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1 Introduction

Corona virus or severe acute respiratory syndrome corona virus 2 (SARS-CoV-2) is a virus
that attacks the respiratory system. The virus that causes this disease is called COVID-19
(corona virus disease 2019). The ICTV corona virus disease study group stated that this
virus is a species associated with the severe acute respiratory syndrome. COVID-19 was
first discovered in humans in December 2019. This outbreak was first detected in Wuhan
city, Hubei province, China, in mid-December 2019. The outbreak due to SARS-CoV-2
was declared a global health emergency or pandemic by the World Health Organization
(WHO) on January 30, 2020. The Chinese government conducted quarantine in the city
of Wuhan on January 23, 2020 as a step to control the pandemic [1].

Modeling in mathematics is a tremendous tool for expressing and dealing with com-
plicated phenomena. Recently, considerable attention has been given to the proposal of
mathematical models in comprehending the ailment of infectious nature [2—6]. Many re-
searchers have developed models for the realization and regulation of the outbreak of
transmissible diseases in a population. Infectious diseases are the second largest cause
of death across the globe. The discipline of infectious diseases will assume added promi-
nence in the twenty-first century in both developed and developing nations. To an un-
precedented extent, issues related to infectious diseases in the context of global health are
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on the agendas of world leaders, health policymakers, and philanthropists. Over the last
few years, several researchers have been exploring infectious diseases and their mecha-
nisms using different methods [7—10]. This not only helps to control the spreading of in-
fectious diseases but also aids in everyday life to prevent these diseases. Several researchers
have researched epidemic models to examine and monitor various diseases such as avian
influenza, hepatitis B, tuberculosis, leishmaniasis [11-13]. Since the existence and anni-
hilation of COVID-19 is subject to numerous parameters of the affected system, we can-
not characterize the entire disease system throughout the globe by using a single model.
As in the case of COVID-19, the spreading of the disease has a direct relation with the
quarantine of the human population. Commonly, we have two types of quarantine: one
is susceptible quarantine and the second is infected quarantine. In our work, we take the
infected quarantine which means that the people will be quarantined if they are infected.

Fractional calculus is the generalization of classical calculus. To get a better insight into
a mathematical model and to deeply understand phenomena, noninteger order operators
can be used. Moreover, models involving fractional-order derivatives provide a greater de-
gree of accuracy and are able to abduct the fading memory and spanning behavior. Frac-
tional order differential equation models give more understanding about a disease under
consideration [14—17]. Literature has suggested a number of fractional operators with sin-
gular and nonsingular kernel [18-21], and their applications can be found in some recent
studies [14, 16]. In [22], the authors considered co-dynamics for cancer and hepatitis us-
ing a mathematical model with fractional derivative and examined its results. For more
details, see [23-25].

We consider the model available in [26] in which the total population is denoted by
N(t) and is divided into five groups, namely: susceptible individuals S(¢) which denotes
individuals vulnerable to the infection; exposed individuals E(¢); infectious individuals I(¢);

quarantined individuals Q(¢); and recovered individuals R(z) at time ¢.

45 _ p— BSI(1+81) — (1 + 1t + d)S(D),
9E = BSI(L+81) — (x + i + da)E(2),

dl_AE(t) - (u+e€+y +d)I2),

’Z—? =dsS(t) + doE(t) + di1(2) — (n + T)Q(2),

4R _ () + TQ(E) + yI(t) — uR(2),

S>>0, E@®)=0, IH>0, Q@®>0, R0

We reformulated the above model by fractionalizing it with the help of fractional param-

eterO< xy <1:
ABCDX [S(8)] = b — BS(OI(6)(1 + 81(8)) — (7 + fa + d3)S(E),
ABCDX [E@®)] = BSOI(E)(1 + 81(2) — (. + ju + d2)E(2),

ABCDE [I(6)] = AE(t) — (i + € + 77 + d1)I(0),

ABCDE [Q(0)] = d3S(2) + doE(t) + diI(8) — (1 + T)Q(0),

ABCDE [R(6)] = nS(8) + TQ(E) + VI(£) — R(2),

S() >0, E(t) >0, I(t) >0, Q@) =0, R(t) > 0.

2)
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The parameters B and § are positive constants, whereas b is the constant birth rate, j is
the disease transmission coefficient, u is the natural death rate, € is the death rate for the
disease of infectious individuals, and 2, ¥, di, do, d3, T are the state transition rates. 7 is
the transmission rate from the susceptible to the recovered class which represents those
people who have strong immune system.

The organization of our paper is as follows: Sect. 2 deals with the basic definitions which
are helpful in the analysis of the coming sections. Also the basic reproduction number as
well as equilibrium points are established. The unique positive solution of our proposed
model is given. Section 3 is concerned with the local stability of the proposed model. Ex-
istence and uniqueness are carried out in Sect. 4. Section 5 deals with the Ulam—Hyers
stability of our model. Section 6 depicts some simulations carried out by the Atangana—
Toufik scheme. In Sect. 7, optimal control analysis is applied to our model. And in the final
Sect. 7, we give the concluding remarks along with the future work.

2 Preliminaries
The following definitions of Atangana—Baleanu fractional derivative and integration in
the Caputo sense are taken from [27, 28]:

é%é,trm:(‘f%’;) tEX{—x i _‘2 } 0)(3) s, 3)
LI, (t)— Xt + / r(8)(t - 8)*" ds, (4)
%(X) %(X)F(x)
satisfying
B
|47 ,(r(®)] < (X)” ®)], where ||r(z ”_b111<1ta<xbz|r(t)‘ (5)

for r(t) € C[b1, by] and the Lipschitz condition
|&°D5 ir1(&) = 2D (@) | < || (@) = ra(®) . (6)

2.1 Basic reproduction number Ry
The DFE of model (2) is denoted by E%(Sy, 0,0, Qy, R), where

S

dsS, S0 + T
So=———=, Q= —2, RO:inO_QO.
n++ds A+T i

Similar to the method mentioned in [29], we calculate F and V as follows:

BSo BSo _
FV* ()L+,u+d2)(u+e+y+d1) [A+é+y+dy .
0
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Hence

ABb

Ry = S ——
m+p+ds)A+u+do)(L+€+y +di)

2.2 Endemic equilibrium point
System (2) is reshaped as

A+ +do)(i+E+7 +di)l,

Sy =

MBIL.(1+61,)
E - (,11+E+)_)L7+c_11)1*,
_ N - (7)
_ ng* + dzE* + dll*
* T ﬂ + ‘E ’
R. = NSy + f_Q* + )71*.
I
Taking into account the above values in
b—(ij+i+ds3)S, — (h+ji+d)E, =0, 8)
we get
P(I) =A% + AyJ? + AT = 0, )
where
Al = (X+/l+£iz)(;1+é+)7 +6_11)BS, (10)
A2:—((i+;1+6_l2)(ﬁ+é+)7+EZI)B+I_9)_\/§S), (11)
A3 =biB -+ i+ dy) (i +E+7 +d1)(i] + i +ds). (12)

By Descarte’s rule of the sign if A3 > 0, then (9) has one positive, one negative, and one
zero root, and A3z > 0 implies that Ry > 1. Hence, for Ry > 1, a unique positive equilibrium

exists for the model.

3 Local stability
We establish the local stability of system (2) in this section at COVID-19 free point E° as
well as at COVID-19 present equilibrium point E*.

Theorem 1 The COVID-19 free equilibrium (CEE) point E° of the proposed fractional
order SEQIR pandemic model (2) is locally asymptotically stable if Ry < 1.
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Proof The Jacobian matrix of system (2) at E° is

~(71 + [ + d3) 0 T 0
0 ~(A+ i+ dy) E%Z 0 0
J(E) = 0 by —(i+é+7+d) 0 0 (13)
(,_13 t_iz ('_il _(/:L + f) 0
i 0 7 T

Therefore, by the Routh—Hurwitz stability conditions for fractional order systems [30],

the necessary and sufficient condition is

Jarg(cig))| = [arg(w)] > €3 (14)

for various fractional order models. Therefore, the disease-free equilibrium of system (2)
is asymptotically stable if all of the eigenvalues w;, i = 1,2,3,4,5, of J(E®) satisfy condi-
tion (14). Hence, a sufficient condition for the local asymptotic stability of the equilibrium
points is that the eigenvalues w;, i = 1,2,3,4,5, of the Jacobian matrix J(E°) satisfy the
condition | arg(w;)| > k 7. This confirms that fractional order differential equations are, at
least, as stable as their integer order counterparts.

The characteristic equation of J(E°) is

(o1 + (i + it + d3)) (02 + (i + T)) (w3 + 1) (Aw? + Bw + C) = 0,

where
A=1,
B=2[i+A+€E+y +d +dy, (15)
_ i - BLb

C=Grsd)reryrd)-—22

n+p+ds
_ - - B1b
(A+/1+d2)(ﬁ+é+f+d1)—_lg_—_>0,

n+[+ds

A+ii+dr)(i+E+7 +d)(1-Ry)>O0.

This shows that, for Ry < 1, the quadratic equation (Aw? + Bw + C) = 0 has all terms positive,
and thus its roots must all be negative. Meanings A4 5 < 0, all of the eigenvalues w; for i =
1,2,3,4,5, satisfy the condition given by (14). Therefore, all the eigenvalues have negative
real parts if Ry < 1. This completes the proof. d

3.1 At pandemic equilibrium point
Lemma 1 Let M be a 3 x 3 real matrix. Iftr(M), det(M), and det M'*! are all negative, then

all eigenvalues of M have negative real parts.

Theorem 2 If Ry > 1, then the pandemic equilibrium E* of the proposed fractional order
SEQIR pandemic model (2) is locally asymptotically stable.



Khan et al. Advances in Difference Equations (2021) 2021:387 Page 6 of 22

Proof The Jacobian matrix of system (2) at E* is

—an 0 —BS.(1+261,) 0 0
BL(1+8L) —-(h+a+dy)  BS.(1+25L) 0 0

JH = 0 x —(R+E+7 +dh) 0 o |,
ds d, d, -(n+7) 0
1 0 % T —i

where a1 = (BL.(1 + 8L,) + (7] + i + d3)).
Therefore, by the Routh—Hurwitz stability conditions for fractional order systems [30],
the necessary and sufficient condition is

|arg(eig(/™))| = |arg(es)| > K% (16)

for various fractional order models. Therefore, the disease-free equilibrium of system (2)
is asymptotically stable if all of the eigenvalues w;, i = 1,2,3,4,5, of J'*|(E*) satisfy condi-
tion (16). Hence, a sufficient condition for the local asymptotic stability of the equilibrium
points is that the eigenvalues w, i = 1,2,3,4,5, of the Jacobian matrix /'*/(E*) satisfy the
condition | arg(w;)| > k % This confirms that fractional order differential equations are, at
least, as stable as their integer order counterparts.

Here, w1 = —fi, w; = —(ft + T), and we consider the following matrix for the rest of eigen-

values:
—(BL(1+5L) + (7 + i+ ds)) 0 ~BS.(1+25L,)
g = BIL(1+31,) ~(A+i+dy)  BS.(1+23L)
0 A —(u+e+y + 6_11)

From the Jacobian matrix ]l*‘ we have
tr(]{*l) = —[(BL(+8L) + (i1 + it +d3)) + (h + it +do) + (L +E+ 7 +d1)] <O,
also
det(/1") = —[(BL( +3L) + (7 + fi + ds)) ((h + ju + do) (L + € + 7 + dy)
— 2BS.(1+28L,) + ABS,(1 + 28L,)BS.I.(1 + 251,))],
= —[(BL(L+8L) + (N + a+ds)) (A + it + do) (L + E+ 7 + )
+ABS.(1 +28L,)[BS.L(1 + 281,) - 1])],
det(/}") = ~[(BL(L +81) + (i + i+ d3)) (i + 2 + do) (i + &+ 7 + da)
+ABS.(1+28L,)[BS. L. (1 +281,) - 1])] <.

Further, the second additive compound matrix is

—BIL+8)-m  BSQA+281)  BS(1+28I)
J2 = A —BI1 +8I)—n 0 ,
0 BI(1 +381) —k
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n=2+i+eX + 7 +dy +ds,

k=20+A+eX+7 +di +db.
Hence

det(/?) = —[(BL(1 + 8L,) + m) (BL.(1 + 8L.) + n)k + (BL.(1 + 81,)) (ABL.(1 + 5L,))
— (BS.(1+68281,)1k)] <O0.

Therefore, by Lemma 1, all of the eigenvalues w; for i = 1,2,3,4,5 satisfy the condition

given by (16). Thus, the pandemic equilibrium point E* is locally asymptotically stable. [

4 Existence and uniqueness

We denote a Banach space by D(W) with W = [0, )] containing a real-valued continu-
ous function with sup norm and P = D(W) x D(W) x D(W) x D(W) x D(W) with norm
(S, E, L, QR)II = IS + IENl + 11l + IQIl + [IR]l, where ||S|| = sup,¢; IS(®)], |E|l = sup,¢; |E(£)],

1l = sup,; 1(2)], 1QIl = sup,; [Q®)], IR|| = sup,; |R(2)]. By using the ABC integral opera-
tor on model (2), we get

S(£) - S(0) = ABD [S()]{b — BSOI@)(1 + 81(2)) — (7 + i + d3)S(2)},

E(t) - E(0) = ABCD} [E@UBSOIE)(1 + 51(8)) — ( + fu + do)E(8)},

1(£) - Q(0) = ABCD LI(O){AE() — (i + € + 7 +d)I(1)}, (17)
Q(£) - 1(0) = ABDE, [Q(6){d3S(2) + doE(8) + drl(£) - (fi + T)Q(D)},

R(2) - R(0) = ABD [R()[{7S(¢) + TQ(t) + y1(2) — iR (1)}

Now, using equation (3), we obtain

S(t) - S(0) = ;(_X)i fa(x06,50)) + m x /0 (£ =9V 18 (x, 9, () do,

E(t) - E(0) = ;(’S Ro(iLE®) + m x /0 (£ =9V 8 (x, 9, E®)) dv,

1(t) - 10) = jg(_—x);ﬁg(x,t,l(t)) N m x /0 (- 9V 8 (x, 9, Q) d9, (18)
Q) - Q) = (01,0 + T x [ (6 9) R, 9, 19)) 9
B(x) ” BGOT(x) ~ Jo o '
=X X ! _ -1
R(t) - R(0) = B(X)ﬁs(x,t,R(t))+37(X)F(X) x/o (t-0) " Rs(x,9,R())dv,
where

R1(x,6:5(8)) = b— BSWOI()(1 + 81(2)) — (7 + it + d3)S(2),
R (1, 6, E@®)) = BSOL(£)(1 +81(2)) — (A + i + do)E(),
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Ra(x,t,1() = XE(t) - (L + € + 7 + dy)I(2), (19)
Ra(x, 6 Q(t)) = d3S(£) + drE(t) + dh I(£) - (f1 + T)Q(E),

Rs(x,6R(®)) = nS(6) + TQ(E) + yI(£) — AR(?).

The R, Ry, R, Ra, and K5 satisfy the Lipschitz condition only if S(¢), E(¢), I(£), Q(¢), and
R(t) possess an upper bound. Supposing S(¢) and S*(¢) are couple functions, we have

181 (x, £ 51®) = &1 (x, . 5*®)|| = |- (BIQ +51) + 7+ n + d3) (S@) - S*(8)) |- (20)

Considering

Ny = H—(ﬁ_l(l +8D)+7+ 1 +Elg) ,

we get
Similarly,

[82(x, 6. E@) = 82 (6, 6, E* @) | < | EQ®) - E*(®)]),

(

[83(x, £ 1(0)) = Rs(x, £, I*@®)) || < ms|[1(6) = I*(®)],
(
(

(22)
[Ra(x:8 Q@) — Ra(x, £, Q* (1)) | < mal|QE) -

|85 (x tR(t)) Rs(x, 6 R*(0)) || < ns||R(2) - R*

where
M=~ +i+d)]
N3 = ||—(l:L teE+y +6_11)H

ma=|-(a+7)|

which shows that the Lipschitz condition holds. Continuing in a recursive manner, (18)

gives us
=X
Sn(t) - S(O) = B(X) -ﬁl (X! L Sn—l(t))
" EOrG0 / (¢ 078l Soa () 49
Ex(0)~ EO) = 5% (0,81 (0)

* B(X)XF(X) X/O (t =) Ko (x, 9, Ena (9)) d,

L(®) - 10) - ;(‘S R0t Lnr (1) (23)
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x-1
B(X)F(X) / (£ =9) " Ra (X, 0, 1a (9)) 49

Qu(t) - Q(0) = ﬁﬁzl(x t, Qu-1(2))

/ (6= 0V R0 B, Qur (9)) d

B(x)F(x)

R,(2) - R(0) = B( )5%5()( Ny ()]

X ¢ o
BGOTG) fo (t=0) "R (x, 0, Ruea (9)) 9,

together with Sy(t) = S(0), Eo(£) = E(0), Io() = 1(0), Qo(t) = Q(0), and Ry(t) = R(0). Differ-

ence of consecutive terms yields

Es,n(t) = Sn(t) Srl l(t) = ( ) (ﬁl (X: t Sn l(t)) -ﬁl (X: tr Sn—Z(t)))

+ B(X;(F(x) fo =0V (R (1 9, S0 (9)) = R (%, 9, Su2(9))) A,
uEVl(t) E, (t) En l(t)_ B( )(RZ(X JHE, 1(t)) ﬁz(X;t,En—Z(t)))

* BOOM () /o (£ =9V (B2, 0, Enr(9) — Ra (1, 0, Ena () 9

1a(t) = Ia(2) - nl(t)—;(_x); (Rs (x> 6 2u1(8)) = R (X, 1, Lna(2)))

+ s /0 (£ = ) (R (1 9 Lya(9)) = R (00 9 Ln-a(9))) 9

Eon(t) = Qun(t) = Qur(0) = ;(‘—S (Ra(to 6, Quar (1)

(24)

- ﬁ4 (X 2 Qn—2 (t)))

i [ 0.0 9) - a9, Qua0)

Ern(t) = Fu(t) = R,1(2) = (ﬁs(x LRy 1(t)) RS(X’t»Rn—Z(t)))
B( )

* o /0 (6= ) (85 (1 ) Rur (9)) = K5 (x 9 Rua(9))) 9

Noting that

n n n

Si) =) Esilt),  EJO)=) Brdt),  L®)=) EL),

i=0 i=0 i=0
(25)

n n

Qut) =Y Boit),  Ru()=)_ Eri®).

i=0 i=0
Taking into account Egs. (21)—(22) and considering that

Esn-1(t) = Syo1(2) — Sya(2), Egu-1(t) = E,_1(t) — Eya(2),
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E1,;1—1 (t) = [n—l(t) - In—Z(t)r EQ,n—l(t) = Qn—l(t) - Qn—Z(t)r (26)

Ern-1(t) = Ry_1(£) — Ryo(2),

we reach

| 2500 = G mlZsna @] grsm x [ -0 2] do,
||sE,n<t>us}B( ol B0 g x [ (6= 9 B 0,

| &) < _Xn3||Ez,n_1(t)||mnsx /O -9V B )] A9, (27)

B(x)

1-— t
ECIE B( Lnl Zana®)] g x [ =97 Bg,a)] o,
|2ra @] <

t
s Eraa 0] 15 X f (= 9) | By (9)] 9.
0

_ X
B(OT(x)

Theorem 3 System (2) has a unique solution for t € [0, b] subject to the condition if

1-x

i+ bni<1l, i=12,...,5, (28)
Box) " BOOTG)

holds.

Proof Since S(t), E(t), I(t), Q(¢), and R(¢) are bounded functions and Egs. (21)—(22) hold,

in a recursive manner Eq. (27) leads to

- 1-x xb "
|25 < 550 (G2m + 5 22 )

_ b n
||sE,n<t>||5||Eo<t>||(1 Lo i )?72),

B(x) = BOOT'(x
- 1-x xb "
J210] = bo (5 + 5 AE ) 9

- 1-x xb "
200 = Qo (5 ns+ g hem)

X, xb "
A .
3t = [0l 5+ g0

So

|8 =0 [Ee@] =0 [E®] >0

|Eqn@®)]| — 0, |Ern®)]| — 0
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as 1 — 0o. Incorporating the triangle inequality, and for any &, Eq. (29) yields

n+k
Zn+1 Zn+k+1
Spek(t) — Syt /et e S
H n+k( ) n( )H Z 1- Zl
j=n+1
n+k
Zn+1 Zn+k+1
|Eni®) ~Ent)| < > Z) = 2—2— o
Jj=n+1
n+k
Zn+1 Zn+k+1
L -L,®] <Y Zh==—""2—, (30)
j=n+1
n+k
Zn+1 Zn+k+1
|Qui® - Q] < Y Zy = =2——
j=n+1
n+k
ZVHI _ Zn+k+1
|Ruic® - R < Y Z==2—"2—,
i=n+1
with Z; = B(X)nl bn, < 1 by hypothesis. Similar to the method as mentioned in
[31], we can easily obtam the existence of a unique solution for system (2). O

5 Hyers-Ulam stability
Definition ([31]) The ABC fractional integral system given by Eq. (18) is said to be Hyers—
Ulam stable if there exist constants A; > 0, i € N° satisfying: For every y; >0, i € N, for

S(@) - B(_X)§R1<X:tfs(t)) W f (t =9V R (x, 0,80 ))dﬂ‘ <w
1-yx 1
EO - 55,6, E0) + 5T /ulw o, 0, E0)) | < 1,
1(t) - ;(‘X’)‘ fa(x,61(0) + ﬁ x f (t— )1 8s(x, 9, 1(5)) dz?‘ <y (31)
Q(t )—ﬁﬁq(x t,Q(t )) m / (t=0)* lﬁz}(X v, Q(ﬂ))dﬁ‘ =Va
R() - ;(_X))‘ Rs(xO 6 R(2)) + m x /O (t— )85 (x, 0, R()) 9| < ys,
there exist ($(¢), E(t), 1(£), Q(t), R(t)) which satisfy
ﬁﬂr%%ﬁ&mﬂm T f@—mxmmxﬁﬂm)
E@) = B(_x); Ro(x, L E®)) + W x /0 (£ =) Ry (x, 0, E@)) a9,
i) = 5 10) + 5 [0y 0000 )
_1=X X _ 9yl :
Q0 = = Ru0,Q0) + mﬂwmxﬁ“lw a2, Q) d
R@) = _Xﬁxmakm)+——i——x/?nﬁ%*ﬁd»ﬁfw»dﬂ
B(x) B()T(x) Jo
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such that

SO -S| <an,  |EO-E®)| <&y, [10)-10)] < &ys

. ) (33)
|Q(t) - Q)| < &ayar  |RE) - R@)| < ¢55.

Theorem 4 Model (2) is Hyers—Ulam stable subject to the condition J.

Proof Thanks to Theorem 3, the proposed ABC fractional model (2) has a unique solution
(S(2), E(t),1(2), Q(2), R(t)) satisfying (18). Then we have

[s@) -S@)] < B( )Ilﬁl(x 4:8(8) — K1 (. £,50)) |

* B(X)F(X)/O (-8 (x, 6 50) - &i(x, £ 50)) | dv (34)

1-y% X .
S-S,
= [B(X) * B(x>r<x)}“” ”

|E®) -E@)| < Hﬁz(x LE®) - % (., EQ))|

B()

' B(X)F(x) /o (=9[R (0,6 EQ) - Ko (0,6, E@) |40 (35)

1-x X .
= [B(x) * BOOT(x )]Xz”E_E"’

1) -1@®)| < ||R3(X t,1(0)) - f3(x, ., 100) |

B()

! -1 .
* B /o (=) R (0 610) - R (6 1@) |9 (36)

1-yx X .
I1-1|,
= [B(x) * B(X)F(x)]X3|| |

[Q® - Q@) [84(x, 2 Q1)) — Ra(x, 2, Q@) |

||_B()

t . ‘
* T /o (£ =9 Ra(x, £, QW) - Ra(x,£, Q) [ a0 (37)

1-yx X .
= [B(x) * BOOT(x )]“”Q_ Ql

I B0 < 5 15(0.620) - 508,20

! -1 .
*B(X)F(X)/O(t—ﬁ)x |R5(x, 6, R(®)) - 85 (x, £, R@) | dD (38)

1-yx X .
[B(x) +B<x)r(x)]xs”R_R”'

IA

Taking y; = x;, A; = 1(_—;) + m implies

||S(t) S 0) H <na. (39)
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Similarly,

IE(t) - E@)]| < y2ha,
I1(£) = 1(8)]| < 343,

1Q() - QE)II < yala,
IR(E) - R(®)|| < y5As.

(40)

System (18) is Hyers—Ulam stable by taking into account (39) and (40), hence model (2)
is Hyers—Ulam stable. g

6 Numerical scheme
To solve our proposed model we incorporate the Toufik—Atangana scheme [32]. For this

we consider the first equation of (2). We have
0PCDIS(0) = Gi(8,5(r),  S(0) =S, (41)
the solution of which is

S(t) = S(0) + l_—xGl (t:S@) +

o) G1(k, S(k)) (¢ — k)*~* dk. (42)

F(X)F( )/

Applying Lagrange’s interpolation polynomial on the interval [f, 1] to the equality
G1(3S()) = & — b T _ 5(y) lead:s to

1
S~ [0 506 (0 S(8), e, Ae) (43)

= (= 1) G (tks1> S(tas1), L (1) Atrs)) ]

where & = t; — t;_;. Now, substituting (43) into (42), we have

S(thrl)

1-x

= S(O) + WX)GI (th S(tk)’E(tk)yl(tk)r Q(tk); R(tk))
P, S
F()T'(x)

n  SGSGEGIG). ) RG) ltm(y t1)(tusr =)' dy

X Z G1(tj-1,5(6-1).E(ti-1)0(4-1),Q(tj-1).R(tj_1)) ft,ﬂ

j: h

(44)

0 = 1) (b1 =)' dy

(tns S(n)s Etn), I(t4), Qtn), R(t))

Gi(t S(t,)E(t,)I(t,) Q).R(Y T;
2 %
F(X)F G151 S EC- DG RIS Dy, )’
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where
i1 1
Tj1= -4ty —y)* " dy
i
1 X X
= —;[(fju = 1)t — G41)" = (& = £21) (Eni1 — £)" ]
1 x+1 X x+1
- m[(t;ﬁl - tj+1) (tn+l - tj+1) - (tn+1 - t}) ]’
tjv1 1
;= 0=t — ) dy

&

1
= _;[(tﬂl - tj—l)(twrl - tj+1)X]

1

x(x +1)

[(tn+1 - tj+1)X+1(tn+1 - tj)xﬂ]'

Incorporating ¢ = jh into (45) and (46) leads to

x+1

LA
T x(x+ 1

hx+1
Cx(x+1)

J

[(n +

)[(n+1—j)”(ﬂ—j+2+x)—(n—i)X(ﬂ—j+2+2X)],

1= = (=) (n—j+1+ )]

Equation (44) with the help of (47) and (48) becomes

S(tur) = S(to) + ;(‘?

X

X Gy (b, S(tn), E(t), 1(6), Qt), R(52)

TFGOr (G0

n
<2
j=1

Similarly,

G1(8,S(t).E(8;).1(5),Q(t):R(&)))

T(x+2)
X W[+ 1= K=+ 2+ ) — (1= ) (1= + 2+ 2)]
_ G1(-1,50-1)E(1),0(5-1),Q-1).R(t-1))
T(x+2)
X[+ 1= —(m=)X(n—j+1+x)]

E(twrl) = E(to) + ;(_—X);Gl (tm S(tn)’E(tn)rI(tn); Q(tn)’R(tn))

X

T FGOT ()

n
2
j=1

G1(,S().E(;).1(5),Q(t):R(&))
T(x+2)
) X1+ 1= (=] + 2+ x) = (1= )X (1= + 2+ 2)]
G1(5-1,8(-1),E(tj-1)4 (5-1),Q(tj-1):R(tj-1))
- T(x+2)
X[+ 1= —(m=)X(n—j+1+x)]

(45)

(46)

(47)

(48)

(49)

(50)

Page 14 of 22
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_ 1-x
I(tns1) = 1(t0) + F(x) G1 (tm S(tn), E(t0), 1(£4), Q(tn), R(tn))

S
F(OT'(x)

G (6, (), E(®),1£),Q(6)R(¢))) (51)
I(x+2)

Xi X [(n+1=)X(n—j+2+x)—(m—j)*(n—j+2+2x)]
j=1

G1(t-1,5(tj-1).E(5-1)4 (£-1),Q(tj-1):R(5-1)) ’
- T(x+2)

X W[+ 1= )" = (n=j)*(n—j+1+ )]

Qltsr) = Qto) + ;(‘—X);
X
F(x)I'(x)

G156 E (6. QUE)RE) (52)
I(x+2)

XXn: X (m+1 =) (n—j+2+x)— (=) (m—j+2+2x)]
j=1

Gl (tn’ S(tn)¢ E(tn)’ I(tn)r Q(tn): R(tn))

G1(4_1,8(ti_1),E(j_1).1(t;_1),Q(¢-1),R(tj_1)) ’
- T'(x+2)

X h¥[(n+ 1= —(n—j)*(n—j+1+ )]
1-x
F(x)

X
+ S —
F(OOT(x)
G1:S(6).E(0)1(6),Q) R(6) (53)

C(x+2)
XZ X [(m+1-)*m—j+2+x)— (- (n—j+2+2x)]

G1(tj-1,8(6-1),E(4-1),1 (£-1),Q(tj-1),R(5j-1))
j=1 - T(x+2)

X (14 1= ) = (n = =+ 1 )]

R(tt’l+1) = R(tO) + G, (tm S(tn)r E(tn),l(tn)¢ Q(tn)» R(tn))

7 Graphical results

We get the numerical simulations based on (49)—(53) with parameter values given in Ta-
ble 1. Figure 1 represents the dynamics of all the five population classes i.e. S, E, I, Q, and
R when x =0.8. Figure 2 represents the numerical simulation results for « = 0.2 based on
the Mittag—Leffler generalized function which is characterized by the crossover property
when stretched from one operator to another. The operator has a statistical representa-

tion making it more viable. In Fig. 2, the susceptible human population increases as the

Table 1 Values and descriptions of the parameters (based on data [26])

Symbols  Values  References

0.028 [
0.2 [
0.011 [
0.2 [
0.08 [
0.06 [
03 [2
[
[
[
[
[

0.5
03
0.6
0.1
0.3

N AR > S wm RO
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Figure 1 For x =08, plotsof S, £, 1, Q, R

Figure 2 Profiles for the first set of initial conditions at different x valuesi.e. x =0.50,0.55,0.60,0.65,0.70,
0.75,0.80,0.85,0.90, and ¢ = 0.2

Figure 3 Profiles for the second set of initial conditions at different x valuesi.e. x =0.50,0.55,0.60,0.65,0.70,
0.75,0.80,0.85,0.90, and ¢ = 0.2

Figure 4 The incidence data of COVID-19 from o
Khyber Pakhtunkhwa, Pakistan ‘ ‘ ‘ T Covib T eatdam

model curve A

/
351 /A
/

Infected human

Time(Months)

fractional order x derivative increases. In Fig. 2 the number of the exposed decreases as
the fractional order x value increases. Figure 2 depicts COVID-19 infected people, the
number of which decreases as the fractional order derivative increases. Similarly, Fig. 2
depicts quarantined people and the number of quarantined people increases as the frac-
tional order derivative increases. In Fig. 2 the recovered human population increases as
the fractional order values increase. Figure 3 represents the numerical simulation results
for @ = 0.3 and for different values of fractional parameter . Figure 4. shows the real data

plot against the model infected people class.
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8 Optimal control analysis
We use two control variables i.e. social distancing u;(¢) and treatment u,(t) [33—35]. The

objective functional is

T
J(uy,up) = min/o [ng(t) + GoE(t) + GsI(t) + %(Zlu%(t) + Zgug(t))i| dt. (54)

Subject to the state system, model (2) is modified to (55) after incorporating the control
variable

ABCDX [S(8)] = b — BS(OI()(1 + 81(8)) — (7 + fa + d3 + u1 (£))S(2),
ABCDY [E(®)] = BSOI(E)(1 + 81(2) — (- + ju + d + u1 (£))E(2),
ABCDX [1(8)] = AE() — (i + € + 7 + d)I(t) — (u1(2) + ua ()1 (2),

55
ABCDE [Q(0)] = d3S(8) + doE(t) + diI(t) + ua()I(2) — (it + T + u1 (£) Q(1), =
ABCIDE L [R(8)] = nS(8) + TXQ(2) + yI(£) + ur (£)S(8) + w1 ()E(2)
+ur(OI(t) + ur (£)Q(E) — LR(2)
with ICs
S(0) >0, E0) >0, 1(0) > 0, Q(0) =0, R(0) > 0. (56)

In the objective functional (54), G1, G», and Gs are the relative weights and Z; and Z,
measure the associated cost on social distancing and treatment, respectively. Our goal is

to find the control function such that

J (s, u3) = min{J (uy, up), w1, uy € U} (57)
subject to system (55), where the control set is defined as

U = {(uy, u2)/ui(£)0 < wy(2) < 1,i = 1,2}. (58)

The conditions that an optimal solution must satisfy are obtained by using Pontryagin’s
maximum principle. This principle translates Eqs. (54)—(55) into a problem characterized

with minimizing the following Hamiltonian H with regard to control variables:

H=G1S(#) + GoE(t) + GI(¢) + %(Zlu% + Zzu%)

+M[b - BSWOI(E)(1 +81(t)) — (7 + i + d3 + u1 (2)) S(t) ]
(t)I(t)(l +81(8)) = (k+ it + dy + u1 () E(H)]
TE®) = (i + & + 7+ d)I®) — (1(8) + () 1(2)] (59)
S(t) + doE(t) + diI(8) + uy(0)1(8) — (i + T + w1 (£)) Q1) ]
+as[AS(®) + TXQE) + PI(E) + ur (£)S(8) + ur (HE(E)

+u1 (D1(2) + w1 ()Q(E) — AR(2)),

+)\.2
+)\.3

+)»4

[b-
(4
[+
[4s
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where 11 (), A2(t), A3(2), A4(t), and A5(£) are made up of the adjoint variables. The system
solution is determined by taking the partial derivatives of Hamiltonian (59) with respect
to the associated state variable.

Following [32], we obtain the necessary optimality conditions for the system of equa-
tions (54) and (55):

ABCDES@) = 5@, APCDGIE®)] = S (@),
ABCDEIO) = -0, APDELIQM) = FE(), (60)
ABCDGIR(®)] = FE(0),

MODLAs(0) = -0, MDA = -2 (),
PRI = =510, PPDIAQ() = ~55(0) ov
DR = - @, F©O=0.

Theorem 5 In view of the optimal controls, (uj,u;) is the solution of the above control
system (54)—(55), then we can find the adjoint variables 1;(t) for i = S, E, I, Q, R, satisfying

oH

?BCD)T(')"Z(t) = E;

(62)
where i = S,E, I, Q, R and with the transversality conditions
A(T)=0 fori=S,EIQR. (63)
Furthermore, the optimal control variables ui(t), u;(t) are defined by
u;(f) = maxyminy —,1¢,0¢,
Z1

uy(t) = max{min{ ((0) - )LQ(t))I*(t), 1},0},

Z, (64)

where

X = (2(8) + 2r(8))S* () + (A£(6) + AR (D)) E*(2)

+ (Ar() = A (D) (1) + (Ao(t) + Ar(2)) Q" (2).
Proof Using (62), we reach the adjoint system

ABCDIAs(E) = ~Gr + As()[BIL +81) + 1 + o + ds + (8],

— Ae(O)BI +81) = ho(B)ds — Ar(B)[n + 11 (D)],
MBCDIAE(E) = =Go + Ap(B)[ M + i+ do + 1 (8)] = A (DA = Ao()ds — As(E)pr (2),
ABCDIAL(8) = =G5 + As()[BS(L +281)] - Ap(6)[ BS(1 + 281)]

+ (B[ + € +y +dy+ pa () + pna(t)] (65)

—ro@)[dr + 12(0)] = Ar(O[y + 11(0)],
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MECDEAQ(D) = +2Q®)[ 1 + T + ()] = 2@ T + 11 (®)],

APEDLAR(E) = +AR(E) .
Also, by applying % =0, we get (64) for i =1,2. O

8.1 Scheme for FOCP
For a general initial value problem [36]

‘éBDg,te(t) =r(t e(t)),

e(0) = eo. (66)

With the help of the fundamental theorem of fractional calculus to Eq. (66), we have

1-x
e(t) —e(0) = —=r(t, e(t) / 8 e(8) (t-8)x1ds. (67)
B(x) (6.e(e)) + ‘B(X)F x)
With the normalization function B(x)=1- x + ( y at Ly, after discretization, we have
()@ = x)r(En €n)
e,1(t) —e(0) =
a0 TGO = x) + X
(68)

o — 8% s,
rmuxan/ Tty = 8)* 3

Now, approximating r(n, e(n))) by the two-step Lagrange interpolation [37], we have

(5 6(5)) r(tm, em)lia — Ly 1) (tm—lreml;l)((S ) ] (69)
Now, we get
en1(t) — e(0)
. T -x) 1 -
TTGOA-x)+x r(tnsen) + L+ 0T =x)+x) mZO (70)

X {hxr(tm,em){(n +1-mfn-m+2+x)-(n-m)(n-m+2+ 2)()}

- hxr(tm_l,em_l){(n +1-m " —(n—m)m-m+1+ X)}}~
To get high stability, we incorporate a simple modification [36] such that replacing / (step
size) with x () with x(h) = & + O(h?);0 < x(h) < 1. This new scheme is a nonstandard

one characterized by unconditional stability, and details can be established in [38], and we
obtain the following scheme:

eu1(2) — e(0)

r(tu, en) +

__T-x) 1 3
T -x)+x L+0)T 0L =x) +x) &= (71)

x {x (W) r(tmem){(n+1-m)*(n—m+2+ x) = (n—m)* (n—m+2+2x)}

= XD r(tm-1,em-1){(n+ 1 =m)* —(n—m)*(n—m+ 1+ x)}}.
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Control Variables
o
o

Control Variables
o
o

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time in days Time in days

Figure 6 Profiles for the behavior of control variables u; and u;

The new scheme is therefore utilized in Eq. (71) to obtain a numerical solution to the state
system. Further, we make of use the implicit finite difference method in order to derive
the solution of the co-state system Egs. (55) together with the transversality conditions in
Eq. (63). Figure 5 shows the difference between with and without control of each class of
the model while Fig. 6 shows the profiles of each control variable.

9 Conclusion

In the current analysis, the COVID-19 model has been examined by one of the robust non-
local fractional operators called the ABC operator in the Caputo sense. COVID-19 is one
of the most quickly killing virus. The toxic effects of the infectious disease COVID-19 are
very slow-acting and death or life from overdose typically occurs. It is of vehement impor-
tance to analyze more critically the dynamic of this subtle virus. The fractional operator
employed has been shown to be ideally suitable for studying the transmission dynamics
of a disease in the literature. The fractionalized order is y, and consideration was given to
the dimensional consistency between the rest of the parameters. As a result, several im-
portant features of the proposed fractional version of the model have been documented,
such as the model formation, the existence and uniqueness of the solution through the
fixed point theorem, invariant region, stability analysis, and, most importantly, the basic
number of reproductions. It should be noted that the fractional type disease model under
investigation comprehends the behavior of the disease more correctly than the variant of
the integer order. In addition, different numerical simulations were carried out by means
of an efficient numerical scheme in order to shed more light on the features of the model.
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