T,x(T))—g(k)(to,x(to))|

Page 13 of 23
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<p 2 (? & tf):; 220" 1 () - 5(6)|

(t2 — )T (2 = po) (Lo (T - t)% . Ly, lmo|(T = t0)*t
}’l()(T - t())l_po F(SO + 1) M1F(51 + 1)
Le(ta —t1))T'(2 = po) [ mymo(T — tp)*" . (T —tg)* "0
(T —to)1-ro minel(@—p1+1)  Tl(a—po+1)
(£ —t1)T(2 = po) (VllmoLg<2) (T - t9)*>" Ly (T - to) "0 >
+
(T —t)1-ro mingl' (3 — p1) I'(2 - po)

= |:(t2 —to) = (1 —t)*  mom (2 — po)(T — to)+ro=r171(ty — 17)
+ Z +

e k! nom I'(k — p; + 1)

Lhk(T_ tO)(Sk
F((Sk + 1)

~ (T—to)k_l(t—to)r(2—,00)(t2—tl):| +L
-

I'k—po+1)

If t; — t; — 0O, then |Wx(t;) — Wx(f1)| — 0 independently of the values of x. Hence, VB, is
equicontinuous. By the means of the Arzela—Ascoli theorem, we follow that ¥ : P — P is

completely continuous. 0

We now show the existence of at least two solutions for the hybrid FBVP (1).
For simplifications, we use the following notations in the coming results:

|§k(t)| <My,

R :m(T—t)“( ! + ] )
L2 T A\ T+ 1) T m(T =) T(a— py + 1)

N o (T = t9)%*#0 T'(2 - po) L (T - i)
Ho F(80 + 1) mlF((Sl + 1)

(1 LAmol o yymrea- po>),

o

—tn ) —
1 I |(1 + %001“(2/70)) T2 - po) >

o +1) " mi(T —to)1 T (o — p1 + 1) * o —po+1)

+Mg(2 +1<<ﬂ + (7 _gymr(2- po))>
lmol — ming

Ry = Mp(T - t())a<

N My (T = t5)’0*T(2 — po) . My, (T = ) |mo|(T — £0)*°T'(2 — po)
nOF(SO + 1) mll"(él + 1) o

n-1
(T - ty)%
2§ M My, [1+ ——
" & hk( " Ter+1)

k=2
and

(T = 1o)” . iy (T — )™
T T+l | mD( +1)
(t = 1) (2 = po) {1y (T — £9)® N |mo|mp, (T — £)*
no(T — tg)1-ro I'(6o+1) mI'(81 + 1)
. |1 (T = to)* " s
mI(a-p1+1)°

TE [tO) T])

where the involved constants exist and are positive.
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Theorem 4.3 Let [H2] and [H3] hold. If there exist 0 < r1 < ry < r3 satisfying
()f(tx)>nfR ,h(tx)>nth ,i=0,1,te(t,T],x>rs,
(i) f(t %) <Mf;2 , hi(t, %) <thR ,i=0,1, (%) € [ty, T] x [0,72], and
(iii) f(¢ %) > mlel , hi(t,x) > mhikl ,i=0,1,(t,x) € [to, T] x [0,71],
then hybrid system (1) possesses at least two positive solutions x; and x, provided that

ri < |lxi |l with %1l < vy along with ry < ||x5|| with mine(r, ) x(£) < 73.

Proof Let t € [ty, T) and define the functionals ¢, w, and p on the cone P such that
$(x) = min_ x(¢), o(x) = pn(x) = x|
te(r,T]

It is obvious that w(0) = 0, w(lx) = |/|w(x), and ¢(x) < w(x) < p(x). Using Lemmas 4.1and
4.2, we have W : P(¢,r3) — P is completely continuous. We start with the first condition
of Theorem 2.5, namely ¢(Wx) > r3 for all x € dP(¢, r3). Let minge[;, 1) x(¢) = 3, we get

— 1) T —tp)%
min \le(t) nf"s (t —to) Vlh17”3( 0)
telr,T R3 F(Ot + 1) mlel"((Sl + 1)

(t = 20)T(2 = po) [ Murs(T — to)® . 1|1, r3(T — t0)*t
I’lo(T - t0)17p0 R3F(80 + 1) m1R3F(81 + 1)

|1 (T = t0)* " msrs

mlr'(oz —p1+ 1)R3

=rs.

Next, we check the second condition. Let x € dP(w, 1), then

(T - to)*Myrs , 2Mer2 My roT = tp)!
I'a +1)R, Ry miR (81 +1)
(T £0)?°T'(2 = po)ra (Mho(T f)% . |W10|Mh1(T—to)8‘)
(6o +1) miT(8; + 1)
N Me(T — 1) T'(2 = po)ra < mymo(T — to)* " s (T —tp)*ro )
R, mingl(e—p1 +1)  T(a—po+1)
Mf|n1|(T t0)* Plry . ranoKMg
m (e - p1 + 1Ry |m0| Ry
(T = £0)°T(2 — po) n1moKM,rs
" Ry ming

-1
(T — to)’*
kZ M’“( r(5k+1)>'

Wx(t) <

noR,

This shows that w(Wx) = || Wx|| < rp. Since 0 € Pand r; > 0, hence P(u, 1) # 9. By assuming
x € 9P(u,r1), we have 0 < x(£) < ry, Vt € £, T]. By assumption (iii), we have

n(Wx) = max Wx(z)

te(to, T

myry (T — tp)* . mp, (T — £)*
R1 F(Ol + 1) m1R1F(51 + 1)

Page 15 of 23
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s (T = )T (2 = po) ( mpyr1 (T — to)® N |mo|my, (T — to)™
o R1F(80 + 1) m1R1F(81 + 1)

|11 |(T = t0)* " myry

mlF(oe —p1+ l)Rl '

Hence, u(Wx) > r;. All the conditions of Theorem 2.5 are established, and the desired
result follows. O

5 Hyers-Ulam stability

The notion of the stability of functional differential equations was first introduced by Ulam
[50], and then it was extended by Hyers [51]. Later on, this type of stability and its gen-
eralization were called of Hyers—Ulam (HU) and Hyers—Ulam—Rassias (HUR) type, re-
spectively. Investigation of the UH and GUH stability has been given a special attention in
studying all fractional differential equations. Here, we discuss the Hyers—Ulam (HU) and
Hyers—Ulam-Rassias (HUR) stability results about the hybrid FBVP (1) on the interval
[to, T1].

Definition 5.1 System (1) is Hyers—Ulam stable whenever for every € > 0 and y €
C([to, T, R) satistying

|D*[y(t) - g(t.y())] - f(.y(®)| <€, telto,T)a€(n-1,n), (13)
there exists x() as a solution of (1) such that
|x(2) = y(t)| < Ce,  telto, T],
where C is independent of both y and x.
Definition 5.2 System (1) is Hyers—Ulam—Rassias stable if Vy € C([#y, T'], R) satisfying
[D*[y(t) ~g(6:y®)] - f (£.5®)| < 0®),  te[to, T), (14)
where ¢ : [£y, T] — R is continuous, there is x(¢) as a solution of (1), provided
() = y(8)| < Co(t), telto, T),
where C is independent of both y and «.

For simplification, set

O(.f(ty(®))
=1 (6,5(2)) + g(t,5(2)) — g(t0, ¥(t0))

(t—10)T'(2 - po)
no(T — to)L-ro

(t—1t0)T(2 - po) [ mimg
(T —to)l=r0 \mying

(r‘oho(T,x(T)) - Z—?ﬁlhl(:r, y(T))) + milﬁlhl(T, ¥(T))

1P (T, p(T)) = 1*f (T, y(T))>
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n o, .
~ o I (T(T)

(t-t)(2 - po) ((m1mg
(T —to)1-ro mng

DAg(T, () —Dﬂﬂg(T,ym)) -2 (1)

+Zl[ m (T — )7 [1_ @(t—to)F(Z—Po)] G0

P mI(k—p; +1) ng (T —tg)l-ro k!

N (T — to)*1(t — to)T'(2 — po)
I'(k—po +1)

] [¢® (to,¥(20)) = Il (T, (D)) -

Remark 5.1 y € C([ty, T],R) is a solution of (13) iff we can find h € C([to, T'], R) so that
(1) 1) <€ telt,T];
(2) y satisfies the equation

¥(£) = Oy, h(t) + £ (£,5(2))) = O(1.f (£, 5(2))) +I*h(2). (15)

A similar remark can be obtained on considering inequality (14).

Lemma 5.3 A function y € C([ty, T, R) satisfying (13) also satisfies the following integral

inequality:

(T - to)*
wm—®(f@ﬂm)ff@f%ﬂ

Proof According to Remark 5.1, y satisfies equation (15). As a result,

y(8) = © (5. f (£:¥(0))| = [I*A()|

1 t
< —F(a) ; (t—s)"‘_1|h(s)| ds
_ (T -t .

T Ta+1)

O

Theorem 5.4 If [H1] is fulfilled, hybrid system (1) is Hyers—Ulam stable, provided that
A<l

Proof Take € >0andy € C([to, T], R) satisfying (13), and let x € C([to, T], R) be the unique
solution of (1). Thus,

|y(8) - x(2)|

1 ! a1
< ) /to - 5)"f (5,9(9)) = £ (s,x(9)) | ds + |g(&, () - g(&,x(0))|

+ g(t0, ¥(t0)) — g(t0, %(t0)) |

(t—to)r(2—,00)[ 1
no(T — to)t=+0 [ T'(8o) Jy,

T
(T =) | ho (s, (5)) = ho(s,x(5)) | ds

Page 17 of 23
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_ Mo T(T_s)51-1|h (5,(5)) =P (s x(s))ldS}
mlr(sl) to i 1’
1 T

61-1 _
+m i (T = )" Iy (s, () = I (s,%(5)) | ds

(t—to)F(Z—,oo)|: Mg

T
/ (T —s)*~-t V(s,y(s)) —f(s,x(s)) | ds

(T - to)t-ro mingl (o — p1) "
1 T
* =20 f (T = 9)* 7 f (s, 9(5)) = f(s,%(9)) | ds:|
ni

T
T _ g)o—p1-1 _
m (o —p1) Jy (T —5s) [f(s,y(s)) f(S,x(S))|ds

(t = t)T'(2 - po) nymg
(T —to)1-ro |:m1n0F(2 —-p1) Jiy

1
* I'(1 - po) to

T
(T -9 |g" (s,0(9) — & (s,%(5)) | ds

T
(T —s)™" |g/ (s,y(s)) -g (s,x(s)) | de|

T
(T —s)l=7 |g” (s,y(s)) -4 (s,x(s)) | ds

ni
n/lll—‘(2 - 101) to

n—1

+ Y [&)][g (t0, %(20)) — ¥ (t0,7(t0)) |
k=2

T(T Y g (5, 9(5)) = I (s, %(s)) | N il Vs
¥ T'(8k) Jg, ’ BT K& a8 Ia+1)
Cr(T - t)*

AT 2 _
< M+ D) ly =l +2C¢ly — x|l
(T = t0)™T(2 = po) [ (T = t0)*0Chy  mo(T —10)*1 Cyyy
+ - lly — Il

IZ0) F(So + 1) mlF((Sl + 1)

(TG
m (81 +1) Y

nimo(T —to)*™" (T —to)*"0
+ lly — Il
mingl' (e —p1+1) T(a—pp+1)
m(T - 1) Gy
-y«
mil(o—p1 +1)

+(T —to)™*T'(2 - PO)Cf[

N g
mingl' (3 — p1) I'(2 - po)

mmoCyo) (T —t0)>1 (T —t9) =0 C )
+(T—to)plr(2—,00)|: £ j|||y—x||

11 Cye) (T = t0)* ™"

ly =l
mUGB—p) "
fﬁfc T * Oy ]y T80
+ +————||ly—x| + €
£ O T T (s 1) Y Tla+1)
(T - to)®
= Ally— .
=l + e
Hence,
(T —to)*
lly — x|l <

A-AT(a+1) €
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where
T —t)*
oo (T-t)*
(1-A)(x+1)
Hence, system (1) is Hyers—Ulam stable. O

Remark 5.2 The Hyers—Ulam-Rassias stability can be established in a similar manner.

6 Example
In this portion, we give an example to defend our pivot results of the theory attained above.

Example 6.1 Due to (1), regard the following fractional hybrid differential system:

D*5(x(t) - g(6,x(t))) = f(£,%(2), t€(0,1),
—x(0) + D%x(1) = I?hy(1,x(1)),

x(0) — DMx(1) = I?h;1(1,%(1)),

x2(0) = IPhy(1,(1)),

(16)

where a = 2.5, py = 0.5, p; = 1.5, and 8y = 8; = 8, = 2. Since the functions f, /, g©, k =

0,1,2, are Lipschitz with Cy = Cj,, = Cg(k) = 0.01. Therefore, we find that

A=0126<1.

Hence, problem (16) has a unique solution by Theorem 3.3. Moreover, using Theorem 5.4,
system (16) is Hyers—Ulam (—Rassias) stable with C = 2.39.
Let us, in particular, assume that

0.4, x <1,

0.39 + %5, 1<x<5,
f(t,x) = ho(t, %) = hi(t, %) =

256x—-12.36, 5<x<6,

3, x> 6,

g(t,x) = 0.1¢, hy(t,x) = €.

One can find figures of the functions f (¢, x) and g(¢, x) in [52]. The calculations of the basic
conditions give the following:

mo,ny <0, my,ny>0,

L'(3-p1) _ mm _
r(g_p(l)) =0.667<1= mllng (T _ to)po o1

f(t,x) =0,
g(t,x(t)) > g(to,#(t0)) =0.1 >0, ¢te[0,1],
B0 fe-nL (T, x(T)) = I (1, x(1) > I (1, (1)),

mino

2(0.83,x(0.83)) < 2 D1 g(T, x(T)) = D'3g(T, %(T))

=1%¢"(1,x(1)) = 1°°¢'(1,x(1)) = D*>¢(T, x(T)) > 0,
0 < g"(0,x(0)) = 0.1 < 0.7183 = I*211,(1, x(1)).

Page 19 of 23
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Moreover, it is obvious that condition [H3] is also valid. To continue our investigation, we
need to justify the conditions of Theorem 4.3. Let r; = 1, r, = 5, and r3 = 6. Also assume
that

T =0.5,
myg = My, = My, :Mf:Mg =My, = My,

=My, = ng =np, =ny, = 1.
Then we find that

|€2(8)| < Mg, = 0.89327,

Ry = 1.3my + 0.443my,, + 0.943my,, = 2.686,

Ry = 2.63My + (2 + 1.88623K)M, + 0.443M, + 0.943M),, + 2.68 M}, = 10.6,
R3 = 1.0532n + 0.722ny, + 0.222n;,, = 1.997.

Therefore, hypotheses (i)—(iii) are satisfied, since if ¢ € [0.5,1] and x > 6, we have

f(t,x)>nf;733 =3,
hi(t,x) > ”hkz% =3, k=0,1.

For (¢,x) € [0,1] x [0, 5], we obtain

flt,x) < MM’Q—Z2 <0.472,
hi(t, %) < My, 7 <0472, k=0,1.

Finally, V(¢,x) € [0,1] x [0, 1], we get

f(t,x) > mflre—l1 >0.3723,
hi(t, %) > my, ;—11 >0.3723, k=0,1.

Therefore, using Theorem 4.3, for system (16), the existence of at least two positive
solutions x; and x, is guaranteed provided 1 < |[x1] with [|x1]| <5 and 5 < [lx|| with
minte[o,gyl] x(t) <6.

7 Conclusion

The fractional integro-differential boundary problem of a hybrid system is a generaliza-
tion of many existing problems. Many basic expressions are gathered in this model such
as hybrid model, fractional derivatives of any order, fractional intro-differential boundary
conditions, etc. Based on some well-known fixed point theorems of operator theory and
the technique of fractional nonlinear differential systems, the existence and uniqueness
criteria for the considered system (1) have been obtained. To do this, we used some no-
tions on cones and verified some inequalities. Likewise, under specific assumptions and
conditions, we have found the Hyers—Ulam stability result regarding solutions of hybrid
system (1). The future research may continue to develop many qualitative properties of
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a modified system with the very recent fractional derivatives containing nonsingular ker-

nels.
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