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1 Introduction

The idea of fractional calculus is replacing the natural numbers in the derivative order
with rational ones. Although it seems an elementary consideration, it has an interesting
correspondence in explaining some physical phenomena. In the last two decades, signifi-
cant research studies appeared on this topic, and some papers dealt with the existence of
solutions to the problems of variable order; see, for example, [1-7].

Whereas many researchers investigated the existence of solutions for fractional constant-
order problems, the existence of solutions of variable-order problems is rarely mentioned
in the literature (we refer to [8—13]).

As a result of our investigation in this interesting research field, our findings are unique
and noteworthy.

Furthermore, all of the findings in this paper have a great potential to be applied in a
variety of transdisciplinary science applications. With the support of our original findings
in this research study, we are able to do further research on this open research topic. In
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other words, the proposed BVP can be extended to more sophisticated real mathematical
fractional models in the future.
In particular, Bai et al. [14] studied the following problem:

°Dy.x(t) = f(t, x(2), I x(t)), te]:=]a,b],ucl0,1],

X(d) =Xa,

where °Dj, and Ij, stand for the Caputo—Hadamard derivative and Hadamard integral
operators of order u, respectively, f is a given function, x, € R, and 0 <a < b < c0.
Inspired by [14] and [1-5], we deal with the boundary value problem (BVP)

Dy x(t) = fit 50, g x(®)), te]:=[0,T],
x(0) =0, x(T) =0,

(1)

where 1 <u(f) <2, f1:] x X x X — X is a continuous function, and Dgff) and Iouit) are the
Riemann-Liouville fractional derivative and integral of variable order u(t).

In this paper, we investigate the solution of (1). Further, we study the stability of the
obtained solution of (1) in the Ulam—Hyers—Rassias (UHR) sense.

2 Preliminaries
In this section, we introduce some important fundamental definitions that will be needed
for obtaining our results in the next sections.

By C(J, X) we denote the Banach space of continuous functions s : ] — X with the norm

sl = sup{ | >(®) | : £ € T},

where X is a real (or complex) Banach space.

For —00 < a3 < a3 < +00, we consider the mappings u(¢) : [a1,a2] — (0, +00) and v(¢) :
[a1,a3] = (n—1,n). Then the left Riemann-Liouville fractional integral (RLFI) of variable
order u(t) for function /;(¢) is [15-17]

t(¢_ o\u(t)-1
LOm (o) = f %hl(s)ds, t>a, ®)

and the left Riemann-Liouville fractional derivative (RLFD) of variable-order v(¢) for func-
tion /11 () is [15-17]

d\" ~ d\" t(t_s)n—v(t)—l
DYm@= (=) 7m0 = = T h(s)ds, t>a. 3
Ot (ﬁ) 2m0=(5) | Ty e e 3)

In case of constant u(¢) and v(¢), RLFI and RLFD coincide with the standard Riemann—
Liouville fractional derivative and integral, respectively; see, for example, [15, 16, 18].
Let us recall the following pivotal observation.

Lemma 2.1 ([18]) Let aj,ay >0, a; >0, iy € L(ay,a»), and DZihl € L(ay,a,). Then the
1
differential equation

Dk =0
1
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has the unique solution
hi(t) = o1t —a) ™+ op(t—a) 7+ w(t— ar)
and
IZfDZlihl(t) =)+ o1t —a) ™+t —a) P+t wu(t—a) "

withn—-1<o; <mw,€eR,£=1,2,...,n

Furthermore,
DAL Iy (6) = I (t)
1 1
and
IZ%IZfzhl(t) = Izlflzilhl(t) :I;?szhl(t).

Remark 2.1 ([19-21]) Note that the semigroup property is not fulfilled for general func-
tions u(t), v(t), that is,

OL Mm@ AL o).
1 1
Example 2.1 Let

2, tel0,1],
u(t) =t te [0: 4]) V(t) = hl(t) =2, te [0’ 4]:
3, te]l,4],

_o\ult v(s)-1
BOROn, () = / ¢ S) / S ’V)(S Iy (0) d ds

(t- )H (5-7) ooty
/ N0 [o @ ) Te 2””}’”

(Eos)” 1|:2s—1+ (5_1)3:|ds,
I'(t) 3

and

(O)+v(2) (¢ S)”t)w)
I hi(t)] = /W 1(s) ds.

So we get

2 3
o hl(t)ltg—/ B-9 [2 1+ (5_31) ]ds:gy
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u(t +v(t (3 S)u Jrv(e)-1
h d.
1®)]e=3 = / TGO 70 hy(s)ds

) (3—s>4 P (39
_/0 6 2ds+/1 ) 2ds

1 1
= E/ (s* - 125> + 54s* — 108s + 81) ds

3
* % (=s* + 155* — 905> + 270s> — 405s + 243) ds

665
" 180"

Therefore we obtain
SOOI (0))is 150y (1) -
Lemma 2.2 ([22]) Let u:] — (1,2] be a continuous function. Then for

I € Cs(,X) = {0 € CUX),Em© e U, 0} (06 < min| ()

).

the variable-order fractional integral Igft)hl(t) exists for any points on J.

Lemma 2.3 ([22]) Let u:] — (1,2] be a continuous function. Then
19m,(t) € CU,X)  for by € C(,X).
Definition 2.1 ([23-25]) A set! C R is called a generalized interval if it is either an inter-
val, or {a;}, or { }.
A finite set P of generalized intervals is called a partition of I if each x € I lies in exactly
one generalized interval E in P.

A function g : I — X is called piecewise constant with respect to partition P of I if for

any E € P, g is constant on E.

2.1 Measure of noncompactness
In this subsection, we discuss some necessary background information about KMNCs.

Definition 2.2 ([26]) Let X be a Banach space, and let Q2x be the bounded subsets of X.
A KMNC is a mapping ¢ : Qx — [0, 00] constructed as follows:

(D) = inf{e >0:D(e Qx) € Uj_ Dy, diam(Dy) < E},
where
diam(Dy) = sup{ lx=yll:x,y€ De}.

The following properties are valid for KMNCs.
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Proposition 2.1 ([26, 27]) Let X be a Banach space, and let D, Dy, and Dy be bounded
subsets of X. Then:
1. ¢(D) =0 <= D is relatively compact.
¢(¢) =0.
¢(D) = ¢(D) = ¢ (convD).
Dy C Dy = §(D1) < (D).
¢(D1+ D) < ¢(D1) + £(Da).
L(AD) = |A|¢ (D), L € R.
¢(D1U Dy) = Max{¢(D1), ¢ (Da)}-
. £(D1 N Dy) = Min{¢ (D), ¢ (Da)}
. (D +x0) =¢(D) forall xp € X.

© PN ;e W

Lemma 2.4 ([28]) IfU C C(J,X) is an equicontinuous and bounded set, then:
(i) the function ¢(U(t)) is continuous for t € J, and

() = sup ¢ (U);

te]

(ii) ¢(fy x(0)do:xeU) < [ ¢(U©))do,
where

U(s) = {x(s):xeu}, se].

Theorem 2.1 (DEPT [26]) Let A be nonempty, closed, bounded, and convex subset of a Ba-

nach space X, and let F : A — A be a continuous operator satisfying
{(F(S)) <k¢(S) forany (S#0)C A kel0,1),

that is, F is a k-set contraction.

Then I has at least one fixed point in A.

Definition 2.3 ([29]) Let ¢ € C(J,X). Equation of (1) is UHR stable with respect to ¢ if
there exists ¢y > 0 such that for any € > 0 and every solution z € C(J, X) of the inequality

| D50z(2) - £ (.2, 150 2(8)) | < €0 (t), te),
there exists a solution x € C(J, X) of equation (1) with
||z(t) —x(t) || <cred(t), te.
3 Existence of solutions
Let us introduce the following assumptions:
(H1) Let n € N be an integer, let

P={1:=[0,T1],)2:=(T1, T5),J3 := (T, T3], ..., ]y := (Ty,_1, T]} be a partition of the

interval /, and let u(£) : /] — (1,2] be a piecewise constant function with respect to
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P, that is,

u, fortej,

u, fortej,,

u(t) = Z uel,(t) =
=1
u, forte],

where 1 < 4, <2 are constants, and I, is the indicator of the interval
]g = (T[,l, T[], l= 1,2,..,,}’1 (Wlth To =0, Tn = T), such that

1 forte],
I(t) =
0 elsewhere.

(H2) Let £8f; :] x X x X — X be a continuous function (0 < & < minse; |(«(t))|). There
exist constants K, L > 0 such that

LAt y2) Aty 2) | <Klyr-pl+Lllzi—zll  forall yi,ys,21,2; € X and £ €.

Remark 3.1 According to the remark of [30] on page 20, we can easily show that condi-
tion (H2) and the inequality

¢ (2 ||fi(e,B1,By)|) = K¢ (Br) + LE (B2)
are equivalent for any bounded sets B;,B; C X and ¢ € /.
Further, for a given set U of functions u : ] — X, let us denote
Ut = {u(t),u € U}, te],
and
ug)={u@:veu,tej.
Let us now prove the existence of solution for the BVP (1) via the concepts of MNCK
and DFPT.

For € €{1,2,...,n}, by E;, = C(J;, X) we denote the Banach space of continuous functions
x:Ji — X equipped with the norm

llllg, = sup|x()].
tejy

First, we analyze BVP (1).
By (3) the equation of BVP (1) can be expressed as

d2 [t (- )lu® ;
ﬁ/o %WW = fi (620, 150x(0), te). @

Page 6 of 19
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Taking (H1) into account, equation(4) in the interval J;,£ = 1,2,...,n, can be written as
d2 /-T1 (t _ S)l—ul t (t _ S)l—ug
— 7x(s)ds+---+/ — (s ds)
dt2< 0 F(2—u1) Ty_1 F(2—M@) ( )
=fi(6,x(0), Iy x()),  te. (5)

Now we introduce the solution to BVP (1).

Definition 3.1 BVP (1) has a solution if there are functions x,,£ = 1,2,...,#, such that
x¢ € C([0, T(], X) fulfills equation (5) and x,(0) = 0 = x(T%).
According the above observation, BVP (1) can be expressed for any t € J;, [ =1,2,...,n,
as (5).
For 0 <t < Ty_1, taking x(¢£) = 0, we can write (5) as
u U
DTitlx(t) =h (t,x(t),ITjtlx(t)), tej,.

We will deal with the following BVP:

D x(6) = filt,x(0), 175 *(0)), te T,
#(Te1) =0,  %(T¢) =0.

(6)

For our purpose, the following lemma will be the basis of the solution of (6).

Lemma 3.1 A function x € E; forms a solution of (6) if and only if x fulfills the integral
equation

x(t) = —(Ty = Teor) (¢ - Tz—l)”rl]%tlfl(Te,x(Te),l;élx(Te))
+ ITE'_Ifl (t,x(t),ITg_lx(t)). (7)

Proof Let x € E; be solution of problem (6). Applying the operator 1;€ to both sides of
-1
(6), from Lemma 2.1 we find

x(t) = w1 (t = Tpo1)" ™ + ot — Tp_g)™ ™2

1t . )
O /TM“‘S) (sl 17 x(s)ds, te

Due to the assumption on the function f; along with x(7;_;) = 0, we conclude that w, = 0.
Let x satisfy x(T) = 0. Observe that

wy =—(Te - Te—l)l_wl%lfl(Te,x(Tz),I;&lx(Te))'
Then we find

x(t) = —(Ty = Teer) (¢ - TZ—I)W_II;E_lfl(Ti;x(TE)rI;E_lx(TE))

+ I;ﬁtl A (t,x(t),l?f;_]x(t)), te,.

Page 7 of 19
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Conversely, let x € E; be a solution of integral equation (7), Regarding the continuity of
the unction #’f; and Lemma 2.1, we deduce that x is a solution of problem (6). (]

Our first existence result is based on Theorem 2.1.

Theorem 3.1 Assume that conditions (H1) and (H2) hold and

2Ty = T NI} - T (K . L(Te - Tzl)”‘) <1 )
(1 =8I (ue) [(ue +1)
Then problem (6) possesses at least one solution on J.
Proof We construct the operator
W:.E,— E;
as follows:
Wa(t) = —(Ty — Te-1)' ™ (¢ - Te—1)W711;§71f1(Tz»x(Tz),I;ilx(Tz))
) /Tzl(t —8)"1fy (S,x(s),l%ilx(s)) ds, tel. 9)

It follows from the properties of fractional integrals and the continuity of function #°f; that
the operator W is well defined.

Let
2f*(T/zET/z)-1)”‘
T(ug
R[ >
- 2ATp=To—1) T} 8-T}?) (Ty=To_1)"
1- e U S v s )
with

fr= sup“fl(t,0,0)H.
tejy
We consider the set
Bg, = {x € Ei, ||xllg, < Re}.

Clearly, Bg, is nonempty, closed, convex, and bounded.

Now we demonstrate that W satisfies the assumptions of Theorem 2.1. We shall prove
it in four phases.

Step 1: W(Bg,) € (Bg,).

For x € Bg,, by (H2) we get:

Jwato)] <

Ty — Toq) 0 (t = Tog) et /Tl
I"(ue) T,

t

r (I/l[) To-1

(Te-s)“7|fi (s,x(s),l;ﬁilx(«?)) | ds

-1

. (6= (5560, 12 x9) | s
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Ty
(T, — s)#e Hﬁ (s,x(s),l;ﬁtlx(s)) H ds

<
~ T(ue) Jr,
Ty
S 9" [fils,%(), 17 #(6)) - f1(5,0,0)| ds

Ty

+
r (uf) T

(T, - )7 H||fi(s,0,0)| ds

2f*(Ty — To1)™

Ty
< T /s (T¢ — sy~ 's7 (K ||x(s) || + LHI;EIx(s)”) ds + T
2Ty = Tp)t [T (T — Te1)™
=T T /T g (K Y ) )] s
2f*(Ty — Te-1)™
I (uee)
2Ty = Teo) NI} 2 = T)) (Te — Te1)™
: 15w <K+L G+ 1) ) ‘
N 2f*(Ty — Te-1)™
I (uee)
S RZ!

which means that W (Bg,) C Bg,.
Step 2: W is continuous.

Let a sequence (x,) converge to x in E;, and let £ € J,. Then

| (Wae,) (2) = (Wa) () |

- (Ty = Tp-r)' (8 = Toq)"e!
- I (ue)

~fi(sa(s), 17 x(s)) | ds
* F(M(Z) Te-1

< (Ty = Tp1)' (T = Toq)e™

- F(uz)
~fi(s,%(6), I3 ()| ds

Ty

Ty
/ (Te = s fu(s, (), 7' %n(s)

-9 fi(s x,,(s),l;é_lxn(s)) —fi(sx(s), 1;3_1x(s)) | ds

Ty
/ (Te =) [fi (s, 2n(s), I ()

Te-1

tw) I, (t— " fis, xn(s),l%lx,,(s)) —fi(s,%(s), I;jtlx(s)) | ds

=

Ty
(Te =) A (s, 2a(8): I () = fr(5,%(5), It x(s))]| ds
T(ue) Jr1, e1 1

Ty
T (i@) i s(Ty = )" (K || xuls) — x(s) || + Lz;jtl 1%(5) = x()) 1) ds

=

2K Te o
< X, — X sO(T, —s)“ Lds
< fra ||EZ/T (T, -9)

-1

o ) / " ST -
+ Xy —X N =S S
D) 1o Ry, T

+
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2K Te
< 2K -l / STy -5 ds
T(u) “Jr

-1

2L(T, — Ty_q)* Te
+ Mllxn —x|lE, / s™(Ty —s)“ ' ds
T(ue)T (ue + 1) T

2K 2L(Ty - TZ—I)W) e -1
=< + 1%, — x]| / ST, —s)“ " ds
<F(Me) [ (ue)T (e + 1) ol

Ty — Tp_ ) Y (T8 — T, (178 2L(Ty — Tp_1)*
(=T T - T )<21<+M>uxn %l

B (1= 0)T (ue) [(ue +1)

that is,

||(Wxn)— (Wx)||, — 0 asu— oo.

)z,

Thus the operator W is continuous on E;.

Step 3: W is bounded and equicontinuous.

From Step 2 we have W(Bg,) = {W(x) : x € Bg,} C Bg,, and hence, for each x € By,
we have | W(x)|g, < Ry, which means that W(Bg,) is bounded. It remains to check that

W (Bg,) is equicontinuous.

For t1,t, € Ju, t1 < by, and & € Bp,, we have:

| (W) (82) — (W) (21) |

B H (Te = Tpa)' ™ (= Tea)" ™!
I ()

Ty
x/ (Tp —s)He~ 1fl(s,x(s) I T x(s))ds
T,

-1

+ T (ty —s)™ 1fl(s, (s), IT+ x( )) ds +

Ty
X / (T, —s)“7'f; (s,x(s),I;;i 1x(s)) ds
. :

- ﬁ Tl (ty —s)“f (s,x(s),[%flx(s)) ds
_ T-ug
= T L) ™ FY(ZS) ((ba = Toc))" ™ = (81 = Tooy)™ ")
T,
X /T (To = )" |[f1 (s, %(9), IT+ x(s))|| ds
i F(Zl) ,/Tl (b2 =9)""1 = (02 = 9)"7) | i (5, (5), Te+ x(s))[ ds
+ F(Le) / 2(t2 -9)“ A (s,x(s),l%ﬁlx(s)) | ds
< (T(Z - Tefl)l_w‘ ((tz _ Tl—l)w_l _ (tl _ Tl—l)w_l)

I (uy)

T,
X/T (T, —s)*~ 1|[f1(s x(s)] (s)) —ﬁ(s,0,0)|| ds

-1

1 /tz _ (Ty = To1)' (81 -
Ty, I (1)

Page 10 of 19
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T, =T, 1-uy Ty
%((tz ~Tp)" ™ = (t - Tz-l)w_l)/

Page 11 of 19

(Te - )7 *||fi(s,0,0)| ds

F(uf) T
F(lw) Tl ((t2 =9~ = (6 =) [, 12 x(9) ~i,0,0) ds
+ F(L[) /Tl (k2 =)™ = (1 — )™ ")||fi(5,0,0) | ds
F( ) (t — )" ]Hﬁ(s, (s), I T x(s)) —ﬁ(s,0,0)” ds
(s,0,0) || ds.
_ 1-uy
= T Te) ™ Fj(“fl;;) ((ba = Tec))" ™ = (1 = Teon)™ ")
T,
X fT (T, -9~ s (K [w)| L] 125 x(6)]) s
* _ 1-uy Ty
+f—(TZ F(Z;l) (& = Too)™ ™ = (1 = Te)™ ") /T“(Tz —s)"" ds
e [ s s sl 1 )
i [ o] L ]
<L (2 = Tee)"™ = (02 = T ™) (Kllsllg, + L] 175 %] )/Tz s?ds
= F(l/l() 2 -1 1— 4¢-1 v + E; Toy
(Te—To-
%((tz — Tp)™ ™ = (0 = Toa)™ ")
tT Mz) ——(KlIxllg, +L||I xHEZ) /T‘l s (L —t)" ") ds
S <(t2 “Te)"  (-t)" (- Te1)”‘)
F( g) Uy Uy Uy
(ty —t)“e! ” 2 [P (t—-t)™
W(I(HXHEZ +L”1T21x“5[)./;1 s%ds+ MT
1-5 _ o 1-8
< %((h =T = (= To)™ ")
(Ty = To)™
X (K||x||El +LW”W”E[)
+%((b = Tp)" = (1 = T ™)

To 1)ty - ty) et
(1= 6)I(ue)

((tll—s _
+

(Te -
K L—
)( ll%llE, + Ml + 1

)"

[l ”E[)

)
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* %((6 = Toq)" = (t — t1)" = (t1 — Ty-1)™)
(&' -0 )(tp — 1) (T = Ty)™ Sty — )™
o (e ) Ry
T — Ty (Ty = Te1)™ STy =Te)
= ( (1=8)T () (K +L C(ue +1) )Hx”E“ " W)

x (= Tee)™ ™ = (81— Toen)™ ")

tl_S—T,178 T, — T, Uup
+(2 = (1<+L” ) )nxnfé)(tz—w-l

(1 -8)T(uy) e +1)
+ %((h - Ty )" —(t1 - Tl.’—l)w)'

Hence [|(Wx)(£2) — (Wx)(¢1)llg, — O as |, — t1| — 0, which implies that T'(Bg, ) is equicon-
tinuous.

Step 4: W is a k-set contraction.

For U € By, and t € J;, we have:

c(WLDH®) = ¢((Wa)(t),x € U)

< { (Ty — Toq) (8 = Ty)"e™! '/‘Te
I (up) T,

< (Te = 9"~ ¢ (s:2(6), T 5(5)) dis

-1
t

+ () Jr, (t—s)“¢f; (S,x(s);l%flx(s)) ds,x € LI}.

Then Remark 3.1 implies that, for each s € J;,

(WD)
- { (Ty = Tor) (8 — Typog)™e !
- I (ue)
T, T, _ up T,
X / ‘ (T, —s)”f_l[I(E(U) ‘ sds + LMC(U) ‘ s ds]
To-1 Tg-1 [(ue +1) Te-1
+ 1 /t (£ —s)et [I(?(U)ft s ds
[ (uy) Ty_q To-1
(Te = To_1)"e ~ s
+LW§(U) TZ—lS ds],xeLI}
_ up—1 T, . T, _ up Ty
< {7“ L™ / K [K{(LI) Cstasep LT ey [ s ds]
F(MZ) T Te—q1 F(uf + 1) T
_ up—1 t R t
+mf |:K§(LI)/ sds
INE7%) To_q Te-1

_ TR L
LMC(U) s“sds],xel,[}
F(M["'l) T

(T = Tp M 70) + (8178 = Ty O))(t = Tooq) ™! (Ty — Typ1)" \~
= (1= 9 (y) <K+L T + 1) )g(u)
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2T = Ty )Ty = Toq)et (Ty — Te—1)™ \~
= (1= 8)(up) (K L [(ue +1) );(u).

Therefore we have:

T(wu) <

2T = Tyt ) (T — Tor)“e! (Te = To_1)" \~
(15" (ur) (K+L M + 1) >§(”)‘

Consequently, from (8) we deduce that W forms a set contraction. Hence by Theo-
rem 2.1 problem (6) has at least a solution X in Bg, .
Let

0, tel0,Ty_1],
2y = [0, Te1] (10)

X0, t€p.

We know that x, € C([0, T¢], X) defined by (10) satisfies the equation

d2 T (t _S)l—u1 t (t _ S)l—ug »
a2 (./0 mxl(s) ds+---+ /T“ mxe(s) ds) =h (S,xg(s),lmxe(s))

for t € J;, which means that x; is a solution of (5) with x,(0) = 0 and x,(T;) = X,(T,) = 0.

Then
xl(t)r te]l)
0; te]l)
x(t) =1
X2, tG]z,
x(t) =
0, tel0,Tel,
xn(t) =\
Xo, L€y,
forms a solution of BVP (1). g

4 Ulam-Hyers-Rassias stability
Theorem 4.1 Assume (H1), (H2), (8), and
(H3) v € C(Jy,X) is an increasing function, and there exists Ay > 0 such that

s

Te_1*ﬁ(t) <AV (t) forallte],.

Then equation of (1) is UHR stable with respect to ©.

Proof Let z € C(J;, X) be a solution of the inequality
|DY20) - fi(6,20), 17 .z@)| <ed (@), t€T. (11)
Let x € C(Jy, X) be a solution of the problem

D%iﬁx(t) =ﬁ(t,x(t),l;jil+x(t)), tel,.

Page 13 0of 19
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2(Te-1)=0, x(Ty)=0

By Lemma 3.1 we have:

x(t) = —

—ug (4 _ up— Te
(Ty = Tooy) 7 ™e(t — Ty_q)™e! /T (T, - s)“- 1f1(5 x(s), IT+ x(s)) ds

INE7)

t

+
[(ue) Jr,

-1

(E—s)"1f; (s x(s), IT+ x(s))

By integration of (11) from (H3) we obtain:

(Ty = Tp_1) ™0 (t = Tpy)“™! /Te
T,

Hz(t) * T (o)

(Ty = 8)“1fi (s, Z(S)’I;ZUZ(S)) ds

1 t
T Tw) Jr,
< eft —(t_s)u(i)_lﬁ(s) ds
— Jr., Tw@)

S G}\.,}(t)ﬂ(t).

(t—s)“-1f) (s, z(s), I;jtlz(s)) ds

On the other hand, for each ¢ € J,, we have:

=0~ 60

(Ty = Tpo1)' e (¢ = Tyy)“e™ /T‘
T,

- Hz(t) * C )

(T, —s)"-1f (s x(s), IT+ x(s)) ds

-1
t

(t—s)“-1f (s,x(s),l;ztlx(s)) ds

- F(uf) To-1
“ze) + ( T, 1)1 “e(t— Ty 1)1415 -1 /Tg T _S)“Z—If (S 2(s) J Z(S)) ds
I (o) Tt L
- I’(lm) fT (=5 fils2(s) 17} 2(5)) ds
(Ty = Tyoy)' M (t = Tyt [Te up-1
+ ) /TH(TZ -s)

Hﬁ(szs) IT+ z) —f1(s,%(s), 7’% x)H ds

+ F(Ll) /T“(t—s)”‘1 Ifi (s,2(s), ;f; z) — fi (s x(s), IT+ x) | ds

(Ty = Tpoq) (8 = Tpq)e!
INEZ)

Ty
X /T (T —5)“'s7 (K || z(s) = x(s) || + LI;ﬁtl |2(s) —x(s)|) ds

-1

< )»p(t)éﬂ(t) +

t
+
F(ue) T
(Ty — Tpg) et Te

< Ap€V(t) + —————(Kllz=x]lg, + LI |lz— x|k / sOds
(t) T(ug) ( ¢ T/, z) Toy

(¢ —s)“ts (K”z(s) x(s)||+L1

|z(s) —x(s) ||) ds
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t

Ty = Typ) !
%(an—xugﬁug‘;; ||z—x||gi)/ s ds
(—1 }

INEZ) To
< honed(0) + (To = Too1) " N (T2 = Tt M)
<o
“ (1) (ue)
(Te — To_r)™
Kllz =g, + L2V
X ( lz—xlg, + M+ 1) lz - xllg,
. (To = Toog) L (#0 — Tyt M0) Kllz—x] +L(Te — Tpq)™ Iz
—xllg, + L————Ilz—xllg
(1= 8)T" () ‘ [(ue + 1) ‘
2Ty — Toe1)“ N(T ™ = Tpy ') (Te— To_1)™
<A o(t K+L—— - .
< Aop€v(t) + 1o + O llz— x|,
Then
2T = Ty )Ty = Toq)e™t (Ty — Typ1)™
- 1- K+ L <A o (t
llz J’llEZ< 1= 5)T ay) + O < Apped(t)
For each t € J;, we obtain:
Il2 _y”E[ = 2(T£1'5—Tzfll_‘s)(izﬁ—(?iiu(ff)l (Tg=Ty_1)"
1- T ) K+ L)

- [1 2T = T ) (T = Te) ™™ (K +LM)T
(1 —5)F(ug) F(I/tg + 1)

X A€ (t) := ¢ eV (2).

Then the equation in (6) is UHR stable with respect to ¢ for each ¢ € {1,2,...,n}.

Consequently, the equation in (1) is UHR stable with respect to . O
5 Example
In this example, we deal with the fractional boundary value problem
1
Dyx(t) = ——2¢ , te]:=[0,2],
(T +ae2041) (L () |+ 11X D x(e))) (12)
x(0) =0, x(2) = 0.
Let
1
t3et
filt,y,2) = 3 , (t,9,2) €10,2] x [0, +00) x [0, +00),
(e +4e? +1)(1+y +2)
3
s, te]i:=[0,1],
u(t)= {2 1= 101] (13)
%y te]Z ::]1!2]‘

Then we have:

1 et 1 1
ity z) ~filbys )] = 2 leyi+z1 leym+z

(ee™* +4e% +1)
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e (ly1 —y2l + 121 — 221)

—_ 2
(eeﬁ +4e2 + 1)1 +y1 +21)(1 + 2 + 23)
e—t
s ———(n-»l+lz-2l)
(ee™ +4e% +1)

1
ly1 —y2l + mlzl -2z

<
~ (e+5)

Thus (H2) holds with § = = and K=L=-—=

e+5
By (13) the equation of problem (12) can be divided into two expressions as follows:

1

t3et
D0+x( ) 2 ’ t 6]1’
(ee1+z + 4e2t + 1)(1 + |x(t)| + |12x(t)|)
1
t3et
D1+x( ) 2 2 ’ t 612'

(ee7 + 4e2 + 1)(1 + |x(t)] + |I2 x(2)))

For t € J;, problem (12) is equivalent to the problem

1

% t 3¢t
D0+x(t) = 2 3 ) te]ly

(eeT¥? +4e2‘+1)(1+\x(t)Mng(t)\) (14)
x(0) =0, x(1)=0.

Next, we prove that condition (8) is fulfilled.

2(T1 ' = To' (T — To)"+! L(Ty - To)"
(1-8)(u1) ( I +1) )

2 1
= %(e+5)F(%)<1+ F(%)) ~0.7685 < 1.

Let 9 (¢) = t3. Then

1 ¢ 11
o) = —/ (t-s)2s2ds
0 r'(3) Jo

1 t 1
T%)/(;(t—s) ds

ﬁ(t) )»ﬁ(t)ﬁ(t).

IA

<
~30(3)

Thus (H3) is satisfied with 9 () = t? and Ao = f

By Theorem 3.1 problem (14) has a solution x; € El, and by Theorem 4.1 the equation
in (14) is UHR stable.

For ¢t € J;, problem (12) can be written as follows:

3 ot
D1+x( ) 2 L oe 9 , teh,

(e T¥ 142t 1 1) (1+[x(0) |+ |15 (D)) (15)
x(1) =0, x(2) =0.

Page 16 of 19
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We see that

2T, = T 1) — Ty )2t <I( s L(T, - Tl)uz)
(1-8)T (u2) T(uy +1)

225 -1) 1 1
=5 1+ —— ) ~03913<1.

As a result, condition (8) is satisfied. Moreover,
1 t

T / (t—s)%s% ds

INCINN

1 t 4
ST%)v/;(t—S) ds

5
< 9F—(§)19(t) = Ay(p 0 (2).

L29(¢)

Thus (H3) is fulfilled with 9 (£) = £2 and Ay = 9%(2)

By Theorem 3.1 problem (15) possesses a solution %, € E, Further, Theorem 4.1 yields
that (15) is UHR stable.

It is known that

0, te)

%g(t), t €]2.

x(t) =

As aresult, by Definition 3.1 the boundary value problem (12) has a solution

xl(t)r t e]lr
x(t) = 0, te,
x(t) =1 _
%), tek.

In addition, by Theorem 4.1 the equation in (12) is UHR stable.

6 Conclusion

Our proposed multiterm BVP has been successfully investigated in this work via three
theorems: The Darbo’s fixed point theorem (DFPT), the Kuratowski measure of noncom-
pactness (KMNC), and the Ulam-Hyers-Rassias stability (UHR) to prove the existence and
stability of solutions for our proposed BVP. A numerical example is given at the end to sup-
portand validate the potentiality of all our obtained results. As a result of our investigation
into this particular research subject, our results are new and novel. Furthermore, with the
support of our new results in this work, further research works can be investigated on this
open research subject. Our proposed BVP can be possibly extended to other fractional
models.
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