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1 Introduction and preliminaries

Consider Q2 as the space of real (or complex) valued sequences. Consider Y to be a se-
quence space with linear topology. Then Y is said to be a K-space provided that each of
the maps p; : Y — R defined by p;(z) = z; is continuous Vi € N. A K-space Y, where Y is a
complete linear space, is called FK space. A normed FK space is called BK space. An FK
space Y is said to have the property AK if for every sequence y = (y,)u>1 € ¥

n
y= lim Zykek,
n—o0
k=1

where € = (0,0,0,...,1,0,...) such that 1 is in the kth-position Yk € N. The spaces of
bounded, convergent, and null sequences, which are denoted by £, ¢, and ¢, respec-
tively, are BK spaces which are endowed with the sup norm [|y|lo = Supsey [94|. By £1, we
denote the space of absolutely summable sequences, bs and cs are the spaces consisting of
all bounded and convergent series. Let Y and Z be two sequence spaces and A = (a,x), ken
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be an infinite matrix. Then, for z = (zx) € Y, we have A : Y — Z which is defined as

(A2), = Zankzk- (1.1)
k

If 3" anzi converges for each n € N, then we call Az the A-transform of z. Thus, A €
(Y,Z) iff the series in (1.1) converges Vn € N and Az € Z. A sequence z = (z¢) is called
A-summable to p € C (the set of complex numbers) if (Az) converges to p. For a detailed
study about recent results in summability theory, one can refer to [8, 24, 33]. The Euler
gamma functions are represented by I'(y) where y € (0,00) is defined as an improper
integral such as I'(y) = fooo e"'t’~1dt. Let ()i be the generalized factorial function which
is defined in terms of Euler gamma function as

1, k=0,

Hel =y + Dy +2)(y +3)---(y +k-1), keN,

Pk =

where N is denoted by a set of all positive integers. Kizmaz [20] gave the idea of difference
sequences spaces which was generalized by Et and Colak [15]. Recently, many specialists
like Ahmad and Mursaleen [2], Tripathy [32], Altay and Basar [4] studied difference se-
quences spaces. For a detailed study about the difference sequence spaces, one can refer
to [27, 28]. Furthermore, Baliarsingh ([6, 7]) defined the generalized fractional difference
operator AY, which is given as

o0

(AVZ),( = Z %@m (k € Ny),
i-0

where Ny = N U {0} and z € Q. In [25] the difference operator A?, AV, A7, ALY s
defined from 2 to Q2 as follows:

o0

(A7z), = Z %zkﬂ-, (1.2)
i=0 !
) _ > (=y)i
(A z)k—z e (1.3)
i=0 :
N — ()i
(A72),=>" ks (1.4)
=0
(=) _ > (¥
(Az), => " 2z (1.5)

It is being assumed throughout that the above defined summations are convergent for
z € Q. For a detailed study of fractional difference operator, one may refer to [6]. Recently,
Mohiuddine et al. [23] studied linear isomorphic spaces of fractional-order difference op-
erators. A lot of research has been made in this field, one can refer to [1, 17, 34].

Let Y be a Banach space. Then ), zx € Y is called unconditionally convergent (uc) or
unconditionally Cauchy (uC) if ", zr( is convergent (or Cauchy, resp.) for every = € N,
where 7 is the permutation. Further, ", zx € Y is called weakly unconditionally Cauchy
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(wuC) if the sequence (3_;_; Zz(x) is weakly Cauchy sequence or, alternatively, Y, zx is
wuC iff ), |2*(zk)| < 00 Vz* € Y™, the space of all linear and bounded (continuous) func-
tionals defined on Y. For a detailed study, one can refer to [10]. Using the completeness
property of a subspace of £, obtained by almost convergence, a depiction of wuC and
uc series along with a new form of the Orlicz—Pettis theorem was presented by Aizpuru
et al. [3]. Recently, a vector valued multiplier space through Cesaro convergence was in-
troduced by Altay and Kama [5]. Esi [11] investigated some classes of generalized para-
normed sequence spaces associated with multiplier sequences. Tripathy and Mahanta [31]
also studied vector valued sequences associated with multiplier sequences. Furthermore,
Karakus and Basar introduced the multiplier spaces Sy (T), S,a (T) and studied some new
multiplier spaces by using generalization of almost summability in [18, 19]. To know more
about multiplier spaces, one may refer to [13, 14, 16, 29]. Lorentz proved that a sequence
z = (zx) € € is said to be almost convergent to L € C and is denoted by f — limz; = L iff

Zn+k
lim E =
m—>00 m +1

uniformly in #. For a detailed study of almost convergence of the sequence spaces, one can
refer to [12, 22, 35]. A sequence z = (zx) € £« is called F 4-summable if

o0
lim Zankzlﬁm =L
n— o0

k=0

uniformly in m € N.

Altay and Basar [4] first studied generalized weighted mean operator G(p, g) which was
further enlarged to a difference operator G(p, g, A) by Polat et al. [26]. Later, Demiriz and
Cakan [9] introduced generalized weighted mean of order m as G(p, g, A™). Consider a set
of all sequences U and p = (p,) such that p, #0 Vn € N and 1% = (}7”), Vp € U. As defined
by Nayak et al. [25], the generalized weighted fractional difference mean or factorable

fractional difference matrix G(p,q, A")) = (gnAk(y)) is defined as follows:

gAY - Z?:kpn%qi, when 1<k <n;
Y =
! 0, when k > n,

where i, k, n € N such that p,, depends on # and g on k.
Let us consider & = (/) to be a strictly increasing sequence of positive real numbers
such that

O<hi<hy<hy<--- and lim &y = oo. (1.6)

k—00
It is being assumed throughout that any term with a negative subscript is zero. The

matrix G(p,q, AV, h) = hnk ) is given by

AW _ 1 Z kpn i— %, When 1 =< k =n

0, when k > n.
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A sequence z = (zx) € Q is called Gy-convergent to a € R if

nlin;o—anqkA zx=a, VmeN

or

 (—Y)ie
g( k)k )zk:a, VneN,

Before going to our main results, we present some lemmas. For details, one may refer to
[30].

Lemma 1.1
(i) LetY be a normed space. Then ), zx is said to be wuC series iff

H = sup Nl <1
neN
n
= sup Zekzk :ex| € {—l,l}}
neN _

= sup Z|z*(zk)| :VZ* € By« },

neN k=1

where H € R*, where R* is the set of positive real numbers and By~ represents the
closed unit ball of Y*.

(ii) Suppose thatY is a normed space. Then a formal series Y, zx in Y is called uC (or
wuC) iff, for any (a,) € Leo, Y axzi converges, i.e., Y, zx is an Lo —(respectively a
co—) multiplier convergent series.

2 Main results
Definition 2.1 Consider Y to be a normed space and % = (k,,) to be the sequence fulfilling
property (1.6). Then z = (zx) is called G;-almost convergent (or wGj,-almost convergent)

tozg e Yif

nhenc}o h_ mewz <Z (l k)' OL)Zk 20

uniformly in m € N or

I T Z”’"”(Z( y);)' ) (@) =7

uniformly in m € N, Vz* € Y*, where zy € Y is the Gj,-limit (or weak Gj,-limit) of z = (zx)
y

and is denoted by G, — lim,_, « 2, = 2o or (WG, — lim,,_, o0 2, = 20).
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Let Q(Y) be the Y-valued sequence space. Then the spaces of all Gy-almost convergent
and wGj,-almost convergent sequences in Y are denoted by G;(Y) and wG,(Y), respec-
tively, which are defined as

Gu(Y) = {(Zk)EQ(Y hm_ZPmm(Z (17/)/:)‘ ) .

k=m

uniformly exists in m € N]

and

WG (Y) - {z*(zk> ea): lim hikgpm (Z . ,)z (@),

uniformly exists in m € N}.

We may consider this definition as a generalization of almost convergence given by
Lorentz [21].

Proposition 2.2 Suppose that Y is a normed space. If z = (zx) is Gy-almost convergent in
Y, then z € £5(Y).

Proof Since z = (zx) is an Gy-almost convergent sequence in Y, then 3zp € Y, Ve > 0 and
ny € N such that

m+n m+n ( )L
I, gpmwt (Z r k)' ) —20

<§g,
Vm € N and n > ny, which implies that
m+n m+n ( y)
mem (Z ;(), ) <zl + &,
” k=m
37 > 0 such that
hn " m+n0+1 m+n0+1 qk
_qm ||A Zm || ‘ hO pm+n0+l Z h ] ( Zk — pm+n0+1 Z Zk
o+l k=m+1 ”0
hn/ » m+ng+1 - m+ng+1 ”
hO/_ pm+n6+l Z . A(V)Zk + pm+n6+1 Z h/ A(V)Zk
) k=m ' Mot1 k=m+1 "0
hn’ +1
< (hL + 1)(||z0|| +¢),
61
which yields that

hn’+ hn’
”A(y)zm “ < <@)(||Zo|| + g) =Z.

PmGm
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There exists an analog of Proposition 2.2 in weak topologies as, by the Banach—Mackey
theorem, a weak bounded subset of Y is also bounded. d

Proposition 2.3 Let Y be the normed space. If z = (zi) is a wGy-almost convergent se-

quence, then (zi) € £oo(Y).

Definition 2.4 Suppose that Y is a normed space and / = (h,) is the sequence fulfilling
property (1.6). Then )", z; € Y is called Gj,-almost convergent to zp € Y if

m+n

; il Yo, _ _
lim I ;meﬂkﬁ Sk—2o|l =0

n—00

uniformly in m € N, where A”s; = Z]];l AYz; Yk € N. So, we use the notation G, — ), zx =

zo for Gy-almost convergence. By some easy calculation, we have Gy, — ), zx = 2o iff

1 & 1 <
li AW E AW =2,
nlﬁnc}o|:hn k§:1 Pmdk 2k + I, L Pmsngm+k Zm+k 20
ie.,

. (=¥)izk (=¥)izk
nlir?o[ Z (Z yk)! ) o ZPW(Z J/k)! )Z’”*"}:Z"

i=k

in the norm topology, uniformly in m € N Vi, n,k € N. We can write wGj, — ), zx = zo
if the series is weakly Gj-almost convergent to zp in the weak topology. To obtain the
definition given in [3], we will take &, = n + 1, py1m = 1, ¥ = 0 such that gx = Aguinzi
where g, =n, Vn e N.

3 Multiplier spaces of G,-almost convergence
This particular section deals with multiplier spaces of G,—almost convergence and gives

a theorem related to completeness through wuC series.

Definition 3.1 Suppose that Y is the normed space such that ), z belongs to Y. Then

the Y-valued multiplier space of G,-almost convergence of ), zx is defined as

Sg, (Z zk> = {y = (k) €Lt szykisGh-almost convergent}

k k

equipped with § (summing operator), and the sup norm is also defined by

S:Sg, (sz> =Y,  y=00~S0)=Gi- Yz (3.1)
k

k

Theorem 3.2 Suppose that Y is a Banach space such that the formal series ), zi belongs
to Y. Then the following are identical:
) D g2k is wuC.
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(ii) Sg, (> xzx) is complete.
(iii) co € Se, (D _x zk)-

Proof (i) = (ii) Since ), zx is wuC series in Y, then from Lemma 1.1 the following supre-
mum is greater than zero, i.e., Q > 0 such that

el < 1}

Now, let t" € Sg, (3" zx), where ¢" = (¢}) such that lim,_, ||t — £°]| = 0 with £ € £
We wish to prove that £ € S, (> zk). Let y, = G, — ), t{zk, then y,, € Y since (¢]) €
86,(>_xzx). Now Ve > 0, Iny € N and vy, v, > i such that [[£ — £ < 35 Therefore, for
v1, V3 > 1y, 3n € N which satisfies the inequalities

Z 7% 4

neN k=1

0-snf |3

m ( ) m+n ( ) y
Yoy — |: Pmn Z Y )i- qltk Zr + Zp Z Y )i- ,,j+kzm+ki| <& 32
m m+n ( )/)L v Pm+n ( ]/)L v &
Yy = |:Z h, k)‘ tk2 Z (l 0! qi mz+k Zm+k g, (3.3)
and
pern ( y)l pm+n l*k
hy, Z k)‘ tk B tk Zk + Z Z —k)! qi (tm+k - tm+k)zm+k]
&
3’ 3.4
“3 (34)

uniformly in m € N. Thus, 3n; € N such that
lyv, —yu, ll <(3.2) +(3.3) +(34) <¢
Yy, vy > 1. To a further extent, 3yy € Y such that y, — yy as n — o0, as Y is complete.

Now, we also have to show that G, — > ", t,?zk = yo. For this, let Ve > 0, we have || — 0] <
¢ ,
307 and for fixed j

£
;= yoll < 3 (3.5)

Hence, 3n; € N such that

€
<3 (3.6)

|:me Z q; ka mem Z (; /i_)]:qlt]r'n+kzm+k:|

Vn > ny, uniformly in m € N, since

%i=Gi-Y ta VjeN.
k
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From Lemma 1.1, we get

P ¥k,
Pty

i=k

Pm+n (=¥)izk (t]m m+k)
||ﬂ t°|| Z Z R T Z”“k]

<Q (3.7)

Since ), zx is a wuC series, so Ve > 0 In;, € N such that

JYo— |:Z Bo Z - k)‘ ltk Pm+n Z ;_)kqt ;(f)n+k WI+1<:|

<(35) +(3.6)

m m
y) ‘ +n ( ) j
e e Y S =
k=1 " =k '
&€ &
§§+§ “t} OH'Q
& &
§§+§ 3QQ

Vn > njy uniformly in m € N. Therefore, t° = ()« € S, (3" k)

(i) = (iii) If Sg, (> ; zx) is a complete space with ¢ = () being an arbitrary sequence
in the space ¢y, then we need to show that ¢ = (#) € Sg, (D_; z). Now, since Sg, (3 z«)
is a complete space, then it contains the space of eventually zero sequences ¢,. That is,
¢ C Sg, (3_x zk). Since ¢y is an AK space, we have gl = Yo ek e S, (3" z«). Therefore,
limy, o0 187 — £l oo = 0. Thus £ = (t) € S, (g 2)-

(iii) = (i) Let us consider that a series ), zx is not wuC, then 3z* € B« such
that > 7o, [z*(zx)| = +o0. Since ) o, |z*(zx)| = +00, then there exists m; such that

,y(njl |z*(z)| > n.n for n > 1. Let us define

@) +, whenz*(z) > 0;
) =
—-.,» whenz* (zx) <0,

for k = {1,2,3,...}, which implies that }_;""; txz*(zx) > n and #;z*(zx) > 0. Let m, > m; such
that 37/, txz*(zi) > n*.n*. Now, we define

nLZ’ when z*(z¢) > 0;

() =

~%, whenz*(z) <0,

for k = {m; + 1,...m,}, which shows that Z,V:':zmﬁI tz*(ze) > n? and tz"(zx) > 0. Thus,
for arbitrary null sequences ¢ = (tx) € Sg, (D, z), we have ), txz*(zx) — +00, which is a
contradiction since the sequences of partial sums {ZZ=1 tz2*(zk) }nen should be bounded
by the hypothesis. Therefore, our claim is wrong, and hence the series ), zx must be wuC
series.

(ii) = (i) Suppose that Sg, (3", z«) is a Banach space and ¢ = () € ¢o(Y), which means
co(Y) € S, (3_x z«) (already proved), which implies that ), t;z; is almost convergent for
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allt = (#) € ¢o(Y). From the monotonicity of co(Y), D, tkzk is subseries almost convergent,

and thus from the Orlicz—Pettis theorem, we get D ", txzx is wuC. O

Corollary 3.3 Let Y be the Banach space such that the formal series )", zi belongs to Y.
Then ), zx is co-multiplier convergent iff co € Sg, (3 zk)-

Aizpuru et al. [3] studied Sac(D ", zx) which was given as

SAC(sz) = {t: tr € oo :ACZthk exists}.
k

k

We have ), z; is almost convergent to zop € Y. If AC) , zx = zo, then Sac(}_;zx) <

SGh (Zk Zk)'

Corollary 3.4 Suppose that Y is a Banach space such that the formal series ), zi belongs
to Y. Then the following are identical:

(1) X pzk is (wuC).

(i) co(Y) € S, (X 2.

(iii) Sg, (> 2x) is a Banach space.

(iv) co(Y) CAC Zk txzk-

(V) Sac(> "y zx) is a Banach space.

Theorem 3.5 SupposethatY is a normed space. Then Y is complete iff Sg, (3", zx) is closed

in Lo for each wuC series Zk Zk.

Proof If we consider Y to be complete, then Theorem 3.2 shows that Sg, (D" z) is
complete for each wuC series ), zr. Conversely, suppose that Y is not complete, then
we obtain a series D, zx with |zl < k% and ), zx = 2 € Y™ \ Y. Thus, we have
Gn — Y yzr = 2. Let us define the series ), xx, which is wuC, as it is defined that
xx = kzy for k € N. Consider a sequence ¢ = (f) € co given by & = % Vk € N, then we have
Gn — Y ptezk € Y\ Y. Therefore, t ¢ Sg, (3, z«), which implies that there exists ), zk

such that Sg, (3", 2¢) is not complete. (I

Theorem 3.6 Suppose that Y is a Banach space such that the formal series ), zy belongs
toY,then Y, zi is wuC iff S defined in (3.1) is continuous.

Proof Suppose that S is continuous and [ is a set such that

2

Thus, we have Q = sup, ./ < ||S|| such that )", z in ¥ is wuC as ¢ C Sg, (D _; zx). Con-
versely, let >, zx be wuC series, then Q = sup, . I, since the set I in (3.8) is bounded. If

¥ =1 €S, (D _x zx), then [SW)|| = [1Gr = Y yezill < Qllyll. We can say that S is continu-
ous. O

Zykzk

k=1

el <1,V e N}. (3.8)
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As defined in [3], the linear mapping T related with ), zx in Y is given as

T:Sac (Z zk> —Y, t=(tx) > A(t) = AC Z ayz. (3.9)
k

k

Corollary 3.7 Suppose that Y is a Banach space such that the formal series Y zi belongs
to Y. Then the following are identical:
) D xzk is (wuC).
(i) T:Sac(3"pzx) = Y is continuous.
(iii) S described in (3.1) is continuous.

4 Multiplier spaces of weak G,-almost convergence
This particular section deals with multiplier spaces of weak Gj-almost convergence and
build on the prior results to weak topologies.

Definition 4.1 Let us consider ), zx to be the formal series in the normed space Y. Then

the Y-valued multiplier space of wGj,-almost convergence of Y, z is defined as

Swa, (Z zk) = {y = (k) €l : szyk is wGy,-almost Convergent},
k

k

equipped with S (summing operator), and the sup norm is also defined by

5:Sug, <Z zk> — Y, y— S(y) =wGy — szyk. (4.1)
k

k

Theorem 4.2 Suppose that Y is a Banach space such that the formal series ), zy belongs
to Y. Then the following are identical:
(1) Y pzkis (wuC).
(i) Swe, (X s 2k) is a Banach space.
(i) co  Sway (X, 24)-

Proof Consider ), zx is wuC series in Y. Then 3Q such that Q = sup,.y ! as defined in
(3.8). If (#}) is a Cauchy sequence in Sy, (3", z«), then we have t° = (£]) € £5,(Y) such that
t" — % as n — oo. Since £, (Y) is a Banach space, we wish to prove that ° € Sway, Ok )
Let y, = wG), — ), t}z, then y, € Y since () € Sg, (>, z«) for each n € N. Now, Ve >
0 3ny € N such that || — £"2|| < ;—Q Yv1, vy > ng. Thus, for vy, v, > 1 In € N such that the
following inequalities are satisfied for all y* € Y™*:

(YW) - |:Z Bonen Z /l() qiy (tk )

n
pm+n Z y)]l()’: qy (t;),11+kzm+k)i| < %, (42)
() - [Z Z qu (622)
k=1 i=k
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Z Pmn ( V)t v2 E
2.5, Z T ("“kz’”*k)} <3 (43)
and
f:pmm zm: (_y)i_kq'y*[(tvl _ tvz)zk]
hy, “—~ (i-ky' Lk Tk
k=1 i=k
(4.4)

" n
Pmen (_V)ifk )

’ Z -k (i k)! [(tml’fk - tm+k)zm+k]
uniformly in m € N. Thus, Ve > 0

v, =yl = [V 0ny) =¥ O,)| < (42) + (43) + (4.4) <&

Vv, vy > n and y* € Y*. To a further extent, 3yj € Y* such that y, — ypasn — o0, as ¥

is complete.
Now, we also have to show that wG, — Y, t,‘:zk = yo. For this, let Ve > 0, we have ||/ —£°|| <

%, and for fixed j and y* € Y, we have
(4.5)

Iy 0= 30l < 5.

Hence, 3n; € N such that

“ Pm “ (_V)i—k j - Pm+n - (_y)i—k i
() - E 7 E i * tl E * t] m+
g (y]) |:k—1 hn i=k (i_ k)‘ w ( ka) ' k=1 hn i=k ( k)‘ ( e k):| H
< % (4.6)

Vn > n;, uniformly in m € N, since

yjszh—Ztizk VieN.
k

Now, from Lemma 1.1, we get
P h, = (i- k)' Iﬂ t°||
Prn o (1)ick ,*(ﬂwk—t?,ﬁk)zmk}f o

+ . q:y —
il R T

(4.7)

n

Since ), zx is wuC, so Ve > 0 3n; € N such that

(y)z qu tkzk meJrnZ( y)z qu m+kzm+k)i|H

n

o) - {z o Z
me Z (- y);(); * _ tk)Zk]

<(4.5) + (4.6) +
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n

me+n Z ( y)]:)l g tin+k - t;0¢1+k)zm+k]

8
<t tie-0le
£,
3

wIC‘O QJ|

IA

8 —_
%.Q—S

Vn > ng, uniformly in m € N. Thus,

£ = (£), € Swa, <Z zk).

k

(ii) = (iii) If Sy, (3_4 z«) is complete with £ = (£;) being a sequence in ¢y, then we need
to prove that ¢ = (&) € Sy, (D, zx). Now, since Sy, (D", z«) is a complete space, then it
contains the space of eventually zero sequences ¢o. That is, ¢ C S,g, (D z«). Since ¢ is
an AK space, we have ¢ = Yoy ek e Swa, (O_k k). Therefore, lim,,_, £ — ¢l = 0.
Thus ¢ = () € Swe, (D _x 2k)-

(iii) = (ii) We can prove this with the same example as given in Theorem 3.2.

(ii) = (i) Suppose that S,,g, (3", z«) is a Banach space and ¢ = () € co(Y), which means
co(Y) € Swe, (34 z1) (already proved), which implies that ), fxzx is almost convergent for
all £ = (#) € co(Y). Therefore, from the monotonicity of ¢o(Y), D, txzx is subseries almost
convergent, and thus we get >, txzx is wuC from the Orlicz—Pettis theorem. d

Corollary 4.3 Suppose that Y is a Banach space such that the formal series Y zi belongs
to Y. Then )", zx is co-multiplier convergent iff co € Sy, (3 zk)-

Sw, (O zx) of almost summability related with ), zx was studied by Aizpuru et al. [3]
which is given as

Swac (Z Zk> = {t =(tx) €loo: WACZ tkZi exists}.

k k

Corollary 4.4 Suppose that Y is a Banach space such that the formal series ), z belongs
to Y. Then the following are identical:
i) Y pzris (wuC).
(ii) co(Y) S Sug, (O g 2k)-
(iil) Swe, (X g z«) is a Banach space.
(iv) Forallt = (t) € co there exists WAC )", txzx.
V) Swac(X_xzk) is a Banach space.

Theorem 4.5 Suppose that Y is a normed space. Then Y is complete iff Sya, (3 i z1) is
closed in £ for each wuC series ), zk.

Proof The proof is similar to Theorem 3.5. So, we omit the details. O

Theorem 4.6 Suppose that Y is a Banach space such that the formal series )y, zy belongs
to Y, then ), zi is wuC iff S defined in (4.1) is continuous.
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Proof The proof is similar to Theorem 3.5. So, we omit the details. O

Corollary 4.7 Suppose thatY is a Banach space such that the formal series ), zx belongs
to Y. Then the following are identical:
(1) > pzk is (wuC).
(i) T:Swac(Q_pzk) = Y is continuous.
(iii) S described in (4.1) is continuous.

Remark 4.8 Suppose that y is a linear space and p; and p are linear topologies on x such
that u, has a neighborhood base at 0 consisting of (11 closed sets [in a sense of Wilanski].
If z = (z;) C x is a Cauchy sequence converging to z in (), i1), then it will converge to z in

(X5 12)-
Proposition 4.9 Let )", zx beuC in Y. Then Sy, (3" zk) = Sc, O zx)-

Proof Suppose that y = (yx) € SWGh(Zk zx). This implies that the partial sum of ), yiz«
obtains a Cauchy sequence that is again weakly Gj-convergent. Since the weak topology
is connected with the norm topology, it will converge to the same point as in the norm

topology. O

5 Orlicz-Pettis theorem for weak G,-almost convergence

This particular section deals with a new version of the Orlicz—Pettis theorem for a Banach
space Y. As noted earlier, the classical form of the Orlicz—Pettis theorem for the normed
space claims that a series is subseries convergent in weak topology for the space is subseries
convergent to the norm topology for the same space. In addition to that, if Y is complete,
then )", zx is oo -multiplier convergent. The Orlicz—Pettis theorem proportionately states
that if ¥ is a Banach space and if VM C N there exists a weakly sum ) ", _,, 2k, then )", z;

is uc.

Theorem 5.1 Suppose that Y is a Banach space and sum Y ., zk is wGy,-almost conver-
gent for every M C N, then ), zy is uc.

Proof From the previous results, we know that ), z is wuC. Let M C N, then wGj, —
zk = zo Yzp € Y. From the classical Orlicz—Pettis theorem and the equalities given
keM Vzo € Y. From the classical Orlicz—Pettis th d the equalities gi

below

ZZ*(Z/() =Gy - Zz*(zk) =z"(zg) Vz*eY?,

keM keM

we get Y, zk is uc series. O

Corollary 5.2 Suppose that Y is a Banach space and ), zx belongs to Y. Then the given
assertions are equivalent:
(1) X iz is uc.
(i) Loo S Sa, (X ok 2K)-
(i) £oo S Swa, Ok 24)-
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Here, we remark that if ), z; is wuC series in Y, then ), yizx is wuC series for all
Yk € £oo. Thus,

Say, (Z Zk> CSw <Z Zk)»

k k

where S,(3 " z) = {y = ) € €oo : Wi iz exists}.
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