Igbal and Hussain Advances in Difference Equations (2021) 2021:350 ® Advances in Difference Equations
https://doi.org/10.1186/513662-021-03496-5 a SpringerOpen Journal

RESEARCH Open Access
®

Existence criteria via a—yr-contractive
mappings of ¢-fractional differential nonlocal
boundary value problems

Muhammad Qamar Igbal'"® and Azhar Hussain'

“Correspondence:

gamarigbaljutt@gmail.com Abstract

'Department of Mathematics, L . . o . . .
University of Sargodha, 40100 In the existing study, we investigate the criteria of existence of solution for relatively
Sargodha, Pakistan new categories of ¢-Caputo fractional differential equations and inclusions problems

equipped with nonlocal g-integral boundary conditions. In order to achieve the
desired goal, we use a—r-contractive mappings and the theory of approximate
endpoint. In the final stage, we exhibit some examples to provide the illustrations of
our theoretical findings.

Keywords: o—r-contractions; Endpoint theory; Approximate fixed point

1 Introduction

The calculus of arbitrary order, particularly the fractional order calculus, has been con-
sidered as the most useful branch of mathematics in various applied sciences and engi-
neering. In order to foster the large capacity of identities and operators introduced in this
theory, the scientist and researchers focused on modeling the variety of physical phenom-
ena involving fraction settings. The researchers have made a significant amount of contri-
bution towards the investigation of fractional differential equations (FDEs) and inclusions
(FDIs) which can be seen in [1-10] and the references cited therein. Utilizing the tech-
niques of functional analysis and fixed point theory, a huge number of writings by many
academicians have appeared, in which the existence aspects, the property of uniqueness,
and the stability analysis of solutions for a variety of FDEs and FDIs of initial and boundary
value problems are analyzed [11-14].

Almeida [15] in 2017 launched an extension of classical Caputo operator to ¢-Caputo
operator, where the kernel relies on the increasing function ¢. The ¢-Caputo fractional
derivative’s most often used advantage is its ability to gather all previously implemented
fractional derivatives. This generalized operator has the semigroup property, which is es-
sential for obtaining the solution structure. Therefore, the derivative ¢-Caputo fractional
is considered as a modified form of a derivative of fractional order. By referring to the ¢-
Caputo operator and its generalization, there are many studies which we refer the readers
to [16-22].
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In year 2014, Tariboon et al. [23] considered the following category of fractional differ-

ential equations involving nonlocal fractional integral condition:

RLpet u*(a) = Wa, (@), ae[0,M];
u*(0) =0,
M) = Y0 B (&),
wherel <o* <2, RLDgf denotes the RL-fractional derivative of order o *, ngi denotes the
Hadamard fractional derivative of order p; > 0, & € (0,M), i: [0,M] x R— R and 8; € R,
i €{1,2,...,m} with the property that > ", fﬁfl*);ll 4 MO,
In the subsequent year, Ntouyas et al. [24] studied the following class of RL-fractional

differential equations along with nonlocal fractional integral conditions of Hadamard type:

RLpg; *(a) = F(a, u* (@), a €[0,M];
u*(0) =0,
M) = 37 BIIG 1 (&),

where 1 < 0* < 2, RLDgf denotes the RL-fractional derivative of order o*, ngi denotes
the Hadamard fractional derivative of order p; > 0, &; € (0, M), ii: [0,M] x R — P(R) and
Bi €R,i=1,2,...,m, with the property that ", ’fﬁf;}} # ML,

The above theory gives us motivation and leads us to introducing the following class

of fractional differential equations involving boundary conditions in the framework of ¢-
Caputo fractional derivative:

DI u*(a) = ha, u* (@), ac] = [so,M];
w*(so) =0, (1)
M) = 37 BRI n (&),

where €D * is the -Caputo fractional derivative of order 6%, 1 < 0* < 2, RLI" is the RL-
p-fractional integral of order p; >0, §; € (so, M), h:J x R—>Rand ;e Ri=1,2,...,m.
We also explore the solutions’ existence of the following fractional differential inclusion
BVP:

D] u*(a) € Ka, u*@), acl;
w(so) =0, (2)
wH(M) =37 BREEY (&),

where K : ] x R — P(R) is a set-valued compact map.

By reviewing a broad variety of published papers concerning existence and notions of
uniqueness in the light of problems with fractional boundary values, we will see that many
authors use conventional methods based on renowned fixed point methods for obtaining
desirable outcomes in respect to solutions. Our work in the present research is novel in
introducing a new development of two ¢-fractional differential problems equipped with
nonlocal boundary conditions and then constructing new operators which belong to a
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new class of core functions. The a-admissible and «—1-counteractive maps are two ma-
jor functions of this category. Using such a broad class of functions defined on space ad-
mitting properties (P;) and (P,), we investigate the existence criteria of two BVPs (1) and
(2). Moreover, we derive another condition of the existence of solutions from the (AEP)-
property for the assumed multifunction and the aid of endpoint notion. It is notable that
our procedures for presumed problems (1) and (2) were used in few works, and we apply
these approaches to a nonlocal BVP for the first time.

The contents of the present manuscript are organized in the following way. Within the
following section, some necessary notions are mounted in the sense of a ¢-calculus. At the
beginning of Sect. 3, we supply a lemma that presents the solution of fractional BVP (1)
as an integral equation, and after that utilizing the ideas of Samet et al. [25], the criteria
of solutions’ existence of the aforementioned BVP are provided. While considering the
inclusion version of the proposed BVP, Sect. 4 deals with the solutions’ existence with
the aid of a—y-contractive functions on multifunctions and AEP-property of problem
(2). The last section is devoted to the illustration of results presented in Sects. 3 and 4 in
terms of numerical examples.

2 Preliminaries

We compile and study some basic and auxiliary concepts in the present section of this
study in the context of our analytical approach. For a function u* : [0, +00) — R, we recall
the FRL-integral of order * > 0 as follows:

RLjo* | * “la-q
10w (a):/ —
0 s L(0%)

)o*—l
w*(q)dq (3)

for a finite value of the integral [26, 27]. At this stage, we presume that n—1 < ¢* < # so that
n = [0*] + 1. The FRL-derivative of order o* for a continuous function u* : [0, +00) — R
is defined by

RL o™, * _ d\" [* (a_q)n—o*—l *
DY u*(a) = (a) ; Tooon M (9 dq 4)

for a finite value of the integral [26, 27]. Assuming pu* € ACI(R:' )([0, +00)) (a class of absolutely
continuous functions), Caputo fractional derivative is defined by
a (d _ q)n—(r*—l

P @= | oy

1w (q)dq (5)
50
for a finite value of the integral [26, 27].
Now, assume an increasing function ¢ € C"(J) with ¢’(a) > 0 for every so < a < M. Then
an integral in the sense of ¢-Riemann—Liouville of a function p* : J — R of order ¢ * de-
pending on the given increasing function ¢ is introduced as

1

RLIZ™ 1% (a) = Fo9) f 0@ (0@ -0@)" 1 (q)dg (6)

provided that the RHS of (6) is finite-valued [27-29]. Observe that, if ¢(a) = a, the ¢-
FRL integral (6) becomes classical FRL-integral (3). The ¢* ordered ¢-FRL derivative of a
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continuous function ©* : [0, +00) — R is illustrated as

*, 1 1 d " a —o*-1
RLD(T HOS — - / ’ _ n-o % d ”
71 (a) Fo—o)\g@as) ). ¢ (@) (¢(@) - ¢(q)) 1w (q)dq 7)
provided that the RHS of (7) is finite-valued [27-29]. Likewise, if ¢(a) = a, it would be
apparent that the ¢-FRL derivative (7) becomes classical RL-derivative (4). Motivated by
such operators, Almeida proposed the following formula of a new Caputo derivative of

@-variant:

a

C o'’ *
D% ¥ =—-
o 1 (a) Tn—o) )y

0@ (9@ -9(g)"" " ( nw*(q)dq (8)

1 4\
¢'(q) dq)
provided that the RHS of (8) is finite-valued [15]. It is noteworthy that if ¢(a) = 4, the
@-Caputo fractional derivative (8) becomes classical Caputo derivative (5). In the follow-
ing lemmas, we can observe some interesting properties of the ¢-fractional operators of
Caputo and Riemann-Liouville sense.

Lemma 2.1 ([15, 27-29]) Suppose that o*, 0*, and B* are positive, an increasing function
@ € C"(J) with ¢'(a) > 0 for any a € ]. Then

(i) I (e ) @) = (I ) @),

* * r * 1 o* 4 B*
(2) 15 (pl@) - pls0))” =mﬁ7l;jl)(w(a)—<p(50)) "
*, * F * 1 *_ g
i3) D5, (pl@) ~ pls0))” =%(w(a)—w(&)))ﬁ (B*>07),

(14) RLD?O*;w(RLIS%*;(pM*)(a) _ (RLIQ*—(T*;(pM*)(a)’ (O'* < Q*)

S0

Lemma 2.2 ([15]) Assume o™ € (n—1,n) and ¢ € C"(J) a nondecreasing function with
¢'(a) > 0 for every a € J. Then, for any u* € C*1(J),

*, *. S 8 w ‘ d
(D ) @) = (@) - (wy,ﬂ (ple) =gt} (8‘” i ﬁ £>'
j=0 '

In light of the aforementioned lemma, the authors have checked that the series solution

of the homogeneous equation (CDfO*;wu*)(a) =0 are demonstrated as follows:

—_

n—

wHa) = K (ea) - p(so))

S 3 \H.
*
(=]

+ K (@) - p(s0)) + K3 (9(@) — 9(50))” + -+ + ki (9(@) — 0(s0)"

where n—1<o* <nmand ki, &}, ..., k5, e R[15].
Regarding (N, || - ||) a normed space, the classes Pcr(N) (closed), Ppn(N) (bounded),
Pcp(N) (compact), and Py (N) (convex) consist of a respective form of the subsets of N.

Definition 1 ([30]) Consider v : R — R as a real-valued function and v as a multifunc-
tion.



Igbal and Hussain Advances in Difference Equations (2021) 2021:350 Page 5 of 22

(i) Fisus.con N if F(v*) € Pcr(N) for any v* € N and also a neighborhood Njj of v*
exists subject to F(N§) €V for V C N in which V is an arbitrary open set.
(i) A real-valued map v : R — R is upper semi-continuous such that

limsup, . ., v(s,) < v(s) for each {g,},>1 with ¢, — ¢.

Definition 2 ([30]) A metric attributed to Pompeiu—Hausdorff H : (P(N))? — R U {oo}
is defined as

Hd( T,Q;) =max{ sup d(q*{,Qﬁ), sup d( ’{,qﬁ)},

a1€Q] 43€Q;

where d is considered to be the metric of N and also d(Q7,43) = inf;:cq: d(q7, 45) and
d(q7, Q3) = infyzeqs d(q7, 43)-

Definition 3 ([30]) For F: N — Pcp(N) and vy, v; € N, let the following inequality hold:
Ha(F(v1), F(ua)) < £d(vy, o).
Then F is said to be: (H1) a Lipschitz map if £ > 0; (H2) a contraction if 0 < £ < 1.

Definition 4 ([30]) An element u* € N is termed an endpoint of a multi-valued function
L:N — P(N) whenever we get L(t*) = {*}. The multi-valued map ® has an approximate
endpoint criterion (AEP) if

inf sup d(u},u3)=0.
HIEN user(u})

Definition 5 ([30])
(i) ®:S xR — P(R) is Caratheodory if ¢ — ®(c, u) is measurable for any # € R and
ur> ®(g,u)isus.cforae ¢ €S.
(ii) A Caratheodory multifunction @ : S x R — P(R) is L!-Caratheodory if, for any
n>0, u, € L'(S,R,) exists subject to | ®(s,u)| = sup.cs{lv]: v e (s, u)} < puy(s)
for all |#| < 1 and for almost all ¢ € S.

We will use a particular set of functions and properties that are relevant to the argumen-
tative purposes of this article. This mapping category was first defined by Samet, Vetro,
and Vetro [25] in 2012. Regard W consisting of all nondecreasing functions v : [0, 00) —
[0, 00) such that, for every a >0, Y oo, ¥"(a) < o0 and and « : N> — Rx,. [25] The self-
map T on (N,d) is regarded as e-admissible if (T}, T3) > 1 whenever a(uj, 1u3) > 1
and is ¢ - -contraction

a(ph, ws)d(Tus, Tus) < v (d(i 1))

for every uj, u5 € N. Moreover, the normed space N admits that (P,) if {¢}},>1 is any
sequence in N with a(u}, %, ;) > 1 and p}; tends to u*, for every n > 1, the inequality
a(u), u*) > 1 follows. A generalized version of a—-contraction was given by [31, 32].
Karapinar et al. [33] proved some new fixed point results concerning «— -contraction
and applied them for the existence of solution of FDEs.
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After the notions presented by Samet et al. [25], next year, Mohammadi et al. came up
with another classification of such maps generalizing the previous one [34]. The set-valued
map L having bounded and closed values on N is regarded as «-admissible if, for every
ui € N and uj € L, a(uy, u3) > 1 whenever a(ui, u3) > 1 for every uj € Luj and is
o—yr-contractive if

oy 1) Ha (L, Ls) < (d(uis 1))

for every member p}, u5 € N. Moreover, the normed space N admits that (P3) if {1}},>1
is any sequence in N with a(u}, u),;) > 1 and ), tends to u*, there is a sequence {1}
containing a subsequence {u}; J satisfying or(u; " ©*) > 1 for all natural numbers k.

Our claims are based on the following theorems until the conclusion of this study.

Theorem 1 ([25]) Regard (N,d), a complete metric space, € V¥, a real-valued map o on
N?2. Regarding a self-map T on N as a-admissible and a—r-contractive with a (g, Tus) >
1 for some pf € N together with N admitting property (P1). This yields that a fixed point
of the map T exists.

Theorem 2 ([35]) Regarding N a complete normed space, operators T, and T, defined
on a bounded, convex and closed subset B # () of N confirms that, for every ui, s € B,
T} + Topl € B, operator T, is continuous and compact while that of T, is contractive.
Then there is a member w* of B with Ty} + Topl = p*.

Theorem 3 ([34]) Regard (N,d) a complete metric space, € V, a real-valued map o
on N2. Regard a bounded and closed set-valued map L on N as a-admissible and o— -
contractive with a(uy, u7) > 1 for some pu§ € N and pyj € Ly together with N admitting
(Py). This yields that L possesses a fixed point.

Theorem 4 ([30]) Regard (N, d) a complete metric space, W € V is upper semi-continuous
together with liminf,_, «(a — ¥ (a)) > 0 for a > 0, a bounded and closed set-valued map L
on N admits the inequality Hq(Lpy, L) < w(d(ui, n3)) for every pui, us € N. This yields
that the map L follows the approximate endpoint property iff there exists a unique endpoint

of it.

3 Fractional ¢-BVP (1)

In the current situation of study we are beginning to pursue the basic deductions of a
potential solution of problem (1) via nonlinear methods in the theory of fixed point of
an operator under consideration. In respect of achieving the goals, regard N = {u*(a) :
w*(a) € C(J,R)} a Banach space supplied with ||u*|lx = sup,; |11*(a)| for all u* € N. The
solution of the suggested problem (1) is presented in the next lemma in the form of an
integral equation which helps us to present the existence criteria.

Lemma 3.1 Let ®* € C(J,R) be the continuous function, then the function u*(a) € N isa
solution for the boundary value problem

DY Y (a) = ¥*(a), ac;
/’L*(SO) = O)
wHM) = Y1 BREEY nx (&),
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if and only if u*(a) is a solution for the following:

M*(a) :RLI(K)’*:‘PCD*((Z) M[RLIG ‘”(D*(M) ZﬁRLlpl+a ¢¢*(El)i|

A
i=1
Proof Let u*(a) be the solution of BVP. Choose ky, k1 € R such that
wa) = RLI” Y D*(a) — ko — ki (¢(a) — ¢(so)).
By using 14(so) = 0, we have ky = 0

w(a) =g *(a) — ki (p(a) - ¢ (s0))-

)

(10)

(11)

Operating fractional Riemann—-Liouville integral having order p; > 0 for (11), we have

(p(a) - so(sO))"’f+1
I'(p; + ’

RL[(I)U:‘PM*((Z) RLIPH"T $ q)*(d) kl

%- pi+l

RS0 () k(M) — pls0) = 3 BRI 0 6) - klzﬁlr(p
i=1 i

Thus

pi+l
[(«p(M) 9(s0)) - Zﬂlr(pl 2)} RLI™ % (M) — ;ﬁ”ﬂ‘”“’ (g

implies that

gpl-%-l

A = (p(M) - p(s0)) Zﬁlr(pﬁz)

1 * = i+
k= — [RLIS Yot - BT ‘”cb*(s,-)},

i=1
%0 N _ RL70%0 1% (p(a) = ¢(s0)) | rr %, = RL ppi+0™,¢ %
wHa) = MG @M (a) - S | M M) = Y I (&) |,
i=1

where A is defined in (15).

Throughout this work we use the following:

RLIg*#Fh(a, /’L*(ﬂ)) —

“ ’ o*-1 %
eD) fso ¢ (@) (p@) - o(@)” ~ hl(g, 1" (q)) dg,

§i ot
0" (@) (9E) - 0@)"" "h(g, ¥ (@) dg,

RL ppi+0™* ¢ 1
17 (& nt (&) = Torro ).

where &, €J,i=1,2,...,m.Let N = C(J, R).

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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We define the operator 7: N — N by

(¢(a) — ¢(s0))

Tp(a) = ™15 h(a, (@) - ==

[RLI;; OR(M, (M)

- Z ﬂiRngiw*’wh(%‘i, M*(éi))] . (20)
i=1

It is noted that BVP has a solution if T has a fixed point.

For the sake of convenience in writing, we set

(lpM) = @(s))”" (I(@(M) = (s0))])° "1

= C(o*+1) |AIT(0* +1)
= m(|((M) — p(so)) e+
13 e ey
Q, - ||)7*||(|§0(M) - (p(So)|)G 1 + Z B IITI*||(|<P(M) _(p(SO)Dpia + (22)

AT (o + 1) AT (p; +0* + 1)

i=1

Theorem 5 Lety € ¥, G:R?> — R bea mapping, h:] x N — N be a continuous function,
suppose that
Cr: [hla, 1 (@) - hla, w3(@)] < Ay (1 - i) for all w15 € N and

G((uj 13)) = 0.
Cy: There exists jug € N such that
G((13(@), Tri(@)) = 0
forallae], and
G((1}@, n3@)) = 0
implies
G((Twi(@), T(@)) = 0

Sorevery uj,us e Nandac].
Cs: For every sequence {{t}},>1 in N with u), — p* and

G(un(@), i1 (@) =0

foreveryn e Nand a €], we get

G((us(@), u*(@)) = 0.

Then at least one solution of problem (1) exists.

Page 8 of 22
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Proof Assume ui, 5 € N such that G((u](a), u5(a))) = 0 for alla € J. Then

| Twi(a) - Ty(a)

w(q)(so(a) 0@)” "'h(q, 15(@) - h(g, 13(@)| dg

=T J,

% / ¢'@)(e) - @) [h(a.11@) - h(a.153() | dg
)
Zﬂl |A|r(p +o*)

& N
% f ¢ @) - 0@)" " 1@ @) - ha 13@)| dg

=T ). <p’(q)(<p(a)—w(q))“*'lw(\u’f - w3]) dg
)»*I( ( (50))] oo .
TATF s f ) —o@)” v (|ui - wi))dg
"L M le(@) - elso)l [, e o
+Zﬁ;% i ¢'@)(eE) - 0@)"" v (|u - 13]) dg

i=1
VY (lt = i@ — elso)) 2 - s (p(a) - @(so))))7+
= ['(c*+1) AT (o* +1)

Y lug - w3 (@@ - p@))e !
|AIT (p; + 0% +1)

+ Zﬁi
i=1
Y (o) - @(so))” (1(9M) - g(so))))°
N C(o*+1) AT (o* + 1)

m(|(p(M) — ¢(s0))|)Pi*e 1
AT (p; +0* + 1)

+Y B ¥ (i - w3])-

i=1

Hence, |Tuj(a) — Tui(a)| < 12"y (lluy — will). We regard a nonnegative function o on

N x N by

. 1 it G((ui(a), u3(@) = 0,
(“1’ 2)=

0 otherwise

for all ui, u5 € N. Then we have a(uf, u3)d(Tus, Ts) < w(d(uy, 13)) for all uj, u3 € N,
which indicates that the operator T is an «—1 -contractive type. In addition, one can easily
verify that T is «-admissible and 1 < (1§, Tug). Further, assume that a sequence {u};} in

N tends to pu* with 1 <« (u}, uy, ;) for all n. Due to the structure of «, it implies that

G((M::((l), M;:Jrl(ﬂ))) >0

Due to assertion (C3), we have

G((uy(a), u*(@))) = 0,

Page 9 of 22
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which asserts that a(u), u*) > 1 for all n. Therefore N admits property (P;). Theorem 1
is thus applied, and we find that the operator T possesses u* € N as a fixed point, which
in turn is a solution of the proposed BVP (1). The proof is complete. d

Theorem 6 Regard a continuous function h:] x N — N. We assume the following:
Cy: A continuous function L* on ] exists such that

(e 113) = B 15)| = L@ 11 - 3]

foralla e] and ui,puy € N.

Cs: There exist a continuous function n* : ] — R* and a nondecreasing function  : ] —
R* such that

h(a, 1) <n* @y (|if])

foralla € J and uy € N. Then the fractional BVP has at least one solution whenever
K* = ||L*||S2y where ||L*|| = sup,; |L*(a)|.

Proof Let |[n*|| = sup,; [n*(a)| and € > |[m*|||[n*[|21 Let us define a set V, = {u* € N :

[l*|l < €}. It is easy to verify that V¢ is a nonempty, convex, closed, bounded subset of
Banach space N. We now define two operators 7! and T2 on a set V, by

T u*(a) =

/ ¢ (@ (9@ - 9@)” "h(g 1 (q) dq (24)

0

1
['(o*)

— M %
Ty (@) = X0 [F(;) @)~ o(@) " hla,n (@) dg

- 1 i ’ j+o*— %
+ ;@W ; ¢'(q)(p(&) - w(q))p 1h(q, ©w*(q)) dq:|. (25)

Forall a €], put ||m*|| = sup,; ¥ (| (@)]), for uj, u; € Ve we have

| T wi(a) + T*uj(a)|

1 ¢ / o*-1 %
- ['(o*) /So 2 (q)(‘P(ﬂ) —w(q)) |ﬁ(q,p,1(q))|dq

—_ 1 M .
so(a)MTn(sO)[r(a*) / @) 0@ e 2@ da
m 1 Ei , Pi+o_*_1 .

+;ﬂir(pi+o_*) : @' (@) (e(&) - 9(q)) Ih(q,uz(q))ldq}

a

1 ’ o¥-1 4 *
roy ). ¢ @@ =-¢@)" " @ (i) de

=

_ 1 M o=
w(a)mr(%) |:F(o*) / '@ -9@)" @V (|13(@)]) dg

- 1 i / o ¥ -1 "
+;ﬁi4ﬂpi+a*) : ¢'@(eE) - @)™ (q)W(!,uz(q)qu:|
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In* | l@(M) — (50" cin I leM) = p(so)|” .
< e v (lw D + PR ()
In* |1 (M) — @(s) [P+ 1 \

" nrprra eV UED

i=1

m

= [l u]m ] <e (26)

Hence | T*ui(a) + T?ui(a)| < €, which implies that |7 i} (a) + T?u5(a)| € V. By hypoth-
esis, the function & is continuous, which thus implies that the operator T" is continuous.
Moreover,

1 a oF
@) < 1o / @) (0@ - 0@)” " h(g1*(@)] dg

a

I'(0*) Js

_ Il e (M) — p(so)l”
- I'(o*+1)

=

¢ @ (p@ - 0@)” " @v (1] dg

(27)
for all u* € V.. Hence,

Il 11" [l (M) — ¢(50) |
[(o*+1)

7w @] <

’

which implies the uniform boundedness of the operator T! on V. Over the next move,
we would pursue that 7! as a compact operator on V.. To achieve this, we take a;,a; € J
with a, > a1, thus we have

| T w*(a2) - T *(an)|

az

¢ (@ (p@) - 9@)” " |h(g 1" @) dq

B I(o*) Jy
Ty ), Y@@ —0(@)” (g 1" (@)| dg
- F(ir*) ¢ @[(e(a2) ~0@)” " = (pla) - ¢@)" " ]|hlg 1" (@)] dg

+

1 “ ’ o*-1 *
o | Y@@ - @) e @) g

ai

ai

<
I'(o*) Js

¢ @[(¢(@) - 0@)" " = (@) - o@)” v (1 @)|dg

1 “ ’ o*-1 *
+ F(o*)_/ 9@ (a2 - (@) ¥ (1" (@)| dq

ai

X F(!,nz +”1) [-(o(a2) - §0(a1))0* + (p(as) - go(so))a*
~ (@) - 9(s0)” + (pla2) - plar)” ]
X r(!,n: +”1) [(‘/’(ﬂz) - (P(So))a* - (‘P(ﬂl) - ‘P(so))a*], (28)

Page 11 of 22
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which implies that |T'u*(ay) — T'u*(a1)] — 0 as a; — a,. Thus T? is equicontinuous
and is relatively compact on V.. The operator is now compact due to the application of
Arzela—Ascoli theorem. In the last stage, we intend to show that T2 is contractive:

| T (a) - T ps(a)|
_le@-oGo)l| 1 ™
- [A| [(o*) Jy

0@ (M) - 0(@)” Mg 11 @) - Mg 13(@)| dg

m 1 & ot . .
+;&W ; 0 (@) (&) - o))" llh(qlul(q))—ﬁ(q,uz(q)ﬂdq}

- lp(a) — @(so)
- [A]

0

1 M / o*- * * *
x [mfs 0" (@) () - 0@)” " @|[v (@) - v (|13(9)])] dg
" 1
+;'Bi—r(pi+0*)

i j+o*—
X/ ¢ (@) (p&) - o) 1|n*(q)|[1//(lu’f(q)\)—W(\Mﬁ(q)})]dq}

S0

B ||n*|||wf—u;||go<a)—<p(50)|[ 1 =

< o o ). ¢ (@) (M) - 9(q))

“ 1
+;ﬁir(l’i+<7*) ./so

5[“n*ﬂ(kp(M)—w(So)l)"m+i /3,”'7*”(|¢’(M)—¢(so)|)Pi+a*+l:|| C sl

i

¢ @ (p&) - o) dq}

IAID(0" +1) T AN v o + 1) M

< |uf - i), (29)

which implies that
| T?wi(a) - T*wj(a)| < Qo|uf - wjl.

Therefore, the operator T2 is contractive on V, with constant 2, < 1. So BVP (1) has at
least one solution. O

4 Fractional ¢-BVP (2)

We will discuss the existence of solutions to problem (2) in this section. We recall a func-
tion u* € Cy(J, N) is announced as the solution of problem (2) provided that it follows the
boundary conditions, and there exists a function u* € L!(J) such that u*(a) € K(a, u*(a))
for almost all 2 € / and

a

(@) = % ¢ (@ (0@ - 0@)” " 1" @)dg

o*) 50

¢ @ (eM) - 0(9)” 1 (@)dq

p@-pGo)| 1 M
A L(o*) Jy
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m 1 §i p‘-HT*—l
— / ) — i * d
+ ?1:’3 Fpi+on) )y, ¥ @) (&) - 9(@) 1 (q) q}
for all @ € J. For each u* € N, we demonstrate the selections’ set of K by

Skux = {,u* eL'()): u*a) € K(a, ,u*(a)) for all most all z € ]}.

Assume the operator L : N — P(N) by

L(u*) = {r € N : there exists u* € Sk ,,» such that r(a) = 7 (a) for all a 6]},

a

0@ (9@ -9@)" (g dq

NGO

— 1 M o*—
) A¢‘“‘°))[F(G*) @) @) " @) dq

" 1 & o
+;ﬂim s ¢ @(pE) - @) 1#*(q)dq].

Theorem 7 Regard a set-valued map K : ] x N — Pcp(N). Suppose that

Cs: The set-valued map K is bounded and integrable with the property that K(-, u3) :

] — Pcp(N) is measurable for uj € N.
Cy: There are a member w € C(J,[0,00)) and a map € V such that

_ w(a)r*

Ha(K (@, 17), K (a 113)) < W‘/’(Wf - ui)

forallae] and MT,/L/’{ € N, where A* = Q%

Cg: There exists a function G : R x R* — R such that G((i}, 1)) > 0 for all u}, 1 € N.

Co: A sequence {1} of points of N such that ), — w* and
G((13(@)s 1 (@) 2 0
foralla € ], n> 1, there exists a subsequence {/L;';]_} of {u} with
G((uy, (@), 1" (@)) = 0

forallae]and1<j.
Cio: There are elements u§ of N and r of L(ug) with

G((ng(a),r(@)) =0

forall a € ], where the operator L : N — P(N).
Ci1: For every member u* of N and r of L(*) such that

G((1" (@), r(@)) =,

(30)

(31)

(32)

(33)

Page 13 of 22
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an element w* of L(*) exists such that
G((r(a), w*(a))) >0
forall a € J. Then BVP (2) has a solution.

Proof Eventually, the point fixed by the map L is characterized as a solution of BVP (2).
For all u* € N, the set-valued map a — K(a, u*(a)) is closed-valued as well as measurable,
so there is a selection of the map K which is measurable and the set Sk ,+ is nonempty.
We would prove that L(u*) is closed as a subset of N for all u* € N. Assume a convergent
sequence {u)} of points of L(1*) tending to u*. Corresponding to every #, an element
My € S+ exists such that

a

1
I'(o*) 50

wia) = 0@ (p(@ -9@)” "Tulg)dg

p— M *
(@ </)(So))|: 1 ¢ @0 - 9(@)” "Yulg)dg

A Lo*) Js,
m 1 &i , o
+ ; ﬂiw ; 9'(@)(p&) - o) "Y.(q) dqi| (34)

foralla € J. Since the values of K are compact, on the basis of this observation, we consider
a subsequence of {*} that tends to 1* in L!(J). Hence, u} € S+ and

a

I'(0*) Js

(pla) - (s0))| 1
A

¢ @ (0@ - 9(@)” "T(g)dg

(@) — pn*(a) =

M ’ o*-1
fo J, Y@@ -v@) Y@

m 1 & , o
* ;ﬂim /S i 0@ (pE) - o@)"™ T dq} (35)

for all a4 € J, which implies u* € L(u*), and so the values of L are closed. Since the set-
valued map K is compact-valued as well, it is indeed simple to demonstrate that L(u*) is
bounded for all u* € N. We have to show that the set-valued map L is «— -contractive.
To do this, we regard

L 1 if G((u*(a), u*(a))) > O,
NSE (36)
0 otherwise,

for all u*, ;1* € N and rie L(14*), choose Ui € SIW/* such that

1 . ¥
= m/s ¢'(@)(p@) - 9(@)” " Tiq)dq

0

— M *
_ @) (p(SO))[ ; 0@ (e - 9(@)” " Ti(@)dg

A I'(o*) Jg,
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fi *
0" (@) (9E) - @) () dq} (37)

0

“ 1
+;ﬁir(pi+0*) Kt

forallae].

w(a)r*
lwll

Hy(K (a, 1*(@), K (@, 1(a)) < v (|ut - ui)) (38)

for all u*, u* € N with G((u*(a), u*(a))) > 0 for all a € J. Therefore, an element 7 €
K(a, 1*(a)) exists such that

’MT(ﬂ) —n’ - w(a)\*

v (|wg - i) (39)

el
Now assume a set-valued map B* : ] — P(N) which is given as follows:

w(a)\*

lleoll

B*(a) = {n EN: |MT —n(a)| <

(s - i) |

for all a € J. Notice that the set-valued map B*(-) N K(a, u*(a)) is measurable because p}

and 7 =2

I(IZE\/IX* A ,u’{ |) are measurable. Now let u3 € K(a, u*(a))

)\'*
ita) - @) = 2

v(|ut - 3)) (40)

for all a € J. Let us define r; € L(a) by

1 a
CT(o*) Jy

_ 1 M o¥—
_(w(a)Ago<so))[r(a*) / ¢@ (0 - (@) " alq)dg

“ 1
+ ;&‘4[,% T o) /

30

ri(a) 0@ (p@ -0@)” "Taq)dg

& *
' (@) (0(E) - @)™ " 1a(g) dq} (41)

foralla €. Let sup,; |w(a)| = |l@|, then

1 a o*—
I -l = v fso ¢ @(e@-9@)" " ["1(q) - T2(q)| dg
- I o=
_(o@ A¢(so)) [F(o*) [ a0 - @) 1] g

" 1 &i e
+ ;'Biw g ¢'(@)(9&) - 9(g)” 1|T1(q) - Ta(q)| dqj|

_ (o@D — ¢(s0))”"
[(o*+1)

(1) — p(s0))])”
|AID(c* + 1)

p A*
* gk
oy (o =i )7
)\’*
ol

leollr (| s* = %))
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L, m(|(9(M) — p(so)) P+ P
+;ﬁi ryerr e U e

| (o) = (o)1) . (M) — p(s0))])” !
B [(o*+1) AT (c* + 1)

m _ i+o*+1 . *
R (ALl }wa(”lﬁ i)

= |AIT(p; + 0% +1) ol
, A*
=Q ok
el (| =) ol
= Qua (| - i) (42)

Thus o (p*, ) Hg(L(w*), L(*)) < ¥ (l|w* — 1*]]) holds for all u*, 0* € N, which implies
that L(u*) is an a—-contractive set-valued mapping. Now, let 1* € N and 11* € L be two

functions such that a(u*, ;*) > 1. In this case,

G((1* (@), u*(@))) = 0.

So, there exists a function 7 € L(i*) such that

G((1*(a), (@) = 0.

This follows that a(/i*,n) > 1, which implies that the operator L is «-admissible. Now,
suppose that u§ € N and W e L(pg) are such that

G((ui(a), 1)) = 0

for all 2 € J. Then we have a(u, W) > 1. Let {n}} be a sequence in N such that ), — u*
and o), ), 1) > 1 for all n. Then we get

G((13(@) 15 @) 2 0.

By using Cy there exists a subsequence {M;;/,} of {uu}} such that

G((uy, (@), 1*(@))) = 0

for all 2 € J. Thus a(u}, u*) > 1 for all j, which implies that the Banach space N admits
(P,). As a conclusion, Theorem 4 is proved, therefore the mapping L admits a fixed point
which is the solution for BVP (2). O

Theorem 8 Let K :] x N — P(N) be a set-valued mapping. Assume that
Cia: There exists a nonnegative function v : [0,00) — [0, 00) which is nondecreasing up-
per semi-continuous such that liminf_, oo (a — V¥ (a)) > 0 and Y (a) < a for all a > 0.
Ci3: The multifunction K : ] x N — P(N) is bounded and integrable with K(-, uj, i3 :
] — P(N) is measurable for all u5, w5 € N.
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Cia: There exists a nonnegative function w € C(J, [0, 00)) such that
53 (K (1) - K@) = @) (1 - %)

Sor all uj, /i*l eN.
Cis: L admits the approximate endpoint property. Then there exists a solution to BVP (2).

Proof We ought to prove that the set-valued mapping L : N — P(N) has an endpoint. In
the beginning, we have to make sure that L(u*) is closed for all u* € N. Since the map a —
K(a, u*(a)) is measurable and is closed-valued for all u* € N, the map K has a measurable
selection, and so Sk« # @ forall u* € N. Following the method given in Theorem 7, we can
easily show that L(*) is closed. Moreover, the boundedness of L(1+*) can be verified since
the map K is compact. At last, we can easily observe that the inequality Hy(L(u*), L(7)) <
Y(||w* — m]) is satisfied. Suppose that u*,7 € N and r{ € L(;r). Choose u} € Sk such
that

a

r
['(0*) Js

*
1

¢ (@) (0@ - 0(@)” ""i(q)dg

— M *
_(vla) ‘”(SO))[ 1 ¢ @ (M) - 9(q)” " "1(q)dq

A I'(o*) Js,

m 1 §i , ot
+;5iml ¢ (@) (p(&) - o(@) ITl(fl)dqi| (43)

0

for all a € J. Therefore,
Hy(K (a, u*) - K(a,7(a))) < o(@r*y (|u* - ])
for all a € J, there exists @™ € K(a, u*(a)) such that
|ui(a) - w| < orty(Ju - ).
Assuming a set-valued mapping O* : ] — P(N)) defined by
0*(a) = {u* €N : |11 = T(@)| < w(@r* Y (|1*(@) - w(@)]) }. (44)

The map ] is measurable and ¢* = w(@)A*y(|u* — |), therefore, the set-valued map
O*(-) N K(a, n*(a)) is measurable. Now we choose uj € K(a, t*(a)) such that

T1(@) - 1) = wla@) o ¥ (11 )
1

for all a €]. Select r; € L(u*) such that

a

@)= [ @@ -e@) T dg

(%) 50

(¢(a) — 9(s0)) [ 1M

’ o*-1
X Fon ). @' (q) (o) - 9(q))” " Y2(q)dg

Page 17 of 22
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“ 1 §i pi+o¥-1
— ' ) - 7y (g)d 45
+ ;ﬁ Tpi+o9) )y, ¥ (@) (¢(&) - ¢(9)) 2(q) q} (45)
for all a € J. On the lines of Theorem 8, we get

||rf —-r || = sup|rf(a) - rﬁ(d)\
ac]

< @AY ([ - )

“u (i) 46)

Hence, Ha(L(*),L(r)) < ¥ (| u* — i*|) for all u*, u* € N. By using (C;5) one can easily
find that L has the endpoint property. Now, by using Theorem 4, there exists u* € N such
that L(u*) = {u*}. This implies that u* is a solution of BVP (2). a

5 Examples

Example 1 Consider the boundary value problem

C ~1.79.exp(a+1) _ acos(a)|pu*(a)| .
D, w*(a) = (@)’ 2€ [0,1];
w*(0) =0,

(1) = 0.71REL) O (0 37) 1 0.85RE1) PP % (0.39),

where a € [0,1], 0% =1.79,50 =0, M =1, M =2, p; =1.69, p, =1.93, & =0.37, & = 0.39,
L =0.71, By = 0.85. Here, DX72**@* V) denotes the fractional derivative of the Caputo
0 p

Figure 1 Graph of the function h(a, u*) M

Figure 2 Graph of the function 535 ¥ (|10*|)
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Figure 3 Comparison of the inequality fi(a, u*)
< ¥t ‘

type of order 1.79 and *LI" denotes the fractional integral of the Riemann-Liouville type

acos(a)|pn*(a)|

3400+ @1 We have

of order p;. Let the continuous mapping be defined by fi(a, u*(a)) =

[(a uf{(a)) ~ @, 3 (a))]

= 340 ‘Ml Hz’
Put n*(a) = 335 for all a € [0,1], then [|n*|| = 0.00295. Consider the continuous and non-

decreasing function ¥ : [0;1] — R* defined by y/(a) = a for all 2 € R*. Then we have
h*(a, u*(a)) < 535¥(In*]) (see the comparison of Fig. 1 and Fig. 2 which is presented in
Fig. 3). Then we have A = 1.6094 2; = 5.0139, 2, = 0.0098 < 1. Now, by using Theorem 6,
BVP has a solution.

Example 2 Consider the boundary value problem

C ~1.3.exp(a/2) exp( %+1) /7 cos(coth(a)) |, asin(a)|u*(a)| .
DO w*(a) € [0, 30 + 2+exp(a) 126(a+7) l, ael0,3];
w*(0) =

©w*(3) = 0. 69RL11 37.ex000) | 1+(0.37) + 0.72RL 3 PC9) 1 %(0,38),

where 0* =1.3,50=0,M =3, M =2, p; =137, p, = 1.82, & = 0.37, & = 0.38, B; = 0.69,
B2 = 0.72. Here, CDI'B’CXP @) denotes the fractional derivative of the Caputo type of or-
der 0.3 and RE)37®(@? RL[182X0@R) qopotes the fractional integrals of the Riemann-—
Liouville type of orders 1.37 and 1.82. Let the continuous set-valued mapping K : [0, 3] x

3 *
R — P(R) be defined by K (a, i1*(a)) = [a, eXp(g,{)E”) + ﬁch:i;(z;h)(“)) + ““1"2(6 L’i;ﬂ ). For p*, i} €

R, we have

Hm@@w%K@%w»

IA

[|sm(ﬂ1(a)) sin(u3(a)] ]

c\|& 0\|&

32
tﬁ(lu’{(a) - ui(a)|)

IA

< 9@ (1@ - 15(@)) o 47)
1
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Choose the nonnegative function w € C([0, 3], [0, 00)) defined by w(a) = & foralla € [0, 3].
Then ||o|| = % = 0.047. Also, consider the nonnegative and nondecreasing upper semi-
continuous function ¥ : [0,3) — [0, 3) defined by ¥(a) = § for almost all a > 0. It is clear
that lim,_, o inf(a — ¥ (a)) > 0 and ¥ (a) < a for all a > 0. Then we have H;(K(a, ui(a)) —
K(a, pi(a)) < ola)y(|ui(a) - ,uj(a)DQil. Then we have Q; = 27.2258, A = 3.4493, \* =

0.0367. Consider the operator L : N — P(N) by

L(/L*) = {r € N : there exists u* € Sk« such that (a) = 7w (a) for all a € [0, 3]}, (48)

where
1 (e, ,
n(a) = mfo ¢'(q)(¢(@) - 9(9))° Y(g) dq
-1 1 3
. (Z(ZL%)L(LS) / 0@ () - 0(@) "> Y (g)dg
2 1 i pi+0.3
i / i _ i . * d .
+20:ﬁ—r(p,»+1.3)/0 0 (@) (&) - (@) 1" (q)dq (49)

Now, by using Theorem 8, BVP has a solution.

6 Conclusion

A number of natural phenomena emerging in science and technology are modeled by frac-
tional differential equations (FDEs). The present study deals with a novel class of ¢-CF
nonlocal BVP in the fractional ¢-Caputo sense equipped with ¢-RLF-integral nonlocal
boundary conditions. We considered the class of admissible mappings w.r.t. to the map-
ping o equipped with a nondecreasing control function and proved the solutions’ exis-
tence of fractional ¢-BVPs (1) and (2). The requisite criteria for the existence of solution
corresponding to the inclusion version of ¢-BVP have been explored utilizing the AEP-
property. Finally, several simulative examples have been developed to validate research
findings. Indeed, one can consider more complex FDEs and FDIs involving ¢-Caputo frac-
tional derivative and even some other fractional operators with the variety of boundary
conditions and can prove the solutions’ existence using fixed point theory and functional

analysis.

Acknowledgements
Authors are grateful to anonymous referees for their valuable suggestions.

Funding
No funding available.

Availability of data and materials
No data were used.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The main idea of this paper was proposed by MQIl and AH. MQI prepared the manuscript initially and performed all the
steps of the proofs in this research. All authors read and approved the final manuscript.



Igbal and Hussain Advances in Difference Equations (2021) 2021:350 Page 21 of 22

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 11 May 2021 Accepted: 7 July 2021 Published online: 28 July 2021

References

1. Atangana, A:: Derivative with a New Parameter: Theory, Methods and Applications. Academic Press, San Diego (2015)

2. Atangana, A. Fractional Operators with Constant and Variable Order with Application to Geo-Hydrology. Academic
Press, San Diego (2017)

3. Atangana, A, Goufo, EF.D.: Cauchy problems with fractal-fractional operators and applications to groundwater
dynamics. Fractals 28(8), 2040043 (2020)

4. Kilbas, A, Srivastava, H., Trujillo, J.: Theory and Applications of Fractional Differential Equations. North-Holland
Mathematics Studies, vol. 204 (2006)

5. Mainardi, F: Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction to Mathematical Models. World
Scientific, Singapore (2010)

6. Pratap, A, Raja, R, Alzabut, J, Dianavinnarasi, J,, Cao, J., Rajchakit, G.: Finite-time Mittag-Leffler stability of
fractional-order quaternion-valued memristive neural networks with impulses. Neural Processing Letters 51(2),
1485-1526 (2020)

7. Algahtani, B, Aydi, H., Karapinar, E., Rakocevic, V.: A solution for Volterra fractional integral equations by hybrid
contractions. Mathematics 7(8), 694 (2019)

8. Karapinar, E, Fulga, A, Rashid, M., Shahid, L., Aydi, H.: Large contractions on quasi-metric spaces with an application
to nonlinear fractional differential equations. Mathematics 7(5), 444 (2019)

9. Adiguizel, RS, Aksoy, U, Karapinar, E.: Uniqueness of solution for higher-order nonlinear fractional differential
equations with multi-point and integral boundary conditions. Rev. R. Acad. Cienc. Exactas Fis. Nat,, Ser. A Mat. 115,
155 (2021). https://doi.org/10.1007/513398-021-01095-3

10. Adiguzel, RS, Aksoy, U, Karapinar, E, Erhan, .M.: On the solution of a boundary value problem associated with a
fractional differential equation. Math. Methods Appl. Sci., 1-12 (2020). https://doi.org/10.1002/mma.6652

11. Ahmad, B, Ntouyas, S.K, Tariboon, J.: On hybrid Caputo fractional integro-differential inclusions with nonlocal
conditions. J. Nonlinear Sci. Appl. 9, 4235-4246 (2016)

12. Alsaedi, A, Baleanu, D, Etemad, S., Rezapour, Sh.: On coupled systems of times-fractional differential problems by
using a new fractional derivative. J. Funct. Spaces 2016, Article ID 4626940 (2016)

13. Butt, R, Abdeljawad, T, Alqudah, M.A,, Rehman, M.: Ulam stability of Caputo g-fractional delay difference equation:
g-fractional Gronwall inequality approach. J. Inequal. Appl. 2019, 305 (2019)

14. Etemad, S., Ntouyas, S.K, Tariboon, J.: Existence results for three-point boundary value problems for nonlinear
fractional differential equations. J. Nonlinear Sci. Appl. 9, 2105-2116 (2016)

15. Almeida, R A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci.
Numer. Simul. 44, 460-481 (2017)

16. Abdo, M.S,, Panchal, SK, Saeed, AM.: Fractional boundary value problem with yr-Caputo fractional derivative. Proc.
Indian Acad. Sci. Math. Sci. 129(5), 65 (2019)

17. Derbazi, Ch, Baitiche, Z,, Benchohra, M., Cabada, A.: Initial value problem for nonlinear fractional differential
equations with 1r-Caputo derivative via monotone iterative technique. Axioms 9, 57 (2020).
https://doi.org/10.3390/axioms9020057

18. Samet, B, Aydi, H.: Lyapunov-type inequalities for an anti-periodic fractional boundary value problem involving
¥-Caputo fractional derivative. J. Inequal. Appl. 2018, 286 (2018)

19. Vivek, D, Elsayed, E.M, Kanagarajan, K.: Theory and analysis of partial differential equations with a ¥-Caputo
fractional derivative. Rocky Mt. J. Math. 49(4), 1355-1370 (2019)

20. Rezapour, Sh,, Ntouyas, SK, Igbal, M.Q, Hussain, A, Etemad, S., Tariboon, J.: An analytical survey on the solutions of
the generalized double-order g-integro-differential equation. J. Funct. Spaces 2021, Article ID 6667757 (2021)

21. Salim, A, Benchohra, M., Karapinar, E.: Existence and Ulam stability for impulsive generalized Hilfer-type fractional
differential equations. Adv. Differ. Equ. 2020, 601 (2020)

22. Afshari, H, Karapinar, E.: A discussion on the existence of positive solutions of the boundary value problems via
¥-Hilfer fractional derivative on b-metric spaces. Adv. Differ. Equ., 2020, 616 (2020)

23. Tariboon, J, Ntouyas, S.K, Sudsutad, W.: Nonlocal Hadamard fractional integral conditions for nonlinear
Riemann-Liouville fractional differential equations. Bound. Value Probl. 2014, 2014253 (2014).
https://doi.org/10.1186/513661-014-0253-9

24. Ntouyas, SK, Tariboon, J., Sudsutad, W.: Boundary value problems for Riemann-Liouville fractional differential
inclusions with nonlocal Hadamard fractional integral conditions. Mediterr. J. Math. 13, 939-954 (2016)

25. Samet, B, Vetro, C, Vetro, P: Fixed point theorems for a—1r-contractive type mappings. Nonlinear Anal. 75,
2154-2165 (2012)

26. Podlubny, |.: Fractional Differential Equations. Academic Press, San Diego (1999)

27. Samko, G, Kilbas, A, Marichev, O.: Fractional Integrals and Derivatives: Theory and Applications. Gordon & Breach,
New York (1993)

28. Kilbas, AA, Srivastava, HM., Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. North-Holland
Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)

29. Osler, T.J.: Leibniz rule for fractional derivatives generalized and an application to infinite series. SIAM J. Appl. Math.
18(3), 658-674 (1970)

30. Amini-Harandi, A.: Endpoints of set-valued contractions in metric spaces. Nonlinear Anal. 72, 132-134 (2010)

31. Karapinar, E, Samet, B.: Generalized e—r-contractive type mappings and related fixed point theorems with
applications. Abstr. Appl. Anal. 2012, Article ID 793486 (2012)

32. Karapinar, E, Kumam, P, Salimi, P: On a—yr-Meir-Keeler contractive mappings. Fixed Point Theory Appl. 2013, 94
(2013)

33. Karapinar, E, Abdeljawad, T, Jarad, F.: Applying new fixed point theorems on fractional and ordinary differential
equations. Adv. Differ. Equ. 2019, 421 (2019)


https://doi.org/10.1007/s13398-021-01095-3
https://doi.org/10.1002/mma.6652
https://doi.org/10.3390/axioms9020057
https://doi.org/10.1186/s13661-014-0253-9

Igbal and Hussain Advances in Difference Equations (2021) 2021:350 Page 22 of 22

34. Mohammadi, B, Rezapour, Sh., Shahzad, N.: Some results on fixed points of a—r-Ciric generalized multifunctions.
Fixed Point Theory Appl. 2013, 24 (2013)
35. Smart, D.R.: Fixed Point Theorems. Cambridge University Press, Cambridge (1980)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Existence criteria via alpha-psi-contractive mappings of phi-fractional differential nonlocal boundary value problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	Fractional phi-BVP (1)
	Fractional phi-BVP (2)
	Examples
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


