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1 Introduction
The Banach contraction principle [1] and its generalizations have been applied in various
disciplines of mathematics, economics, and engineering. One of the interesting applica-
tions of Banach contraction principle is to study the graph neural network model [2] (see
also [3, 4]). In some cases when we do not have uniqueness of the fixed point, such a map
fixes a circle which we call a fixed circle, the fixed-circle problem arises naturally in prac-
tice. There exist a lot of examples of self-mappings that map a circle onto themselves and
fix all the points of the circle, whereas the circle is not fixed by the self-mapping.

Take xp € I and given £ > 0 an arbitrary real. A circle and a disc with center xy and
radius £ are defined on a metric space (3, d) as follows, respectively:

Clxo,0) = {x €3 :d(xg,x) = Z},
and

Do) = {x € 31 d(xo, %) < £}.
A mapping ¢ : § — 3 fixes the circle Ci ) (resp. the disc Dy ) if ¢(x) = x for all x €
Clxo,0)(resp. x € Dy, 0)).-

Denote by C the set of all complex numbers with the usual metric d(ry,73) = |r1 — 13| for
all 71,7, € C, and let ¢ : C — C be defined by

ifr#0,
ifr=0,

o(r) =

O N
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where 7 is the conjugate of r. Then ¢ fixes all points of the circle Cp; = {r e C: |r| <
1}. It is worth pointing out that there exist some mappings which map the circle C,,, to
themselves, but do not fix all points of the circle C,,,. For instance, let ¢/ : C — C be
defined by

ifr#0,
ifr=0.

y(r) =

[

Then ¥ (Cp1) = Co1, but ¥ does not fix all points of Cy ;. In fact, the mapping v fixes
only two points of the unit circle.

The results on fixed circles and fixed discs have been studied in metric and generalized
metric spaces via different contractive conditions (see [5—14]).

The concept of an F-contraction given by Wardowski [15] proved to be another mile-
stone in fixed point theory. Numerous research papers on F -contractions have been pub-
lished, see for instance [16—-32].

Jleli and Samet [33, 34] introduced another generalization of BCP, known as a 6-
contraction, and obtained some fixed point theorems for 8-contraction type mappings.
Liu [35] introduced the concept of (Y, A)-contraction and established fixed point re-
sults for such mappings in metric spaces. Recently, Ameer [36] introduced common fixed
point results for generalized multivalued (e, Y, A)-contractions in ax-complete par-
tial b-metric spaces. Moreover, Ameer [37, 38] introduced common fixed point results
for generalized multivalued (T, A)-contractions in complete metric and b-metric spaces.
Ameer et al. [39] initiated the notion of rational (A, Y, %)-contractive pair of mappings
(where Nis a binary relation) and established new common fixed point results for these
mappings in complete metric spaces, see also ([40, 41]).

In this paper, we study mappings that not only fix one element, but also fix a well-defined
set of “fixed points” which is either a circle, or a disc. We present some results on fixed
circles and discs for some types of contraction self-mappings, namely L(,,c)-contractions
[42], Ciri¢ [43] type L(,,c)-contractions, and Hardy—Rogers [44] type L, c)-contractions
in the setting of metric spaces. We discuss some results on fixed circles (discs) of integral
type contractive single-valued maps. Moreover, we give an application of our obtained

results to a discontinuous self-mapping that has a fixed circle.

2 Preliminaries
First, let F : (0, 00) — (—00, 00) be such that
(F1) F is strictly increasing;

(F,) for each sequence {y,,}32; C (0,00),

lim F(y,)=-00 < lim y,=0;
(F3) thereis k € (0,1) such that lim;_,o+ t*F(£) = 0.
Define F; = {F : (0,00) — (—00, 00), F satisfies (F1)} and F, = {F : (0,00) — (—00, 00),
F satisfies (F;) — (F3)}.
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Definition 2.1 ([15]) Let T: x — x be defined on a metric space (x,d). Such T is named
an F-contraction if there exist T > 0 and F € F; such that

tiex, d(TOT()>0 = w+F(d(T©),1()))=<F(dE)). (2.1)
The related fixed point result is as follows:

Theorem 2.2 ([15]) Each F- contraction self-mapping on a complete metric space admits
a unique fixed point.

Piri and Kumam [45] replaced assumption (F3) of F by:
(F5) F is continuous.
Take F* = {F : (0, 00) — (—00, 00), F verifies (F}), (F,), and (£3)}.

Definition 2.3 ([45]) T : x — x defined on a metric space (x,d) is named an F-
contraction (with F € F*) if there exist T > 0 and F € F* such that (2.1) holds.

The main result of Piri and Kumam [45] is as follows.

Theorem 2.4 ([45]) Each F-contraction self-mapping (with F € F*) on a complete metric
space admits a unique fixed point.

Remark 2.5 Mention that the function F given as F(g) = —% (with g > 1) is in the set F*,
but it does not belong to F;. Also, the function F defined by

1 1
F(S‘):—m, ke (0,7),l> 1,

is in JF3, but does not belong to F*. However, there is also at least one function F defined
by F(¢) = In(¢) which belongs to both 7* and F;. Hence, the families F* and F, are
overlapping.

In 2014, the concept of 6-contractions was initiated by Jleli and Samet [33].
The self-mapping T defined on the metric space (x,d) is named a 6 -contraction, when-
ever there exist 0 € ® and k € (0, 1) such that

tLyex, dTO.T()#0 = 0(d(T),T()) < [0 )],
where ® = {6 : (0, 00) — (1, 00)|6 verifies (©1) — (®3)}
(®1) 6 is nondecreasing;
(®,) for each sequence {¢,} in (0, 00),
lim 6(¢,)=1 iff lim ¢, =0%
n— 00 n—0oQ

0(t)—
tP

—_

(®3) there are p € (0,1) and ¢ € (0, 00] such that lim;_, o+ =9.

Define W = {© : © satisfies (®1)}.

Theorem 2.6 ([33]) Each 6-contraction mapping on a complete metric space admits a
unique fixed point.
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3 Results on fixed circles and discs
Throughout this paper, we denote by E be the set of functions L : (0,00) — (0, 00) such
that L is nondecreasing. We consider Q* = {w : (0, 00) — (0, 00)|w satisfies (w;) and (wy)}:
(w1) w is monotone increasing, that is, x < ¢ implies w(x) < w(<);
(w2) w(t) <t foreveryt>O0.
Inthissection, weinitiate the notion of L, ¢)-contractions, Ciri¢ type L(»,c)-contractions,

and L(,,c)-weak contractions and establish some related results on fixed circles (discs).

Definition 3.1 The mapping ¢ : x — x is called an L, ¢)-contraction if there are w € Q*,
L € E, and xg € x such that, forall x € yx,

d(x,d)(x)) >0 = L(d(x,d)(x))) < w(L(d(x,xo))).

Definition 3.2 The mapping ¢ : x —  is said to be a Ciri¢ type L(,,c)-contraction if there
are w € Q*, L € E, and xg € x such that, for all x € x,

d(x,¢(x)) >0 = L(d(x,¢(x))) < w(L(MC(x,xo))),

where

d(x,x0), d(x, p(x
M (x, %) = max ( O)M

d(x0, d(x0)),

Definition 3.3 The mapping ¢ : x — x is said to be an L, ¢)-weak contraction if there
exist w € Q*, L € E, and xg € x such that, for all x € x,

d(x,¢x)>0 = L(d(x,¢x))) < o(L(Mc(x,%0))),
where

~ d(x,%0), vd(x, (x)) + (1 - v) d(x0, $(x0)),
Ml 20) 2 M) o, o)) + (1 — v) dix, (o), Aetodsdaste (3.1

and v € [0,1).
Remark 3.4 Take v = 0 in Definition 3.3, then Definition 3.3 reduces to Definition 3.2.

Proposition 3.5 Let (x,d) be a metric space and ¢ : x — x be an L, c)-weak contraction
with xy € x, then xy = P(xo).

Proof Suppose that xy # ¢(xp). By Definition 3.2, one gets

L(d (%0, $(%0))) < (L (M (0, %0))),
where

M B (xo,xo) d(xo, ¢ (x0)),
¢(x0, %0) = max d(xo.0 xo>>+d<xo $(x0))

d(x0, p(x0)),
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This implies that
L(d(x0,¢(x0))) < w(L(d(x0,$(x0)))) < L(d (%0, P (x0))).
It is a contradiction. Therefore, xg = ¢(xo). O

Now, we introduce our result on fixed circles.

Theorem 3.6 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # ¢(x)}. If
¢ is an L, c)-weak contraction, xy € x, and d(xy, ¢(x)) = £ for all x € Cy, ), then ¢ fixes
the circle Ciy, p).

Proof Let x € Ci,). Suppose that x € Ciyy ), ¥ # ¢(x). By definition of £, we have
d(x,¢(x)) > £. By Proposition 3.5 and (3.1), we get

L(d(x,¢x))) < o(L(Mc(x,%0))) < L(Mc(x,%0)), (3.2)

where

d(x,x0), vd(x, ¢(x)) + (1 — v) d(xo, P (x0)),
vd(xo, $(x0)) + (1 — v) d(x, p(x)), Lol rdo.d)

= max{¢,vd(x,¢(x)),(1 - v)d(x,¢(x)) }.

M. (x,%9) = max

Now, we have three cases:
(1) max{¢, vd(x, p(x)), (1 — v) d(x,p(x))} = £, then from (3.2), the definition of ¢, and the

monotony of L, we get
L(€) < w(L(£)) < L(¢).

It is a contradiction.
(2) max{¢, vd(x, p(x)), (1 — v) d(x, (%))} = vd(x, p(x)), then we have two possibilities, v =
0orve(0,1). If v =0, then from (3.2) we have

L(d(x,¢(x))) < »(L(0)) < L(0),

which contradicts the definition of L. Suppose that v € (0,1). Hence, from (3.2) and the

monotony of L, we get

L(d(x,¢(x))) < o(L(vd(x, ¢ x)))) < L(vd(x, $(x)))
< L(d(x,9())),

which is a contradiction.
(3) max{¢,vd(x,p(x)),(1 — v)d(x,¢(x))} = (1 — v)d(x,¢(x)), then from (3.2) and the
monotony of L, we get

L{d(x¢(x))) = o(L(1-v)d(x$)))
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< w(L(d(x, (l)(x)))) < L(d(x, (Z)(x))).

It is a contradiction. Therefore, ¢(x) = x for all x € Cy¢). Thus, Ci, ¢ is a fixed circle
of . O

The following is a result on fixed discs.
Theorem 3.7 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # ¢ (x)}. If
@ is an L, c)-weak contraction, xo € x, and d(xo, $(x)) = £ for all x € Dy ¢), then ¢ fixes

the disc Dy ¢).

Proof The mapping ¢ fixes the disc C(y, ) (from Theorem 3.6). Now, to show that ¢ fixes
the disc Dyy,¢), it is sufficient to prove that ¢ fixes any circle Cy, o) with ¢ < £. Letx € C(y; 0)-
Suppose that x € C(y, ¢) with x # ¢(x). From Proposition 3.5 and (3.1), we get

L(d(x,¢x))) < o(L(Mc(x,%0))) < L(Mc(x,%0)), (3.3)

where

Mc(x,xo):max{ d(x, %), v(x, $(x)) + (1 = v)d(xo, $(x0)), }

v, (o)) + (1 = )l (x, (), Ll dlnst)

¢
- max{g, v (3, $(4)), (1= V)d (3.6 (), }

Now, we have three cases:

(1) max{o, vd(x, p(x)), (1 — v)d(x, d(x)), Q—;Z} = vd(x, ¢(x)), then we have two possibilities:
v=0orv e (0,1). If v =0, then from (3.3) we have

L(d(x,¢(x))) < 0(L(0)) < L(0),

which contradicts the definition of L. Suppose that v € (0,1). Hence, from (3.3) and the

monotony of L, we get

L(d(x,¢x))) < o(L(vd(x,¢(x)))) < L(vd(x, p(x)))
< L(d(x,¢(x))).
It is a contradiction.

(2) max{p, vd(x, p(x)), (1 — v)d(x, p(x)), sz} = (1 - v)d(x, ¢(x)), then from (3.3) and the

monotony of L, we get

L{d(x ¢@)) = o(L((1 -v)d(x ¢(x)))
= o(L(d(x ¢(x))) <L(d(x $®)),

which is a contradiction.
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(3) max{o, vd(x, (x)), (1 — v)d(x, p(x)), %*} = %*, then from (3.3), the definition of ¢,

and the monotony of L, we get

Lw)sLOK%¢WD)f”(L<Q;Z))

< w(L(€)) < L(0).

It is a contradiction. Therefore, ¢(x) = x for all x € D(y, ¢). Thus, ¢ fixes the disc Dy ¢). [

Corollary 3.8 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
¢ is an L, c)-contraction, xy € x, and d(xo, (%)) = £ for all x € Cixy ¢y (resp. Dy p)), then ¢
fixes the circle Cy ) (resp. the disc Dy p)).

Corollary 3.9 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
¢ is a Ciric type L(,,c)-contraction, xo € x, and d(x, $(x)) = £ for all x € Clxo,0)(resp. the
disc D p)), then ¢ fixes the circle Ciy, ) (resp. the disc Dy ¢)).

Example 3.10 Let x = [-3,00) be a metric space endowed with the usual metric d. Define
¢: x — x by

X if —3<x<3,
P(x) =

x+2 x>3.

Then ¢ is an L,,c)-contraction. In fact, let L(¢) = te’, xy = 0, and w(¢) = % Forall x € x
such that x > 3, we have d(x, ¢(x)) =2 >0 and

—

L(d(x,¢(x))) = 2€* < —d(x,%0)e”™™ = w(L(d(x,0))).

[\)

The mapping ¢ is an L, c)-weak contraction. To show this, let L(¢) = te’, xo =0, v = %, and
W= % For all x € x such that x > 3, we have d(x, ¢(x)) =2 > 0 and
d(x,x0), vd(x, p(x)) + (1 — v)d(xo, p(x0)),
M(x, %) = max d(x,(x)) +d(x0.H(x))
d(xo, #(x0)) + (1 = v)d(x, (x)), =570

d(x, %), 3d(x, ¢ (%)),
ld( ¢(x)) x¢xo)+d(xo¢( )

d(x, d(x0)) + d(x0, p(x)) }
2

= {d(x, x0), =d(x, ¢ (%)),

|x|+|x+2|}_ | + |x + 2]
= 5 )

Also,

\x|+\x+2|

(x| + |x + 2] )e

_1>|»—l

L(d(x,¢(x))) = 2¢% <

= %Mc(x,xo)eMC("’xO) = o(L(M(x,%)))).
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We also have ¢ = inf{d(x, p(x)) : x # ¢(x)} = 2. Therefore, all the conditions of Theorem
3.6 and Theorem 3.7 (and also Corollary 3.8) are satisfied. Observe that ¢ fixes the circle
Co2 = {-2,2} and the disc Dy = [-2,2].

Next, we introduce the concepts of Reich type L, c)-contractions, Chatterjea type L(,,c)-
contractions, and Hardy—Rogers type L,,c)-contractions.

Definition 3.11 The mapping ¢ : x — x is said to be a Reich type L, c)-contraction if
there exist w € Q*, L € E, and xg € x so that, for all x € x,

dx¢x)>0 = L(d(x¢®)) <o (L (“ld("’x‘))’”zd(x’¢(’c))>) ,

+ azd(xo, d(x0))
where a1,a2,a3 > 0and a; +ay +az < 1.

Definition 3.12 The mapping ¢ : x — y is said to be a Chatterjea type L, c)-contraction
if there exist w € Q*, L € E, and xy € x such that, forall x € yx,

d(x,d)(x)) >0 = L(d(x,d)(x))) < w(L(b[d(x,d)(xo)) + d(xo,qb(x))])),
where be (0, %).

Definition 3.13 The mapping ¢ : x — x is said to be a Hardy—Rogers type L, c)-
contraction if there exist w € Q*, L € B, and x¢ € x such that, for all x € x,

d(x,¢(x)) >0 =

L(d(x ¢(X))) <w L ﬂld(x: xO): ﬂZd(x: ¢(x)) (34)
' - + azd(xo, (%0)) + asd(x, d(x0)) + asd(xo, $(x)) ) |’

where a1,as,as,a4,a3 >0and a; +ay + az +ag +as < 1.

Proposition 3.14 Let (x,d) be a metric space and ¢ : x — x be a Hardy—Rogers type
A(x,c)- contraction with xo € x, then xo = ¢(xo).

Proof Suppose that xg # ¢(xp). By Definition 3.13, one gets

L(d(x0, I a1d(xo, x0) + ard(xo, p(x0)), '
(@0, 0(00))) < “’( (ﬂsd(x0y¢(7€o)) + asd(x0, §(x0)) + asdd(xo, D))

It implies that

L(d(%0,9(%0))) < o(L((a1 + a2 + az + as + as)d(xo, $(x0)) )
< L(d(x0,¢(x0))).

It is a contradiction. Therefore, xg = ¢(xp). (]

Now, we introduce our result on fixed circles.
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Theorem 3.15 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
¢ is a Hardy—Rogers type L, c)-contraction, xo € x, and d(xo, $(x)) = £ for all x € Cy, ),
then ¢ fixes the circle Cy, ).

Proof Let x € Ciy,). Suppose that x € Ciy, ), ¥ # ¢(x). By definition of £, we have
d(x,¢(x)) > £. From Proposition 3.14 and (3.4), we get

L(d(x @) <o (L ard(x, xo) + ard(x, ¢ (x))
| B + azd(xo, §(x0)) + aad(x, ¢ (x0)) + asd(xo, P (x))

( (mz ¥ a2d<x,¢(x))))
wl|L
+azl + asl + ast
w(L((m +dy+as+dg+ ag)d(x,¢(x))))w(L(d(x,¢(x))))
< L(d(x ¢(x))).

It is a contradiction. Therefore, ¢(x) = x for all x € Ci ). Thus, ¢ fixes the circle

Clxo,0)- O

Theorem 3.16 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
¢ is a Hardy—Rogers type L, c)-contraction, xy € x, and d(xo, p(x)) = £ for all x € D),
then ¢ fixes the disc Dy, ¢).

Proof The mapping ¢ fixes the circle Cyy, ¢) (from Theorem 3.15). Now, to show that D, ¢
is a fixed disc of ¢, it is sufficient to prove that ¢ fixes any circle C(,0) with o < £. Let
% € Clxp,0)- Suppose that x € Ciy ), ¥ # ¢(x). From Proposition 3.14 and (3.4), we get

L(d(x @) <o (L ard(x, xo) + ard(x, ¢ (x))
T + asd(xo, ¢(x0)) + aad(x, §(x0)) + asd(xo, ()

) ( (m@ ¥ azd(x,qs(x))))
=wl|L
+d30 + as0 + aso
w(L((al +dy+as+dg+ as)d(x,¢(x))))a)(L(d(x,¢(x))))
< L(d(x, ¢(x))).

It is a contradiction. Therefore, ¢(x) = x. Thus, ¢ fixes the circle Dy, ). O

Example3.17 Let x = {2,3,In(2e),In(2), ln(%)} be endowed with the usual metric d. Define
¢:x —> x as

3, ifx=2,
¢(x) =

x, otherwise.

Let L(t) = te, xp = In(2), w(t) = %, a1 =dy =dz=dg = %, and as = 0. Then ¢ is a Hardy-
Rogers type L, c)-contraction. Indeed, for x = 2,

d(x,¢(x)) =d(2,¢(2)) =1>0,

Page 9 of 15
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L(d(x,d)(x))) = L(d(2,3)) =el,
and

wli a1d(x,xo) + axd(x, p(x)) + asd(xo, P(xo))
+ agd(x, §(x0)) + asd(xo, p(x))

ol 2d(x, x0) + td(x, P(x))+
B + +d(x, ¢ (x0))
t

= w(L (3 +12- ln2|))) %(3 +2- 1n2|)e%(3+\2—1n2\)'

h
TN N
Q= Ul N
+
al| =
+
| =
~
|
5
)
——
N~

Thus,

L(d(x,9(w)) < o [ £ @900 *+ 25 0(x)) + asd(xo, $x0))
A + asd (%, (x0)) + asd(xo, B()) :

We also have

¢ =inf{d(x,p()) :x # ()} = {d(2,3))} = 1.

Hence, all the conditions of Theorem 3.15 and Theorem 3.16 are satisfied. Observe that ¢
fixes the circle Cin2)1 = {In(2e), ln(%)} and the disc D)1 = {In(2e),1n2, ln(%)}.

Corollary 3.18 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # P(x)}.
If ¢ is a Reich type L, c)-contraction, xo € x, and d(x,¢(x)) = £ for all x € Cy, ) (resp.
% € Dxy,0)), then ¢ fixes the circle Ciy ¢y (resp. the disc Dy p)).

Corollary 3.19 Let (x,d) be a metric space, ¢ : x — x,and £ = inf{d(x, p(x)) : x # p(x)}. If
¢ is a Chatterjea type L, c)-contraction, xo € x, and d(xo, ¢(x)) = £ for all x € Ciy, ) (resp.
% € Dy 0)), then ¢ fixes the circle Ciy ) (resp. the disc Dy ).

4 Some consequences
Next corollaries are generalizations of fixed point results of Jleli and Samet [33] and War-
dowski [15].

Corollary 4.1 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
there exist F € F1, T >0, and xy € x such that, for all x € x,

d(x,q)(x)) >0 = T+ F(d(x,¢(x))) < F(Mc(x,xo)),

where

d(x,x0), d(x, p(x)),

M. (x,%9) = max
C d(x, § (xp)), Lot dlrndlx)

and d(xo, p(x)) = £ for all x € Cixr), then ¢ fixes the circle Cy ).
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Proof Take w(t) = e "t, L(t) = "™, and v = 0 in Theorem 3.6. O

Corollary 4.2 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # p(x)}. If
there exist 0 W, k € (0,1), and xy € x so that, for all x €y,

d(xp®)>0 = 6(d(xex)) < [0(M.lxx0)]",
where

d(x,x0), d(x, $(x)),
d(xo, P (xp)), LedEoltdbo.0()

M. (x,x9) = max
and d(xo, p(x)) = £ for all x € Ciyp), then ¢ fixes the circle Cy, p).
Proof Set w(t) := kt and L(£) = In(0(¢)) in Theorem 3.6. O

Denote by A the family of functions 8 : [0,00) — [0, 00) so that lim B(r) < 1 for every
r—tt
t € (0,00)

Corollary 4.3 Let (x,d) be a metric space, ¢ : x — x,and € = inf{d(x, p(x)) : x # p(x)}. Let
there exist a function B € A and x, € x so that, for all x € x,

d(x1 ¢(X)) S /3 (Mc(x1 x()))-Mc(x: xO)r
where

M (x X ) = max d(x’ x()) d(x; ¢(x))
o d(xo, ¢ (x0)), M
and d(xo, ¢(x)) = € for all x € Cixy,0). Then ¢ fixes the circle Cy,p).

Proof Take y(t) := B(t)t and ¢(t) = ¢ in Theorem 3.6. O

5 Results on fixed circles and discs for integral type L, c)-contractions

In this section, we discuss some results on fixed circles and discs for integral type L(,,c)-
contractions. Let Q: [0,00) — [0, 00) be a locally integrable function such that, for every
t>0,

ftQ(u)du > 0.
0

Definition 5.1 The mapping ¢ : x — x is said to be an integral type L, c)-contraction if
there exist w € Q*, L € E, and xg € x so that, for all x € x,

d(x,¢ (%)) o(L(d(x,x0)))
d(x,¢(x)>0 = / dt</ Q(t) dt. (5.1)
0
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Proposition 5.2 Let (x,d) be a metric space and ¢ : x — x be an integral type A(r c)-
contraction with xy € x, then xo = ¢(xo).

Proof Suppose that xy # ¢(xp). By Definition 5.1, one gets

L(d(x0,¢(x0))) w(L(d(x0%0)))
/ Q(2)dt 5/ Q(2) dt.
0 0

It contradicts d(xg,xo) = 0 and the definition of w and L. Thus, xy = ¢(xo). (|
Now, we introduce our result on fixed circles.

Theorem 5.3 Let (x,d) be a metric space, ¢ : x — x, and £ = inf{d(x, p(x)) : x # ¢p(x)}. If
¢ is an integral type L, c)-contraction, xo € x, and d(xo, p(x)) = £ for all x € Cy ), then ¢
fixes the circle Cy p).

Proof Let x € Ciy, ). Suppose that x € Ciy, ), ¥ # ¢(x). By definition of £, we have
d(x,¢(x)) > £. Using the monotony of L, we get

L(6) < L(d(x,¢(x))), (5.1)

hence

L(£) L(d(x,¢((x))
f Q(t)dt < f Q(t) dt.
0 0

From (5.1), one gets

L() L(d(x,¢(x)) o(L(d(xx0)))
/ Q(2) dt 5/ Q(t)dtf/ Q(t)dt
0 0 0

L(d(xx0) L)
< f Q(t) dt = f Q(¢) dt.
0 0

It is a contradiction. Therefore, ¢(x) = x for all x € C(, ). Thus, ¢ fixed the circle Ciy, ). O
The following theorem describes a result on fixed discs.

Theorem 5.4 Let (x,d) be a metric space, ¢ : x — x,and £ = inf{d(x, p(x)) : x # P(x)}. Let
¢ be an integral type L, c)- contraction, xo € x, and d(xo,¢(x)) = £ for all x € Dy, ¢, then
¢ fixes the disc Dy, ).

Proof ¢ fixes the disc Cy, ) (from Theorem 5.3). Now, we show that D, ¢ is a fixed disc
of ¢, it is sufficient to prove that ¢ fixes any circle C, o) with ¢ < £. Let x € C(y, o). Suppose
that x € Ciyy ), ¥ # ¢(x). From the definition of £ and the monotony of L, we get

L(o) < L(0) < L(d(x, ¢(x))) (5.2)

and

L(e) L(d(x,6(x))
/ Q(t)dt < / Q(¢) dt. (5.3)
0 0
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From (5.3), one gets

L(o) L(d(x.¢(x))) o(L(d(x%0)))
f Qt)dt < / Qt)dt < / Q(t) dt
0 0 0

L(d(xx0)) L(e)
</ Q(t)dt:/ Q(2) dt.
0 0

It is a contradiction. Therefore, ¢(x) = x for all x € D(y, ¢). Thus, ¢ fixes the disc Dy ¢). [

6 Applications to discontinuous functions
In this section, we give some examples of discontinuous functions and obtain a disconti-
nuity result related to fixed circles.

Example 6.1 Let 3 ={1,2,e* — 1,e%,¢* + 1}be the metric space with the usual metric. Let
us define the self-mapping ¢ : I — J by

3, ifu<e*-1,
¢(u) =

u, ifu>e*-1

forall u € 3. Asin Example 3.10, it is easily verified that the self-mapping ¢ is a Ciri¢ L ,,c)-
contractive self-mapping and C ; = {e* — 1,€* + 1}is a fixed circle of ¢. We note that the
self-mapping ¢ is continuous at the point e* + 1, while the self-mapping ¢ is discontinuous
at the point e* — 1.

Example 6.2 Let 3 = {1,2,e* — 1, ¢* + 1}be the metric space with the usual metric. Let
us define the self-mapping ¢ : I — I by

3, ifu<e*-1,
pu)=3e>-1 ife*-1<u<e

u ife*<u<e*+1,

for all u € 3. It is easily verified that the self-mapping ¢ is an L(,,c)-weak contractive self-
mapping and Cy | = {e* — 1,¢* + 1} is a fixed circle of ¢. We note that the self-mapping ¢is
discontinuous at the center e* and on the circle C,4 ;. We note that the self-mapping ¢ is
continuous at the point ¢* + 1, while the self-mapping ¢ is discontinuous at the point e* — 1
and on the circle Ca;

From the above examples, we give the following theorem.

Theorem 6.3 Let ¢ be an L, c)-weak contraction with uy € Jand 1 be defined as in The-
orem 3.7. If d(ug, p(u)) =« for all u € C,,,, then C,,, is a fixed circle of ¢. Also, ¢ is discon-
tinuous at u € Cy,, if and only if imM.(u,v) #0.

v—u

Proof From Theorem 3.7, we see that C,,, is a fixed circle of ¢. Using the idea given in

Theorem 2.1 in [46] (see also [47]), we see that ¢ is discontinuous at u € C,, if and only

if imM_(u,v) #0. O
v—>u
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7 Conclusion

We have introduced new generalized results on fixed circles and discs for Lw,C)-
contractive mappings, Ciri¢ type L(,,c)-contractive mappings, and L,,c)-weak contractive
mappings on metric spaces. We provided some results on fixed circles (discs) of integral
type contractive single-valued maps. Furthermore, we applied our main results to discon-
tinuous self-mappings that have a fixed circle. The obtained results are generalizations of
variant corresponding results in literature and are applicable to be used in other research

areas.
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