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1 Introduction

The recent research on degenerate versions of some special numbers and polynomials
have led us to introduce the fascinating degenerate gamma functions (see [18]), and A-
umbral calculus which is about the study of A-Sheffer sequences (see [14]). Thus we may
say that studying degenerate versions of many special polynomials and numbers is by now
well justified.

The complete Bell polynomials and the partial Bell polynomials are, respectively, multi-
variate versions for Bell polynomials and Stirling numbers of the second kind. They have
applications in such diverse areas as combinatorics, probability, algebra and analysis. For
example, higher-order derivatives of composite functions can be expressed in terms of
the partial Bell polynomials, which is known as the Faa di Bruno formula and the nth mo-
ment of a random variable is the nth complete Bell polynomial in the first #» cumulants.
The number of monomials appearing in the partial Bell polynomial B, x(x1, %2, ..., X4-k+1)
(see (6), (7)) is the number of partitionings of a set with # elements into k blocks and the
coefficient of each monomial is the number of partitioning a set with # elements as the
corresponding k blocks.

The aim of this paper is to further study the recently introduced degenerate complete
and partial Bell polynomials which are degenerate versions of the complete and partial
Bell polynomials (see (12), (13)). In more detail, we derive several identities connected
with such Bell polynomials whose arguments are given by the sum of two ‘variable-vectors’
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(see Theorems 1—4). Further, we obtain a recurrence relation for the degenerate partial Bell
polynomials in Theorem 5. Also, we mention three results for the degenerate partial Bell
polynomials which can be derived by the same method as for the partial Bell polynomials
(see [9]). Then, as applications to probability theory, we show the connections between the
modified degenerate complete and partial Bell polynomials, which are slightly different
from the degenerate complete and partial Bell polynomials (see (27), (29)) and the joint
distributions of weighted sums of independent degenerate Poisson random variables (see
Theorems 6 and 7).

Even though there are a vast number of papers on Bell polynomials in the literature,
degenerate versions of complete and partial Bell polynomials are first introduced in [17]
and [19]. The contribution of the present paper is twofold. The first one is the derivation
of further results on degenerate complete and incomplete Bell polynomials. The second
one is the applications to probability theory which shows certain connections between the
modified degenerate complete and partial Bell polynomials and the joint distributions of
weighted sums of independent degenerate Poisson random variables. Some of the recent
work on Bell polynomials can be found in [1, 3, 4, 6, 7, 9, 10, 12, 25].

For the rest of this section, we recall the necessary facts that are needed throughout this

paper. For any A € R, the degenerate exponential functions are defined by
SOEDIOIE @
1=0

where

@ox =1 @ =xx-Ax=-21)---(x=(m-11) (n=1),

o0
)
en(t)=ej(t) =Y (7 (see[13,15-17, 19-24, 26]).
=0

Recently, Kim—Kim introduced the degenerate Stirling numbers of the second kind given
by

(-1 ZSM(VI D5 (20 (see 13) 3

Note that (x),,, = Y /- S2,. (1, 0)(x);, (n > 0), and lim; ¢ S5, (1, 1) = S»(n,1), where S,(n, 1)
are the Stirling numbers of the second kind.

In [19], the degenerate Bell polynomials are defined by
e~ Z Bel,, A(x . (see[2,5,8,9, 11,13, 15-17, 19-24]). (@)
Thus, by (3) and (4), we get

Bl (%) = Y Spu(m D' (see [19]). (5)
1=0
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For any integers with # > k > 0, the partial Bell polynomials are given by
NN
E(lem Wl) Zank(x1¢x2¢ <3 Xp— k+1)_ (See [8]) (6)

Thus, we note that

Bn,k(xhxb o ;xn—k+1)

Sy () () (e )0
AT 2! (n—k+1)! ’

hteoetly g1=k
h+2lp++(n—-k+1)l,_gy1=n

In [9], it was found that

Bn,k(xlij, o ;xn—k+l)

KXIE Iy 1 Xo+1B (21, x ) ®
xl n—k - o+l a+1DPn—a,k\X1,X25 « « s Xpp—a—k+1)s
Bn,k1 +ko (xl:xZ; e rxn—kl—szrl)

©)

k]!kz! - n
= T N Z Ba,kl (xh oo ,xa—k1+1)Bn—a,k2 (xlx X25een rxn—a—k2+1)
(kl + /(2)! =0 o

and

Bn,k+1(xl¢ M TRE 7xn—k)

n-1 ai-1 aj_1-1 ) (10)
k+1 Z Z Z ( )( ) "(ak )xn—mxm—az"'xak1—at/<xcxk

a1=k az=k-1 ap=1

n>=k+1,k=1,2,...).
From (6), we note that B, x(1,1,...,1) = Sa(n, k), (n,k > 0).
Let X be the Poisson random variable with parameter « > 0. Then the probability mass

function of X is given by
i

p(i) =P{X =i} = O;—‘e""(i —0,1,2,...) (see [26]). (11)

Note that the nth moment of X is given by

oo o0 kn
"= K=y o (see [26)
k=0 k=0

=Bel, () (n>0),

where Bel, (o) are the ordinary Bell polynomials defined by

[09]
t}’l
0= "Bel,(a) - (see[26]).
n=0
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Let g be a real valued function. Then the function of E[g(X)] is defined as

E[g00] = glpk) (see [26]),

9]
k=0

where p(k) is the probability mass function of the discrete random variable X.
For A € (0,1), X is the degenerate Poisson random variable with parameter «(> 0) if the
probability mass function of X is given by

i

22() = PIX =i} = e;l(a)(l)i,;\(j—' (see [13, 15]).

Note that limy_, g Py (i) = e™® "l‘—,l is the probability mass function of the Poisson random vari-
able with parameter « > 0.
Recently, the degenerate partial Bell polynomials are defined by

1 (e A t"
()
i (;(1)1‘,,\3@5) = ;Bn,k(xl,xg, . ..,xn,k.'.l)a (see [17,22-24]), (12)

where k is a nonnegative integer.

By (3), we get
BO(L1,...,1) = S0, (m k) (n=k=0).

In [17, 19, 24], the degenerate complete Bell polynomials are introduced by

o0 tl’ o0 t"
exp(Zm(l)i,xl.—!) =D B (13)
i=1 n=0

From (4) and (13), we note that
BM(x,%,...,x) = Bel,,(x) (n>0). (14)

In particular, by (12) and (13), we get

n
A
ngk)(xlxe; oo 7xn) = ZBE,,J)((xI:xZ; eee 7xn—k+1)’ (15)
k=0

2 Degenerate complete and degenerate partial Bell polynomials
In this section, we will derive several properties of the degenerate complete and partial
Bell polynomials. From (13), we note that

00 t"
ZB(V,M(M + Y1 %2 + Y25 s X + ) 1o

n=0

= exp <Z(xi + %)(Um%)

i=1

n!
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ol

j m
ZB (xl’xZ; rx] IZB”‘ ()’1;)’2, ;ym)%
m=0

(o @] n
n t"
= Z Z . B](‘)L)(xler;-~~)xj)B£l):)j(y1’y27---’yn—j) —
n=0 \ j=0 J n!

Therefore, by comparing the coefficients on both sides of (16), we obtain the following
theorem.

Theorem 1 For n > 0, we have
"\ (n
BP (1 +y1,% + Y2y Xn + Yn) = ) (j>B,(-”(x1,xz, e X)BE 51,920 V).
j=0
Thus, by Theorem 1 and (15), we get

o0 n

ZB%(M + Y%+ Y25 s Kpkel +yn_k+1); (17)
n=k !

k
%(Z(l)mkx/_ + Z(l)mkym )

m=1
k 1/ o 00 o k-i
i=0 m=1 =1
k oo j £
ZZB] (ylryz; - Yj- i+1) Z lk i (x1,%2,.. ,xl—k+i+l)F
i=0 j=i I=k—i ’
k oo n-k+i
n A A t"
= Z Z ( ,>B,(-,i)()’1,y2, oo :yj—i+1)Bf1_)j,k_i(xlrx2r oo ,xn—j—k+i+l);
i=0 n=k j=i J :

k n—k+i " "
Z ( )B( Y, o3 Yjmiel B(_),k X1, ,xn—j—k+i+l)>;‘

=0 j=i
By comparing the coefficients on both sides of (17), we get the following theorem.

Theorem 2 For any integers with n > k > 0, we have

BE'I}:I)((xl T Y1,%2 + Y2500 5 Xp—k+1 +yn—l<+l)
k  n—k+i "
Z Z ( ) 11)0/1’3/2’ - Yj- l+1)B n—j,k—i (xl,xz, o Xp—j— kaitl)-
i=0 j=i
From (12) with k = 0, we have
1 ifn=0,

BUY (1,22, K1) = (18)
0 ifn>0.
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From Theorem 2 and (18), we note that

*)
By,,k(xl +Y1,%2 + Y25 oo s Xnoksl + VYnks1)

k  n—k+i "
(2)
= Z ( )B,,i 15+ es Yjmin1) Busjk—i (15 %05 - o5 Xjkrivn)

i=0 j=i J
n—k "
A A
= <}.)B;,0)0/1,y2, (X )yj+1)B£,_)jyk(xl,x2, oo ;xn—j—k+1)
j=0

k  n—k+i
ny\ o A
+ Z 4 (},)B;-yi)()/b cee ;)’1’4+1)B;,)/,k,i(x11x2r e ’xn—j—k+i+1)

n
A ny L A
= B;’/)((xlij v ;xn—k+1) + Z (j)B;,k)(y17y2’ .. ,y];k+1)BL_)j,0(x1,x2, v ,x,,,j+1)

j=k
k-1 n—k+i "
A A
+ <].>B,(;i)()/1,y2, oo :yj—i+1)B§,_)]’,k_i(x1:x2: oo rxn—j—k+i+1)

A A
= B( ])((xlyxZ, “ee ;xn—k+1) + BE,,])((,)/I:J/Z, oo :yn—k+1)

v

DI

k-1 n—k+i
i=1 j=i

ny\ A
<],>B,(;,')()/1,y2, . ,yj—i+1)35,,)j,k,i(x1,x2, e Xpjkriel)-

Therefore, by (19), we obtain the following theorem.

Theorem 3 For n,k € Z with n > k and k > 2, we have

k=1 n—k+i

n\ i )
Z <],>B;,i)()/1,y2, oo :yj—i+1)B£,_)j,k_i(x1: X2yeee ;xn—j—k+i+l)
-1 j=i

(A) (1)
=B, (%1 + y1,%2 + Y2, o, Xnksd + Yuoke1) = B (%1, %2, 0, Xnki1)

A
- Bi,’])((yluy% v iyn—k+l)'

From Theorem 1, we have

n

n
B;k)(xl t V1% + Y2005 %0 +yn) = Z <],)B£,)L_)j(x1!x2y~~~)xn—]’)B/(‘}\)(yl)y2y«~~;yj) (20)

j=0

n-1

(19)

n
= Bff)(xl,...,xn) +B£,M(y1,y2,‘..,yn) + Z <J,>B§,A_)j(x1,...,xn—j)B}(-A)(th’z,...,yj).

j=1

Therefore, by (20), we obtain the following theorem.

Page 6 of 12
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Theorem 4 For n > 2, we have

n-1

n
<j>35,)2j(x1, cee ,xn—/)B;A)(Yl,yz, ces ,yj)

j=1

= BW (1 + 51,20 + 92,00 %0 + ) = BP (1, 20) = BP 01,920 90).

From (12), we have

oo t"
D KB i) (21)

1 > i\ v
=Ty (L)~ (L)~
(k w(é? ”’A) %; T

) Y — t
Z B]k 1 xl;x27-~-xxj—/<+2)j_! Z(l)l,kxlﬁ
j=k-1 I=1
00 n-1 £
Z Z k)_ (1,22, -+ X k42) (Dnjrnj | —-
n=k \j=k-1 ] 1 n

Therefore, by comparing the coefficients on both sides of (21), we obtain the following
theorem.

Theorem 5 For n,k > 1 we have

n-1
A ny L
KB (51,5 1 i) = 3 (})B},k’_l(xl,xz,...,x,_kg)(l)n_,;xxn_,.

j=k-1

From (12), we can derive the following equation:

()
Bn’k(x11x21 v ;xn—k+1)

_ Z n! D121\ [ Q)220 |2 Wik p Xk okt @2)
iia! - dyger! 1! 2! (n—k+1)! ’

where the summation is over all integers iy,iy,...,i,-k+1 = O such that iy + -« + i,y =k

and iy +2ip + -+ (m—k+ 1)iygs1=n
Thus, by using (22) and proceeding with a similar argument to the ones used in deriving
(8), (9) and (10) (see [9]), we get the following identities:

()
Bn’k(xlvxb cee ;xn—k+1)

11 S nl (23)
=— +1) - 1 B K9y Xniksl),
X n—k ; </) [( ) j+1 ]( RFERY: A CIR RN )
B;’},)(sz (X15%2, -+ o s Xnmky—kp+1)
kilky! <~ (n (24)
Tk + k)l //q ONECS ’xj*k1+1)B£q}:)j,k2(x1'x2"-"xn—j—k2+1)r
1 2

j=0
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and

n-1 ji-1 Jk-1—-1 i -
(k+ 1)! X_: Zl (l )(/2> . <ik > 25

X (1)”—11,Axn—11 (1)11 o X2 (l)ik-l—/k,Axik-l—/k(1)/k,Axik’

wheren>k+1,k=1,2,....
From (13), we note that

Bﬁ,’\)(xl,xz, ooy Xy)

n! 21D\ [ #2(1)20\2 (L \ (26)
-2 11!12!---1n!< 1 )( 2! )( ! )

[ +2ly+---+nly=n

where 7 is a nonnegative integer.

3 Further remarks

For any integers n, k with n > k, we define the modified degenerate partial Bell polynomials
as

Bn,k(xl: X25 v oo Xp—k+1 |)")

n—-k+1 li n—k+1
n! Xi (27)
= Z 711!12! . ln_k+1! ( l_[ E) ( l—[ (l)ll‘,)n).

D4ty _ge1=k i=1 i=1
L+2lp+-+(n—k+1)l, g =n

Here one should observe the difference between the modified degenerate partial Bell poly-
nomials and the degenerate partial Bell polynomials which are given by

*)
Bn,k(xlixZ) cee an*k+1)

n! ”—kﬂx‘ b fn-k+1 li
i 2 m(ﬂ ;) (H (1)M> .

ttly_or =k i=1 i=1
20+ +(n—k+1)l,,_jy1=n

Note that lim; o B, g (01, %2, . . ., Xy k11|A) = B (®1, %2, -+ Xpi1)-

Assume that X; (i = 1,2,...,n) are identically independent degenerate Poisson random
variables with parameter «;(>0) (i = 1,2,...,n), and let n,k be integers with n > k > 2.
Then we have

PXi+Xo+- -+ X, =k, X1 +2X1 +---+nX, =n} (28)

= > PXi=kXa=ky.., Xy =k}

ky+--+kn=k
ky+2ky+--+nky=n

= > PXi=k} PXp =k} PIX, = ki)

ky+--+kn=k
k1+2ko+---+nky=n

Page 8 of 12
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=& (o1)e; (o) - - - €5 ()

Wiy Wy Wy gard iy Kies1
x Z klka! - - Ky ierr! 1 Fngea
kst g <k 1:K2: n—k+1-
ky+2ky+--+(n—k+1)ky_jr1=n

_P{X1+X2+---+X,,=O}B

n!

i (Lo, 2N, ., (1 =k + 1)lot_gy 1)
Therefore, by (28), we obtain the following theorem.

Theorem 6 Let X1,Xs,...,X, be identically independent degenerate Poisson random vari-
ables with parameters o1(> 0),a2(> 0),...,a,(> 0). For any integers n,k with n > k > 2, we

have

B (Lo, 2y, ..., (m =k + 1)letyjes1|A)

n!

= PXi+Xo+ -+ X, =kX1+2X1+---+nX,, =n}.
P+ X+ 1 X,=0] X1+ X, " 1 1 n=n}

For any positive integer #, we define the modified degenerate complete Bell polynomials
by

B,(%1,%2, ..., %,|A) (29)

1 n iki n
() (few)

k1+2kg+---+nky=n i=1

Again, one should observe the difference between the modified degenerate complete Bell

polynomials and the degenerate complete Bell polynomials which are given by

B&A)(xlvx% .o ~;xn)

n kiyon ki
n! x;
> ﬁ(ﬂ—) (H(Dm).

14
k1+2ko+---+nky=n i=1

Suppose that X; (i = 1,2,...,n) are identically independent degenerate Poisson random

variables with parameters o;(> 0) (i = 1,2,...,n). We have

P{X; +2X, +3X3+--- +nX, =n}
= Y P=kXy=kyXs=ks ..., X =k}
ky+2ko +--+nky

(l)kl,)h(]‘)kz,)n e (l)kn,)» klakz . akn
k! - - - k! 12 "

=gl @)g! (@) gl @) Y

k1+2ko+---+nky=n
_P{X1+X2+"'+Xn=0}

n!

B,(1lay, 2ats, ..., mlau|A) (1> 0).

Therefore, we obtain the following theorem.

Page 9 of 12
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Theorem 7 Let X; (i =1,2,...,n) be identically independents degenerate Poisson random

variables with parameters o; >0 (i = 1,2,...,n). Then we have

B, (1o, 2!y, ..., nla,|A)
n!
CPXi+Xo+---+X,=0)

P{X; +2X, +3X3+---+nX, =n}.

Now, we consider X; (i = 1,2,...,n) to be identically independent Poisson random vari-
ables with parameters

o .
F(l)m(> 0 (i=12,...,n). (30)
Then we have

P{X:+2Xy+---+nX, =n}

= Z P{X1=k1,X2:k2,...,Xn=kn}

k1 +2ky+---+nky=n

— e—(o% D1+ 5 Wopte+ 2 Dyn)

o Z 1 ar(1) kl.” o (L)n o
kilky!- - - k! 1! n!

k1 +2kg+--+nky=n

PX;+Xo+---+X, =0}
= ! 2 " B;A)(xl,xz,...,xn).

n!
By (30), we get

n!
CPX + Xy 4+ X,=0)

Bik)(xl,xg,...,x,,) P{X;+2Xy +---+nX, =n}.

Also, we have

PXi+Xo+-+X,=kX1 +2X5 + -+ + nX, = n}

= Y PickXo=kye X =ki)

ky+kp+--+ky=k
k1+2ko+---+nky=n

o n—k+1 i
_ oY AW § : 1 | | @)
=e J=1J _— Xi
k]!kz! s kn—k+1! j /

1
Ktk 4otk g1 =k PR
ky+2ky+--+(n—k+1)ky_g 1=n

P{Xi+---+X,=0}
= - . BE«,):])((xI’xZ;u'rxn—k+l)~

n!
Thus, we have

*)
Bn,k(xlxer oo ¢xn—k+1)

n!
T PXi+Xo+--+X,=0)

PXi+Xo+ -+ X, =k, X1 +2X5 + - +nX, = n}.
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4 Conclusion

The complete Bell polynomials and the partial Bell polynomials are, respectively, multi-
variate versions for Bell polynomials and Stirling numbers of the second kind. They have
applications in such diverse areas as combinatorics, probability, algebra and analysis.

In this paper, we studied the recently introduced degenerate complete and partial Bell
polynomials which are degenerate versions of the complete and partial Bell polynomials.
In more detail, we derived several identities connected with such Bell polynomials whose
arguments are given by the sum of two ‘variable-vectors’ Further, we obtained a recur-
rence relation for the degenerate partial Bell polynomials. Also, we mentioned three re-
sults for the degenerate partial Bell polynomials which can be derived by the same method
as for the partial Bell polynomials. Then, as applications to probability theory, we showed
the connections between the modified degenerate complete and partial Bell polynomials,
which are slightly different from the degenerate complete and partial Bell polynomials,
and the joint distributions of weighted sums of independent degenerate Poisson random
variables.

It is one of our future projects to continue to explore applications to probability theory
of some special numbers and polynomials.
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