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Abstract

In this paper, our aim is to build generalized homogeneous g-difference equations for
g-polynomials. We also consider their applications to generating functions and
fractional g-integrals by using the perspective of g-difference equations. In addition,
we also reveal relevant relations of various special cases of our main results involving
some known results.
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1 Introduction

The objective of this paper is to give an extension of know results on generalized Verma-—
Jain polynomials [13] and the Hahn polynomials [1, 6, 12, 30]. Here, we will give and prove
generating functions for the g-polynomials wga‘f:) (x,3,2l9), {,q(a‘f:) (%,5,2|q), and several g-
identities by using the g-difference equations and the fractional g-integrals. In this article,
we begin our investigation by reviewing some definitions as in [33] with 0 < g < 1. The
basic hypergeometric function @, is defined in [16, 25] (see also for details [24, Chap. 3]

and [32, p. 347, Eq. (272)]):

a1, a2, ..., q =\ (@1,a2,-.,a5q)n 0 ()
«®s iz = -1)"q2 z". 1.1
|: b1, b, ..., bs; 1 :| ;(%bbbz;...,bﬁ;q)n[( ) ] (1.1)

Forall zif v < s and for |z| < 1 if t = s + 1, the basic hypergeometric function converges ab-
solutely. (See [31] for some recent applications of the basic hypergeometric function.) For

any real or complex parameter x, the g-shifted factorials of . @, are defined, respectively,
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by
n-1
(q)o =1, s q)n = 1_[(1 ~xq"),n>1, xeC (1.2)
k=0
and
@ @)o = [ [(1 - x4"). (1.3)
k=0

For m € {1,2,3,...}, the product of several g-shifted factorials are given by

(1 %25 3% D = (X1 @) (%25 D -+« (Fis P

(15 %253 %m3 @)oo = (%15 @)oo (%23 @)oo - - - (Kms @)oo
Taking x = ag™",a # ¢" in (1.2), we have the following relation:

(ag™";q), = Lq_, e _ (q/a; )u(-a)"qg 3. (1.4)
(@q)

The g-binomial coefficient is defined as [16]

n _ (q_n;q)k (_l)kan—(é()’ 0 < k <n. (1.5)
k ] (@ D

Chen et al. [15] introduced the homogeneous g-difference operator D,,, Saad and Sukhi

[23] introduced the dual homogeneous g-difference operator 6, as

_f&ay) - flgxy)

1 _
Dy {f (x,9)} - = S %y —fxngy)

qlx—y

, Oyl (1.6)

Al-Salam and Carlitz [2, Egs. (1.11) and (1.15)] have introduced the following polyno-
mials:

n

¢ (xlq) = [Z] @q)x* and Y9 (xlg) =
0 q

k=

n

n

|: j| qk(k’”)(aql_k;q)kxk. (1.7)
k

k:() q

Since then, these polynomials are called “Al-Salam—-Carlitz polynomials” by many au-
thors. Because of their considerable role in the theories of g-series and g-orthogonal poly-
nomials, many authors investigated an extension of the Al-Salam—Carlitz polynomials (see
(7, 12, 28, 35]).

Recently, Cao [7, Eq. (4.7)] has introduced two families of generalized Al-Salam—Carlitz

polynomials,
" n (@b; Dk i i
¢(a,b,c)(x, lq) = 2 xkyrk (1.8)
o qu Ga
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n k ( )nk
wabC(x,ﬂq) |:H] ( 1) q (ﬂ’bq)k kyn —k

k=0 k q (C,Q)k

together with the following generating functions [7, Egs. (4.10) and (4.11)]:

nd " 1 a, b;

Z¢£’a,b,c)(x,y|q) @ = chbl |: - q;yt:| (max{|yt|, Ixtl} < 1), (1.10)
n=0 ’ n ’ o0 ’

> ah) ) (2)t" a, b;

ZW& 91,y 1) ” Z) =t @oa®r | @iyt | (It <1). (111)

Motivated by the work of Cao [7] the authors [12] introduced a new extension of the

a,b,c

Al-Salam—Carlitz polynomials ¢>,, (x, y19), 1//( “’(x,91q),

(abc | n (a,b,¢;q)x n—k k
¢n ™ (x,ylq) = [} ————x""y, (1.12)
; k ; (d,e;q)x
ubu n n (_l)qu(kfl’l)(ﬂ, b’ G Q)k _k
n ) = & , 1.13
Y1 (x, ylq) = ;uq doa. "y (1.13)

and obtained the following results.

Proposition 1 ([12, Theorem 4]) Let f(a, b,c,d, e,x,y) be a seven-variable analytic func-
tion in a neighborhood of (a, b, c,d, e, x,y) = (0,0,0,0,0,0,0) € C7.

a,b,c
d,

(D) fla,b,c,d, e x,y) can be expanded in terms of¢( “"(x,9|q) if and only if

x{f(a,b,c.d,e,x,y) - f(a,b,c,dexyq)
~(d+oq ' [fab,c,d ex,yq) ~f(abc,d exyq")]
+ deq2[f (a,b,c,d,e,%,9¢°) —f (a,b,¢,d, e,%,y4%)] )
=y{[f(ab,c.d,e,x.y) - f(a,b,c.d,e,xq,5)]
—(a+b+0)[fab,cdexyqg) —flabcdexqyg)
+(ab + ac + bo)|f (a, b, ¢, d, e,x,y4°) - f (a, b, ¢, d, e,xq,y9%) ]
—abc[f(a,b,c,d,e,x,94°) - f(a,b,c.d,e,xq,94°)]}. (1.14)

a,b,c

(D f(a,b,c,d, e,x,y) can be expanded in terms of Y, *’ (x,y\q) if and only if

x{f(a,b,c.d,e,xq,9) - f(a,b,c,d,e,xq,yq)
—(d+e)q ' [f(ab,c,d,e,xq,y9) —f(a,b,c.d,e,xq,y4%)]
+deq’[f(a,b.c,d,e.xq,yq") —f(a,b,c.d 0,59, y7°) ]}
- {[f(ab.c.d,e.xq,y9) (@ b.c,d,ex,y)|
—(a+b+0)[f(abcdexqyq)-f(abcdexys)]
+(ab + ac+ bo)[f (a,b,¢,d, e,xq,5q°) - f (a,b,c,d, e,%,74%)
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- abc[f(a, b,c,d, e,xq,yq4) ~fl(ab,c.d,e, x,yq4)] } (1.15)

Subsequently, Cao et al. [13], gave another extension of Al-Salam—Carlitz polynomials
called “generalized Verma—Jain polynomials’,

(“’” n| (abcqk :
(%,9,21q) = /; [k]q “any DD, (1.16)
(“’” “\nl| (ab,cqx X
x3.2lq) = 2; [kl oD P (y,%)Z5, (1.17)
where
Py(x,y) = (x = y)(x = qy)...(x = ¢"7'y) = (/s q)ux” (1.18)

are the Cauchy polynomials.
Remark 2 Upon setting (y,z) = (0,y), the polynomial (1.16) reduces to (1.12).

Motivated by the recent work of Cao [7], Cao et al. [12, 13] and with the aid of the
(abc

polynomials (1.17), we introduce the g-polynomials ¢, “*” (x,7,z|q).

(abc

Definition 3 The g-polynomials ¢, “*” (x,y,z|q) are defined by

(ahc

£ (e, 210) ZH O@hoay, ok (1.19)
n ) = n—k\Y, . .
o Lk, @eak

Remark 4 The g-polynomials (1.19) can be viewed as a general form of the Hahn polyno-
mials.
(1) Takingr=s=3,a=(a,b,c)and b = (d,¢,0) in [29, Definition 1], the g-polynomials
(1.19) is a special case of the generalized g-hypergeometric polynomials
\I—’f,a'b)(x,y,z|q), ie.,

a,b,c

22 (,9,20q) = (<1)"g' D WP (x, 5, 2] ).

a,b,c

(2) Upon setting (y,2) = (0,y), the q polynomials g“n( @ (x, y,z|q) defined in (1.19)
(s

reduce to the polynomials ¥, “*” (x, y,z|q) [12],

(abc

a,b,c
& (%,0,519) = (~1)"q @y, *” (x,719).

a,b,c

(3) Forb=c=d =e=0and z = —b, the g-polynomials ¢, “*’ (x,y,z|q) reduce to the
generalized Hahn polynomials /,(x, y, 4, b|q) [30],

(aOO

(x,9,-blq) = h,(x,y,a,blq).

Page 4 of 18
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a,b,c

(4) Settinga=b=c=d=e=0and z=—z, the g-polynomials ¢, **’ (x,7, z|q) reduce to
the trivariate g-polynomials F,(x,y,z; q) [1],

(000

@, ~29) = (-1)"qO F,(x,y,z ).

a,b,c

(5) Ifweleta=b=c=d=e=0,y=axand z = —y, the g-polynomials ¢, **’ (x,, z|q)
reduce to wn (x,y|q) (6],

(000

2n *7 (x,ax, —ylq) = (<1)"gD v @ (x,19).

abc

(6) Forb=c=d=e=0,x=0,y =x and z = —y, the g-polynomials ; (%, 2lq)
reduce to the polynomials P,(x,y,4) [3],

(aOO

(0,%,—ylq) = Pu(x,y, a).

a,b,c
(7) Also,a=b=c=d=e=0,y= axandz——l the g- polynommlsg“( )(x,y,z|q)

reduce to Hahn polynomials w,, (x|q) (2],

&0 (a2, -11q) = (<14 D9 (x1g).

The paper is organized as follows. In Sect. 2, we give and prove our main results to be
used in the sequel. In Sect. 3, we obtain generating function for g-polynomials. In Sect. 4,
we obtain the Srivastava—Agarwal type generating function for g-hypergeometric poly-
nomials. In Sect. 5, we deduce mixed generating functions for the Rajkovi¢c—Marinkovi¢—
Stankovi¢ polynomials. In Sect. 6, we derive U(n + 1) generalizations of the generating

functions for g-hypergeometric polynomials.

2 Proof of main results
In this section, we will give and prove our main results to be used in the sequel.

Theorem 5 Let f(a,b,c,d, e, x,y,z) be an eight-variable analytic function in a neighbor-
hood of (a,b,c,d,e,x,y,z) = (0,0,0,0,0,0,0,0) € C8.

a,b,c

(D) Iff(a,b,c,d, e,x,,z) can be expanded in terms of w, **’ (x,y,z|q) if and only if

(= W[ @ b,cdrex,2) —f(ar byed,ex,,q2)]
@+ g [f@bye.dyex9,02) —f (@ b6, dye,x9,6%2)]
+deq?[f (a,b,c,d,e,x,y,q°2) - f(a,b,c,d, e,x,5,4°7) |}
=z{[f(ab.c.d,e,x,q7"y,2) - f(a,b,c,,d,e,qx,,2)]
—(a+b+O[f(@b,cdex g y,q2) ~ fla b dre,qny,42)]
+(ab+ ac+ bOf (@ bcdre,%, 07, 4%2) —f (@, b,¢,dyer 4%,y )]
_abllf(a,b,c,dye 0 079,6%2) (@, b6, dy e, a6, 6°2)]). (2.1)

Page 5 of 18
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(abc

() Iff(a, b, c,d, e,x,y,2) can be expanded in terms of {,; “* " (x,y,z|q) if and only if

(-9 {[f(@b,c.d ex,y,2) - flab,cdexyqz)]
—(d+e)q ' [f(a,b,c,d exy,q2) - f(ab.cd exyqz))
+deq[f (@b c,d,e,x,9,4%2) —f(a,b,c.d e, %,9,4°2)]}
=2{[f(a b,c,d,e,x,qy,92) — f (a,b,c,d, e, '%,9,42) ]
—(@+b+0|f(ab.c,dexqyqz)
~flab,c.d,e,q " %y,4°z)]
+ (ab + ac + bo)[f (@b, c,d, e,x,qy,4°2) —f (@, b, ¢, d, e, %,7,4°2)]
— abc[f (a,b,c,d, e,%,09,4"2) —f (a,b,c.dv e, g7 5,9, 4°2) ] ). (2.2)

Remark 6 For (y,z) = (0,y), Eq. (2.1) reduces to (1.14).
To prove Theorem 5, we need the following lemmas.

Lemma 7 ([17, Hartogs theorem]) Ifa complex-valued function is holomorphic (analytic)
in each variable separately in an open domain D € C", then it is holomorphic (analytic)
in D.

Lemma 8 ([20, Proposition 1]) Iff(x1,%,...,%x) is analytic at the origin (0,0,...,0) € C,
then f can be expanded in an absolutely convergent power series,

o]

nm, ny M
flx,x0,...,%¢) = (oA A A
11,12;...,1} =0

Proof of Theorem 5 (I) From Lemmas 7 and 8, we assume that there exists a sequence {4}
such that
o0
flabcdexyz)= Ayabcdexy)z" (2.3)
n=0

First, substituting (2.3) into Eq. (2.1), we have
o0
x q y Z 1 q" - (d+e)q" +(d+ e)qz”’1 + afeqzr”2 - deqa”’z]
n=0
x Ayla, b,c,d, e x,y)z"

[e¢]
= Z[l —(a+b+0c)q" + (ab + bc + ac)g™ — abcq3"]
n=0

x [An(a,b,c,d,e,x,q7'y) — Aula, b,c, d, e, qx,y) |2,

which is equal to

(x—q'y) Z(l -q")(1-dq" ") (1-eq"")Au(a,b,c,d, e,x,)7"
n=0

Page 6 of 18
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o0

=3 (-aq') (- b))

n=0

X [Ay, (a, b,c,d, e x, q‘ly) —A,(a,b,c,d,e, qx,y)]z’”l.
Comparing coefficients of z”# > 1, on both sides of Eq. (2.4), we readily find that

(x-g'y)(1-q")(1-dg"")(1-eq" ")Au(a,b,c,d,e,x,9)
= (1-aq"")(1-bg"")(1-cg"")

X [An—l (ﬂ) b’ () d; e, X, 6]_1)’) - An—l(a, by c d; €, (/Ix,y)],

which is equivalent to

(1-aq"")(1-bg" ") (1-cq"™")
(1-g"1-dg" 1)1 -eq" )

Aula,b,c,d,e,x,y) =

By iteration, we obtain

(ﬂ; b: C; Q)n

Anla,b,c,d, e x,y) = @ded

D;‘y {Ao(a, b,c,d,e,x,y) }

Taking f(a, b, c,d, e,x,9,0) = Ao(a, b, c,d, e,x,y) = Zf’:o BuPu(x,y) vields

@bk ~, @9
Aila,b,c,d, e, x,y) = ————— P,_i(x,9),
, J (q,d [ Q)k ;IB (qr )Vl k Koy

and we have

oo ’b ; ; "
)= 3T S g bt

n| (a,b,cq)
1 — P (%
;ﬂ Z |: :|q (d,e;q)k k(x y)Zk

abu

= Zﬁn .y 2lq).

a,b,c

nyAn_l(ﬂ; b; ¢ d1 6, x»}’)

Page 7 of 18

(2.4)

(2.6)

Second, if f(a, b, c,d, e, x,7,z) can be expanded in terms of w, **’ (x,7,z|q), we can verify

that it satisfies (2.1).

In almost the same way, we assume that there exists a sequence {B,} such that

fla,b,c,d,e,x,y,z) = Z B,(a,b,c,d, e, x,y)7".

n=0

Now, substituting Eq. (2.7) into Eq. (2.2), we have

oo
(g 'x-y Z [1-q"-(d+e)q" " +(d+e)g” " +deq” ™ - deq™ ]
n=0
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X By(a,b,c,d, e, x,9)z"

[ee]

= Z[q” —(a+b+c)g”" + (ab + bc + ac)g™ — abeq™ |
n=0

X [Bn (a,b,¢,d,e,x,qy) — B, (a, b,c,d,e,q %, y)]z”+1

’

which is equal to

n=0

(77 'x~7) Z(l -q")(1-dq"")(1-eq"")B,(a,b,c,d, e, x,9)7"

o0

=3 (1 -ag’) (- ) (1)

n=0

X [B,, (a,b,c,d,e,x,qy) — By, (a, b,c,d,e,q %, y)]z”*l. (2.8)

Comparing coefficients of z”# > 1, on both sides of Eq. (2.8), we readily find that
(7% -y)(1-q") (1 -dq" ") (1 - eq" ")Bu(a, b, c,d, e,x,9)
— qn—l(l _ dqn_l)(l _ bqn—l)(l _ an—l)
x [Bn_l (a,b,c,d,e,x,qy) — By, (a, b,c,d,e,q 'x, y)],

which is equivalent to

(1 =ag"™M A - bg" ) (1 - cq"?)
Bn(ﬂ, b; c d’ e X, ) =—q" ! ex Bn— (ﬂy b; c dr e, X, )'
Ve Aoy A—dg (A —egrty ! Y

By iteration, we obtain

_1 " (”) ;br 3
By(a,b,c,d,e,x,y) = Gy @, bc q)né’,? {Bo(a, b,c,d,e,x,y)}.
(q,d, &;q)n i’

(2.9)
Upon setting f(a,b,¢,d, e,x,5,0) = Bo(a,b,c,d,e,x,y) = Y oo BuPu(7,%),

G (a, b, c;
Bk(ﬂ’ b’crd’e»x;y) = q 2 (ﬂ, ’C’q)k

(@ Dn
. n Pn— V)
(9.4, &k ;ﬁ (4 @n-k K0

(2.10)

we have

oo

Oab ca) &
f(d,b,C,d,e,x,y,Z):Zqz (61, ’C’q)k

) (4 9)n k
" P, _i(x,9)z
~ (g,d e q) nzoﬂ (@ @)nk )

$ag)] asen

P (x,y)2"
=0 k=0 k 7 (d; €; Q)k

e, (M
- Zﬁn{n (x)y)2|q)‘

Page 8 of 18
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a,b,c

Finally, if f(a, b, ¢, d, e, x,y,z) can be written in terms of ¢, e’ (x, ¥,2|q), we can verify that
f(a,b,c,d, e x,y,z) satisfies (2.2). The proof of Theorem 5 is complete. O

3 Generating function for new generalized g-polynomials
In this section, our aim is to give and prove the generating functions for g-polynomials by

means of the g-difference equations.

Theorem 9 It is asserted that

a,b,c n .
Zw(“ (y el —— = VoD o [“’b’c’ q;zt:| (max{|xt], |2¢]} <1) (3.1)

GDn WEQe” d,e
and
(adbec " (xt; q)OO a, b; G
(9,2 = [} s —2zt t| <1). 3.2
Zg »2la) @GDn D" | 0,de 1 (el <1) (32)

Remark 10 Equations (3.1) and (3.2) reduce to Egs. (1.10) and (1.11), respectively, when

c¢=e=y=01in Theorem 9.

Proof of Theorem 9 We denote the right-hand side of Eq. (3.1) by f(a, b, ¢, d, e, %, y,z). One
can verify that f(a, b, ¢, d, e, x, 7, z) satisfies (2.1). So, there exists a sequence {,}, such that

abc

f(a,b,c,d,e,x,y,2z) = Zﬂn “(x%,9,219). (3.3)

n=0

a,b,c

Upon setting z = 0 in Eq. (3.3) and then using the obvious fact w, **”(x,7,0|q) = P,(x,),

we have

fla,b,c,d,e,x,y,0)= Y BuPu(x,y) = O @) _ Z (x, )

e (€T ) S — (q, Dn’

So, the function f(a, b, ¢,d, e, x,, z) is equivalent to

o " (ahc
fla,b,c,d, e x,y,z) Z @2 (x,9,2lq),
1n=0 y n

which equals the right-hand side of Eq. (3.1). Similarly, we prove Eq. (3.2).
The proof of Theorem 9 is complete. O

4 Srivastava-Agarwal type generating function for g-hypergeometric
polynomials

We recall that the following Srivastava—Agarwal type generating functions for the Al-

Salam-Carlitz polynomials. See also [10, 19] for some recent work on generating func-

tions.

Page9of 18
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Proposition 11 ([27, Eq. (3.20)] and [5, Eq. (5.4)]) We have

= R qut"  (A5q)s Ao
(@) i
n§:0 Y (z]q) Gon - Ga 2@ [ " q,zt:| (max{|¢], |x¢]} < 1) (4.1)

and

- (Atq)"  (xtq; )00 1/a, 1/(ax);
;w ) (1/3ia), @G Dn (Axtq;q)ooz(b { 1) T }
(max{l)»xtq|, |aq|} < 1). (4.2)

In this section, we state and prove the Srivastava—Agarwal type bilinear generating
functions for g-hypergeometric polynomials by the method of homogeneous g-difference
equations.

Theorem 12 It is asserted that

.- @ “)
> oW g (u,v,2lq)

(vt,ax; q t, ,b, ¢
_ (vt, ax; q Z (ut, o q)rq" ,®, a,b,c —
(ut,x;q @l vt G’ d,e;

(@ Dn

(max{|ut], |zt], ||} < 1) (4.3)

and

tn
(@ Dn

Zw @)t v, 2lg)

_ (q/x, uxtq; @)oo
(aq, vatq; q) o

= (=1)"q'D (1 /(ax), 1/ (uxt); q), (auq)" a,b,c
- - q> ; £
* ZO (q/% 1/(vx1), 4 @) v ) 3% e T

(max{lotq|, |vxt|} < 1). (4.4)
Remark 13 Forc=e=0,b=d and y=0,x = 1 in Theorem 12, Eq. (4.3) reduces to (4.1)
To prove Theorem 12, the following proposition is necessary.

Proposition 14 ([4, Theorem 5.2] and [16, Eq. (II1.4)]) We have

a, b; abz/c;q) s b,cla,0;
2@ 4z | = qu’z 49 (4.5)
; (azlc;q) oo qcl(az), c;

and

,b; bz;q) o ,cla;
X2 |:abq;z:| (bz ) 7Py |:b cla q;az:|. (4.6)

(4 (z q)oo bz,c;



Cao et al. Advances in Difference Equations

(2021) 2021:329

Proof of Theorem 12 1f we use f(a, b, c,d, e,x,y,2z) to denote the right-hand side of (4.3),
we calculate that f(a, b, ¢, d, e, %, y, z) satisfies (2.1). Thus, there exists a sequence {a,} inde-

pendent of x,y and z such that

ubc

fla,b,c,d, e x,y,z) (u,v,2|q). (4.7)

D

(abc)

Letting z = 0 in Eq. (4.7) and utilizing the obvious fact w, “* " (u,v,0|q) = P,(u, v), we have

f(d’ br C’d: eu,v, O) = Zﬂnpn(ur V)

n=0

(vt, ax; q OOZ utaqkq
(ut, x5 q (qlx,vt, q; @)k

(vt ox; q)oo |: ut, o, 0;

s by (4.5
T Wh%q)e q/x,vt,qq} y (£5)

VL, » O
- ( .q)oo NoN vime q;xut
(utr Q)oo vt;

o n

t
=2 R

Hence

fa,bycd,e,u,v,2) = Z¢ (ol %)

n=0

4 “"”( D

which is equal to the left-hand side of (4.3).

Similarly, if we use f(a, b, ¢, d, e, %, y, z) to denote the right-hand side of (4.4), we test that
g(a,b,c,d, e x,y,z) satisfies (2.2). Thus, there exists a sequence {b, } independent of x, y and
z such that

ahc

Z bt

gla,b,c,d,e,u,v,z (u,v,2|q). (4.8)

a,b,c

Setting z = 0 in Eq. (4.8), using the obvious fact ¢, **” (u,v,0|q) = P, (v, u), we have

gla,b,c,d,e,u,v,0)

> ) 7q)oo " 1 1 n 8
=3 b ) = (q/x, uxtq; q) Z (-1)"q'? (1/(ex), 1/ (uxt); q) (w)
= (aq, vatq; @)oo = (q/%,1/(vxt), q; q)n v

(q/x, UXLG; q) oo L& 1/(ax), 1/(uxt); o aug by (4.6)
" (egvxtgi g q/x,1/(vxt); v

(uxtqy Doo u/v,1/(ax);
T g o 1/(vat);
_ Z w}ia)(xm)])n(v’ M) (qt)"

(@G n

Page 11 0f 18
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Hence

(qt)"
(@D

gla,b,c,d,e,u,v,z th )(x)¢, W) u,v,z|q)
n=0

which is equal to the left-hand side of (2.2). This completes the proof of Theorem 12. O

Theorem 15 Fors € N, we have

O, (e ¢ 0t q) S, xt;q) b, ¢;
de q) ’ q kq a, v, k
wnis”” (%, 9,219) 3Py g; ztq
Lo P G ) Bt e kXO: (@75 Dk d,e;
(max{|xt], |z¢|} < 1) (4.9)

and

(“ff) t" @t Doe ~— (@5 V5 Diq" a,b,c; .
Cnist (%, 9, 2 = O 3 —2L
Z w oy, 2l0) @GDn 0L Z @stx > 0| deo T

(|yt| < 1). (4.10)

Corollary 16 ([35, Eq. (2.1)]) Fors € N and max{|z|, |xz|, |b|} < 1, we have

i Q.. (6a,blq) 2 _baxzbgig o T ax g @11)
LSOO e @z bgiae | axzmg i T b | '
Remark 17 Forc=e=0,b =d and x = 1 in Theorem 15, Eq. (4.9) reduces to (4.11).
To prove Theorem 15, we need the following lemma.
Lemma 18 ([16, Eq. (I1.6)]) The g-Chu—Vandermonde formula is given by
q"a (cla;q)n
2®y 4:q | = a" (neNy:=NU{0}). (4.12)
G G

Proof of Theorem 15 If we denote the right-hand side of Eq. (4.9) equivalently by

f(ﬂ, b! C;d; e,x,y,z) = t_s Z

3
~ @k (tg9)s d,e;

(@ %" g @) ® [ a,b, ¢ }

q;ztq
we test that f(a, b, ¢, d, e,x,y, z) satisfies Eq. (2.1). Thus, there exists a sequence {¢,} inde-
pendent of x, y and z such that

(abc

oo
f(d7b1c)d)e,x,y,z) = Zan wn

(%, ,2lq).
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a,b,C)

We set z = 0 in the above equation, using the notable fact w, **” (x,,0|q) = P.(x,y), we

have

. 0t9) q*,xt;
f(ﬂr b1 C,d, e)x1y1 0) = Zﬂnpn(x)y) = ,—ooijl [ ’yt’ q; Q] bY (412)
n=0 ’

5%t q) o
_ 0t 9Ps(%,9) _ = £
- . Pn+s X, ) (x’ ) .
(%3 9)oo Z g ) Z P @D
We immediately conclude that
o (adb c) n-s o (ahc n
fla,b,c,d,e,x,y,2) = (% ,2lq) wnis (%,,219) ,
n=0 ( )” =S p=0 (61; q)n
which is equal to the left-hand side of (4.9).
Similarly, we get (4.10). This completes the proof of Theorem 15. O

5 Some new mixed generating functions for the
Rajkovi¢-Marinkovi¢-Stankovic¢ polynomials
In this section, we give and prove the mixed generating functions for the Rajkovi¢—
Marinkovi¢—Stankovi¢ polynomials.
Let a and b be two real numbers, the Thomae—Jackson g-integral is defined as [16, 18,
34]

b 00
[ 1@dn=a-0 > [ a") - af (a)e 61
a n=0

Assume that « € R* and 0 < a < x < 1, the generalized Riemann-Liouville fractional g-
integral operator is defined by [22] (see [11])

o—1

(Igaf) ) = lfq(a) f (qt/%; @)arf(£) dyt. (5.2)

Due to the g-integral (5.1), we rewrite fractional g-integral (5.2) equivalently as follows
(see [9, 11, 14]):

a-1(1 _ o
()0 520D S o), S o) - alaa 50), Sl ). 63)

q( ) n=0

Recall that the Rajkovi¢—Marinkovi¢—Stankovi¢ polynomials are defined [22] (see [8, 11])
by

2| n (k14 1 la* X
n\ot, a, =1 Tyt 5 q)a+ks 5.4
Pulet, a,%1q) ZOH kD) @k (5.4)

where e R*and 0 <a <x < 1.

We have the following lemmas.
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Lemma 19 ([8, Lemma 10]) Fora e R*",0<a<x < 1, we have

(1-q)* o 2Kl q)ari*
P, = . 5.5
,125‘ ) = e o et 53

Lemma 20 ([8, Theorem 3]) For« € R*,0<a <x <1 and if max{|at|, |az|} < 1, we have

o | (0xz, 1% 9)
I - -
P (8,22 9) 0o

o0

_ (l—q)”(abz,at;q)ooz XM (al%; Qo ® [q",as,az; ' ]

(as,az;q) e~ aNq Qs at,abz;

(5.6)

Remark 21 Upon taking z = 0 in (5.6) and by the means of the g-Chu—Vandermonde for-
mula (4.12), we obtain

3 { ;@)oo } _(1-a9* @t o~ XK (a5, q)ark (t15; Qisk as| < 1. (5.7)

(%83 @) oc @s;9)o = G@ark  (at;qh
Using Lemma 20 and the theory of g-difference equations, we are able to deduce the
following new mixed generating functions for the Rajkovi¢—Marinkovi¢—Stankovi¢ poly-

nomials.

Theorem 22 For o € R*,0 < a < x < 1, and max{|aws|, |awt|} < 1, we have

a,bie wh

ZP (aslgoy st rlg)

— (% @)

_ (1-g)"(awti ) Z (a1, b1, c1,awt; @)u(rls)" X":(q*”,aws;q)qu
(aws; q) oo (q,d1,e1,t1sq)n (q, awt; q)x

< %q)[ a7 awse,awtq’; } 59)

= a" (@ Dasm awt,awtq";

and

ay,bys 1) 7

ZP waxlpe s rlg)

—~ (3 9)n

_(1 q)*(aws; q) oozq(l’)(alybl,chaws; Du(r/t)" (7" awt; kg
(awt; q) o q,di,e1,8/t:q), (g, aws; @)k

n=0 k=0

X atm —m k "
X al%; ) awtq®, awsq";
X Z £ A G 3D, |: 1 1 1 q;qi| . (5.9)

= a"™( @ Parm aws,awsq";

Proof of Theorem 22 The LHS of Eq. (5.8) is equal to

o) (abh}ecl) ( )
IO( 1-€1 .
A q)n}

n=0

Page 14 of 18
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XWE; ,bi,c1;
= I(‘;ﬂ ii( q)OOBGJZ |: anPLa q; rxw:“
XWS; oo di,er;

t; by, c1;
=1:;a (xw q)oo Z (al 1,€15 Q)n (rw)nxn
“\ awsiqeo = (q:d1,e159)n

o s q)ooz(m,bl,cl,q)n(rW)” (xwt; ), i:(q’”,xwxq)k
AWS; oo

“ =~ (gdiesqn (s qQaws)" = (gxwEq)
_ Z (a1,b1,¢159) LWt q),, xwtq Do Dk 4
o (q,dl,ebq)n (tls;q@)n 2= (xwsq® q)oo(q,q)k

=§:(al,b1,cl;q)n (r/s)" X":(q‘";q)qu L { (xwt, xwtq; @)oo }
s (@ dves@n Esgn = @Gk (wtq", xwsq*; @)oo

_ Q-9 awt ) 5 3 (a1, by, c1,awt; @), (r/s)" 2": (g, aws; Q)xq*
LlWS, q)oo q’dl: ey, t/s; )n (01: ﬂWt;q)k

n=0 k=0

oo

X% Q) e ® q " awsq’,awtq";
am(q;q)oum o2 ﬂWt,ﬂWtqk; ’

m=0

which equals the RHS of Eq. (5.8) after using (5.6). Similarly, we get (5.9). This completes
the proof of Theorem 22. d

Remark 23 For (t,r) = (0,0) in Theorem 22, we get (5.5).

6 The U(n + 1) generalizations of generating functions for g-hypergeometric
polynomials

Lemma 24 ([21, Theorem 5.42]) Let b,z and x1,...,x, be indeterminate, and let n > 1.

Suppose that none of the denominators in the following identity vanishes, 0 < |q| < 1 and

2] < %15 o s 0| %) " q| V72, for m = 1,2,..., n. Then we have

_ Xr Yr=Ys n -1 n
5 L[ () fiee s
X q—9 Xxi)t -
Yk=0 1<r<s<n 1- xs r,s=1 Xs Iroi=1
k=1,2,..,n

x qyz+2y3+~~~+(n—1)yn+(n—l)[(y21)+---+(y2”)]—22(y1 ,,,,, 87 n)(b; Doy @1

_ (bz;q)oo

, 6.1
@) (6.1)

where e (y1,...,Yy) is the second elementary symmetric function of {y1,...,yn}-

In this part, using the method of homogeneous g-difference equations, we derive the

following U(n + 1) type generating functions for g-hypergeometric polynomials.

Theorem 25 Let b,z,x1,...x,,n > 1 be indeterminate. Suppose that none of the denom-

inators in the following identity vanishes, and that 0 < |q| < 1, and |z| < |x1,...,%,| X
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1% g1 V72, for m = 1,2,...,n. Then we have the following:

Yk=0 i
k=1,2,...n

1- ";_:qyr*J’s) -1 n

1_[ |:1_—ﬂi| 11[ (q;c—:;q> l_[(xi)")’i*(y1+...+yn)(_1)(n—1)(3/1+...+yn)

1<r<s<nm Xs r,s=1 Iroi=1

a,b,c
s g2+ Dy DO e O -extnn) () (x,y,z|q>t”*'"+y"}

(6.2)

059w~ (@ 55kg" a,b,c x
d,e £

Lo = (@ Y59k ; 7%
where a = g™ and |xt] < 1.
Remark 26 Setting n =1 in Theorem 25, the assertion (6.2) reduces to (4.9).
Proof of Theorem 25 Upon taking (b,z) = (yq°/x,«t) in Eq. (6.1), we obtain
1 Z gy
> | [

V=0 1<r<s<nmn Xs r,s=1
k=1,2,..,n

-1 n
x
qx_’;q) n(xi)"yi—(yl+---+;Vn)(_1)(n—1)(yl+~-+yn)
s Iroi=1

¢ 2o D) et C)leaOrel p ()t

_ 0’“15;51)00

- . 6.3
() (6.3)

If we use f(a,b,c,d, e, x,7,z) to denote the left-hand side of Eq. (6.2), we can verify that
f(a,b,c,d, e x,y,z) satisfies Eq. (2.1). There exists a sequence {8,} such that

a,b,c

flab,cdexy,z) = Buwy™ ) (5,9, 21q). (6.4)

n=0

a,b,c

Setting z = 0 in Eq. (6.4) and then, using the obvious fact w, “°’ (x,7,0|q) = P,(x, y), we have

f(a,b,c,d, e x,y,0)

o0
= Z,Bnpn(x;y)
n=0
1- &qy?‘_)'s) n x -1 n
= *s or. A=+ +yn) (1) (=D 1+ +yn)
- > { [1 [ 1_= ]l_[(qxs,q) l_[(xl) ! (=10
k=0 \l=r<s<n Xs rs=1 roi=1
k=1,2,..,n

% qy2+2y3+..-+(n71)yn+(n*1)[(y21)+...+(y2")]792(yl ..... » ”)Ps+y1+...+yn (x,yqs)tyl+...+yn

Py (x7 y) (ytqs; q)oo
(x5 9) oo

o0 t"
= ZPs+n(x1}’)—~
— (% @)
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Hence

o (a,b,c) tn—s
fla,b,c,d,e,x,y,2) = Y w,** oy zlg) ——
e (% Dn—s

which is equal to the right-hand side of (6.2) by (4.9). The proof of Theorem 25 is com-
plete. d

We remark in passing that, in a recently-published survey-cum-expository review ar-
ticle, the so-called (p, g)-calculus was exposed to be a rather trivial and inconsequential
variation of the classical g-calculus, the additional parameter p being redundant or super-
fluous (see, for details, [26, p. 340]).
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