Shatanawi et al. Advances in Difference Equations (2021) 2021:358 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-021-03516-4 a SpringerOpen Journal

RESEARCH Open Access
()]

Fredholm-type integral equation in
controlled metric-like spaces

Wasfi Shatanawi', Nabil Mlaiki"" @, Doaa Rizk® and Enyinda Onunwor*

“Correspondence:
nmlaiki@psu.edu.sa; Abstract
nmlaiki2012@gmail.com

|Department of Mathematics and In this article we make an improvement in the Banach contraction using a controlled

General Sciences, Prince Sultan function in controlled metric like spaces, which generalizes many results in the

z“'\é‘?’s‘f% Riyadh, 11586, Saudi literature. Moreover, we present an application on Fredholm type integral equation.
rabla

Fulllist of author information is Keywords: Fixed point; Controlled metric-like spaces; Fredholm-type integral

ilable at the end of the articl i
avallapble a e enda ol e article equaUOﬂS

1 Introduction

One of the most interesting applications of fixed point theory is solving integral and differ-
ential equations; see, for example, [1]. The Banach contraction principle was generalized
many times to extend its application. As an example of these generalizations, b-spaces (see
[2]) are an extension of the regular metric spaces; see [3—15]. Lately, Kamran [16] intro-
duced what the so-called extended b-metric spaces by adding a control function 6(p, q)
in the triangle inequality. For more on b-metric spaces and its extensions, we refer the
reader to [17-23]. First, we start by reminding the reader the definition of extended b-
metric spaces.

Definition 1.1 ([16]) Consider the set X ## and 6 : X x X — [1,00). Let d,: X x X —
[0, 00) be such that for all p, q,z € X,

(1) d.(p,q) =0ifand only if p = g;

(2) de(p,q) = de(q, p);

(3) de(p, ) = 0(p,q)[de(p, 2) + de(z, 9)].
Then (X, d,) is called an extended b-metric space.

Mlaiki et al. [24] gave an extension to this type of metric spaces as follows.

Definition 1.2 ([24]) Consider the set X # ¥ and o : X x X — [1,00). Suppose that a func-
tion d, : X x X — [0, 00) satisfies the following:

(1) d.(p,q) =0ifand only if p = g;

(2) dc(p’ CI) = dc(qr p),

(3) de(p,a) < o(p,2)dc(p,2) + 0(2,q)dc(2,q) for all p, g,z € X.

Then (X, d,) is called a controlled metric-type space.
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In 2021, a new generalization of the b-metric spaces introduced in [25], the so-called
controlled metric-like spaces.

Definition 1.3 ([25]) Consider the set X # ¥ and ¢ : X x X — [1,00). Suppose that a func-
tion d, : X x X — [0, 00) satisfies the following:

(CML1) d.(s,r)=0=>s=r;

(CML2) d.(s,r) =d.(r,s);

(CML3) d.(s,r) < o0(s,2)d.(s,2) + 0(z,r)d.(z,r) for all s,r,z € X.
Then (X, d,) is called a controlled metric-like space.

Example 1.4 ([25]) Let X = {0,1,2}. Define the function d, by
1
d.(0,0)=d.(1,1) =0, d.(2,2) = 20

and

1 2
dc(O» 1) = dc(lr O) =1, dc(oy 2) = dc(2) O) = 51 dc(l,z) = dc(z, 1) = g'
Let 0 : X x X — [1, 00) a symmetric function defined by

5
Q(0,0)=Q(1,1)=Q(2,2)=Q(0,2)=1, Q(LZ):Zv Q(0¢1):E

10°
Here d, is a controlled metric-like on X.
We have d.(2,2) = % # 0, which implies that (X, d,) is not a controlled metric-type space.

Definition 1.5 ([25]) Let (X,d,.) be a controlled metric-like space, and let {s,},>o be a
sequence in X.
(1) {su} converges to s in X if and only if

lim d.(s,,s) = d.(s,s).
n—0o0
Then we write lim,,_, o 5,, = 5.
(2) {su} is a Cauchy sequence if and only if limy, ;00 (84, Si) €xists and is finite.
(3) We say that (X, d,) is complete if for every Cauchy sequence {s,}, there is s € x such
that

lim d.(s,,s) =d.(s,s) = lLim d.(s,,5m).
n—00 n,m— 00

Definition 1.6 ([26]) Let (X, d,) be a controlled metric-like space. Let s € X and 7 > 0.
(i) The open ball B(s, 7) is

B(s,7) = {y eX, |dc(s, r)— dc(s,s)| < r}.
We denote controlled metric-like spaces by CMLS.

Note that if ¥ is continuous at p in the CMLS (X, d,), then p,, — p implies that Tp,, — Tp

as 7 — OQ.

Page20of 13
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Now let (X, d.) be a controlled metric-like space, and let ¥ : X — X. The following con-
trol functions were introduced by Sintunavarat et al. [27] (in this paper, we will exclude

zero from their range):

A= {19 : X — (0,1),0(%p) < (p) forall p EX}.
and

B={9:X— (0,1/2),3(Tp) < ¥(p) forall p € X}.

2 Main results
Our first main result corresponds to a nonlinear Banach-type result on CMLS, which is
also an extension of the results in [28].

Theorem 2.1 Let (X, d,.) be a complete CMLS. Consider the mapping T: X — X such that

de(Tp, Tq) < 9 (p)de(p, ) (2.1)
forallp,q € X, where & € A. For pg € X, take p, = T"po. Suppose that

0(Pis1,Pis2) 1
sup lim ——— it Pm) < —— 2.2
m>Iil_>OO Q(pz:pul) (p P ) ﬁ(p ) ( )

Also, assume that for every p € X, we have
nlingo o(p,,p) and nlirlgo o(p,p,) exist and are finite. (2.3)
Then ¥ has a unique fixed point.
Proof Consider the sequence {p, = T"po}. By (2.1) we get
de(Pry Pue1) < 0 (Pn-1)de(pu-1, pn)  forallm > 1.
Since ¥ € A, we have
de(PnyPue1) < 9 (P0)dc(pu-1,pn)  foralln>1.
By induction,
de(Pns Pue1) < [0 (Po)] de(po, p1)  forall > 0. (2.4)

Choose k =: ¥ (pg) € (0,1). For all natural numbers # < m, as in [24], we have

dc(pn: pm) = Q(pn,pwrl)dc(pm pn+1) + Q(pn+1; pm)dc(pn+hpm)

i=n+1

m—-1
< 0P Pust )K" de(Po, 1) + ) (]_[ o(pj: P ) (P Pir)K'de(po, p1)

Jy=n+1

m-1 i
< (P Pre) )K" de(po, 1) + Y (1‘[ g(p,,pm)>g(pi,pﬂl)kfdc(po,pl).

i=n+1 \ j=0
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Let

p /i
Sp = Z (H o(pjs pm)) o(pspis)k'.

i=0 \j=0

Hence we have

dc(Pum) = dc(p0¢ Pl)[an(Puml) + (Sm—l - Sn)] (25)

Now by condition (2.2) and the ratio test, we deduce that lim,_, », S, exists, and therefore

{S.} is a Cauchy sequence. Taking the limit in (2.5), we obtain

lim dc(pnr pm) =0. (26)

1,m—> 00

Hence {p,} is a Cauchy sequence. Since (X, d,) is complete, we deduce that {p,} converges
to some u € X. We claim that u is a fixed point of T. To prove this claim, we start by

applying the triangle inequality of the CMLS as follows:
Ae(t,9p41) < 001, 9)dc (1, 9) + (P11 Pie1) B (P15 Pre1)-

By (2.2), (2.3), and (2.6) we conclude that
lim d (4, 941) = 0. (2.7)
n—00

Thus

de(u, Tu) < Q(u; pn+1)dc(ux pn+1) + Q(pn+1> Su)dc(th Tu)
<ot pue1)dc(u, pn+1) + ﬁ(pn)@(pnﬂ; Tu)d (pn, u)
= Q(u: pn+1)dc(u, pn+1) + 7—9(130)Q(pn+1: ‘Eu)dc(pn; u).

Note that, as # — 00 in (2.3) and (2.7), we have d.(u, Tu) = 0, that is, Tu = u. Now we may

assume that T has fixed points u and v. Hence
dc(u,v) = d.(Tu, Tv) < ¥ (u)d.(u,v) <d.(u,v),
which leads us to a contradiction. Thereby d.(u, v) = 0, which implies u# = v, as desired. O

Next, we present the following example.

Example 2.2 Let X = [0, 1]. Consider the CMLS (X, d.) defined by

d.(p,q) = lp-ql%,
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where o(p, q) = pq + 1 for p,q € X. Take Tp = %2. Choose ¢ : X — [0,1) as ¥ (p) = PT”. Then

¥ € A. Take po =0, so (2.2) is satisfied. Let p,q € X. Then

(r* - q%)?

d.(Tp,%q) = 16

_i 2 2
= 16|p ql“(p +q)

=

Ip—ql*

IS

+

‘ k=3

1
Ip—ql?

=

=

= ?9(P)dc(¥" UI)

Note that all the hypotheses of Theorem 2.1 are satisfied. Thus there exists an element

u € X such that Tu = u, which is u = 0.

In the following theorem, we propose a fixed point result using the nonlinear Kannan-

type contraction via the auxiliary function ¢ € B.

Theorem 2.3 Let (X,d,.) be a complete CMLS by the function ¢ : X x X — [1,00). Let

T: X — X where

d.(Tp,Tq) < 9 (p)[de(p, Tp) + de(q, Tq)]
forall p,q € X, where 9 € B. For pg € X, take p, = T"po. Suppose that

. 0(Pir1, Pis2) 1-v(po)
sup lim ——"2 5(941, D) < —————.
mzq i—00 Q(pi:pﬂl) @ipir1sP ﬂ(pO)

Also, assume that for every p € X, we have

1
?(po)”

lim o(p,p,) exists, is finite and  lim o(p,,p) <

Then there exists a unique fixed point of X.

(2.8)

(2.9)

(2.10)

Proof Let {p, = Tp,_1} be a sequence in X satisfying hypotheses (2.9) and (2.10). From

(2.8) we obtain

dc(pn; pn+1) = dc(gpn—l: ‘zpn)
= ﬁ(pn—l)[dc(pn—hspn—l) + dc(pmzpn)]
=< ﬁ(po)[dc(pn—ly pn) + dc(pnr pn+l)]'

Consider a = ¥ (po). Then d.(py, prs1) < 7= dc(Pu_1,Pn)- By induction we get

— l-a
a n
dc(pn’pwrl) < (m) dc(phpo)) Vn>0.

For all natural numbers #, m, we have

dc(pm pm) = Q(pnvpnﬂ)dc(pnr pn+l) + Q(pn+1; pm)dc(pm-l’pm)‘

(2.11)

Page 50f 13
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Following the steps of the proof of Theorem 2.1, we deduce

m-2 i
Ae(Ps Pm) < Q0> Pt} Ae(Ps Prst) + D (1‘[ Q(pj,pm)g(pi,pnl)dc(pi,pm)

i=n+1 \j=n+1

m-1

+ 1_[ Q(Pk; pm)dc(pm—l, pm)

k=n+1

a

< Q(pn,pm)(—) dc(po, 1)

l-a

m-2 i i
+ Z (l_[ Q(pj’pm)>g(pi’pi+l)(16_l—a> dc(porpl)

i=n+1 \j=n+1

m—1 m-1
+ 1_[ Q(Pz’,Pm)(%) dc(po, p1)-

i=n+1

Since0 < a < %, we have ;= € (0, 1). Therefore {p,} is a Cauchy sequence, and since (X, d.)
is a complete CMLS, {p,} converges to some u € X. Suppose that Tu # u. Then

0 < dc(u, Tu) < 0(u, Pys1)de (14, Prs1) + 0Pra1, T)dc (D1, Tur)
< 0(t, Prs1)dc (W, Pust) + 0(Pus1, Tu)ﬂ(Pn)[dc(Pm Pus1) +dc(u, ‘Iu)] (2.12)
= Q(M, pn+1)dc(ur prﬁ—l) + Q(pn+17 TMW(PO) [dc(pm pn+1) + dc(”¢ TM)]
As n— o0 in (2.12) and by (2.10), we conclude that 0 < d (&, Tu) < d.(u, Tu), which leads

us to a contradiction. Thereby Tu = u. Now we may assume that T has fixed points z and v.
Thus

d(u,v) = do(Tu, Tv) < 9 (w)[d.(u, Tu) + d (v, Tv)]
= u) [dc(u, u) +d.(v, v)] =0.

Hence u = v. Therefore the fixed point is unique, as required. d

Example 2.4 Consider X = {0, 1, 2}. Take the controlled metric-like d, defined as

1 11 3
d.0,1) = —, a.(0,2) = —, d/(1,2) = —.
ON=3  d2-3,  dL2)-

Let 0 : X x X — [1,00) be defined by
0(0,0)=0(1,1)=0(2,2) = 0(1,2) =0(2,1) = 1,
3
Q(O:Z)=Q(2’0)=2¢ Q(0,1)=Q(1,0)=§

Let T: X — X be given by

T0=2 and T1=%2=1.
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Let 9 : X — [0, %) be given by ¥(0) = %, ?(1) = 13—0, and 9(2) = %. Then ¢ € B. Take
po = 0, so that (2.9) is satisfied.

Also, it is easy to see that (2.8) holds. By Theorem 2.3 there exists a unique # such that
Tu =u, thatis,u=1.

Now,we again give a response to an open question in [24], which is a study of a nonlinear

Chatterjea-type contraction via an auxiliary function ¢ € B.

Theorem 2.5 Let (X, d.) be a complete CMLS by the function

0: X x X — [1,00).

Let T: X — X be such that d.(Tp,Tq) < & (p)[dc(p,Tq) +dc(q,Tp)] (2.13)

forallp,q € X, where & € B. For pg € X, take p,, = T"po. Suppose that

supo(p;_1,p;) =B (exists and is finite), (2.14)
i>1

0< 3 po) < — (2.15)

<U(Po) < 28’ .
and
. 0P, biv2) B (po)

sup lim ————0(Pi+1,Pm) < ————. (2.16)
mzliiﬁoo o(pi Pis1) et P 1- B (po)

Also, assume that d, is continuous with respect to the first variable and that for every p € X,

1
?(po)’

lim o(p,p,) exists, is finite, and  lim o(p,,p) < (2.17)
n—0o00

n—00
Then ¥ possesses a unique fixed point in X.

Proof Consider the sequence {p, = Tp,_1} in X satisfying hypotheses (2.14), (2.15), (2.16),
and (2.17). From (2.13) and (2.14) we obtain

AP Pui1) = de(Tpu-1, Tpy)
< O (Pu-1)[de(Pu-1, Ton) + de(Prs Thn-1) |
= O (Pn-1)de(Pu-1, Pns1)
< 9 (po)[@ (P15 Pu)de(Pn-1, D) + QP> Prs1)de(Prs Prs1) |
< BO(po)[de(Pn-1,Pn) + Ae(Prs Pri1) ]

Letb = lfg f,';gl). By (2.15) we have b € (0,1). Then d(p,, Pys1) < bd(p,-1,9,). By induction

we get

dc(pm pn+1) < bndc(Po,P1)7 Vn > 0. (218)
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For all natural numbers 7, m, we have

dc(pm pm) = Q(pm pn+1)dc(pm pn+1) + Q(pn+1; pm)dc(pnﬂypm)‘

Following the steps of the proof of Theorem 2.1, we get

m—=2 i
dc(pn; pm) =< Q(pn; pn+1)dc(pmpn+l) + Z ( l_[ Q(P,‘, pm))Q(pn pi+l)dc(pi: pi+l)

i=n+1 \j=n+1
m-1
+ l_[ Q(pk’pm)dc(pm—lipm)
k=n+1

m-2 i
< 0P Purt)(B"delpo,p1) + Y (]_[ Q(p/,pm)>a(pi,pm)b”dc(po,pl)

i=n+1 \j=n+1
m-1
+ TT etipmb™  delpo, p1).
i=n+1

This implies that {p,} is a Cauchy sequence CMLS (X, d,). Since the space is complete, the
sequence {p,} converges to some u € X. Now suppose that Tu # u. Then

0< dc(u: TM) = Q(M, pn+1)dc(u’ pn+1) + Q(pn+1: ‘Iu)dc(prnlj TM)
= Q(M, pn+1)dc(ur prﬁ—l) + Q(pn+17 TM)l?(pn)[dc(pm g”l) + dc(u’ pn+l)] (219)

< 0(u, Prs1)de (W, Pust) + 0(Pus1, Tu)¥ (po) [dc(pm Tu) +d.(u, pn+l)]'

Asn — 00in(2.19), by (2.17) and using the continuity of d, with respect to its first variable,
we deduce that 0 < d.(u, Tu) < d.(u, Tu), which leads us to a contradiction. Thus Tu = u.
Now let us assume that T has fixed points # and v. Then

d(u,v) = do(Tu, Tv) < 9 ()[d(u, Tv) + d (v, Tu)|
= 9 u) [dc(u, u) +d.(v, v)] =0.

Therefore u = v, and thus the fixed point of ¥ is unique. O
Now we introduce cyclical orbital contractions in the class of CMLS.

Definition 2.6 Let U/ and V be two nonempty subsets of a CMLS (X,d,). Let T : UUV —
U UV be a cyclic mapping (i.e., T(U) € V and TV C U) such that for some p € U, there
exists ky, € (0,1) such that

d.(T*"'p,Tq) < kpd (T 'p, q), (2.20)

where n=1,2,...and q € U. Then ¥ is called a controlled cyclic orbital contraction map-

ping.

Finally, we prove the following result.
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Theorem 2.7 Let U and V be two nonempty closed subsets of a complete CMLS (X, d.). Let
T: X — X be a controlled cyclic orbital contraction mapping. For po € U, take p,, = T"po.

Suppose that
sup lim Q(Pi+1,Pi+2)Q(p D) < 1 (2.21)
i+1»Pm P .
m=1i—00 0P Pis1) koo

Also, assume that for every p € X,
lim o(p,,p) and lim o(p,p,) exist and are finite. (2.22)
n—00 n—0o0

Then U NV is nonempty, and ¥ has a unique fixed point.

Proof Suppose there exists p (say po) in U satisfying (2.20). Define the iterative sequence
{p, = T"po}. Since po € U and ¥ is cyclic, we have

P, €U and py, €V forallm>0. (2.23)
By (2.20) we get

d.(T*p, Tp) < kpd(Tp, p).
Again,

d.(Tp, Tp) = d.(T2p, T(T?p)) < kpdc(Tp, T2p) < (kp)*de(Tp, ).
By induction we obtain that

de(pns Pus1) < [Kp]"de(po, p1)  forall n > 0. (2.24)
Similarly to the proof of Theorem 2.1, we can easily deduce that

lim d.(p,,pm) =0, (2.25)

n,m— 00

that s, {p,} is a Cauchy sequence in the complete CMLS (X, d,), so {p,} converges to some
u € X. Since {T¥'p} is in U and U is closed, the limit # is in S;. Similarly, {T2""!p} is in the
closed subset V, so u € V, thatis, u € U NV, and hence U N V is not empty. Let us prove
that u is a fixed point of T. We have

Ae(t,9p41) < 0(1, 9)dc (1, 91) + (P15 Pie1) B (P15 Pre1)-
Using (2.21), (2.22), and (2.25), we get that

lim d.(u,p,.1) =0. (2.26)

n—00
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By (2.20) we deduce
d.(u,%u) <o (u, Tz"p) d. (u, Tz”p) +0 (Tz"p, ‘Zu)dc (‘Zz"p, ‘Zu)
<o(u Sz”p)dc (u, ‘32”[3) +kypo (Tz”p, Tu)d, (‘IZ”_lp, u)

= Q(u; pn+l)dc(ur pn+1) + ka(Pml; ‘Iu)dc(pbq—lr I/t)

Taking the limit as # — oo and using (2.22) and (2.26), we deduce that d.(u, Tu) = 0, that
is, Tu = u. Finally, assume that ¥ has two fixed points, say # and v (they are in U). Then

d.(u,v) =d.(Tu,3v) =d, (Sznu, ‘IV) <k,d, (‘32”_1u, V) =k,d.(u,v),
which holds unless d (i, v) = 0, so u = v. Hence ¥ has a unique fixed point. g
The following example illustrates Theorem 2.7.

Example 2.8 Let X = U U V, where U = [i,%]andv = [%,l]. Consider the controlled
metric-like d, defined as

d.(p,q) = lp-ql%,

where o(p,q) = pq + 1 for p,q € X. Take Tp = % ifpeland Tp = % ifpe V\{%}, Now let
kp : X — [0,1] be defined as k;, = pT”. Note that for all p € U, we have

1 1 1 1
Tp==,  Tp=-, ..,  Tlp-I, Tp-,
P 2 P 2 P 2 P 2

For all q € U, using the fact that

2n _ l l _
e p,Tq)—dc<2,2> o,

we deduce that
de(T*p, Tq) < kpd. (T 'p,q).

It is not difficult to see that ¥ satisfies all the hypotheses of Theorem 2.7. Therefore T has

a unique fixed point u# = %

3 Fredholm-type integral equation
Consider the set X = C([0, 1], (—00, 00)) and the following Fredholm-type integral equa-
tion:

1
p'(t) = /0 S(t,5,p'(t))ds for £ €[0,1], (3.1)

where S(¢,s,p’(¢)) is a continuous function from [0, 1]? into R. Now define

d,: X x X — R*

e sp (O80T

te[0,1] 2
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Note that (X, d,) is a complete CMLS, where

Q(p) CI) =2.

Theorem 3.1 Assume that for all p,q € X,
(1) 18050 (0)] + S(E,5,q(8)] < D (sup,co(I'@)] + @D/ @] + la(®)]) for some
U € B.
(2) S(t,s, fol S(t, s, p'(t)) ds) < S(t,s,p'(¢)) forall t, s.
Then the integral equation (3.1) has a unique solution.

Proof Let U : X — X be defined by Up/(t) = fol S(t, s, p’'(t)) ds. Then

d.(Up’,0q) = sup

tel0,1]

(IUP’(t)I + IUq(t)I)
— )

Now we have

[0 @) + 10q(0)

d.(Bp'(£), Ba(0)) = 5

_ o (6,590 ds| +1 fy S(t5, () ds|

2
_ Jo 18Ws,p'@)1ds + [y 1S5 a()] ds
N 2
_ JoUS(t,s,p' @)1 + [8(t,5,a(®)) ds

2

~ Jo P upieion (PO + 1@ IR O] + a(®)) ds

2
<9 (sup (|9 )] +[a@)]) ) e (¢'®), 0(8).
te[0,1]
Thus d.(Op’,0q) < & (sup,¢jo,1 (1" @)] + a(@)]))dc(p’, ). Also, notice that

1
P (supe o (10 (0)] + 1a(6)]))

o(p,q) <

Therefore all the hypotheses of Theorem 2.1 are satisfied, and hence equation (3.1) has a

unique solution. 0

4 Conclusion

We have proved the existence and uniqueness of a fixed point for a self-mapping in con-
trolled metric-like spaces under different nonlinear contractions with a control function.
Also, we present an application of our results to Fredholm-type integral equations. More-

over, we would like to bring the reader’s attention to the following question.

Question 4.1 Under what conditions we can obtain the same results for a self-mapping

in double controlled metric-like spaces [26]?
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